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799. 

ON    CURVILINEAR    COORDINATES. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  xix.  (1883), 

pp.  1—22.] 

THE  present  memoir  is  based  upon  Mr  Warren's  "  Exercises  in  Curvilinear  and 
Normal  Coordinates,"  Camb.  Phil.  Trans,  t.  xn.  (1877),  pp.  455 — 502,  and  has  for 
a  principal  object  the  establishment  of  the  six  differential  equations  of  the  second 
order  corresponding  to  his  six  equations  for  normal  coordinates :  but  the  notation  is 
different;  the  results  are  more  general,  inasmuch  as  I  use  throughout  general  curvilinear 
coordinates  instead  of  his  normal  coordinates ;  and  as  regards  my  six  equations  for 
general  curvilinear  coordinates,  the  terms  containing  differential  coefficients  of  the  first 
order  are  presented  under  a  different  form. 

If  the  position  of  a  point  in  space  is  determined  by  the  rectangular  coordinates 
x,  y,  z\  then  p,  q,  r  being  each  of  them  a  given  function  of  x,  y,  z,  we  have  con 
versely  x,  y,  z,  each  of  them  a  given  function  of  p,  q,  r,  which  are  thus  in  effect 
coordinates  serving  to  determine  the  position  of  the  point,  and  are  called  curvilinear 
coordinates. 

But  it  is  not  in  the  first  instance  necessary  to  regard  x,  y,  z  as  rectangular 
coordinates,  or  even  as  Cartesian  coordinates  at  all ;  we  are  simply  concerned  with  the 
two  sets  of  variables  x,  y,  z  and  p,  q,  r,  each  variable  of  the  one  set  being  a  given 
function  of  the  variables  of  the  other  set ;  and,  in  particular,  the  x,  y,  z  are  regarded 
as  being  each  of  them  a  given  function  of  the  p,  q,  r. 

Except  as  regards  the  symbols  £,  rj,  £  presently  mentioned,  the  suffixes  1,  2,  3  refer 
to  the  variables  p,  q,  r  respectively,  and  are  used  to  denote  differentiations  in  regard 
to  these  variables,  viz. 

/y*  np  /Y*  /y»  /Y*  rp 
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are  written  to  denote 


dx     dx     dx     dzx       d-x       d?x     0 

(VJP 

dp'    dq'    dr'    dp*'    dpdq'    dq2' 


and  so  in  other  cases ;    in  particular, 

-  dx     dx     dx 

a,,  x«,  x3  denote  -y- ,    -5-.    -?--, 
dp      dq      dr 

2A>  y2,  2/3       „        ^>    ^>    ^.. 

cfo      (fe     dz 
dp'    dq'    dr ' 

The  minors  formed  with  these  differential  coefficients  are   denoted  by  suffixed  letters 
£,  77,  £,  thus 

o          c*          o 

so  that,  as  regards  these  letters  £,  77,  £,  the  suffixes  do  not  denote  differentiations. 
The  determinant  ]  xlt     ylt     z-±     is  put  =L: 


and  the  symbols  (a,  b,  c,  f,  g,  h),  (A,  B,  C,  F,  G,  H)  are  defined  as  follows  : 


We  have  then,  further, 


2/2  > 
2/3) 


a ,  h ,  g 

h,  b,  f 

tf  f  o 

£\    >  l    >  ^ 


£>> 

G,    F,     C 

(A,  B,  C,  F,  G,  #)  =  (bc  -f2  ,  ca   -g2,  ab    -h2,  gh    -af    ,  hf    -bg,  fg   -  ch  ), 
X2(a,  b,  c,  f,  g,  h)  =  (BC-F*,  CA-&,  AB-H\  GH  -  AF,  HF-BG,  FG-CH), 
which  equations  are  at  once  proved,  and  are  fundamental  ones  in  the  theory. 
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It  is  convenient  to  add  that  we  have 

f  dp     dp     dp\_I(£l,     T/j,     £    ). 
\  dx'    dy'    dz  )  ~  L 

1 

dq     dq     dq 
dx'    dy'    dz 

dr     dr     dr 

dx  '   dy '    dz 

that  is,  •ju™r&i  ^Ct'   an^'  further, 

dx*  +  dy*  +  dz*  =       (a,  b,  c,  f  ,  g,  h 

i/  \         *  *  *  J      Q    » 

dp*  +  dq*  +  dr*  =  j-(A,  B,  C,  F,  G,  H^dx,  dy, 

Differentiating   the  values  of  a,  b,  c,  f,  g,  h,  we  have  fa  = 
may  be  written  in  the  abbreviated  form  ^  =  1.11;   similarly 


+ 


+ 


+  2/3^/12  +  ^3 


which 


which  in  like  manner  may  be  written  £=2.13  +  3.12,  and  so  in  other  cases;  observe 
that,  in  the  duad  part  of  any  symbol,  the  order  of  the  numbers  is  immaterial, 
2.13=2.31.  The  whole  system  of  equations  is 

^  =  1.11  ,     la,  =  1.12  ,     £a3  =  1.13 


£  =  2  . 13  +  3  . 12, 
gl=3.11  +  1.13, 
h1=l.  12  +  2.11, 

These  may  also  be  written 

2.11=    ^-fa 

3.11=    g,  -  fa 

1 .  23  =  £  (  -  fx  +  g2  +  h3 

2  .  23  =  £bs 

8.23-ic, 


f2  =  2 .  23  +  3  .  22,  f;J  =  2  .  33  +  3  .  23, 
g2=3.12  +  3  .23,  gs  =  3.13+1.33, 
h2=1.22+2.12,  hs  =  l  .23  +  2.13. 


1.22=    h2-£b 

2  .  22  =  -|b2 

3  .  22  =     f3  -  £b 

a.s^^-g,- 


1  . 33  = 
2 . 33  = 
3 . 33  = 
1.12  = 
2.12  = 


It   is    to    be    observed    that    we    can,    from    each    system    of    three    equations, 
set   of  second   differential    coefficients   of   the   x,    y,   z   in   terms   of    the   first 


express    a 
differential 
_ 
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coefficients   of  the   a,  b,  c,  f,  g,  h  ;    thus    the    three    equations    containing    11,  written   at 
length,  are 


three  linear  equations  for  the  determination  of  xu>  yn,  zu;   hence  for  xu  we  have 


2>         2/2  '         * 
3  >        2/3  '         ^ 

or,  what  is  the  same  thing, 


and   so   for   T/U,  ^n;    or   if  (as   in   the   sequel)   we   desire   the  value   of  a   linear   function 
«#!!  +  @yn  +  7^11  ,  calling  this  for  a  moment  D,  we  join  to  the  foregoing  a  new  equation 

Wi  =  D, 


and  then,  eliminating  the  three  quantities,  we  have 

«,     13,     y,     D  =0, 

xl>       2/1'       Z\>       2^ 


|     ^S)         2/3  >        ^3>         §1  —  2^ 

giving  ZQ  as  a  linear  function  of  ^a1;  h:  —  ^a2,  g1  -^a3. 

We  can  in  like  manner  form  the  expressions  for  the  second  differential  coefficients 
of  the  a,  b,  c,  f,  g,  h  :  these  will  of  course  contain  third  differential  coefficients  of  the 
sc,  y,  z. 

Writing  down  only  what  is  wanted,  we  have 


|bn  =12.12  +  2.112, 
h12  =  12  .  12  +  11  .  22  +  1  .  122  +  2  .  112, 

where  of  course  12.12  denotes  #212  +  7/212  +  ^12,  1.122  denotes  x,  .a?laa  +  y,  .  y122  +  Zl  .  *122, 
and  so  in  other  cases  :  it  follows  that 

i(a22  +  bn-2h12)  =  12.12-ll  .22, 

so  that  the  third  differential  coefficients  of  x,  y,  z,  which  enter  into  the  expression  of 
a22  +  bu  -  2h12  destroy  each  other,  and  this  combination  contains  really  only  second 
differential  coefficients  of  x,  y,  z. 
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Similarly 

f31  =       31  .  23  4-  33  .  12  +       3  .  123  +  2  .  133, 

gffl=      31.23  +  33.12+       3.123+1.233 
c12  =  2  .  31  .  23  +2.3.  123 

1133=2.31.23  +1.233  +  2.133, 

and  thence 

f«  +  ga  -  d,  -  ha  =  -  2  (31  .  23  -  33  .  12), 

so   that   here  again  we  have  a  combination  containing  only  second  differential  coefficients 
of  xt  y,  z. 

There  are  thus,  in  all,  the  six  combinations 

b33  +  c22-2f23  .............................................  (21), 

Cn  +a3,,  -2gn  ............................................  (53), 

a»+bn-2hia 

gia  +  hsi  -  a*  -  fxl 


fsi  +  g23-c]2  -h33 

each  really  containing  only  second  differential  coefficients  of  x,  y,  z;  and  we  thus  under 
stand  how  each  of  these  combinations  may  be  expressible  in  terms  of  the  first 
differential  coefficients  of  (a,  b,  c,  f,  g,  h).  We  have,  in  fact,  for  thus  expressing  these 
combinations  the  six  equations  called  (21),  (S3),  ((£),  (g),  (®),  (•£))  about  to  be  obtained, 
and  which  are  the  generalisations  of  Warren's  six  equations  for  normal  coordinates. 

I  consider  the  several  determinants  of  the  form 


x.2 ,     2/2  ,    zs 

in  all  18,  since  the  suffixes  for  the  top  row  may  be  11,  22,  33,  23,  31,  12,  and  those 
for  the  second  and  third  rows  2,  3 ;  3,  1  ;  or  1,  2.  Each  determinant  is  a  linear 
function  of  second  differential  coefficients  of  x,  y,  z  (thus  the  determinant  written  down 
is  =  f  3^11  +  %2/n  +  £>n),  and  as  such  it  can,  by  what  precedes,  be  expressed  by  means 
of  the  first  differential  coefficients  of  the  a,  b,  c,  f,  g,  h.  Thus,  if  the  determinant 
above  written  down  be  called  D,  writing  £3,  rj3,  £,  for  a,  B,  7,  we  have 

•»i     r     n  !  =  o 

Wi        bs>        •— I  ' 


that  is, 


£.Q--r 


li    -i« 


fe, 


2/2, 
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where  the  right-hand  side  is 


which  is 


+  (gl  -  2a»)  •  Is2 

=  G  .  K  +  ^  (h,  - 


or,  as  this  might  be  written, 

( r*         JF      /"*~?Co  Vi  re  \  L  f  C1         C7       /^Xo  n  ft    \ 

=  \(JT,  JP,  o  o aj,  Hi |  gi^) — gi'^)  *»  ^.x."!*  a2>  a3/' 
Retaining  the  former  form,  the  result  is 

L  .  D  =  G  .  la,  4-  ^(^  -  K)  +  0 (gi  -  K). 

and   it   is   now    very   easy   to    write    down  the   complete    system    of    the    18    equations ; 

viz.  if  the  determinant  above  written  down  be  called  11.1.2,  and  so  in  other  cases,  then 
we  have 

2.3  A  H  G 


3.1 
1.2 


H 

G 


F 

G 


=  2al 


i  -  K 


itt-fc  +  h,) 


£.11 

„  22 

„  33 

„  23 

„  31 

„  12 

read  for  instance 


the  equation  obtained  above. 

There  are  eighteen  functions  as  shown  by  the  following  diagram  : 


2.3     3.1     1.2 


(22)  (33)  -  (23)2 
(S3)  (11)- (31)* 

(11)  (22)  -(12)3 
(31)  (12) -(11)  (23) 

(12)  (23) -(22)  (31) 
(23) (31)  -  (33)  (12) 


2.3 
3.1 
1.2 
2.3 
3.1 
1.2, 
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viz.  in  any  line  of  the  diagram  the  bracketed  duads  may  belong  to  any  one  at 
pleasure,  but  all  to  the  same,  of  the  three  pairs  2 . 3,  3.1,  1.2;  thus  the  first  line 

might  be 

(22.3.1)(33.3.1)-(23.3.1)2, 

or,  instead  of  the  3.1,  we  might  have  2.3  or  1.2.  But  of  the  18  functions  I  dis 
tinguish  6,  viz.  those  in  which  for  the  six  lines  respectively  the  pairs  are  2 .  3,  3 . 1, 
1.2,  2.3,  3.1,  1.2,  as  shown  in  the  diagram.  Each  of  these  six  functions  can  be 
obtained  under  two  different  forms,  and  by  equating  these  we  have  the  equations 
(31),  (S3),  (6),  (8),  (®),  (|>),  before  referred  to;  thus  ((£)  is  obtained  by  equating  two 
different  forms  of  the  function  (11  . 1  .  2)  (22  . 1 .  2)  -  (12  .  1  .  2)2 ;  and  (£)  is  obtained 
by  equating  two  different  forms  of  the  function  (23  .  1  .  2)  (31 . 1 .  2)  -  (33  .  1 .  2)  (12 .  1  .  2). 

The  determinants  11.1.2,  &c.,  may  be  denoted   by  accented    letters   a,  b,  c,  f,  g,  h, 
as  follows: 

2,  x3  =  a'  ,  b'  ,  c'  ,  f  ,  g'  ,  h'  , 

2/11,   2/22,    3/83,    2/23,    2/31,    2/12    #1,  2/3 
!  >    Z-23)    Z3I  >    ZV1 


x3,  a;1  =  a//,  b",  c",  f",  g",  h", 
2/3,  2/i 

Z3  ,    Z\ 

T     a,  _  a'"    Ik'"    c'"    f"    o-'"    h"'  • 

AI,    <&2  —  a      >     u      »    *"•      >     L      ,     &      ,     1L       5 

2/i,  2/2 


VIZ. 


*EH  ,   &2 }   3*3 

2/11,  2/2,  2/3 

•^11  >    2-2 ,    ^3 


=  a',  &c. 


In   this   notation,  ((£)   is   obtained  by  equating  two  values  of  a"'b'"  -  (h'")3,  and 
by  equating  two  values  of  f'g"'  —  o'"h"f. 

The  forms  which  I  call  the  second  are  those  given  by  the  immediate  substitution 
of  the  foregoing  values  of  (11.1.2),  &c.  ;  to  obtain  the  first  forms,  I  proceed  to 
calculate  those  of  ((£)  and 


Forming    by   the    ordinary   rule    the    product    of    the    determinants    (11.1.2)    and 
(22.1.2),  which  are 

u,     2/n'     2-11      and      x&,     2/22, 


8 
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where    11.22  denotes 


11.22,     1.11,     2.11 

1 . 22,     1.1,     1.2 

2.22,     1.2,     2.2 
w^  +  zn  £22 ,  and   the   like  for   the  other  symbols.     In   like 


manner,  the  square  of  the  determinant  (12  .1.2),  that  is,  of 


2/2 


IS 


12.12,     1.12,     2.12 
1.12,     1.1  ,     1.2 
2.12,     2.1  ,     2.2 

or,  observing   that   in   the   two   resulting    determinants  the   terms  11.22  and    12.12  are 
multiplied  by  the  same  factor,  the  expression  for  the  difference  gives 


=  (11.22-12.12) 


(11. 1.2)  (22. 1.2)-  (12.  1.2)2 

1.1,  1.2     +          0  ,     1.11,     2.11 

1.2,  2.2 


1  .  22,     1.1,     1.2 
2.22,     1.2  ,     2.2 
containing  11.22—12.12,  which,  by  what  precedes,  is 


0  ,     1.12,     2.12 
1  .12,     1.1  ,     1.2 
2.12,     1.2  ,     2.2 


the  other  terms  are  also  known,  viz.  the  whole  value  is 

=  -£(a22  +  bn-2h12)(ab-h2)  +  0      ,  la,     h, - 

h2  -  fa ,       a,     h 

fa,      h,     b 
which  is 


+  b  Qa,2    —  ^ajh,  +  ^aA) 
+  h  (^ajb,-  ^a2bi  +  t^h,,  -  £a2h2- 
(ab  —  h2)^,  where  k  is  the  measure  of  curvature. 
In  the  same  way,  we  have 
(23  .  1  .  2)  (31  .  1  .  2)  -  (33  .  1  .  2)  (12  .  1  .  2) 

23.31,     1.31,     2.31 


la  h 

.;    1  I  ..    ,  Gi       y  11 

fa,      h,       b 


1.23,     1.1  ,     1.2 

2.23,     1.2  ,     2.2 


12 .33,     1 .  33,     2 . 33 
1.12,     1.1  ,     1.2 
2.12,     1.2  ,     2.2 
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1.1,      1.2 


1.2,     2.2 


0     ,     1.13,     2.13 
1.23,     1.1  ,     1.2 
2.23,     1.2  ,     2.2 
containing  23.31  —  12.33,  which  by  what  precedes  is 

=  -  2  (g23  +  fsi  -  Cia  -  h^  ; 

the  other  terms  are  also  known,  and  the  value  is 
=  -  i  (gss  +  fa  -  c12  -  h33)  (ab  -  h2) 

0  ,     ia3,     K*i-g9+h» 

i  (-  fi  +  g,  +  hs),       a  ,         h 
|b3  ,       h,         b 


0     ,     1.33,     2.33 
1.12,     1.1  ,     1.2 
2.12,     1.2  ,     2.2 


0,      gs-fo,      fj 

ia2,         a       ,     h 
fa,         h  b 


or  finally  this  is 


=  -  2  (g23  +  fsi  ~  c,3  -  h^)  (ab  -  h2) 
+  a  (fafa  -  Ib^  -  Jthc,  +  ib:!g 


The  remaining  four  of  the  six  functions  can  of  course  be  obtained  from  the  two 
just  found  by  a  cyclical  interchange  of  the  letters  and  suffix-numbers  1,  2,  3,  and  it 
is  not  worth  while  to  write  down  the  values. 

The  two  values  of  (11  .  1  .  2)  (22  .  1  .  2)  -  (12  .  1  .  2)2  are 

-  (a-a  +  bn  -  2h12)  (ab  -  h2)  +  a  Qbj2  -  ^bohj  +  |a2b2) 

+  b  (-|a22  -  ^h,  +  iaA) 

+  h  [I  (ajbo  -  a^bj)  +  hjho 
and 

{G  .  K  +  F(hl-  ia2)  +  tf(gl  -$*,)}  .  {^(h2  -  ibO  +  F.  |b2 


where,  in   the   first  value,  for  a,  b,  h,  ab  -  h2  we  must  write  L-*(BC—F2),  L--(CA—GZ), 
L~2  (FG  —  CH),  and  L-C  ,    making  this  change,  multiplying  by  4  and  equating,  we  obtain 

-  2Z26'  (a-a  +  bn  -  2h13) 

+  (BC  -  F*)  (bx2  -  2b2h:  +  a2b2) 

+  (CA  -  G-)  (a,3  -  2a1h2  +  a^O 

+  (FG  -  CH)  (aib2  -  a2bj  +  4h!h2  -  2b1h1  -  2a2h2) 

-  {G-^  +  F(2\i1  -  a,)  +  C  (2gl  -  a3)}  {G  (2h,  -  bx)  +  Fbs  +  C('2L  -  b3)} 

+  {G&,  +  Fb,  +  C(fl  +  g2-  h3)}2  =  0. 

c.  xii.  2 
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Developing  the  fourth  and  fifth  lines,  it  appears  that  in  this  expression  the 
coefficients  of  F*,  G2  and  FG  each  of  them  vanish;  the  whole  equation  is  thus 
divisible  by  C,  and  omitting  this  factor  throughout,  the  equation  becomes 

0  =  -  2£2  (a22  +  bn  -  2h,2) 
+  A  (a22  -  2aA  +  a  A) 


+  G  {-  a3b3  +  2a;!f2  +  2b,gl  -  4fagl  +  (fx  +  ga  -  h:i)2} 

+  F  {(a3b2  -  aA)  +  2  (blg,  -  b2gl)  +  2  (b3h1  -  bA)  +  2  (a2f2  +  b^  -  2h1f2)} 
+  G  {aA  -  aA  +  2  (a^  -  aj,)  +  2  (a3h2  -  a2h:i)  +  2  (a2g2  +  blgl  -  2g1h2)| 
+  H{  2(a2h2  +  b1h1-2h1h2)}; 

this   is   substantially   the   required   equation    (S),    but    the    form    of    it    may   be    greatly 
simplified. 

Forming  the  identity, 

0  =  2Z  [(a2  -  hj)  L2  +  (bj  -  h2)  A]  =  -    A  (aA  -  aAj  -  aA  +  a,2  ) 

-  B  (V     -bA-bA+aA) 
—    G  (bjCj  +  a2c.2  —  Cjh2  —  c^) 
-ZF^A  +a,f,  -^h,  -fahO 

-  2G  (bjgj  +  a2g2  -  gjho  -  goh,) 

^h,  -  2h1h2), 


we   add    hereto   the   last   preceding   equation  ;    the   coefficients   of  A,   B,   F,    G,   H  thus 
assume  new  and  simple  forms,  but  the  coefficient  of  C  requires  a  further  transformation. 

Assume 

n  =  (blCl  -  £")  +  (c2a2  -  g2")  -f  (a3b3  -  h.,2) 

+  (g2h3  +  g3h2  -  a.,fs  -  a3f2)  +  (h3fa  +  hj,  -  \g»  -  Kgi)  +  (figa  +  ^gi  -  Cjh2  -  Cohj)  ; 

then,  if  we  add  to  the  equation  C  multiplied  by  this  value  and  subtract  (70,  the  coefficient 
of  C  takes  its  proper  form,  and  the  equation  is 

-2i2(a22  +  bn-2h12) 

+  2Z  [(bj  -  h2)  L,  +  (a,  -  hO  La]  -  CO 

+  A  {—  (ah2  —  a2h)} 

+  B{    (b1h2-b2h1)} 

+  C  {-  (a,f,  -  aj,)  +  (b:igl  -  blgi)  -  (g2h:i  -  g,h2)  -  (h,^  -  hj.)  +  3  (flg,  -  f2gl)} 

+  F  {-  (aA  -  a3b2)  +  2  (blga  -  bagl)  +  2  (bA  -  b1h3)  -  2  (h^  -  h.f,)} 

+  G  {-  (aA  -  aA)  -  2  (a^  -  a^)  -  2  (a2hs  -  ash2)  -  2  (glhs  -  gA)} 

+  H  {— 

=  0; 
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where,   as   a   verification,  observe   that   the   letters  (a,  b),    (f,   g)  may  be   interchanged   if 
at  the  same  time  we  interchange  the  suffixes  1  and  2. 

The  two  values  of  (23  .  1  .  2)  (31  .  1  .  2)  -  (33  .  1  .  2)  (12.1.  2)  are 

-  i  (ga  +  fai  ~  c13  -  h^)  (ab  -  h2) 

+  a  (^bifg  -  ibafj  -  ^bjC2  +  |b3g2  -  £b3h3) 


~  g2)2}> 
and 


F(f,  -  ic2)  +  C  .  £c3}  {<?.  ia2  +  ^.  ib,  +  C.i  ft  +  g.-h.)}, 

and    here  for  a,  b,  h,  ab  —  h2,  substituting   their   values,   multiplying  by  4,  and   equating, 
we  have 

-2#C(g23+f31-c12-h33) 

+  (BC  -  F*)  (2bJ3  -  Vi  ~  blC2  +  b3g2  -  b3h3) 

+  (GA  -  G2)  (2a2g3  -  ajg,  -  a^  +  a3fj  -  ash3) 

+  (FG  -  CH)  (a3b3  +  blCl  +  a2c2  -  2blg3  -  2a2f3  +  h32  -  fx2  +  2flg2  -  ga2) 

-  {G  (-  f1  +  g2  +  h,)  +  ^b3  +  Cc2}  {Ga3  +  F&-  g,  +  h,)  +  Cc,} 

+  {G  (2g3  -cJ+F  (2f,  -  c2)  +  Cc3}  {Ga2  +  Fb,  +  G  (f,  +  g2  -  hs)}  =  0. 


Here   again   the   terms  in   F2,  FG,  G*  all   vanish,  hence   the  whole  equation   divides 
by  C  ;    throwing  this  factor  out,  we  have 


+  A(    2a2g3-a3g2   -    a2Cj  +  ajj  -    a3h3) 

+  B(    2b1f3-b3f1    -   blC,,+   b3g2-   b3h3) 

+  C(-    CjC^+Csfj    +    c3g2-    c3h3) 

+  F  {-  (b,Cl  -  blC8)  -  2C.&  +  2FJ,  +  2g2f3  -  2fshs} 

+  G  (      a,2c3  -  a3c,   -  2dg2  +  2fjg3  +  2g2g3  -  2g3h3) 

+  H  (-  a;jb3  -  blCl    -    a.co  +  2blgs  +  2a2f3  -  h32  +  fx2  -  2f:g.  +  g22)  =  0, 


which  is  substantially  the  required  equation  («£))  ;   but  the  form  has  to  be  altered.     First, 
multiply  by  2,  then  forming  the  expression 

2i  [(f,  -  c2)  L,  +  (g,  -  Cl)  Z2  +  (f,  +  g,  -  2h3)  Ls] 

(f3  -    c2  )  (^laa  +  Bb,  +  Cc,  +  2Ff, 
+  (g3  -   Cl  )  (Aa*  +  Bb,  +  Cc,  +  2FL 

+  (f,  +  &  -  2h3)  (^a3  +  5b3  +  (7c3  +  2^f3  +  2Gg3 

2—2 
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this  is 


=       A  (-  a1c2-a,c1+    a^  H-a^  +    s^g3  +    a3g2 
+    B  (-  b^  -  baCj  +    bafs  +  b^  +    b2g3  +    b3g2  -  2b3h3) 
+    £(-20!  c2  +    df3  +  c3f,  +    c2gs+    C3g2-2c3h3) 

+  2F  (-  Cl  f,  -  c^  +  2fJ3   +  f2g3  +    fsg2  -  2f3h3) 

+  2£  (-  Cjg2  -  c2g!  +    fjg3  +  fsg!  +  2g2g3-  2gsh3) 
+  2H(-  Clh2-c2h1+   g2h3  +  g3hs+    h^H-    hxf,  -2h32); 

then  adding  this  expression 

(fs  -  c2)  L,  +  (gs  -  cO  L2  +  (f,  +  g2  -  2h3)  L3 

and  subtracting  its  foregoing  value,  we  have  an  equation  with  new  coefficients  of 
A,  B,  G,  F,  G,  H,  all  of  which,  except  that  of  H,  are  in  the  proper  form,  and  for  the 
coefficient  of  H,  recurring  to  the  foregoing  value  of  H,  we  must  add  to  the  equation 
2H  multiplied  by  the  value  of  H  and  subtract  2-ffO.  The  final  result  is 

-  4is  (gas  +  fffl  -  C12  -  hffl) 

+  2£  [(f3  -  c2)  A  +  (g,  -  cO  L2  +  (f,  +  g2  -  2h3)  ZJ  -  2HQ 
+    A  {     3  (a,g3  -  a3g2)  -  (c^  -  c^)  +  (a,^  -  a^fs  )} 
+    B  {-  3  (bsfi  -  bJ3)  -  (blC2  -  baCl)  -  (b.g,-  b3g2)j 
+    C  {       (pjfj  -  cJs  )  -  (c-jgg  -  c3g2)  } 

+  2F  {-  (b3ca  -  biC,)  +  (Clf2  -  cafx  )  -  (fags  -  f3ga  )} 
+  2^  {-  (c2as  -  c3a2)  -  (c^  -  c,gj)  -  (f3gj  -  fx  g3)| 
+  2H  {-  (b3gl  -  blg3)+  (a2f3  -  a3f2)  }  =  0, 

which,  it   will  be   observed,  remains  unaltered  by  the  interchange   of  a  and   b,   f  and   g 
A  and  B,  F  and  G,  the  suffix  numbers  1  and  2  being  at  the  same  time  interchanged. 

We  have  thus  the  required  six  equations,  in  which 

#  =  abc  -  af  2  -  bg2  -  ch2  +  2fgh, 
fl  =  bjCj  —  fj2  +  C2a2—  g22  +  a3b3  —  h32 
+  (g2h3  +  g3h2  -  aafg  -  a3f2)  +  (hsf,  +  hjf3  -  h^  -  bjg,)  +  (^g,  +  f2gj  -  a^,  -  a2fj), 

and  where  I  write  also,  for  shortness,  ab!2  for  a^.,—  a-jbj,  &c.  ;    viz.  the  equations  are 

0  =  -2Z2(b;i3  +  c.22-2f23)  (SI). 

+  2L[    .           (c2-f3)Z2  +  (b3-f2)Z3]  -ACl 
+    A{    .         -      bg31  +      ch!2+  3.gh23-hf31  -       fg!2} 

+    B  {-  bf23  } 

+    C  {+  cf23  } 

+    F  {-  bc23  } 

+    G  {-bc31  +2.cfl2           .         +2.ch23  .       -2.fg23} 

-  2.bg23            .  .       -2.hf23} 
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0  =  -  2Z2(cu  +  a33  -  2g31) 

+  2Z[(c1-g3)Z1        .  +  (a»-&)L3] 

+    A  {  agSl  } 

+    B{     af23        .  -     ch!2-     gh23+3.hf31-       fg31} 

+    C  {  -       cg31  } 

+    Jq-ca23         .  -2.cgl2-2.ch31-2.fg31} 

+    G   -  ca31 

2.gh31} 


2£[(b1-h2)Z1  +  (a2-h1)A  ]          -cn 

-A  {       .              .        -       ah!2  } 

B  {       .             .        +      bh!2  } 

C  {-  af23  +  bg31             .      -  gh23  -       hf31  +  3  .  fg!2} 

JF{-ab23        .                 .      +  2.bgl2  +  2.bh31  -  2.hfl2} 

£{-ab31         .       -2.afl2  .        +  2  .  ah23  -  2.ghl2} 
H  -  ab!2 


0  =  -  4Z2  (g12  +  h31  -  a23  -  fu) 

+  2L  [(g2  +  h3  -  2fj)  Zj  +  (g1  -  a3)  L,  +  (hj  -  a.)  Z3]    - 

+    A  {       .  ag!2  -       ah31  } 

+    B  {-  ab23  +       bg!2  +  3 .  bh31  } 

+    G  {-  ca23  -  3  .  cg!2  -       ch31  } 

+  2F  {        .      +       bg31  -       ch!2  } 

+  2G  {-  ca!2  +       ag23  .         -  gh31} 

+  2H{-  ab31  .         -       ah23  -  gh!2] 

0  =  -  4Z2  (ha,  +  f12  -  b31  -  g,2) 

+  2L  [(f2  -  b>)  L,  +  (h,  +  $-  2g2)  L2  +  (hs  -  bO  L3]    • 

+    A  {-  ab31  -  3 .  ah23  -  af!2               } 

+    B  {      .                bh23  -  bf!2              j 

+    C  {-  bc31  +       ch23  +  3  .  cf!2  } 

+  2F  {-  bc!2            .  bf31  -  hf23} 

+  2G{       .       +       ch!2-  af23       .       } 

+  2H{-  ab23+       bh31  -  hf!2] 
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0  =  -  4i2  (f:il  +  g23  -  c12  -  h3:!) 

+  2£  [(fa  -  c2)  L,  +  (g;1  -  Cl)  L,  +  (f,  +  g2  -  2h3)  La]    - 

+    ^l{-cal2+       af31  +  3.ag23  } 

+    B  [-bcl2-3.bf31  -       bg23  } 

+    C  {      .  cf31  -      cg23  } 

+    F  {-  bc31  +       cf!2  .         -  fg23} 

+    G{-  ca23          .  -       cg!2  -  fg31} 

+    H  {       .       +       af23  -       bg31       .        } 

It  would  be  possible  in  these  equations  to  introduce  the  symbols  AB12,  &c.,  in 
place  of  ab!2,  &c.,  and  then  writing  A  =  B  =0=1,  all  these  symbols  other  than  those 
where  the  letters  are  GH,  HF  or  FG  would  vanish,  and  we  should  obtain  Mr  Warren's 
six  equations  for  normal  coordinates.  But  in  the  general  case  it  would  seem  that  there 
is  not  any  advantage  in  the  introduction  of  the  new  symbols  ABI2,  &c.,  and  I  retain 
by  preference  the  equations  in  the  form  in  which  I  have  given  them. 

To  the  foregoing  may  be  joined  a  symmetrical  equation  obtained  (as  by  Mr  Warren) 
by  multiplying  the  several  equations  by  a,  b,  c,  f,  g,  h  respectively,  and  adding  ;  the 
result  is  in  the  first  instance  obtained  in  the  form 


where 

@  =          a  (ba,  +  Coo   -  2f23) 

+    b  (cu  +  aa,  -  2g81) 
+    c  (832  +  bn  -  2h12) 
+  2f  (gls  +  h;!1  -  a28  -  fu  ) 
+  2g(h23  +  fia  -b;il  -gss) 
+  2h  (fn  +  g2S  -  cla  -  hM). 

For   XF,   collecting   the   terms   which   contain   Llt  Z2,   L3   respectively,   and   attending 
to  the  values  of  (A,  B,  C,  F,  G,  H), 

=  (be  —  f  -,  ca  —  g2,  ab  —  h2,  gh  —  af,  hf  —  bg,  fg  —  ch), 
this  is  easily  reduced  to  the  form 


The  term  in  ft  is 

=  -  (Aa, 

=  —  3i2fl,  as  above. 
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For  the  calculation  of  D,  collecting  the  terms,  we  have  D  = 


15 


23 

A     B     C     F     G     H 

31 

A     B     C      F     G     II 

12 

A     B     C     F    G     II 

be 

—    a 

be 

-g-2h-    a 

be 

-h         -2g          -   a 

ca 

-f-    b-2h 

ca 

-    b 

ca 

-h                       -2f-    b 

ab 

-f       -    c          -2g 

ab 

-g                        -    c-2f 

ab 

-    c 

af 

b  -  c         -  2g     2h 

af 

h                                   2b 

af 

-g                       -2c 

bf 

-  a 

bf 

-  3h       -  2g          -  2a 

bf 

-g 

cf 

a 

cf 

h 

cf 

3g     2h     2a 

ag 

3h                          2f     2b 

ag 

b 

ag 

f 

bg 

-h                        -2a 

bg 

-a          +c     2f         -2h 

bg 

f             2c 

eg 

-h 

cg 

-b 

eg                 -  3f  -  2b  -  2h 

ah 

-  3g                    -  2c  -  2f 

ah 

-f 

ah 

-  c 

bh 

g 

bh 

3f           2c             2g 

bh 

e 

ch 

g             2a 

ch 

-f-2b 

ch 

a  -  b          —  2f  +  2g 

gh 

-  3a  -  b  -  c 

gh 

-  2f  -  2b 

gh 

-  2c  -  2f 

hf 

-  2g          -  2a 

hf 

-  a     3b  -  c 

hf 

-  2c          -  2g 

% 

-  2h  -  2a 

% 

-  2b  -  2h 

fg 

-  a  -  b  +  3c 

viz.  this  is 

D  =  bc23  .  - 


&c. 


bc31  (-  gC  -  2hF  -  a£)  +  bc!2  (-  hS  -  2gF  - 

Some  however  of  the  coefficients  require  reduction  ;  for  instance,  that  of  bc31  is 
=  -  (a,  h,  g$G,  F,  C)  -hF,=-hF;  and  so  -  LB  -  2gF-aH  is  =  -  (a,  h,  g&H,  B,F)-  gF, 
=  —  gF.  After  these  reductions,  the  value  is  found  to  be  D  = 


+  ca23  .  -  h£ 
+  ab23.-g^r 

+  bc31 
+  ca31 
+  ab31 

.-hF 
.-fH 

+  cal  2  .  -  f£ 
+  abl2.-c.ff 

+  af  23  (-  gG  +  hH) 
+  bf  23  .  -  &B 
+  cf23  .  aC 

+  bf31 
+  cf31 

,-kB 

.hC 

+  afl2(£ff-c£) 
+  bf!2.-g£ 
+  cfl2.g(7 

ag23  . 


ag31  .  loA 


cg23  .  - 


c31  .  -  b(7 


ag!2  .  fA 
bgl2(cF-gH) 
cg!2  .  -  fC 


+  ah23  .  -  gA 

+  ah31  .  -  fA 
+  bh31  .  fB 
)           +  ch31  (hG  -  \>F) 

f-  ah!2  .  -  cA 
f  ch!2(-£F+gG 

) 

+  gh23  (3a4  -b. 
+  hf23  .  2bj5 
+  fg23.2g<7 

B-cC)+  gh31.2hJ. 

+  hf  31  (-  aA  +  3bB  -  cC)  - 
+  fg31  .  2fC                          H 

h  gh!2  .  2gA 
hhf!2.2£B 
h  fg!2(—  aJ.  -bl 

f  +  3cC) 
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or,  arranging  the  terms  in  a  different  order,  this  may  be  written 

n  = 

A  {     a  (3  .  gh23  -  hf31  -  fg!2)  +  b  .  ag31  -  c  .  ah!2  -  c  .  ah!2 

+  f  (ag!2  -  ah31)       +  g  (2  .  gh!2  -  ah23)  +  h  (2  .  gh31  +  ag23)} 
+  B  {-a.bf23  +b(-gh23  +  3.hf31-fgl2)  +  c.bh!2 

4  f  (2  .  hf!2  +  bh:31)  +  g  (bh23  -  bf  12)      4  h  (2  .  hf23  -  bf31)J 
+  C{    a.cf23  -b.cgSl  +c(-gh23  -hf31+3.fg!2> 

4  f  (2  .  fg31  -  cg!2)  +  g  (2  .  fg23  +  cf  12)    +  h  (cf31  -  cg23)} 
+  JF{-a.bc23  -b.chSl  +c.bg!2 

+  f(bg31-ch!2)      4  g  (bg23  -  bc!2)      -  h  (ch23  +  bc31)} 
+  G  {+  a  .  ch23  -  b  .  ca31  -  c  .  af  12 

-  f  (afSl  +  ca!2)       4  g  (ch!2  -  af23)      +  h  (ch31  -  ca23)} 
4-#{-a.bg23  +b.af31  -c.ab!2 

+  f(af!2-ab31)      -  g(bg!2  +  ab23)     +  h  (af23  -  bg31)}. 

Attending  to  the  values  of  A,  B,  C,  F,  G,  H,  we  have 


bcn  +  cbu  -  2ffu  +  2  (blCl  -  fi2  ) 

+       ca.,2  +  ac.>2  —  2gg22          4  2  (c.,a.2  —  g22) 
+       ab^  +  bag,  -  2hhsi          +  2  (a3b;i  -  h32) 
+  2  {ghos  4-  hgsa  -  af35  -  fa*  4      g2h3  4  g:ih2  -  a2f3  -  asf2  } 
4  2  |hf31  4  fh31  -  bg31  -  gb31  4      h^  4  hjf,  -  b3gl  -  blgs} 
+  2  {fg12  4  gf13  -  ch12  -  hc12  +      fig2  4  f2g!  -  Cjh,  -  c2hj}, 
which  is,  in  fact,  =  20  +  2fl. 

Hence  the  foregoing  equation  (S3JJ)  may  also  be  written 

-  Z2  (^u  4  B&  4  CM  4  2^  4  2GM  4  2HK)  +  2£^  -  Ln-tt  +  D  =  0, 
where  ^,  fl,  D  have  their  before-mentioned  values. 

In  the  particular  case  where  f  =  0,  g  =  0,  h  =  0,  we  have 

A,  B,  C,  F,  G,  #=bc,  ca,  ab,  0,  0,  0  ;   Z2  =  abc; 


the  equation  (51)  becomes 
-  2abc  (bsa  +  c^)  4-  [c2  (a^bc  4  b2ca  4  c2ab)  4  b3  (a3bc  4  b3ca  4  c3ab)]  -  be  (b!  cx  4  c.2a2  4  a3b3)  =  0, 

that  is, 

-  2abc  (b33  4  c^)  -  bcb:  ct  4  ca  (b2c2  4  ba2)  4  ab  (b3c3  4  c,/)  =  0, 
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and  the  equation  (§)  becomes 

4abc  .  a^  —  [a3  (a2bc  +  b2ca  +  c.2ab)  +  a,2  (a3bc  +  b3ca  +  c3ab)] 

—  ca  (a2b3  —  a3b.2)  —  ab  (c2a3  —  c3a.2)  =  0, 
that  is, 

4abc  .  a.^  —  2bc  .  a2a.3  —  2ca .  a2bs  —  2ab  .  a3b.,  =  0. 

Dividing    by   —  2abc    and   4abc    respectively,   and    completing   the    system,    the    six 
equations  are 

b2        c2       be       be.      be 

b»+c»-2B-  ic+H~i^— Jr!     <*>• 

r,_i_Q         „    _i      .  _1JJ --  *  3    s    —  0  (tf\\ 

Cn  4  33a       2c       2a        2a  +  2b       2T 

i  cUj  L)j  ct|  Dj        dif)  D^        dig  Og         ,-.  /  rr\ 

a-  +  b"~  2a  ~2b  -^"W+  2c    : 
^          ~  lla  ~  ^2b  "  2c 


2a        2b        2c 

=  0 


CjC.2 


2a        2b       2c 

These    are    in    fact    Lame's    equations,    Legons    sur    les    coordonnees   curvilignes,   etc., 
Paris  (1859),  pp.  76,  78,  viz.  the  first  of  the  equations  (8),  p.  76,  is 

d*H        1   dH  dH,      1 

which,  in  the  notation  of  the  present  paper,  is 


=        (Va)2  (\/b)a  + 


Here 


and  the  equation  therefore  is 


_  ^a2a3  _  ,  J_  a2    b;,       ,  ^  a,  ^ 
a  Va  ~    Vb  Va  \/b         \/c  Va 


which,  multiplying  by  \/a,  gives  the  foregoing  equation 
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The  first  of  the  equations  (9)  p.  78  is 


d   (  !_  dH\      d^  /!_  dHi\       1    dH       l  = 
dp,  (H,  dpj  +  dp  \H  dp  )  +  H*  dp.2   dp2 


which,  in  the  notation  of  the  present  paper,  is 


,  a 

Vb  jo      I  \/a  ),      c  ^ 


This  gives  first 

+  *  (  T-TT  1    + 


C  va 

and  then 


L_      _  1 
.  n.        4 


a  \/a  Vb  0  Va 

—  ^-         1      a* 


which,  on  multiplying  by  VaVb  and  reducing,  gives  the  foregoing  equation 


a«o  +  Dn  ,  f- 

a        b         a          b 


800]  ]9 


800. 


NOTE   ON   THE   STANDARD   SOLUTIONS   OF  A   SYSTEM  OF 

LINEAR  EQUATIONS. 

[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  xix.  (1883), 

pp.  38—40.] 

To  fix  the  ideas,  the  equations  are  assumed  to  be  without  constant  terms.  Supposing 
the  system  to  be  insufficient  for  the  determination  of  the  ratios  of  the  unknown 
quantities,  then  regarding  the  unknown  quantities  as  having  a  definite  order  of  arrange 
ment,  there  are  certain  solutions  which  may  be  regarded  as  standard  solutions.  Take 
the  unknown  quantities  to  be  A,  B,  C,  D,  E,  F,  G,  &c. ;  then  assuming  A=0,  or  else 
A,  B,  each  =0,  or  else  A,  B,  C,  each  =0,  as  many  equations  as  possible,  the  system 
as  thus  modified  will  have  a  definite  solution;  for  instance,  the  assumed  equations 
A,  B,  C,  D,  E,  each  =0,  may  give  a  definite  solution  in  which  F  is  not  =0,  and  it 
may  then  for  convenience  be  put  =1.  We  have  thus  a  solution  beginning  with  F=  1. 
This  being  so,  there  will  be  a  solution  or  solutions  with  ^=0;  we  cannot  then  have 
A,  B,  C,  D,  E,  each  =0,  but  we  again  assume  A=0,  or  else  A,  B,  each  =0,  as  many 
equations  as  possible;  suppose  A,  B,  C,  each  =0  give  a  definite  solution,  with  D  not 
=  0 ;  and  then  taking  it  for  convenience  to  be  =  1,  we  have  a  solution  beginning 
./)  =  1,  and  for  which  F=0.  Going  on  in  this  manner  we  obtain,  it  may  be,  a  solution 
beginning  B=l,  and  for  which  D  =  0,  ^=0;  and  so  on,  the  process  stopping,  if  not 
sooner,  with  a  solution  beginning  -4  =  1,  and  with  the  initial  letters  of  the  preceding 
solutions,  each  =  0.  We  have  in  this  manner  the  system  of  standard  solutions,  of  a 
form  such  as 

A         B        C        D        E        F        G 


0 

0 

0 

0 

0          1 

* 

0 

0 

0 

1 

*          0 

* 

0 

1 

0 

0 

*           0 

* 

1 

0 

* 

0 

*           0 

* 

3—2 
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Avhere   the   *    denotes   a   value   which    is   not    in    general    =0,   but   which    may   in   any 
particular  case  happen  to  be  so. 

For  instance,  let  it  be  required  for  the  binary  quartic  (a,  b,  c,  d,  e$as,  yY,  to  find 
the  asyzygetic  seminvariants  of  the  degree  4  and  weight  6.  Assuming  for  the 
seminvariant  the  value  in  the  left-hand  column  of  the  diagram,  the  unknown  coefficients 
being  A,  B,  C,  D,  E,  F,  G,  this  must  be  reduced  to  zero  by  the  operation 

c(Bb  +  2bdc  +  3cdd  +  4dde ; 

and   we    thus    obtain    as    many   equations    as    there    are    terms    of    the    degree    4    and 
weight  5,  as  appearing  by  the  second  column 

adb+  2 


A  a-ce 

a?be 

20  +  2A 

=  0, 

B   „  u? 

,,cd 

D           +65+4^1 

=  0, 

C  atfe 

afrd 

3F+2D+4C 

=  0, 

D  ,,bcd 

,,6c2 

2G+6E  +  W 

=  0, 

E  ,,c3 

a°b3c 

4G  +  3F 

=  0; 

viz.  the  equations  are 


F  a°b3d 
G  , 


A     B     C    D     E     F     G 


2          +2 
4  +  6          +1 

4  +  2          +3 
3  +  6          +2 

3  +  4 


=  0, 
=  0, 
=  0, 
=  0, 
=  0. 


We  have  first  a  solution  beginning  .8=1,  and  secondly  a  solution  beginning  A  =  l,  with 
5  =  0:   the  resulting  two  seminvariants,  say  P  and  Q,  are 


A 
B 
C 
D 
E 
F 
G 


P  = 

Q  = 

I 

II 

o?ce 

0 

1 

1 

1 

,,d* 

1 

0 

-1 

0 

atfe 

0 

-  1 

-  1 

-1 

,,bcd 

-6 

-4 

+  2 

-4 

,,c3 

+  4 

3 

-  1 

+  3 

a°b3d 

+  4 

4 

+  4 

„  b'2c2 

—  3 

-3 

+  3 
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As  is  known,  there  is  no  irreducible  solution,  but  only  the  composite  forms 

I  =  a  (ace  -  ad2  -  b*e  +  2bcd  -  c3), 

II  =  (ac  -  62)  (ae  -  4bd  +  3c2), 


the  developed  values  of  which  are  given  above  :  II  (as  a  form  beginning  A  =  I  and 
with  5  =  0)  can  be  nothing  else  than,  and  is  in  fact  =  Q  :  and  so  I  (as  a  form 
beginning  with  A  =  I,  B=-l)  can  be  nothing  else  than,  and  is  in  fact  =  Q-P;  that 
is,  we  have 

P  =  -I  +  II,     or      I  =  -P  +  Q, 
Q=  II,  11=  Q- 

and  so,  in  general,  we  have  a  standard  set  of  values  for  the  asyzygetic  seminvariants 
of  a  given  degree  and  weight  ;  or,  what  is  the  same  thing,  for  the  covariants  of  a 
given  deg-order. 
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ON    SEMINVAEIANTS. 

[From    the    Quarterly    Journal    of   Pure    and    Applied    Mathematics,    vol.    xix.    (1883), 

pp.  131—138.] 

THE  present  paper  is  a  somewhat  fragmentary  one,  but  it  contains  some  results 
which  seem  to  me  to  be  worth  putting  on  record. 

I  consider  here  not  any  binary  quantic  in  particular,  but  the  whole  series  (a,  b,  c$x,  y)\ 
(a,  b,  c,  d\x,  y)3,  &c.  ;  or  in  a  somewhat  different  point  of  view,  I  consider  the  indefinite 
series  of  coefficients  (a,  b,  c,  d,  e,  ...);  here,  instead  of  co  variants  and  invariants,  we 
have  only  seminvariants  ;  viz.  a  semin  variant  is  a  function  reduced  to  zero  by  the 
operator 


for  instance,  seminvariants  are 

a,     ac  -  b-,     a"d  -  3abc  +  263,     a-d*  +  4ac3  +  463d  -  Gabcd  - 


ae  -  4bd  +  3c2,     ace  -  ad-  -  b~e  +  2bcd  -  c3,  &c. 

A  seminvariant  is  of  a  certain  degree  6  in  the  coefficients,  and  of  a  certain 
weight  w  (viz.  the  coefficients  a,  b,  c,  d,...  are  reckoned  as  being  of  the  weights 
0,  1,  2,  3,...  respectively);  it  is,  moreover,  of  a  certain  rank  p  ;  viz.  according  as  the 
highest  letter  therein  is  a,  c,  d,  e,...  (it  is  never  6),  the  rank  is  taken  to  be  0,  2,  3,  4,  ..., 
and  we  have  w=  or  <%pO.  The  seminvariant  may  be  regarded  as  belonging  to  a 
quantic  («,...£#,  y)n,  the  order  of  which,  n,  is  equal  to  or  greater  than  p;  viz.  in 
regard  to  such  quantic  the  seminvariant,  say  A,  is  the  leading  coefficient  of  a  covariant 

(A,  B,...,K\x,  yY, 

where  the  weights  of  the  successive  coefficients  are  w,  w  +  l,...  up  to  n6-w\  hence 
number  of  terms  less  unity,  that  is,  /*,  is  =  nB  -  2w  ;  the  least  value  of  //,  is  thus 
=  pO  —  2w,  which  is  either  zero,  or  positive  ;  in  the  former  case,  w  =  ^pO,  the  semin 
variant  is  an  invariant  of  the  quantic  (a,  ...$#,  yY,  the  order  of  which  is  equal  to 
the  rank  of  the  seminvariant;  but  if  w  <  $p0,  then  it  is  the  leading  coefficient  of  a 
covariant  (A,  B,...,E*$x,  yY9'™  of  the  same  quantic  (a,...$a?,  yY  ;  and  in  every  case, 
taking  n  >  p,  the  seminvariant  is  the  leading  coefficient  A  of  &  covariant 

(A,  B,...,K\x,  yY6-™ 
of  a  quantic  (a,  ...$#,  y)n. 
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Take  A    as   belonging  to   the   quantic  (a,  ...]£#,  y)n  ;   corresponding  to   such  quantic, 
we  have  an  operator  A  of  the  same  rank  n,  viz. 

A  =  2bda  +    c96  for  n  =  2, 

=  3&aa+2c36  +    d9c  „       3, 

cffic  +  edd        „       4, 


Operating  with  A  on  A,  we  have  a  series  of  terms 

A,  AA,  A>A,  ...,  Ane~-wA, 

but   the   next   term   An9~2w+1J.,   and    of  course   every   succeeding   term,    is   =  0,   and   this 
being  so,  the  coefficients  of  the  co  variant  (A,  B,  ...  ,  KQx,  y}n9~zw  are 

(1,  i-A,  t-LA',...)4, 

or   what   is   the   same   thing,  each   coefficient   is   obtained   from    the    next   preceding   one 
by  the  formulae 


The  coefficients  A  and  K,  B  and  J,  ...  are  derived  one  from  the  other  by  reversal 
of  the  order  of  the  coefficients  of  (a,  b,  ...Qx,  y)n,  with  or  without  a  change  of  sign, 
and  thus  it  is  only  necessary  to  calculate  up  to  the  middle  coefficient,  or  pair  of 
coefficients;  and  we  obtain,  moreover,  a  verification. 

Calculating  in  this  manner  the  co  variant 

(A,  B,  ...,£)><>-»», 

which  belongs  to  the  quantic  (a,  ...]£#,  y)?,  if  we  herein  change  a,  b,  c,  ...  into  ax  +  by, 
bx  +  cy,  cx  +  dy,...  we  obtain  the  co  variant  belonging  to  the  quantic  («,...][#,  y^1; 
and  in  this  covariant  making  the  like  change,  or  what  is  the  same  thing,  in  the  first- 
mentioned  covariant  changing  a,  b,  c,  ...  into  (a,  b,  C§JK,  y}-,  (b,  c,  d§x,  y)'2,  (c,  d,  e§x,  y}2,  .  .  . 
we  have  the  covariant  belonging  to  (a,  ...]£#,  yY+z\  and  in  like  manner  we  obtain  the 
covariant  belonging  to  the  quantic  (a,  ...~§x,  y)n  of  any  given  order  n. 

In  particular,  if  w  =  ^pB,  that  is,  if  the  given  seminvariant  be  an  invariant  of 
(a,  ...Qx,  y)*,  then  we  obtain  the  series  of  co  variants  directly  from  A  by  therein 
changing  a,  b,  c,  ...  into  ax  +  by,  bx  +  cy,  ex  +  dy,  .  .  .  and  in  the  result  making  the  like 
change  ;  or  what  is  the  same  thing,  in  A  changing  a,  b,  c,  ...  into  (a,  b,  c$x,  y)-, 
(b,  c,  dQx,  2/)2,  (c,  d,  etyx,  y)-,  ...  :  and  so  011  until  we  obtain  the  covariant  for  the 
quantic  (a,  ...]£#,  y)n  of  the  given  order  n. 

A  seminvariant  which  cannot  be  expressed  as  a  rational  and  integral  function  of 
lower  seminvariants  is  said  to  be  irreducible.  The  theory  is  distinct  from  that  of  the 
irreducible  covariants  of  a  quantic  of  a  given  order;  for  instance,  as  regards  the  cubic 
(a,  b,  c,  dQx,  y)3,  we  have  the  irreducible  covariant  (invariant) 

a?d2  +  4ac3  +  463d  -  Qabcd  -  362c2, 
but  this  is  not  an  irreducible  seminvariant  ;   it  is 

=  (ac  -  b2)  (ae  -  4<bd  +  3c2) 

—  a  .  (ace  —  ad2  —  Ire  —  c3  +  2bcd), 

or,  what  is  the  same  thing,  there  is  not  for  the  quartic  (a,  b,  c,  d,  e$x,  y)\  or  for 
the  higher  quantics,  any  irreducible  covariant  having  this  for  the  leading  coefficient. 
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We  may  consider  the  question  to  determine  the  number  of  asyzygetic  seminvariants 
of  a  given  degree  and  weight.  For  instance,  taking  the  weights  up  to  12,  so  that 
the  series  of  letters  extends  as  far  as  m,  then  for  the  degrees  1,  2,  3  we  have  as 
follows : 


w  = 

0 

1 

2 

3 

4 

5       6^7 

8 

9 

10 

11 

12 

Deg.  1 

Nos. 

a 

b 

C            (/ 

e 

/       9       h 

i 

j 

k 

I 

m 

1 

1 

1 

1 

1 

1 

1        1 

1 

1 

1 

1 

1 

Diff. 

0 

0 

0 

0 

0 

0 

0        0 

0 

0 

0 

0 

0 

Deg.  2 

a2 

ab 

ac 

ad 

ae 

«/ 

ag 

ah 

ai 

«;' 

ak 

al 

am 

b2 

be 

bd 

be 

bf      bg 

6A 

6i 

bj 

bk 

bl 

c2 

cd 

ce 

tf 

*/ 

ch 

ci 

9 

ck 

d- 

de 

# 

dg 

dh 

di 

dj 

e2 

ef 

eg 

eh 

ei 

Nos. 

/* 

fg 

/ 

I 

I 

2 

2 

3 

3 

4 

4 

5 

5 

6 

6 

7 

Diff. 

1 

0 

1 

0 

1 

0 

1        0 

1 

0 

1 

0 

1 

Deg.  3 

a3 

a2b 

a2e 

a2d 

a2e 

«y 

aV     «2A 

a2i 

ay 

a*k 

a2^ 

a2m 

ab2 

abc 

abd 

abe 

«&/    a&y 

abh 

abi 

abj 

abk 

abl 

ac2 

acd 

ace 

ac/ 

acg 

ach 

aci 

acj 

ack 

ad2 

ade 

adf 

adg 

adh 

adi 

adj 

ae2 

aef 

aeg 

aeh 

aei 

af2 

afg 

afh 

ag2 

bs 

b"c 

b2d 

b2e 

by 

Vg 

b2h 

b2i 

b2j 

b2k 

be2 

bed 

bee 
bd2 

bcf 
bde 

beg 
bdf 

bch 
bdg 

bci 
bdh 

bcj 
bdi 

be~ 

bef 

beg 

beh 

bf2 

¥g 

c3 

c2d 

c2e 

cy 

<?9 

C2h 

C2i 

cd2 

cde 

cdf 

cdg 

cdh 

ce2 

cef 

ceg 

d3 

d2e 

dy 

C^g 

de2 

def 

Nos. 

e3 

1 

1 

2 

3 

4 

5 

7 

8 

10 

12 

14 

16 

19 

Diff. 

1 

0 

1 

1 

1 

2 

1 

2 

2 

2 

2 

2 

3 
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For  the  degree  1,  the  line  of  differences  shows  that  the  only  seminvariant  is 
( W  =  0),  the  seminvariant  «. 

For  the  degree  2,  the  line  of  differences  1,  0,  1,  0,...,  shows  that  the  number  of 
seminvariants  is  =  1  for  each  even  degree,  =0  for  each  odd  degree;  thus  for  the 
weight  0  there  is  a  seminvariant  =a2,  which  of  course  is  not  irreducible;  while  for 
each  of  the  other  even  weights  we  have  a  single  irreducible  seminvariant;  as  is  well 
known,  the  forms  are 


W  = 


2 

4 

6 

8 

10 

12 

ac  +  1 
W  -  1 

ae  +  1 
bd-4: 
c2  +  3 

ag  +    1 
bf-    6 
ce  +15 
d*  -10 

ai  +    1 
bh-    8 
eg  +28 
#•-56 
e2   +  35 

ak  +      1 
bj-    10 
ci  +    45 
6&-120 
eg  +  210 
/2-126 

am+      1 
U   -    12 
ck  +    66 
dj  -220 
e^   +  495 
fh  -  792 
cf  +462 

For  degree  3,  the  line  of  differences  shows  that  for 

W  =0123456789     10     11     12 

Nos.  are  =101     11     121     2     2       2       2       3 ' 

but  inasmuch  as  for  each  even  weight  there  is  a  quadric  seminvariant,  which  multi 
plied  by  a  gives  a  cubic  seminvariant,  to  obtain  the  number  of  irreducible  cubic 
seminvariants  we  subtract 


1010101010 


0       1 


0001011112       1       2       2' 

or   the    numbers    of    irreducible    cubic    seminvariants    are    as    in    the    line    last    written 
down. 


C.    XII. 
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There    is    a    convenience    however    in    giving,   for    each    even    weight,   as    well    the 
rejected  reducible  covariant ;   and  the  entire  series  of  results  is  found  to  be 


W 


0 

2 

3 

4 

5 

6 

7 

8 

a?+  1 

a?c  +  1 

a2^+  1 

a2e  +  1 

«y  +  l 

aV+     1 

a2/,+     1 

«2i  +     1 

a62-l 

abc  —  3 

abd—  4 

afce  —  5 

aft/-    6 

abg  —    1 

abh  —    8 

63    +  2 

ac2  +  3 

ac«*  +  2 

ace  +  15 

+  1 

ac/+    9 

acg  +  28 

+  1 

ftc2  —  6 

ad"--  10 

-  1 

ade—     0 

&y  +  12 

aay     56 
ae2  +  35 

+  2 

6cc? 

+  2 

bee  -  30 

Vg 

-  1 

c3 

-  1 

bd2  +  20 

bcf 

+  3 

c2a- 

bde 

-  1 
-3 

cd* 

+  2 

9 

10 

11 

12 

2-           i 

a2/fc    +      1 

a2Z     +       1 

a*m 

+      1 

ctbi  —      9 

abj  -     10 

abk  -     11 

abl 

-    12 

ach 

+    2 

act    +    45 

+  1 

acj   +     35 

+     2 

ack 

+    66 

+    3 

adg  +    42 

-    7 

adh  -  120 

-  4 

acK   —    75 

—    9 

adj 

-220 

-  15 

ae/  -     36 

+    5 

aeg    +  210 

+  8 

aeA  +    90 

+  14 

aei 

+  495 

+  40 

+    1 

60T                   o  £* 
fl      +       OD 

-    2 

a/2   -  126 

-  5 

afg   -    42 

7 

afh 

-792 

-  70 

4 

&c#  -  126 

+    7 

bH 

-  1 

b*j     +    20 

_    2 

acf 

+  462 

+  42 

+    3 

bdf  -  108 

+  22 

bch 

+  4 

bci    -    90 

+    9 

m 

-    3 

&e2    +180 

-  25 

bdg 

-  4 

&JA  +  240 

+  16 

bej 

+  15 

c2/    +  270 

-  27 

bef 

+  2 

beg   -  420 

-  63 

bdi 

-25 

-    4 

co?e   —  450 

+  45 

#9 

-  4 

ft/2    +  252 

+  42 

beh 

+  30 

+  12 

dz     +  200 

-20 

cdf 

+  8 

e% 

-  30 

¥ff 

-  14 

-    8 

ce2 

-    5 

cdg 

+  70 

c'2i 

15 

+    3 

d*e 

cef 

-  21 

cdh 

+  40 

-    8 

dy 

-56 

ceg 

-70 

-  22 

de* 

+  35 

rf1 

+  42 

+  24 

f)    A 

&g 

+  24 

def 

-36 

es 

+  15 
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The  canonical  form  given  for  the  quintic  in  my  Tenth  Memoir  on  Quantics  [693] 
belongs  to  a  series,  viz.  writing  now  the  small  roman  letters  (instead  of  the  italic  letters) 
for  the  series  of  coefficients,  and  using  the  italic  letters  a,  c,  d,  e,  f,  ...  to  denote 
seminvariants,  they  are  as  follows  : 

0  a  =  a, 

2  c  =  ac   —  b2, 

3  d  =  a2d  —  3abc  +  2b3  (=/  in  the  tenth  memoir), 

4  e  =  ae  —  4bd  +  3c2  (=  b  in  the  tenth  memoir), 

5  /  =  a2f  -  5abe  +  2acd  +  8b2d  -  6bc2, 

6  g  =  ag  -  6bf    +  15ce  -  10d2, 

7  h  =  a%  -  7abg  +  9acf  -  5ade  +  12b2f  -  30bce  +  20bd2, 

8  i  =  ai   -  8bh  +  28cg  -  56df  +  35e2, 
&c. 

Writing  also  (instead  of  d  in  the  tenth  memoir) 

e  =  ace  -  ad2  -  b2e  +  2bcd  -  c3, 

so   that   the    equation    a?d  —  a-bc  +  4>c3  —  f2  =  0    of  the   tenth    memoir,   is   in    the    present 
notation  o?e  —  arec  +  4C3  —  d2  =  0,  then  the  series  of  canonical  forms  is 

Quadric  (1,  0,  cQx,  y)2, 

Cubic      (1,  0,  c,  d$x,  y)s, 

Quartic  (1,  0,  c,  d,  a2<?-3c2$#,  y)4, 

Quintic  (1,  0,  c,  d,  a2e-3c2,  a2/-  2cdfa,  yf, 

&c. 
the  series  of  coefficients  being 

1,  0,  c,  d,     a?e  +  l,     a2/+ 1,     a*g  +    1,     a*h  +1,     asi   +        1, 

c-   -  3      cd  -  2     o?ce  -  15      a-cf-  9     a'cg  -     28 

c3     +  45     a"de+  5      a4e2  -      35 

d*     +10      c2d  +3      a2c2e+    630 

d2df+      56 

c4      - 1575 

cd-  -    392 

these  values  being,  in  fact,  the  expressions  in  terms  of  the  seminvariants  a,  c,  d,  &c.  of 
1,     0,         ac,  aad,  a3e,  a4f,  a5g,  a«h,  a7i 

-  b2,     -  3abc,     -  4a%d,  5a3be,      -    Ga4bf,  7a5bg,     -    8a6bh 

+  2  b3,     +  6ab2c,     +  10a2b2d,     +  15a3b2e,     +  21a4b2f,     +  28a5b-g 
_  3  b4,       -  10ab3c,      -  20a2b3d,     -  35a3b3e,    -  56a4b3f 
+    4  b5,        +  15ab4c,      +  35a2b4d,    +  70a3b4e 
-    5  b6,        -  21ab5c,     -  56a2bsd 
+    6  b7,       +  28ab«c 
-    7  b8 
4—2 
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I  annex  verifications  of  the  foregoing  values : 
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a6h 
a5bg 
a5cf 
a5de 
a4b*f 
a4bce 
a4bd2 
a4c2d 
a3b3e 
a3b2cd 
a3bc3 
a2b4d 
a2b3c2 
ab5c 
b7 


<#  = 

-  2cd 

a4£ 

+  1 

+     1 

a3be 

-  5 

-    5 

a3cd 

+  2 

—    2 

0 

a2b2( 

1        +  8 

+    2 

+  10 

a2  be 

1        -  6 

+    6 

0 

ab3c 

-  10 

-  10 

b5 

+    4 

+    4 

Sc3 

+  lOtf2 

1 

6 

0 

+    10 

0 

-t-  15 

60 

0 

45 

0 

+    40 

-  20 

35 

+    90 

0 

35 

-  120 

+  15 

45 

+    40 

5 

tfde 

+  3c2d 

+    1 

7 

0 

5 

0 

+  21 

15 

0 

20 

0 

15 

+    3 

0 

10 

-  35 

30 

6 

0 

15 

_    9 

0 

to 

+    3 

+  35 

30 

+  24 

0 

-21 

-  21 

+    6 

+    6 
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a?i  = 

-  28a4cg 

-  35«4e2 

+  5Qa*df 

+  630aW      -  1575c4 

-  392c2^ 

ari 

+     1 

a«bh 

8 

eg 

+  28 

•28 

df 

-  56 

+      56 

e2 

+  35 

35 

a«b2g 

+    28 

bcf 

+  168 

168 

bde 

+  280 

280 

c2e 

-  420 

-  210 

+    630 

cd2 

+  280 

+    112 

392 

a-'b3f 

-  168 

+     112 

b2ce 

+  420 

-  1260 

+    840 

b2d2 

-  280 

-560 

+    448 

+    392 

bc2d 

+  840 

-  2520 

672 

+  2352 

c4 

-315 

+  1890 

-  1575 

a:!b4e 

+    630 

560 

b3cd 

+  5040 

-  1120 

-  3920 

bO      Q 
-c 

-  3780 

+  1008 

+  6300 

-  3528 

a"b5d 

-  2520 

+    896 

+  1568 

b4c2 

+  1890 

672 

-  9450 

+  8232 

ab6d 

+  6300          -  6272 

a"b8 

-  1575 

+  1568 

+  1 

8 
0 
0 
0 

+  28 
0 
0 
0 
0 

-56 
0 
0 
0 
0 

+  70 
0 
0 

-  56 
0 

+  28 


It    would    be    interesting    to    obtain    the    general    law    for    the    expressions    of    the 
canonical  coefficients  in  terms  of  the  semin variants. 
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NOTE    ON    CAPTAIN    MACMAHON'S    PAPER,    "ON    THE    DIFFER 
ENTIAL    EQUATION    X-*dx+Y-*dy  +  Z-*dz  =  Q." 

[From    the    Quarterly   Journal    of   Pure    and    Applied    Mathematics,    vol.    xix.    (1883), 

pp.  182—184.] 

IN  general,  iff,  =  (x,  y,  I)3,  =  0  be  the  equation  of  a  cubic  curve,  and  if 


4T    "  df 

dy  dx 

then  if  1,  2,  3  are  the  intersections  of  the  curve  by  an  arbitrary  right  line,  the 
coordinates  of  these  points  being  (#1}  y^,  (#2,  2/2).  (#s>  Vs)  respectively,  we  have,  by  Abel's 
theorem, 

du)i  +  do)2  +  dd)3  =  0, 

viz.  this  is  the  differential  relation  corresponding  to  the  integral  relation  which 
expresses  that  the  three  points  are  the  intersections  of  the  cubic  curve  by  a  right 
line,  or  say  to  the  integral  equation 

V,     =     y1}     y,,    y 


1,     1,     1 

in  which  equation  ylt  y2,  y3  are  regarded  as  functions  of  a;1,  %.,,  x.A  respectively,  given 
by  means  of  the  equations  /i  =  0,  f,  =  0,  fs  =  0  which  express  that  the  points  are  on 
the  cubic  curve.  See  my  "Memoir  on  the  Abelian  and  Theta  Functions,"  [819]. 

In  particular,  if  the  equation  of  the  curve  is 
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j        dx          dx 
eld)  =  — ,     =  — 5 : 
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and  corresponding  to  the  differential  relation 

we  have  the  integral  relation 

V,     = 

//»  /T»  np 

•^l        J  **/9        *  ^.l 

1,1,1 

viz.    this    last    equation,   as    containing    no    arbitrary  constant,  is    a   particular   integral   of 
the  differential  equation. 

If  instead  of  a?,,  x».  x.,  we  write  x.  y,  z,  then  we  have 

J.   '  A?  O  *         U   7  ' 


V  = 


x    ,     y    ,     z 
1,1,1 

as  a  particular  integral  of  the  differential  equation 


F3, 


,     =0, 


To  rationalize  the  integral  equation,  write 

a,  (3,  7  =  y  —  z,  z—  x,  x-  y  (so  that  a  +  y8  +  7  =  0), 
the  equation  is 

and  we  thence  have 

The  left-hand  side  is 

a3  (A 

+  j33  (A  +  3%  +  Wf  +  Dy3) 

+  T3  (A  +  3Bz  +  3Cz2  +  Dz3) ; 
or  assuming 

a',  ft',  j  =  x  (y  -  z),  y(z-  x),  z(x-y)  (so  that  a.'  +  /3'  +  7'  =  0), 

this  is 

=  A  (a3  +  /33  +  T3)  +  3B (M  +  /32/3'  +  7y )  +  3(7 (aa/2  +  /3(3'2  +  77-)  +  D (a'3  +  /3'3  +  7/3). 

But  taking  X  arbitrary,  and 

a  +b  +c  =0, 
a3  +  b3  +  c3  =  3a6c  ; 


then 
whence 
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or   substituting   for   a,  b,   c   their   values,   and   comparing   the  coefficients   of  the   several 
powers  of  X, 

a3    +/33 


aV  +  /32£'  +  7V  =  a'/8y  +  /3'yoL  +  y'a/3  =  a/8y  (  x  +  y  +  z), 
aa'2  +  /8/3'2  +  77/2  =  a/3'y'  +  fty'oi  +  yet  ft  —  afiy  (yz  +  zx  4-  xy), 
a'3  +  /3'3  +  7/3  =  Sa'ySy  =  83/87 .  xyz. 

Hence  we  have 

aPX  +  @3  Y  +  ysZ  =  3a./3y  { A  +  B  (x  +  y  4-  z)  +  C  (yz  +  zx  4-  xy)  +  Dxyz] , 
or  the  integral  equation  is 

[A  +  B(v+y  +  s)  +  C(yz  +  za!  +  ecy)  +  Dxyz}  =  X*Y»Z*, 
that  is, 

{A  +  B  (x  +  y  +  z)  +  C  (yz  +  zx  +  xy)  +  Dxyz}3  =  X  YZ, 

the  elegant  result  given  by  Capt.  MacMahon  at  the  beginning  of  his  paper. 


The   author   in   a   letter   to    me,  dated   Jan.    13,    1883,    remarks   that   the   particular 
integral  of  the  equation  in  question 


is   expressible   as   a   determinant    in   a   rational   form    as    follows.    Writing   it    XYZ  =  P3, 
where 

P  =  A  +B(x  +  y  +  z)  +  C(y2  +  zx  +  xy)  +  Dxyz, 
then  the  form  is 


V,  = 


dx 


=  0, 


0dY_ydP\3     7 

dy  dy  J  ' 

\  &  rf  ^  /Y  /y     l 

\  \JU&  \AJ&  / 

for,  as  shown  by  Captain  MacMahon  in  his  paper,  each  of  the  three  terms  such  as 

Z  (ip  *^ —  Y—-^—  Y(±P^——  Z^—^\ 

V3      dy          dy )          \^     dz         dz  j ' 

which  compose  the  determinant,  is  divisible  by  XYZ  —  P3. 
It  may  be  added  that  we  have  identically 


and  of  course  like  values  for  the  other  two  expressions  in  the  determinant. 
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803. 

ON    MR    ANGLIN'S    FORMULA    FOR    THE    SUCCESSIVE    POWERS 
OF  THE   ROOT   OF   AN   ALGEBRAICAL   EQUATION. 

[From    the    Quarterly   Journal    of   Pure    and    Applied    Mathematics,    vol.    xix.    (1883), 

pp.  223,  224.] 

SUPPOSE  xm-pxm-i+qxm-*-...=Q,  then  the  successive  powers  xm,  xm+\  xm+*,  &c. 
of  x  can  be  expressed  in  the  form  Px™-*  -  Qxm~*  +  Rxm~*  -  &c.  Mr  Anglin  has  obtained 
for  this  purpose  a  very  elegant  formula,  with  a  demonstration  which  (it  occurred  to 
me)  might  be  presented  under  a  somewhat  simplified  form;  and  he  has  permitted  me 
to  draw  up  the  present  Note. 

Take,  for  greater  convenience,  the  equation  to  be 

x*  —  pa?  +  qx?  — 


and   let   Al5  h2,  h3,...    be   the   sums   of   the   homogeneous   products  of  the   roots,   of  the 
orders  1,  2,  3,  &c.  respectively;   then,  writing  also  h0  =  1,  we  have 


hi  =  h0p, 
z  =  hp  -  h0q, 
3  =  h^p  -  h^q  +  h0r, 
t  =  h3p  —  h^q  +  hjr  —  h0s, 
h2r  —  h^s, 


And  this  being  so,  starting  from  the  equation 

a*  =  pa?  —     ay?  +     rx  —  s, 
that  is, 

=  h^x?  —  h^qx"  +  hQrx  —  h0s, 
C.    XII. 
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we  obtain  successively 

of  =      Aj  (pa?  —  qx*  +  rx  —  s) 

—  h0qz?  +  h0rx*  —  hQsx 

=     h2a?  —  (h^q  —  h0r)  a?  +  (h^r  —  h0s)x  —  h^, 

of  =      h2  (pa?  —  qx2  -f  rx  —  s) 

—  (h^q  —  h0r)  a?  +  (h^  —  h0s)  x2  —  h^x 

=     h3a?  —  (h^q  —  h^r  +  h0s)  a?  +  (A2r  —  h^)  x  —  h2s, 

a;7  =      hs  (pa?  —  qx2  +  rx  —  s) 

—  (h2q  —  h^r  +  h0s)  a?  +  (hj  —  h^)  x2  —  h^sx 

=     htO?  —  (h3q  —  h2r  +  h^s)  a?  4-  (h3r  —  h2s)  x  —  h3s, 

and   so    on,  the   characteristic  feature   being   that   by  the   introduction  of  the  symbols  h, 

the   coefficient   of  a?   presents   itself    at    each   step   as   a    monomial,   and   the  coefficients 

of  the   lower   powers  require  no  reduction.     It  is  obvious  that   the   process  is  a  perfectly 
general  one,  and  that  for  the  equation 

xm  -piXm-i  +  pzX™-*  -  ...  +  (-}mpm  =  0, 
the  formula  is 


where,  as  regards  each  power  of  x,  the  series  forming  the  coefficient  thereof  is  con 
tinued  as  far  as  possible,  that  is,  up  to  the  term  which  contains  pm  or  h0  as  the  case 
may  be. 
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804. 

ON    THE    ELLIPTIC-FUNCTION    SOLUTION    OF    THE    EQUATION 


[From  the  Proceedings  of  the  Cambridge  Philosophical  Society,  vol.  iv.  (1883), 

pp.  106—109.] 

I  HAD  occasion  to  find  elliptic-function  expressions  for  the  coordinates  (oc,  y)  of 
a  point  on  the  cubic  curve  x3  +  ys=I.  These  are  derivable  from  the  formula?  given, 
Legendre,  Fonctions  Elliptiques,  t.  I.  pp.  185,  186,  for  the  reduction  to  elliptic  integrals 

of  the  integral  R  —  I  --  T—-  .     Legendre,  writing 
J  (1  -  *»)* 

V4y3  -  1  -  V3 
z=       •L,          —  —  , 

V  4>ys  -  1  +  V  3 
and  then 

m?  =  2   and   mzy  =  1  +  x", 
finds  first 


r>          A/O 
R  =  m  v  3 

3«'-  +  3 
and  then  writing  r  =  v/3,  #  =  tan^$,  and  c2  =  |(2-?^2),  finds 


Vl  -c2smv<£' 
we  have  therefore  only  to  write  sin  <£  =  sn  u,  to  modulus 


c,  ='-  V3, 

and  we  thence  obtain  an  expression  for  z  in  terms  of  the  elliptic  functions  snw,  cnw,  dnw. 
Writing  x  instead  of  z,  and  k  for  c,  then 


5—2 
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Working  out  the  substitutions,  the  resulting  formulas  are 

_  2r  sn  u  dn  u  —  (1  +  en  u)2 
2r  sn  u  dn  u  +  (1  +  en  u)2 ' 


_  m  (1  +  en  u)  (1  +  r3  +  (1  +  r2)  en  ^} 
2r  sn  i*  dn  u  +  (I  4-  en  uf 

where  the  modulus  is  k  as  above  ;   and  these  values  give 

a?  +  f  =  1, 

—  dy 

=  -  ~  =  *  mr  du. 


The    verification    is    interesting    enough  ;    starting    from    the    expression    for    x,   and    for 
shortness  representing  it  by 

A-B 


_ 
~ 

we  have 


(A  +  B)3  (2rsnt*dnw  +  (1  -fen  u)2\3' 

We  find 

3 A2  +  B2  =  12r2  en2  u  dn2  u  +  (1  +  en  w)4, 

=  (1  +  en  u)  {12r2  (1  -  en  u)  (k/2  +  k2  en2  u)  +  (I  +  en  u)3}, 
where  the  term  in  {  }  is  a  perfect  cube 

=  [1  +  en  u  -f  r2  (1  —  en  u)]3. 
The  last-mentioned  expression  is,  in  fact, 

=  (1  +  en  u)3  +  r2  (1  —  en  u)  [3  (1  +  en  u)2  +  3r2  (1  +  en  u)  (1  —  en  u)  +  r4  (1  —  en  u)2], 
where  the  second  term  is 

=  12r2  (1  -  en  M)  [1  (1  +  en2  u)  +  |r2  (1  -  en2  u)], 
that  is,  it  is 

=  12r2  (1  -  en  u)  (k'2  +  k2  en2  M)). 
We  have  consequently 

1-*,*=  ggjl±cn  u)3  (1  +  r2  +  (1  -  r2)  en  u}3 

{2r!mu  dn  u  +  (1  +  en  u)2}3         ' 

or   extracting   the   cube   root   y,  =  VI^,  has  its   foregoing   value :   and   the   differential 
expressions  are  then  verified. 

Suppose  y=l,  we  have 

(m  -  1)  (1  +  en  u)2  +  mr2  (1  -  en2  u)  =  2r  sn  u  dn  u, 
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that  is, 

(m  -  I)2  (1  +  en  u)3  +  2m  (w  -  1)  r2  (1  +  en  w)2  (1  -  en  M) 

+  3m2  (1  +  en  w)  (1  -  en  w)2  =  r2  (1  -  en  w)  {4  -  4&2  (1  -  en2  u)}, 
or  observing  that  the  right-hand  side  is 

=  r2  (1  -  en  w)  {(1  +  en  u)2  + (1  -  en  u)2  +  r2  (1  -I-  en  w)  (1  -  en  u)}, 
and  multiplying  by  ^r2,  the  equation  becomes 

0  =  $  (m  -  I)2  r2  (1  +  en  w)3  +  (2m2  -  2m  +  1)  (1  +  en  u)2  (I  -  en  u) 

+  (m2  -  1)  r2  (1  +  en  u)  (1  -  en  *«)2  -  (1  -  en  u)s ; 
viz.  this  is 

0  =  {ir2  (m2  -!)(!+  en  u)  -  (I  -  en  w)}3, 

as   is   immediately  verified :    hence  writing   ir2  =  - ,  we    have   for  the   value   in   question, 

(m2  -  1)  (1  +  en  M)  -  r2  (1  -  en  M)  =  0, 
or  say 

m2  (1  +  en  u)  =  (1  +  en  u)  +  r2  (1  —  en  u\ 
that  is, 

r2  +  1  —  m2 
=  r2  -  1  +  m2 ' 

which  is  one  of  the  values  of  en  M  derived  from  the  equation  #  =  0;  but  this  equation 
x  =  0  gives,  not  the  foregoing  equation,  but 

m6  (1  +  en  u)3  =  {(1  +  en  u)  +  r2  (1  -  en  u)}3, 

viz.  the  three  values  of  cnu  are  the  foregoing  value  and  the  two  values  obtained 
therefrom  by  changing  m  into  com  and  w2m  respectively,  &>  being  an  imaginary  cube 
root  of  unity.  In  fact,  the  curve  a?  +  y3  =  1  has  at  the  point  x  =  0,  y  =  1  an  inflexion, 
the  tangent  being  y  =  1,  so  that  this  line  meets  the  curve  in  the  point  counting  three 
times ;  but  the  line  x  =  0  meets  the  curve  in  the  point,  and  besides  in  two  imaginary 
points. 
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805. 

NOTE    ON    ABEL'S    THEOREM. 


[From  the  Proceedings  of  the  Cambridge  Philosophical  Society,  vol.  IV.  (1883), 

pp.  119—122.] 

CONSIDERING  Abel's  theorem  in  so  far  as  it  relates  to  the  first  kind  of  integrals, 
and  as  a  differential  instead  of  an  integral  theorem,  the  theorem  may  be  stated  as 
follows  : 

We  have  a  fixed  curve  f(x,  y,  1)  =  0  of  the  order  m  ;  this  implies  a  relation 
/'  (x)  dx+f  (y)dy  =  0,  between  the  differentials  dx,  dy  of  the  coordinates  of  a  point 
on  the  curve  ;  and  we  may  therefore  write 


, 


dx  dy 

~~~ 


and,  instead  of  dx  or  dy,  use   day  to  denote   the   displacement   of  a   point   (x,  y}  on  the 
curve. 

Taking  for  greater  simplicity  the  fixed  curve  to  be  a  curve  without  nodes  or 
cusps,  and  therefore  of  the  deficiency  £  (m  —  1)  (m  —  2),  we  consider  its  mn  intersections 
by  a  variable  curve  <f>  (x,  y,  1)  =  0  of  the  order  n.  And  then,  if  (as,  y,  l)m-3  denote  an 
arbitrary  rational  and  integral  function  of  (x,  y)  of  the  order  in  —  3,  the  theorem  is 
that  we  have  between  the  displacements  dwl,  dw2,  ...,  dwmn  of  the  mn  points  of  inter 
section,  the  relation 

2(<»,  y,  l)m-3da>  =  0, 

where  the  left-hand   side  is   the   sum   of  the    values  of  (x,  y,  I)m~3do),  belonging  to  the 
mn  points  of  intersection  respectively. 

0 

For  the  proof,  observe  that,  varying  in  any  manner  the  curve  <£,  we  obtain 

fdx  +  f- 
dx  dy 
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where  S<£  is  that  part  which  depends  on  the  variation  of  the  coefficients,  of  the  whole 
variation  of  9;  viz.  if  9  =  axn  +  bxn~ly  +  ...,  then  £<£  =znda  +  xri~lydb  +  ...;  89  is  thus, 
in  regard  to  the  coordinates  (x,  y},  a  rational  and  integral  function  of  the  order  n. 
Writing  in  this  equation 


doc,  dy  =  ~  dw,     — f-  dot, 
dy  dx 


_to        . 

dx  dy      dy  dx 


the  equation  becomes 

or  say 
that  is, 


and  then  multiplying  each  side  by  the  arbitrary  function  (x,  y,  l)m~3,  we  have 

f  m—3 

2  (x,  y,  1)*-*  du  =  2 


da,-        *+        • 

-,  9)' 


where  S(f>  being  of  the  order  n  in  the  variables,  the  numerator  is  a  rational  and 
integral  function  of  (x,  y)  of  the  order  m  +  n  —  3:  hence  by  a  theorem  contained  in 
Jacobi's  paper  "  Theoremata  nova  algebraica  circa  systema  duarum  sequationum  inter 
duas  variables,"  Crelle,  t.  xiv.  (1835),  pp.  281—288,  [Ges.  Werke,  t.  ill.,  pp.  285—294], 
the  sum  on  the  right-hand  side  is  =  0  :  hence  the  required  result  2  (x,  y,  l)m~3do>  =  0. 

Observing   that   (x,   y,    l)m~3   is   an    arbitrary   function,   the    equation   just    obtained 
breaks  up  into  the  equations 


viz.  the  number  of  equations  is 


which  is  =p,  the  deficiency  of  the  curve. 

Suppose  the  fixed  curve  f  (x,  y,  1)  =  0  is  a  cubic,  m  =  3,  and  we  have  the  single 
relation  2  dw  =  0,  where  the  summation  refers  to  the  Sn  points  of  intersection  of  the 
cubic  and  of  the  variable  curve  of  the  order  n,  (f>(x,  y,  1)  =  0. 

In  particular,  if  this  curve  be  a  line,  n  =  l,  and  the  equation  is  d^  +  d(o.2  +  do)3  =  0  ; 
here  the  two  points  (xlt  y^,  (x.2,  7/2)  taken  at  pleasure  on  the  cubic,  determine  the 
line,  and  they  consequently  determine  uniquely  the  third  point  of  intersection  (x3,  y3)  ; 
there  should  thus  be  a  single  equation  giving  the  displacement  dw3  in  terms  of  the 
displacements  d^,  dw2;  viz.  this  is  the  equation  just  found 

dwl  +  da)2  +  c£&>3  =  0. 
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So  if  the  variable  curve  be  a  conic,  n  =  2  ;   and  we  have   between  the  displacements 
of  the  six  points  the  relation 

+  ...  +  dco6  =  0  : 


here  five  of  the  points  determine  the  conic,  and  they  therefore  determine  uniquely 
the  sixth  point;  and  there  should  be  between  the  displacements  a  single  relation  as 
just  found. 

If  the  variable  curve  be  a  cubic,  n  =  3,  and  we  have  between  the  displacements 
of  the  nine  points  the  relation 

C?<M!  +  dco2  +  .  .  .  +  da>9  =  0  : 

here  eight  of  the  points  do  not  determine  the  cubic  <£,  but  they  nevertheless  determine 
the  ninth  point,  viz.  (reproducing  the  reasoning  which  establishes  this  well-known  and 
fundamental  theorem  as  to  cubic  curves)  if  $0  =  0  be  a  particular  cubic  through  the 
8  points,  then  the  general  cubic  is  (f>0  +  kf=0,  and  the  intersections  with  /=0  are 
given  by  the  equations  (j>Q  =  0,  f=  0  ;  whence  the  ninth  point  is  independent  of  k,  and 
is  determined  uniquely  by  the  8  points.  There  should  thus  be  a  single  relation  between 
the  displacements,  viz.  this  is  the  relation  just  found. 

And  so  if  the  variable  curve  be  a  quartic,  or  curve  of  any  higher  order,  it 
appears  in  like  manner  that  there  should  be  a  single  relation  between  the  displace 
ments;  this  relation  being  in  fact  the  foregoing  relation  Sc?o>  =  0. 

But  take  the  fixed  curve  to  be  a  quartic,  m  =  4  :  then  we  have  between  the  dis 
placements  do)  the  relation 

2(#,  y,  l)d&>  =  0, 
that  is,  the  three  equations 

2#  dm  =  0,     2y  da>  =  0,     2  dco  =  0. 

If  the  variable  curve  is  a  conic,  n  =  2,  then  there  are  8  points  of  intersection;  5  of 
these  taken  at  pleasure  determine  the  conic,  and  they  consequently  determine  the 
remaining  3  points  of  intersection  :  hence  there  should  be  3  equations.  And  so  if  the 
variable  curve  be  a  curve  of  any  higher  order,  then  by  considerations  similar  to  those 
made  use  of  in  the  case  where  the  first  curve  is  a  cubic  it  appears  that  the  number 
of  equations  between  the  displacements  dm  should  always  be  =  3. 

But  if  the  variable  curve  be  a  line,  n  =  1,  then  the  number  of  the  points  of 
intersection  is  =  4  :  2  of  these  taken  at  pleasure  determine  the  line,  and  they  con 
sequently  determine  the  remaining  2  points  of  intersection  ;  and  the  number  of 
equations  between  the  displacements  do>  should  thus  be  =  2.  But  by  what  precedes,  we 
have  the  3  equations 

dw^  +  do)2  +  da)3  -f-  da)4  =  0, 
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here    the    4    points    of    intersection    are     on    a     line    y  =  ax  +  b  ;     we    have    therefore 
yl  =  axl  +  b,  .  .  .  ,  y4  =  ax4  +  b;   the    equations   between   the   dca's    give 

(yi  -  axi  -  6)  do>i  +  ...  +  (y4  -  a#4  -  6)  da>4  =  Q, 

that    is,    is    a    single    relation    0  =  0;    or    the    3    equations    thus    reduce    themselves    to 
2  independent  equations. 

Again,  if  the    fixed  curve  be  a  quintic,  m  =  5,  there  are  here  between  the  displace 
ments  the  6  equations 


2#2  da  =  0,     2a?y  dm  =  0,     %2  d&>  =  0, 
2#  eta  =  0,     %  da)    =0,     2  <&w     =  0  ; 

the  two  cases  in  which  the  number  of  independent  equations  is  less  than  6  are  (i) 
when  the  variable  curve  is  a  line,  and  (ii)  when  the  variable  curve  is  a  conic.  For 
the  line  n=l,  and  the  number  should  be  =3.  We  have  the  above  6  equations;  but 
the  equation  of  the  line  is  ax  +  by  +  c  =  0,  that  is,  we  have  ax,  +  by,  +  c  =  0,  &c.  ';  we 
deduce  the  3  identical  equations 


2#  (ax  +  by  +  c)  =  0,     %  (cue  +  by  +  c)  =  0,     2  (ax  +  by+c)  =  0, 
and  the  number  of  independent  equations  is  thus  6  -  3,  =  3  as  it  should  be. 

So  when  the  variable  curve  is  a  conic,  n  =  2  ;  the  number  of  independent  equations 
should  be  =  5.  The  points  of  intersection  lie  on  a  conic  (a,  b,  c,  f,  y,  hQx,  y,  I)2  =  0  ; 
we  have  therefore  the  several  equations  (a,  b,  c,  /  g,  h^xlt  yx/l)2  =  0,  &c.  :  we  have 
therefore  the  single  identical  equation 

2  (a,  b,  c,f,  g,  hfyc,  y,  I)*da>  =  0, 
and  the  number  of  independent  equations  is  6-1,  =5  as  it  should  be. 

Obviously  the  like  considerations  apply  to  the  case  where  the  fixed  curve  is  a 
curve  of  any  given  order  whatever. 
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DETERMINATION    OF    THE    ORDER    OF    A    SURFACE. 

[From  the  Messenger  of  Mathematics,  vol.  xn.  (1883),  pp.  29 — 32.] 

[ON  p.  Ixx  of  the  Prolegomena  to  C.  Taylor's  Introduction  to  the  Geometry  of 
Conies  (1881)  occurs  the  following  passage : 

"  Proof  and  extension  of  Newton's  Descriptio  Organica. 

"Let  two  angles  AOB  and  AwB  of  given  magnitudes  turn  about  0  and  o> 
respectively,  and  let  the  intersection  A  trace  a  curve  of  the  nth  order.  For  a  given 
position  of  the  arm  OB  there  are  n  positions  of  A  and  therefore  n  of  B.  When 
OB  is  in  the  position  Oeo  the  n  B's  coincide  with  co,  which  is  therefore  an  ?i-fold 
point  on  the  locus  of  B,  as  is  also  the  point  0  ;  and  since  any  line  through  0  (or  &>) 
meets  the  locus  of  B  in  n  other  points,  the  locus  is  of  the  order  2n.  Its  order  is 
the  same  when  AwB  is  a  zero-angle  or  straight  line. 

"Let  a  given  trihedral  angle  0(ABC) — or  a  plane  OBC  and  a  line  OA  rigidly 
attached  to  it — turn  about  0,  and  let  a  variable  plane  through  a  fixed  point  w  meet 
OA  in  A  and  the  plane  OBC  in  BC ;  then  if  the  line  EG  describes  a  ruled  surface 
of  the  order  n  the  point  A  describes  a  surface  of  the  order  4m," 

And  in  a  foot-note  it  is  stated  that  the  author  is  indebted  to  Professor  Cayley 
for  the  determination  of  the  order  of  this  surface.  The  following  paper  contains 
Professor  Cayley 's  determination,  which  was  communicated  by  him  to  Mr  Taylor.]* 

LEMMA.  Take  (a,  b,  c,  f,  g,  h)  the  six  coordinates  of  a  line;  these  are  connected 
by  the  equation 

af+bg  +  ch  =  0. 

[*  l.c.,  p.  29.] 
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In  order  that  the  line  may  belong  to  a  ruled  surface,  we  must  have  between  the 
coordinates  three  more  equations,  say  these  are 

F  (a,  b,  c,  f,  g,  h)  =  0, 
G  (a  „  )  =  0, 

H  (a  „  )  =  0, 

of  the  orders  p,  q,  r  respectively ;   then  the  scroll  is  of  the  order  n  =  2pqr. 

For  expressing  that  the  line  meets  an  arbitrary  line  (a',  b',  c',  f,  g',  h'),  we  have 
the  linear  relation 

fa  +  g'b  +  b/c  +  a'f  +  b'g  +  c'h  =  0  ; 

the  five  relations  determine  the  ratios  a  :  b  :  c  :  f  :  g  :  h,  and  the  number  of  systems 
of  values  is  =  product  of  orders  =  2  .  p ,  q .  r  .  1,  =  2pqr,  viz.  this  is  the  number  of 
lines  meeting  the  arbitrary  line;  or,  what  is  the  same  thing,  it  is  =  order  of  ruled 
surface. 

Consider  now  a  trihedral  angle  OABC  rotating  about  a  fixed  point  0  which  may 
be  taken  for  the  origin,  and  consider  a  fixed  point  w.  Let  the  lines  OB,  00  each 
meet  a  line  L,  and  the  plane  wL  intersect  OA  in  a  point  P;  then  it  is  to  be 
shown  that,  if  L  is  a  line  of  a  ruled  surface  of  the  order  n,  the  locus  of  P  is  a  surface 
of  the  order  4??-. 

Observe  that,  for  a  given  position  of  the  line  L,  the  position  of  the  lines  OB,  00 
is  not  determinate,  but  that  the  angle  BOG  has  any  position  at  pleasure  in  the  plane 
OL,  or  say  it  rotates  round  the  line  ON  which  is  the  normal  at  0  to  the  plane  OL; 
the  line  OA  therefore  also  rotates  about  ON,  being  always  inclined  to  it  at  a  de 
terminate  angle  6,  or  the  locus  of  OA  is  a  right  cone  axis  ON  and  semi-aperture  =  6. 
The  points  P  are  the  intersections  of  the  several  lines  of  the  cone  with  the  fixed 
plane  wL,  or  say  that  (for  the  given  position  of  L)  the  locus  of  P  is  the  conic  G 
which  is  the  intersection  of  the  cone  in  question  by  the  plane  wL.  And  then  varying 
the  position  of  L,  the  required  surface  is  the  locus  of  the  corresponding  conies  C. 

Take  nu\v 

Ax  +  By  +  Cz  +  D  =  0,   A'x  +  B'y  +  C'z  +  D'  =  Q, 

for  the  equations  of  a  particular  line  L ;   then  writing 

Alf-A'D,  BD'-B'D,  GD'-C'D,  BG'-B'G,  CA'-C'A,  ABf-A'B  =  (a,  b,  c,  f,  g,  h) 
respectively,  these  are  the  six  coordinates  of  the  line  L. 
The  equation  of  the  plane  OL  is 

(AD'  -  A'D}  x  +  (BD'  -  B'D}  y  +  (CD'  -  C'D)  2  =  0, 
that  is, 

a#  +  by  +  cz  =  0  ; 

6—2 
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and  the  equations  of  the  normal  ON  are  therefore 

?»£_£• 

a      b     c' 

we  have  therefore  for  the  cone 

ax  +  by  +  cz 


=  cos 


or  if,  for  convenience,  cos2  6  =  k,  then  the  equation  of  the  cone  is 

(aac  +  lay  +  cz}-  —  k  (a2  +  b2  +  c2)  (a?  +  y-  +  z'2)  =  0  ; 
say  this  is 

{a2  -  k  (a2  +  b2  +  c2),  b2  -  k  (a2  +  b2  -t  c2),  c2  -  k  (a2  +  b2  +  c2),  be,  ca,  ab}  (x,  y,  zf  =  0.  .  .(1). 

Taking   then   (as0,  y0,   z0)   for   the   coordinates   of  the   point    o>,   the   equation   of  the 
plane  wL  is 

Ax  +  By  +  Cz  +  D  _  A'x  +  B'y  +  C'z  +  D'  = 
AxQ  +  By*  +  Czo  +  D     A'x,  +  B'y,  +  G'z0  +  D'~ 

viz.  it  is 

(BG1  -  B'G)  (yz,  -  y,z)  +...+  (AD'  -  A'D)  (x  -  x,}  +  .  .  .  =  0, 
that  is, 

f(yz0  -  y0z)  +  g  (zx,  -  z,x)  +  h  (xy,  -  x,y)  +  a  (x  -  x,}  +  b  (y  -  yQ)  +  c  (z  -  z0)  =  0, 
or  say 

x  (hy0  -gz0  +  &)  +  y  (-  h«0  +  fz0  +  b)  +  z  (g#0  -  fy0  +  c)  +  (-  a«0  -  by0  -  cz,)  =  0.  .  .(2), 


viz.  (1)  and  (2)  are  the  equations  of  the  conic  C,  and  the  coordinates  (a,  b,  c,  f,  g,  h) 
satisfy  of  course  the  equation 

af+bg+ch=0  .......................................  (3). 

Considering   now  the  line   L   as  belonging  to  a  ruled  surface,  the  coordinates  (a,  ...) 
satisfy  as  before  three  equations 

F(*»  b,  c,  f,  g,  h)  =  0  .................................  (4), 

G(  ,,  )  =  0  ...............  ...................  (5), 

H(  „  )  =  0  .................................  (6), 

of  the  orders  p,  q,  r  respectively,  and  we  can  from  the  six  equations  eliminate  a,  b,  c,  f,  g,  h. 
The  resulting  equation  V  =  0  contains  the  coefficients  of  (1)  in  the  order  1.2.p.q.r  =  2pqr 
(which  is  the  product  of  the  orders  of  the  other  5  equations),  and  the  coefficients  of 
(2)  in  the  order  2  .  2.  p.  q.r  =  4<pqr,  (which  is  the  product  of  the  orders  of  the  other 
5  equations).  But  the  coefficients  of  (1)  being  quadric  functions  of  (x,  y,  z),  and 
those  of  (2)  being  linear  functions  of  (x,  y,  z),  the  aggregate  order  in  (x,  y,  z)  is 

2  .  2pqr  +  1  .  4>pqr,  =  Spqr  ; 

or,  since  the  order  of  the  ruled  surface  is  n,  —  2pqr,  the  order  of  the  locus  is  =  4>n  ; 
which  is  the  above-stated  theorem. 
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A    PKOOF    OF    WILSON'S    THEOREM. 

[From  the  Messenger  of  Mathematics,  vol.  xn.  (1883),  p.  41.] 

LET  n  be  a  prime  number;  and  imagine  n  points,  the  vertices  of  a  regular 
polygon;  any  polygon  which  can  be  formed  with  these  n  points  as  vertices  is  either 
regular  or  else  it  is  one  of  a  set  of  n  equal  and  similar  polygons.  For  instance, 
n  =  5,  the  polygon  as  shown  in  the  figure  is  one  of  a  set  of  5  equal  and  similar 


polygons;  in  fact,  if  the  points  taken  in  their  cyclical  order,  but  beginning  at  pleasure 
with  any  one  of  the  5  points  are  called  1,  2,  3,  4,  5,  then  we  have  5  such  polygons 
13254;  and  so  in  general.  The  whole  number  of  polygons  is  £  .  1  .  2  .  3  ...  (n—  1) ;  and 
the  number  of  the  regular  polygons  is  £(w-l);  hence  the  number  of  the  remaining 
polygons  is  =  ±  (n  -  1)  {1 .  2  ...  (n-  2)  -  1} ;  and  this  number  must  therefore  be  divisible 
by  n;  that  is,  1 . 2  ...  (n  —  1)  —  n  +  1  is  divisible  by  n;  or,  what  is  the  same  thing, 
1 . 2 ...  (n  —  1)+  1  is  divisible  by  n,  which  is  the  theorem  in  question. 
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NOTE    ON    A    FORM    OF    THE    MODULAR    EQUATION    IN    THE 
TRANSFORMATION    OF   THE   THIRD   ORDER. 

[From  the  Messenger  of  Mathematics,  vol.  xn.  (1883),  pp.  173,  174.] 

IN   my   Treatise   on  Elliptic  Functions,  pp.   214 — 216,  writing  only  -=.,    -p  instead  of 

O,    fT,   and   a,   /3   instead   of  a!,   /3',   I    have    shown    as   follows:    viz.   if  k,   \   denote   as 
usual  the  original  modulus,  and  the  transformed  modulus,  and  if 

(fc*  +  14&2  +  I)3        T,  _  (A4  +  14V  + I)3 


then   the   relation   between   /  and   J'   can   be   found   by   the    elimination   of    a,   /3   from 

the  equations 

«  +  /3=l, 

(1  +  8q)3          r=     (1  +  8ff)3 
~64a(l-a)3'         ~  64/3(1  -  (3)3' 

By  a  very  slight  change  we  obtain  the  result  given  by  Prof.  Klein  in  his  paper, 
"Ueber  die  Transformation  der  elliptischen  Functionen,  &c.,"  Math.  Ann.  t.  xiv.  (1879), 
pp.  111—172;  viz.,  see  p.  143,  the  relation  is  to  be  obtained  by  the  elimination  of 
r,  r'  from  the  equation  TT'=!,  and  the  equations 

J    :  J  -1   :  I=(T  -l)(9r  -I)3  :  (27r2  -  18r  -I)2  :  -64r; 
J'  :  J'-l  :  1  =  (T-1)(9T'-1)3  :  (27r2-  18T'-1)2  :  -64-r'; 
these  last  equations  being  equivalent  to  two  equations  only  in  virtue  of  the  identity 

(T  -  1)  (9r  -  I)3  +  64r  =  (27r2  -  18r  -  I)2, 
and  the  like  identity  in  T'. 

In  fact,  writing  a  =  — —7,   @  =  — — =-,  the  equation   a  +  /8  =  1    becomes   TT'  =  1 ;   and 
T  —  1  T  —  1 

then  for  a,  /3  substituting  their  values,  we  have 

J=  -64r          '     J'  -64r' 

which  are  the  formulse  in  question. 


809] 


47 


809. 
SCHUSTER'S    CONSTRUCTION    OF    THE    REGULAR    PENTAGON. 

[From  the  Messenger  of  Mathematics,  vol.  xn.  (1883),  p.  177.] 

THE  following  construction  of  the  regular  pentagon,  analogous  to  the  more  com 
plicated  one  for  the  polygon  of  17  sides,  is  given  in  the  paper,  H.  Schroter,  Zur 
v.  Staudtschen  "Construction  des  regularen  Siebenzehnecks,"  Crelle,  t.  LXXV.  (1873), 
pp.  13—24. 

Take  in  a  circle  AB,  CD  diameters  at  right  angles  to  each  other,  and  at  G,  D 
draw  in  the  directions  A  to  B  and  B  to  A  respectively,  the  lines  Cc,  =  4  radii,  and 
Dd,  =1  radius;  draw  cd  meeting  the  circle  in  the  points  E  and  F ;  draw  GE  and 
CF  cutting  AB  in  the  points  e  and  /  respectively,  and  through  these  at  right  angles 
to  AB  draw  the  chords  34  and  25  respectively,  then  we  have  .42345  a  regular  pentagon. 
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NOTE    ON    A    SYSTEM    OF    EQUATIONS. 

[From  the  Messenger  of  Mathematics,  vol.  xn.  (1883),  pp.  191,  192.] 

THE  equations  are 

op  =  ax  +  by,     xy  =  cx  +  dy,     y"  —  ex  +fy, 
where 

b _ a  —  d  _ c 
d  =  ^f~e' 

or,  what  is  the  same  thing,  if  a,  b,  c,  d   are  given,  then 

cd       ,          d  (a  —  d) 
e=  b,    f=c p-J 

and   this   being    so,   the   equations   are    equivalent    to   two    independent    equations ;    viz. 
starting  from  the  first  and  the  second  equations,  we  have 

da?   —  bxy  =  (ad  —  be)  x, 
that  is, 

dx    —by    =  (ad  —  be) : 
and  thence 

dxy  —  by-  =  (ad  —  be)  y, 
or 

d  (ex  +  dy)  —  by-  =  (ad  —  bc)y; 

which,  attending  to  the  values  of  e  and  f,  is  the  third  equation 

f  =  ex  +fy. 
We  have 

x  _  ax  +  by      y     ex  +  fy 
y     ex  +  dy '     x     ex  +  dy  ' 
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that  is, 

ca?  —  (a  —  d)  xy  —  by2  =  0, 

ex2  —  (c  —f)  xy  —  dy*  =  0, 

and   eliminating   the    (x,   y)   from   these    equations    we    have   an   equation    H  =  0   as   the 
condition    that    the    original    three    equations    may    have    a    single    common    root  ;    the 

before-mentioned   equations    -j  =  --  j  =  -  ,   are    the    conditions    in    order    that    the    three 

(M        C  ~~~  T         6 

equations  may  have  two  common  roots,  that  is,  that  there  may  be  two  systems  of  (x,  y) 
satisfying  the  three  equations. 

We   have,  moreover,  y  (x  -  d)  =  ex,  x(y-c}  =  dy,   and   substituting   these   values,   say 

(*1T  (i  f/ 

y  =  —  -  ,-  and  x  =  —~  ,  in  the  first  and  third  equations  respectively,  they  become 

t/ 

be  ,      de 

y—f—  — 

J         - 


--  ,  ,  — 

x-d  J      y-c 

that  is, 

+  ad  —  bc  =  0, 


which  are  quadric  equations  for  x  and  y  respectively  ;  it  is  easy  to  express  the  second 
equation  (like  the  first)  in  terms  of  (a,  b,  c,  d),  and  the  first  equation  (like  the  second) 
in  terms  of  (c,  d,  e,  f),  but  the  forms  are  less  simple. 

Suppose  (a,  b,  c,  d)  =  (-l,  -I,  1,  0),  then  we  have  (e,/)  =  (0,  1),  the  two  equations 
in  x  :  y  become  as2  +  xy  +  y"  =  0,  and  0=0  respectively  ;  those  in  x  and  y  become 
x-  +  x  +  I  =  0,  y2  —  2y  +  1  =  0  respectively  ;  this  is  right,  for  the  three  equations  are 

tf  =  -x-y,     xy  =  x,     y"  =  y  ; 

viz.  from  the  third  equation  we  have  y  =  1,  a  value  satisfying  the  second  equation, 
and  then  the  first  equation  becomes  #2  +  x  +  1  =  0  ;  or,  if  we  please,  x2  +  xy  +  y2  =  0, 
the  values  in  fact  being  x  =  w,  an  imaginary  cube  root  of  unity,  and  y  =  1. 

In  the  general  case,  the  values  (x,  y}  may  be  regarded  as  units  in  a  complex 
numerical  theory,  viz.  if  (a,  b,  c,  d,  e,  f}  are  integers,  and  p,  q,  p',  q',  P,  Q  are  also 
integers,  then  the  product  of  the  two  complex  integers  pas  +  qy  and  p'x  +  q'y  will  be 
a  complex  integer  Px  +  Qy. 
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811. 

ON  THE  LINEAR  TRANSFORMATION  OF  THE  THETA  FUNCTIONS. 

[From  the  Messenger  of  Mathematics,  vol.  xm.  (1884),  pp.  54  —  60.] 

THE  functions  referred  to  are  the  single  Theta  Functions  ;  these  may  be  defined 
as  doubly  infinite  products,  as  was  in  fact  done  in  my  "  Memoire  sur  les  fonctioiis 
doublement  periodiques,"  Liouv.  t.  x.  (1845),  pp.  385  —  420,  [25]  ;  and  it  is  interesting  to 
consider  from  this  point  of  view  the  theory  of  their  linear  transformation  :  this  I  propose 
to  do  in  the  present  paper,  adopting  throughout  the  notation  of  Smith's*  "Memoir  on 
the  Theta  and  Omega  Functions." 

The  periods  K,  iK'  are,  in  general,  imaginary  quantities 

K  =  A  +  Bi 


where  AD  —  BG  is  positive  ;   writing  then  w  =  ~=-  ,  and  q  =  ein<a,  also  for  shortness 


where   q*   denotes   e*1™,  the   expression  of    the   odd   theta-function   ^(a?,  &>)  as  a  doubly 
infinite  product  is 


where  (in,  n)  have  any  positive  or  negative  integer  values  (the  combination  m  =  0,  n  =  0 
excluded)  from  m  =  -  //,  to  /*,  and  n  —  —  v  to  v,  p  and  v  being  each  ultimately  infinite 
but  so  that  //,  is  infinite  in  comparison  with  v  ;  this  condition  in  regard  to  the  limits 
is  indicated  by  pjv  =  oo  ;  and  similarly  v//j,  =  oo  would  indicate  that  v  was  infinite  in 
comparison  with  //,. 

[*  Smith's  Collected  Mathematical  Papers,  vol.  n.,  pp.  415—621.] 
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The  condition  as  to  the  limits  might  be  that  (m,  n)  have  any  positive  or  negative 
values  (excluding  as  before)  such  that  the  modulus  of  m  +  na>  does  not  exceed  a 
positive  value  T,  which  is  ultimately  taken  to  be  infinite  ;  this  condition  may  be 
indicated  by  mod  =  oo  . 

The  values  of  the  double  product  corresponding  to  the  different  conditions  as  to  the 
limits  are  not  equal,  but  they  differ  only  by  an  exponential  factor,  the  exponent  being 
a  multiple  of  a?  ;  we  thus  have 


.Tr\    -  =  oo     =  exp  (  V<)  tfim    l  +  --—\  (mod  =  oo  ), 


—jr.Tr       - 

mK  -\-niKj\v          )  V        m 

where   V   is  a  determinate  value,  depending  on  K  and  K'  ;    and  similarly 


-  _-_7 

wiA+raA' 

where  D  is  a  determinate  value  depending  in  like  manner  on  A,  A'. 
We  have,  then,  as  above 


+  nwirj  \v 
/  Kx 

nn   1  + 


-  =  oo 


iiK'1 


7T  \ 

/  Kx 


7T  / 

jj.  exp  (  V  "^  j  "J  ~  nn  l  1  H jf  "    .fr,  /  (mod  =00), 

viz.  we   have   thus   defined  ^  («,  w)  as  a  doubly  infinite  product  with  the  limiting  con 
dition  (mod  =  oo  ) ;   if  for  x  we  write  -j- ,  h  arbitrary,  we  have 

/  ~*        \ 

_j?rV -,^nn(  i  +  - 


iA.' 
and  similarly,  if  II  =  — -  ,   Q  =  ewn,  then 


(\  /  A  2/v»2^ 

(a+6fl)^,  nU(Qi)^exp|(a  +  6n)2n  A— I 


x  (a+  6fl)  -,-  nn     1  +  —  T-J  -r-     (mod  =  x  ). 
7  A          \         mA+ntA  / 


In  the  case  of  a  linear  transformation,  we  have 

a,   b 


c,  d 


x  O.   that   is,  to  =  —     ,  0  , 
a  +  oil 


7—2 
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where   a,  b,  c,  d   are   positive   or  negative   integers   such   that   ad  —  be  =  +  1  ;   it   is  to  be 
shown  that  the  two  infinite  products  are  in  this  case  identical ;   this  being  so,  we  have 


viz.    the    two    functions   differ   only    by    a    constant    factor    and    by  an    exponential    factor, 
the  exponent  being  a  multiple  of  x2  ;   after  all  reductions,  this  factor  is  found  to  be 

/  yO\ 

=  exp  (  -  iTrb  (a  +  b£l)  --    . 

\  •*/ 

We   have 


or  snce 

iK'      „     iA' 
°  =  ^>     n=AT' 

this  is 

iK'  _cA  +  diAf 

~K  ~aA  +  bik" 
or  say 

-TJ.  K  =  aA  +  MA.' 
M 

-jriK'  =  cA  +  diAf, 
M 

either  of  which  equations  may  be  taken  as  a  definition  of  the  multiplier  M.     We  have 

K 


-jr-f  (mK  +  niK')  =  (am  +  en)  A  +  (6771  +  dn)  iA' 
M. 

=  m'A  +n'iA', 
if 

m'  =  am  +  en, 

n'  =  bm  +  dn. 

Here  to  any  integer  values  of  (m,  n)  there  correspond  integer  values  of  m',  n  ; 
and  conversely,  in  virtue  of  the  equation  ad  —  be  =  1  ,  to  any  integer  values  of  m,  n' 
there  correspond  integer  values  of  m,  n.  The  two  products  are 

-     \ 

Mh 


(a  +  bfl)  Ax\ 

1  +  -    .    ^    ..,   ).  (mod=oo). 
mA  +  mA   / 
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jr 

But,   as   above,   we   have    -^  =  (a  +  6ft)  A :   and   then,  observing  that   in   the   first   of 

the    two    products   we   may    for   m',   n'   write    m,    n,   it    at    once    appears    that   the    two 
products  are  identical. 

The  exponential  factor,  writing  therein  (a+6ft)A=      ,  becomes 

•a 


The    values   of   V,  D    are   at  once   obtained   by  means   of  a  formula*  given   in    my 
Memoir,  viz.  we  have 


V  =- 
where 


n  _  7T 


ftT  mod  (o>i/  -ft/^)  ' 

Q  __    TTl  ((DV   —  0)'v) 

OT  mod  (&>  t/-  (o'v)' 
• 
Comparing  with  the  present  notation 

ft  =  &)  +  (a'i,     =A+Bi=K, 
T  =  v+v'i,     =C  +Di=K'i, 

so  that  ft,  T  denote  K,  K'i,  and  to,  &>',  u,  v  denote  A,  B,  C,  D  respectively:  wv'  -  co'v 
is  thus  =AD—BC,  which  has  been  assumed  to  be  positive;  hence  also  mod  (covf  —  ca'v) 
=  AD—BC,  and  the  formula  becomes 

AC  +  BD 

~ 


Now  writing 

A  ^Ai 

iA.'  = 

then  we  have 


(A  +  Bi)  =  aA  +  fo'A'  =  a  (^  +  5^')  +  6  (Gl  +  D.i), 


(C+  Di)  =  cA  +  diA.'  =  c(Al+Bli)  +  d  (C,  +  D,  i)  ; 

consequently,  if 

M  =p(cos  0+isin  6), 

[*    Collected  Mathematical  Papers,  t.    i.,   p.   164.     The    denominator    factor  i2T    has    been   omitted   (p.   165) 
by  mistake.] 
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we  have 

-(     AcosB  +  Bsme)  =  aA1  +  bC1, 
P 

-  (-  A  sin  6  +  B  cos  6)  =  aB,  +  &A  , 
-(     C  cosB  +  DsmB)  =  cA1  +dCl, 


-  (-  C  sin  0  +  1)  cos  0)  =  cB,  +  dD1} 
P 


and  thence 


Hence  A1D1  —  B^C^  is  positive,  and  we  have 

j^  +  ^  _ 

7r  AA" 

Take  Kl  the  conjugate  of  K,  A1  the  conjugate  of  A,  then 

KI  =  A  -  Bi,        Aa  =  A!  -  B,i, 

iK'  =  G  +  Di,    iAf  =  Cl  +  Dj. 
We  have 

and  therefore 


K-J?  AC  +  BD  -| 


_ 
+   '          ~ 


TT 


AD-  BG     i  (AD  -BC)       '         ~  AD-BC  K' 
and  similarly 

n  = 
The  exponential  is 


and  we  have 


A, 

"*" 


_ 
Jf2  Jf'CuljA-A^i)  A      4D  - 

which  is 

AI 
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But   p/M=Gos0-isin0,   or   calling   this   for   a   moment   P,   then   l/Ms  =  Ps/ps,   and 
the  formula  may  be  written 


._ 
M*  p^A^-B.C,)  \     A  " 

—  -S-TT-P  ,.  . 

=  KA^-BM)  {(C°S  e  ~  %  sm  ~  cos     +  *  sn 

The  term  in  {     ]  is 

(cos  6  -  i  sin  6)  (A  +  Bi)  (A,  -  B,i)  -  (cos  0  +  i  sin  0)  (A  -  Bi}  (A1  +  Bj), 
=     2  cos  0  [-  (AB,  -  A,B)  i]  -  2i  sin  0  (A  A,  +  BBJ, 
=  -  2i  {(AB,  -  A,B)  cos  0  +  (A  A,  +  BB,)  sin  0], 
=  -  2i  {B,  (A  cos  0  +  B  sin  0)  -  A,  (-  A  sin  0  +  B  cos  0)}, 
=  -  Zip  {B,  (aA,  +  6(70  -  ^i  (aB,  +  bDJ], 


Hence 


and  the  exponential  thus  is 

.    ,    K 


M  FA 


J£ 

or,  since   w^  =  (a  +  6O),  this  is 


/ 
=  exp  (  —  nrb  (a 

and  we  have  thus  the  required  formula 
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812. 


ON    ARCHIMEDES'    THEOREM    FOR    THE    SURFACE    OF    A 

CYLINDER. 

[From  the  Messenger  of  Mathematics,  vol.  xm.  (1884),  pp.  107,  108.] 

THE  measure  of  the  surface  of  a  cylinder  was  first  obtained  by  Archimedes  in 
his  Treatise  on  the  Sphere  and  Cylinder  (Book  i.,  Prop,  xiv.),  (Euvres  d'Archimede, 
par  F.  Peyrard,  4°  Paris,  1807,  pp.  26—31 ;  viz.  Archimedes  showed  that  the  surface 
of  the  cylinder  was  equal  to  the  area  of  a  circle,  having  its  radius  a  mean  proportional 
between  the  height  and  the  diameter  of  the  circular  base  [S  =  2irah,  =  TT  {V(2a .  /i)}2]- 

The  following  is  in  effect  his  demonstration : 

He  considers  regular  polygons  (with  the  same  number  of  sides)  inscribed  in  and 
circumscribed  about  a  circle;  and,  as  regards  the  cylinder,  the  prisms  standing  on  these 
polygons. 

Say  for  the  circular  base  of  the  cylinder  we  have 

S*  surface  of  circumscribed  prism, 

S         „         „    cylinder, 

8°        „          .,    inscribed  prism ; 

and    for    the    circle,  having    its    radius    a    mean  proportional  between  the    height    and  the 
diameter  of  the  circular  base, 

-B*  area  of  circumscribed  polygon, 

B       „      „    circle, 

-B°      „      „    inscribed  polygon, 

where    the   four    polygons    referred    to   by   S",   S°,   B»,   B°    have    all   of    them    the   same 
number  of  sides. 
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It  is  in  the  preceding  propositions  (by  means  of  an  axiom    as  to  curve  lines)  shown 

x  >  S  >  8°,     BX>B>B°- 
S*  =  B\    8°  =  B°. 


that 

and  it  is  further  shown  that 


It  is  moreover  shown  that,  by  taking  the  number  of  sides  sufficiently  large,  the 
ratio  B*  :  B°,  or  say  the  fraction  BX/B°  (which  is  greater  than  1)  may  be  made  less 
than  any  given  quantity  1  +  e. 

It  is  then  to  be  shown  that  8  =  B. 


If  not,  then 
either 


B<8. 


This  being  so,  it  is  possible  to  make 

BX/B°  <  S/B, 
that  is, 

SX/B°  <  S/B, 
or 

Sx/8  <BC/B, 

which  is  absurd,  since 

S*/S  >  I  ;   B°/B  <  1  ; 


or  else 


B>S. 


This  being  so,  it  is  possible  to  make 


that  is, 


BX/B°  <  B/S, 

Bx/8°  <  B/8, 


or 


BX/B  <  S°/S, 
which  is  absurd,  since 


and  consequently  8  =  B,  the  theorem  in  question. 

I  take  the  opportunity  of  referring  to  two  theorems  by  Archimedes,  Lemmas, 
Prop.  v.  and  vi.,  Peyrard,  pp.  429 — 435,  which  relate  to  the  contacts  of  circles.  We 
have  in  each  of  them  the  figure  which  he  calls  the  Arbelon,  viz.  if  A,  G,  B  are 
points  in  this  order  on  the  same  straight  line,  then  the  figure  consists  of  the  three 
semicircles  on  the  diameters  AC,  CB,  and  AB  respectively,  and  the  Arbelon  is  the 
space  included  between  the  three  semi-circumferences. 

In  Prop,  v.,  we  have  also  the  common  tangent  at  C  to  the  two  semicircles 
AC,  CB ;  this  divides  the  Arbelon  into  two  mixtilinear  triangles  (each  bounded  by 
the  common  tangent,  one  of  the  smaller  semicircles,  and  a  portion  of  the  larger  semi 
circle),  and  inscribing  each  of  these  a  circle,  the  theorem  is  that  the  two  inscribed 
circles  are  of  equal  magnitude. 

In  Prop,  vi.,  the  theorem  is  that  the  radii  of  the  smaller  semicircles  being  as 
3  :  2,  then  the  radius  of  the  circle  inscribed  in  the  Arbelon  is  to  the  diameter  of 
the  larger  semicircle  as  6  to  19.  But  it  is  noticed  that  the  demonstration  would 
apply  to  any  other  value  of  the  ratio;  and,  in  fact,  if  the  radii  of  the  two  smaller 
circles  are  as  a  :  b,  then  the  radius  of  the  inscribed  circle  is  to  the  diameter  of  the 
larger  semicircle  as  ab  to  a2  +  ab  +  b2,  which  is  the  general  form  of  the  theorem. 
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813. 


[NOTE   ON   MR    GRIFFITHS'    PAPER    "ON    A    DEDUCTION    FROM 
THE  ELLIPTIC-INTEGRAL  FORMULA  y  =  sin  (-4+J5+C+...)".] 

[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  xv.  (1884),  p.  81.] 

CONSIDER,  for  instance, 
the  cubic  transformation  Also  the  quadric  transformation 


_ 


where  a2  +  a/2  =  l.  where  /32  +  /3'2=l. 

This  implies  This  implies 

_  Vl^l  '2  — 


viz.,  Vl  -  2/2  =  a  rational  multiple  of  Vl-tf2.  viz.,  Vf  -  22  =  a  rational  multiple  of  Vl  -  a?. 

Hence,  assuming 

u  =  yz-*J\-  y*  Vl  -  02, 

which  is  a  rational  function 

x  (a0  —  a2 


we  have 

Vl-it2  =  y  Vl  -zz  +  z  Vl  -  y2, 

which  is  =  Vl  —  a;2  multiplied  by  a  like  rational  function. 
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That  is,  in  defining  the  a0,  a2,  a4,  functions  of  the  two  arbitrary  coefficients  a,  /3, 
as  above,  we  have  in  effect  so  determined  them  that  Vl  -u2  shall  be  =  \/I^oc2  multiplied 
by  a  rational  function  of  x. 

We  can  then  further  determine  «0,   a2,  a,   in   such  wise  that  the  change  of  x  into 
1  i 

k^   shall   change    u    into    — ;    and,   this    being    so,   making    the    change   in   Vl^,   we 

obtain  Vl  -  XV  in  the  form,  Vl  -  k2x*  multiplied  by  a  rational  function  of  x ;  viz. 
u  is  a  function  of  x  such  that 

du  Mdu 


Vl  -  u\l  -  \2u2     Vl  -  xz .  1  -  k2x2 ' 

The  theory  is  thus  in  effect  Jacobi's— with  the  novelty  of  combining  two  lower 
transformations  in  such  wise  that  the  assumed  expression  for  u  as  a  rational  function 
of  x  shall  give 

V 1  —  u2  =  Vl  -  a?  multiplied  by  a  rational  function  of  x. 
It  is  not  necessary  that  the  equations 

y  =  rational  function  of  x     and     z  =  rational  function  of  x 

should  be  elliptic-function  transformations.  All  that  is  required  is  that  they  should 
be  such  as  to  give  Vl  -  y2  and  Vl  -  z2  each  =  Vl  -  x2  multiplied  by  a  rational  function 
of  x. 
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814. 


ON    DOUBLE    ALGEBRA. 


[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  XV.  (1884),  pp.  185 — 197. 

Bead  April  3,  1884.] 

1.     I    CONSIDER    the    Double    Algebra   formed    with    the    extraordinary    symbols,    or 
"  extraordinaries "  x,  y,  which  are  such  that 

x*  =  ax  -f  by, 
xy  =  ex  +  dy, 
yx=ex+fy, 
y2  =  gx+hy, 

or,  as  these  equations  may  also  be  written, 

x  y 


(a,    b) 

(c,    d) 

(e,  /) 

(9,    A) 

where  a,  b,  c,  d,  e,  f,  g,  h  are  ordinary  symbols,  or  say  coefficients  ;  all  coefficients  being 
commutative  and  associative  inter  se  and  with  the  extraordinaries  x,  y. 

The  system  depends  in  the  first  instance  on  the  eight  parameters  a,  b,  c,  d,  e,  f,  g,  h; 
but  we  may,  instead  of  the  extraordinaries  x,  y,  consider  the  new  extraordinaries  con 
nected  therewith  by  the  linear  relations  £  =  ax  +  fty,  TJ  =<yx  +  8y,  where  the  coefficients 
a,  ft,  7,  8  may  be  determined  so  as  to  establish  between  the  eight  parameters  any 
four  relations  at  pleasure  (or,  what  is  the  same  thing,  a,  ft,  y,  8  are  what  I  call 
"  apoclastic  "  constants) :  and  the  number  of  parameters  is  thus  properly  8—4,  =4. 

2.  The  extraordinaries  here  considered  are  not  in  general  associative ;  differing 
herein  from  the  imaginaries  of  Peirce's  Memoir,  "  Linear  Associative  Algebra "  (1870), 
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reprinted  in  the  American  Mathematical  Journal,  t.  iv.  (1881),  pp.  97—227,  which  as 
appears  by  the  title,  refers  only  to  associative  imaginaries.  I  recall  some  definitions  and 
results.  The  symbol  x  is  said  to  be  idem/potent  if  x*  =  x,  nilpotent  if  #2  =  0;  and  the 
systems  of  associative  symbols  are  expressed  as  much  as  may  be  by  means  of  such 
idernpotent  and  nilpotent  symbols:  thus  the  linear  systems  are  (al)a?  =  x,  (b1)a?  =  0.  A 
double  system  composed  of  independent  symbols,  that  is,  symbols  x,  y  each  belonging 
to  its  own  linear  system,  and  moreover  such  that  xy  =  yx  =  Q,  is  said  to  be  "mixed"; 
thus  the  mixed  double  systems  are 

x         y  x        y  x         y 


But  Peirce  excludes  these  from  consideration,  attending  only  to   the  pure   systems,  which 
he  finds  to  be 


X 

y 

y 

0 

X 

y 

X 

y 

0 

0 

To  these,  however,  should  be  added  the  system 

x  y 


0 


(c2)  x 


see  post,  No.  19. 

3.  In  the  general  theory,  where  the  symbols  are  not  in  the  first  instance  taken 
to  be  associative,  we  may  of  course  establish  between  the  coefficients  such  relations  as 
will  make  the  symbols  associative ;  and  the  question  presents  itself  to  show  how  in 
this  case  the  system  reduces  itself  to  one  of  Peirce's  systems.  This  I  considered  in 
my  note  "On  Associative  Imaginaries,"  Johns  Hopkins  University  Circular,  No.  15  (1882), 
p.  211  [822] ;  I  there  obtained,  as  the  general  form  of  the  commutative  and  associative 
system, 

x"-  =  ax  +  by, 

xy  =  yx=cx  +  dy, 


cd 

y  =~r 


d"  +  be  —  ad 


y> 
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the   relation   of  which   to    Peirce's   system  was,  as  I  there   remarked,  pointed  out  to  me 
by  Mr  C.  S.  Peirce:   this  will  be  considered  in  the  sequel,  Nos.  13  to  19. 

4.     Starting  now  with  the  general  equations 

ofi  =  ax  +  by, 
xy  =  ex  +  dy, 


we  may  attempt  to  find  an  extraordinary  £,  =  a.x  +  (3y  (a,  {3  coefficients),  such  that 
|2  =  K%  (K  a  coefficient).  In  general,  K  is  not  =  0,  and,  when  it  is  not  =  0,  it  may 
without  loss  of  generality  be  taken  to  be  =1;  we  have  then  £2=£,  £  an  idempotent 
symbol.  But  K  may  be  =  0  ;  and  then  £2  =  0,  £  a  nilpotent  symbol.  To  include  the 
two  cases,  I  retain  K,  it  being  understood  that,  when  K  is  not  =0,  it  may  be  taken 
to  be  =1.  We  have 


£2  =  a2  (ax  +  by)  +  aft  (c  +  e  as  +  d  +fy)  +  /32  (gx  +  hy) 

=  {aa2  +  (c  +  e)  a/3  +  #/32}  x  +  {6a2  +  (d  +/)  a/3  +  A/32}  y. 

Hence,  when  this  is  =  K%,  that  is, 

=K(cus+/3yl 

we   have 

a  _  aa2  +  (c  +  e)  aff  +  ff/32 
/3  ~  a*  +  (d+J')ap  +  h/3* ' 

a  cubic  equation  for  the  determination  of  the  ratio  a  :  /3;  and,  for  any  particular 
value  of  the  ratio,  we  can  in  general  determine  the  absolute  magnitudes,  so  that 

K,  =  i  {aa2  +  (c  +  e)  a/3  +  gp],     =  jL  [bo?  +  (d  +/)  a/3  +  7i/32}, 

shall  be  =  1.     If,  however,  for  the  given  value  of  the  ratio  we  have 

aa2  +  (c  +  e)  a/3  +  g/32  =  0,     6a2  +  (d  +/)  a/3  +  A/32  =  0, 
one  of  these  equations,  of  course,  implying  the  other,  then  the  value  of  K  is  =  0. 

5.  It  follows  that  there  are  in  general  three  idempotent  symbols  £,  rj,  £,  that  is, 
extraordinaries  such  that  f2  =  £,  ?;2  =  77,  £2  =  £  The  cubic  equation  may,  however,  have 
two  equal  roots,  or  three  equal  roots,  or  it  may  vanish  identically ;  in  this  last  case, 
any  linear  function  ax  +  fty  is  in  general  idempotent.  But  (as  will  be  considered  in 
detail  further  on)  we  may,  instead  of  an  idempotent  symbol  or  symbols,  have  a 
nilpotent  symbol  or  symbols.  It  might  be  convenient  to  use  the  term  Potency  for  a 

symbol  which   is  in   general  idempotent,  but  which  may  be   nilpotent.     Writing  ^  =  ^-^, 

/j  CO 

we  obtain  a  cubic  equation  II  =  (x,  y)3  =  0,  where  obviously  the  linear  factors  of  II  are 
the  just-mentioned  functions  £  77,  £;  that  is,  we  have  £  ij,  £  as  the  linear  factors  of 
the  cubic  function 

H,  =  gx*  +  (h  —  c  —  e)  x^y  +  (a  —  d  —f)  xy*  +  bys ; 
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each    such    factor,   except   in    the   case    where   it   is   nilpotent,   being   determined   so   that 
it  shall  be  idempotent.     The  cubic  function  of  course  vanishes  identically  if 

g  =  0,     h-c-e  =  0,    a-d-f=0,     6  =  0. 

6.     Two   extraordinaries  £  =  aa;+@y;    rj,  =  yx  +  By  («,  &  %  g  coefficients);  may  be 
such  that  £?;  =  0:  this,  of  course,  does  not  imply  ^£=0;   we  have,  in  fact, 

&  =  (ax  +  fry)  (yx  +  By) 

=  ayx2  +  a8xy  +  @yyx  +  /38y2 

=  ay  (ax  +  by)  +  a8  (ex  +  dy)  +  @y  (ex  +fy)  +  0B  (gx  +  hy) 
=  (aay  +  ca8  +  e/3y  +  g/38)  x  +  (bay  +  daS  +ffiy  +  hj3B)  y  ; 
arid  the  required  condition  is  satisfied  if 

aay  +  caS  +  e@y+g/38  =  0, 
bay  +  da8  +f/3y  +  h/38  =  0. 
Writing  these  equations  first  under  the  form 

7  (aa  +  e/3)  +  8  (COL  +  g0)  =  0, 


and  then  under  the  form 

a  (ay  +  cS)  +  /3  (ey  +  g8)  =  0, 

a  (67  +  d8)  +  /3  (fy  +  h8)  =  0, 
we   have 

(aa  +  e/3)  (da  +  h/3)  -  (ba  +f/3)  (ca  +  gfi)  =  0, 

a  quadric  equation  for  the  determination  of  a  :  ft  ;    and  then 

(ay  +  c8)  (fy  +  h8)  -  (by  +  d8)  (ey  +  g8)  =  0, 

a  quadric  equation  for  the   determination   of  7  :  S  ;   that  is,  there  are  two  values  of  the 

left-hand    factor    £,  and    two    values    of    the    right-hand    factor    77.     But,    of  course,    these 

correspond    each  to  each,  viz.   either  factor    being   given,    the    other   factor    is    determined 
uniquely. 


Writing  successively  ~  =  —  ^  ,  and  |  =  ~  y  ,  we  have  the  quadric  functions  (x,  y)-, 

D  JU  O  CC 

<£  =  (eh  —fg)  x-  +  (—  ah  —de  +  bg  +  cf}  xy  +  (ad  —  be)  y", 
^>i  =  (ch  -  dg)  x-  +  (-ah-cf+bg+de)xy  +  (af-  be)  y-, 

where   the    linear   factors  of  <£  are   the   two  values  £,  £2  of  the  left-hand  factor  £,   and 
the  linear  factors  of  ^  are  the  two  values  TJI,  rj.2  of  the  right-hand  factor  77. 

7.     In  the  commutative  case,  c  =  e,  and  d  —f,  we  have 

O  =  4>j  =  (ch  —  dg)  a?  +  (—  ah  +  bg)  xy  +  (ad  —  be)  yn-  ; 
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here    £77  =  0,  7/f=0,  and  the  values  may  be  taken  to  be  (£,  %)  =  (£,  77),  (£,,  77,,)  =  (77,  f), 
so  that  £  |.2  =  £77,  =  rjw,  ;   that  is,  <E>  =  4>j  ,  as  above.     The  value  of  II  is 

£l  =  ga?  +  (h-  2c)  x2y  +  (a-  2d)  xf-  +  by3. 

8.     In   the   commutative   and  associative  case,  taking   £,  77,  f  to  be  the   three  idem- 
potent  symbols,  ^  —  £,  77-  =  77,  ^  =  £  we  have 

£  0?  -  £*?)  •  fir  —  Pv  •  fir  —  fir  ~-0-5 

and  in  this  manner  we  have  the  six  equations 


viz.  regarding  the  right-hand  factor  as  being  in  each  case  expressed  as  a  linear  function 
of  x,  y,  we  have  apparently  six  products  of  two  linear  factors,  each  =0.  There  is  only 
one  such  product  3>  =  0  ;  hence,  disregarding  coefficients,  each  of  the  six  products  must 
be  =  3>,  or  it  must  be  identically  =  0,  viz.  this  will  be  the  case  if  the  second  factor 
be  =0.  We  hence  conclude  that  two  of  the  symbols  £,  77,  £,  suppose  £  and  77,  must 
be  factors  of  4>,  viz.  <E>  must  be  =£77.  We  have  n  =  f?i£';  consequently  n  =  £<i>,  that  is, 
two  of  the  three  linear  factors  of  H  are  the  symbols  £,  77,  which  are  such  that 
£77  (=  77^)  =  0.  To  complete  the  theory,  observe  that  £  must  be  a  linear  function  of 
£;  77,  =  a£  +  677  suppose  (a,  b  coefficients,  neither  of  them  =  0)  ;  we  thence  have 


that  is,  (a2  —  a)  £  +  (&•  —  b)i)  =0;  whence  a  =  1,  6=1,  and  therefore  £=£  +  77;  hence 
also  ££"=£  and  v^—T,  ^—^—r},  £  —  ^f  =  £•  The  six  products  consequently  are 
&,  tyy  ^  ^  £0,  £0,  each  =  4>  or  identically  =  0. 

9.     In   verification   of  the  theorem  that  for  the  commutative  and  associative  system 
the  cubic  function  H  contains  the  quadric  function  <l>  as  a  factor,  we  may  write,  as  above, 

cd       7      d"  +  be  —  ad 

^  =  y  h=    -5-  -' 

values  which  give 

b<£>  =  (be2  —  acd)  x2  +  (—  ad2  —  abc  +  a2d  +  bed)  xy  +  (abd  —  b~c)  y* 
=  —  (ad  —  be)  [ex-  +  (d  —  a)xy  —  by2}, 

6H  =  cdx*  +  (d-  -be-  ad)  x"y  +  (ab  -  2bd)  xy2  +  b2ys, 
=  (dx  —  by)  [ex2  +  (d  —  a)  xy  —  by2}, 

which  gives  the  theorem  in  question.     And  observe  further  that 


=  (ad  —  be)  (dx  —  by)  ; 

that  is,  disregarding   coefficients,  the   two  idernpotent  symbols  £,  77  are  the    linear  factors 
of  ex2  +  (d  —  a)  xy  -  by-,  and  the  third  idempotent  symbol  £  is  =  dx  —  by. 
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10.     Introducing   coefficients  in  order    to    make    the   symbols   f  rj,  £  idempoterit    and 
writing  accordingly 


/},     V  =(d-  a)- 
so  that 


%=p(dx-  by), 

we    have   to   verify   that   it    is    possible    to    determine    K,   L,   P    so   that    f=£    ,7*  =  ^ 
£2==  £  £—  £+'/•     The  last  equation  gives 

^=  -^  c 

P  K  L' 

_26_rf-«  +  \/V      d-a-x/V 

P  K  ~L  --  ' 

and  we  thence  have 

-  a)  +  26c-^VV  _      2c  V  V 


P  £      ' 

and    we    can    from    the    equation    £»  =  f  find   P;    viz.  comparing  the  coefficients    of  *,   we 
have 

p  =  p2  («^2  -  26  c?c  +  62  y)  ,     =  —  (ad  -  be),  that  is,  P  =  (ad-  be), 
or  the  values  of  K  and  Z  are 

_      2c  V  V 


_ 


which   should  agree   with  the  values  of  K  and  L  found  from  the  equations  £2  =  £  7,*=  77, 
respectively.     Comparing  the  coefficients  of  x,  the  lirst  of  these  equations  gives 


that  is, 

^  =  2^ 

C.    XII. 
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and  the  equation  for  K  becomes 


ad-  be 

that  is, 

-  a)  +  26c]2  -  d2  \(d  -  of  +  4>bc]  =  -  4>bc  (ad  -  be), 


which  is  right;   and  similarly  the  equation  for  L  leads  to  this  same  equation. 

11.  We  may  now  establish,  on  the  principles  appearing  in  No.  5,  the  different 
forms  of  the  system.  Using  idem  and  nil  as  abbreviations  for  idempotent  and  nilpotent 
respectively,  there  are  in  all  11  cases. 

(i)     3  idems.     Taking  two  of  these  to  be  a;  and  y,  the  system  is 

a?  =  x,     xy  =  cx  +  dy,     yx  =  ex+fy,     y*  =  y. 
Hence   O  =  (1  -  c-  e}x-y  +  (1  -  d-f)xy*,  so   that   the   third   factor  is 


This   must   not  reduce    itself  to  x   or   y,  for,  if  so,  there  would   be  a  twofold  idem;   viz. 
as  negative  conditions  we  must  have  c  +  e^l,  d 


And  we  have 


which  must  be  an  idem:   viz.  we  have  the  further  negative  condition  (c  +  e)(d+f)  ±  1. 
(ii)    2  idems  and  1  nil.     This  arises  from  (i)  by  assuming  therein 

1 


(c  +  e)  (d  +/)=!,  say  d+f= 


c  +  e 


for  then,  writing  z  =  —  (c  +  e)  x  +  y,  we  have 

22  =  (c  +  e?  as -(c  +  e)  {(c  +  e)x  +  (d  +/)  y}  4-  y, 
=  {l-(c  +  e)(d+f)}y,  =  0; 

viz.   z   is   a   nil.      And,   if    in   the   equations   instead    of    the    idem   y   we   introduce   the 
nil  z,  then  the  equations  assume  the  form 

x~  =  x,     xz  =  [(c  +  e)d  —  e]x  +  dz,     zx=[(c  +  e)f— c]x +fz,     z2  =  Q; 

with    the   idem   y  =(c  +  e)x  +  z :   hence   the   negative   conditions  c  +  e=£l    or   0,  implying 
d+f+l. 

But  the  equations  are  obtained  in  a  more  simple  form  by  taking  x  for  the  idem 
and  y  for  the  nil ;  viz.  we  then  have  o?  =  x,  xy  =  cx  +  dy,  yx  —  ex  +fy,  y2  =  0 :  we  must 
then  have  z,  =  —  (c  +  e)x+  (I  —  d—  f)y,  for  an  idem;  this  gives  z2  =  —  (c  +  e)(d+f)  z, 
and  we  have  the  negative  conditions  c+e=£0,  d+f=/=Q  or  1. 
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(iii)  1  idem  and  2  nils.  This  may  be  deduced  from  (ii)  by  writing  therein  d  +f=  0  ; 
for  then  zt  =  -(c  +  e)x  +  y,  is  a  nil.  The  equations  are  x*  =  x,  xy  =  cx  +  dy,  yx=ex  —  dy, 
y-  =  0  :  and  if,  instead  of  x,  we  introduce  therein  z  by  the  equation  z  =  —  (c  +  e)  x  +  y, 
the  equations  become  y2  =  0,  yz  =  [-e+d(c  +  e)]  y  -  ez,  zy  =  [-  c  -  d  (c  +  e}]  y  +  cz,  z-  =  0,' 
with  the  negative  condition  c  +  e  ^  0. 

But  it  is  more  simple  to  take  x,  y  as  the  nils:  the  equations  then  are  x2  =  0, 
xy  =  cx  +  dy,  yx  =  ex+fy,  y2=Q.  We  must  have  z,  =  (c  +  e)  x  +  (d  +f)y,  an  idem:  this 
gives  z2  =  (c  +  e)(d+f)z;  and  we  have  the  negative  conditions  c  +  e^Q,  d+f^O. 

(*)  We    cannot    have    three    nils.     For    in    (iii),   to   make   z   a   nil,    we    must    have 

c  +  e  =  0  or  d+f=0,  and   in  the   two  cases  respectively  z,  =  (c  +  e)  x  +  (d  +/)  y,  becomes 

=  x   and  =y;    so    that   x   or   y   is    a    twofold  nil.     Or,    what    comes    to    the   same    thing, 
we  have 


and  fi  has  a  twofold  factor  if  c  +  e  =  Q  or  d+f=Q. 

(iv)  A  twofold  idem  and  a  onefold  idem.  Taking  x  for  the  twofold  idem  and  y 
for  the  onefold  idem,  Ii  must  reduce  itself  to  (l-c-e)x-y,  viz.  we  must  have  d+f=l, 
or  say  /=  1-d.  The  equations  are  x2  =  x,  xy  =  ex  +  dy,  yx  =  ex  +  (l  -d)  y,  y*  =  y;  and 
we  have  the  negative  condition  c  +  e  ±  1,  for  otherwise  fl  would  vanish  identically. 

(v)  A  twofold  idem  and  a  onefold  nil.  Taking  x  for  the  twofold  idem  and  y 
for  the  onefold  nil,  then  the  equations  are  a?  =  x,  xy  =  cx+dy,  yx  =  ex  +  (\  -  d)y,  y2=Q; 
arid  we  have  the  negative  condition  c  +  e  ^  0. 

(vi)  A  twofold  nil  and  a  onefold  idem.  Taking  these  to  be  x  and  y,  then  d+f=Q, 
and  the  equations  are  x2  =  0,  xy  =  ex  +  dy,  yx  =  ex  —  dy,  y-  —  y  ;  and  we  have  the 
negative  condition  c  +  e  ±  1. 

(vii)  A  twofold  nil  and  a  onefold  nil.  Taking  these  to  be  x  and  y,  we  have 
d+f=0,  and  the  equations  are  x'2  =  0,  xy  =  ex  +  dy,  yx  =  ex  —  dy,  y-  =  0  ;  with  the  negative 
condition  c  +  e  ^  0. 

(viii)  A  threefold  idem.  Taking  this  to  be  x,  then  O  must  reduce  itself  to  gx3, 
viz.  we  must  have  h  =  c  +  e,  I  =  d  +/;  and  the  equations  are  x2  =  x,  xy  =  cx+  dy, 
yx  =  ex  +  (1  —  d)  y,  y2  =  gx  +  (c  +  e)  y  ;  we  have  the  negative  condition  y  ^  0,  for  otherwise 
H  would  vanish  identically. 

(ix)  A  threefold  nil.  Taking  this  to  be  x,  then  we  must  have  h  =  c  +  e,  0  =  d+f; 
the  equations  are  x2  =  0,  xy  =  cx  +  dy,  yx  =  ex-dy,  y2  =gx  +  (c  +  e)  y;  and  there  is  again 
the  negative  condition  g  =£  0. 

(x)  H  =  0  identically  :  infinity  of  idems,  1  nil.  12  will  vanish  identically  if  g  =  Q, 
h  =  c  +  e,  a  =  d  +f,  6  =  0.  If  there  is  1  idem,  there  will  be  an  infinity  of  idems,  and 
1  nil.  For,  assume  an  idem  x,  x2  =  x;  and,  if  possible,  let  there  be  no  other  idem  ; 
then  there  will  be  a  nil  y,  y2  =  0.  We  have  c  +  e  =  0,  d+f=l;  and  the  equations 

9—2 
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are   x*  =  x,  xy=cx  +  dy,   yx  =  —cx+  (1  —  d)  y,   y2  =  0;   whence   xy  +  yx  =  y.     Taking   a,   /S 
arbitrary  coefficients,  we  have 

(ax  +  /3y)2  =  a2x  +  otfly,  =  a.  (ax  +  (3y)  ; 
hence  ax  +  fty  is  an  idem,  except  in  the  case  a  =  0,  when  it  is  the  original  nil  y. 

If    besides    the    idem    x    we    have   an    idem    y,   then    the    conditions   are   c  +  e  —  l, 
d+f=l:   the  equations  are 

x2  =  x,     xy=cx+dy,     yx  =  (1  —  c)x  +  (1  —  d)y,     y2  =  y, 
whence  ocy  +  yx  =  x  +  y.     Considering  the  combination  ax  +  fty,  we  have 
(ax  +  ySt/)2  =  a-x  +  a/3(x  +  y)  +  j3'2y,     =  (a  +  /3)  (ax  +  j3y). 


This   is   an   idem,  except   in   the   case  a  +  /3  =  0,  when   it   is   a   nil  ;   or,  say  we  have  the 
single  nil  oc  —  y.     We  have  thus  again  an  infinity  of  idems,  1  nil. 

(xi)  fl  =  0  identically  ;  an  infinity  of  nils.  Taking  the  two  nils  x  and  y,  the 
conditions  are  c  +  e  =  0,  d+f=Q;  the  equations  are  x2=0,  xy  =  cx  +  dy,  yx^  —  cx  —  dy, 
y*  =  0  ;  whence  xy  +  yx  =  0.  Considering  the  arbitrary  combination  ax  +  @y,  we  have 

(ax  +  fiy}2  =  a/3  (xy  +  yx),  =  0, 
viz.  ax  +  /3y  is  a  nil;    or  there  are  an  infinity  of  nils. 

12.  The  different  cases  may  be  grouped  together  as  follows:  — 

A.  2  idems,  (i),  (ii),  (iv),  (x). 

Equations  x~  =  x,  xy  =  cx  +  dy,  yx  =  ex+fy,  y2=y. 

B.  1   idem  and  1  nil,  (ii),  (iii),  (v),  (vi),  (x). 

Equations  x2  =  x,  xy  =  ex  +  dy,  yx  =  ex  +fy,  y2  =  0. 

C.  2  nils,  (iii),  (vii),  (xi). 

Equations  #2  =  0,  xy  =  ex  +  dy,  yx  =  ex  +fy,  y2  =  0. 

D.  Threefold  idem,  (viii). 

Equations  xz  =  os,  xy  =  cx  +  dy,  yx  =  ex  —  (1  —  d)  y,  yz  =  gx  +  (c  +  e)  y. 

E.  Threefold  nil,  (ix). 

Equations  a?  =  0,  xy  =  ex  +  dy,  yx  =  ex  —  dy,  y*  =  gx  +  (c  +  e)  y. 

The  several  cases  of  A,  B,  C  respectively  are  distinguished  by  negative  conditions  which 
need  not  be  here  repeated. 

13.  I   consider,   as   in   my   Note   before    referred    to,   the    conditions    in   order   that 
the  system  may  be  associative.     We  have  the  8  products,  x3,  a?y,  xyx,  xy2,  yx2,  y2x,  yxy,  y3, 
giving   rise    to    equations    x  .  x2  =  x2  .  x,   x  .  xy  =  a?  .  y,    .  .  .  ,    y  .  yz  =  yz  .  y,    which,    on    putting 
therein  for   x2,  xy,  yx,  yz  their  values,  must   be   satisfied  identically.     We  thus  obtain    in 
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the   first   instance    16   relations,   but   some   of  these   are   repeated,   and  we   have  actually 
only  12  relations  ;    viz.  the  relations  are 

(twice)  b  (c  —  e)  =  0, 

b(f-d}  =  0, 
g(c  -e)  =  0, 

(twice)  g  (f-  d)  =  0, 

(twice)  bg  -  cd  =  0, 

(twice)  bg  -  ef  =  0, 

c  (c  -  h)  +  g  (d  —  a)  =  0, 

d  (d  -  a)  +  b  (c  -  h)  =  0, 

b(e-h)+f(f-a)  =  0, 
a  (c  —  e  )  —  cf  +  de  =0, 
h(f-d)-cf+de  =  0. 

14.  From  the  first  four  equations  it  appears  that  either  6  =  0  and  g  =  0,  or  else 
c  —  e  and  d  =/.  I  attend  first  to  the  latter  case,  viz.  we  have  here  the  commutative 
system 

x2  =  ax  +  by,   xy  =  yx  =  ex  +  dy,    y2  =  gx  +  hy. 

In  order  that  this  may  be  associative,  we  must  still  have  the  relations 

bg  —  cd  =  0, 


d  (d  -  a)  +  b  (c  -  h)  =  0, 
or,  as  they  may  be  written, 

b,     —  c,     d  —  a    =  0. 

—  d,         g,     c  —  h 

These   are   satisfied   by  a  =  -r-,   h  = -, ,  and   we  have  thus   the   commutative  and 

b  b 

associative  system  of  the  Note. 

Every  system  is  of  the  form  A,  B,  C,  D,  or  E ;  and  it  can  be  shown  that  the 
commutative  and  associative  system  is  not  of  the  form  D.  For,  if  D  were  commut 
ative,  we  should  have  e  =  c,  d  —  \,  viz.  the  equations  will  be  x-  =  .<•,  xy  =  yx  =  ex  +  ^y, 
y2  —  gx  +  2cy,  that  is, 

a,  b,  c,  d,  g,  h=  I,  0,  c,  £,  g,  2c; 

and  the  last  of  the  three  relations,  viz.  d  (d  -  a)  +  b  (c  -  h)  =  0,  would  thus  be  £  (£  -  1)  =  0, 
which  is  not  satisfied.  Hence  the  commutative  and  associative  system  can  only  be  of 
one  of  the  forms  A,  B,  C,  and  E. 
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15.  First,  if  the    form    be    A,  B,  or   C;   there   will   be    the  two  idem-or-nil  symbols 
x   and   y,   that   is,   we    may   assume   6=0,   y  =  0 ;    and    the    associative    conditions    then 
become  cd  =  0,  c(c  —  h)  =  Q,  d(d  —  a)  =  0,  viz.  for  the  forms  A,  B,  C, 

A.  a?  =  x,     y2  =  y, 

B.  x-  =  x,     y2  =  0, 

C.  a*  =  0,     f  =  0, 

these  are  cd  =  0,    c(c  — 1)  =  0,   d(d— 1)  =  0;   c  =  0   or    1,  d  =  Q   or    1, 
cd  =  0,  c2  =  0,   d(d-l)  =  0;   c  =  0,  d  =  0   or    1, 

cd  =  0,  c2  =  0,  d2  =  Q;  c  =  0,  d  =  0. 

But  for  the  form  A,  if  c  =  0,  d  =  l,  that  is,  xy  =  yx  =  y,  then,  writing  z=x  —  y,  we  have 
z"  =  z,  yz  =  zy  =  0,  y2  =  y.  And  similarly,  if  c  =  1,  d  =  0,  that  is,  xy  =  yx  =  x,  then,  writing 
z  =  —  x  +  y,  we  have  £2  =  #,  £,#  =  xz  =  0,  .r2  =  x.  That  is,  each  of  these  is  reduced  to  the 
first  case  c  =  0,  d  =  0 ;  that  is,  x-  =  x,  xy  =  yx  =  0,  y-  =  y. 

For  the  form  B,  if  c  =  0,  d  =  I,  then  the  system  is  x2  =  a;  xy=yx  =  y,  ?/2  =  0;  and 
this  cannot  be  reduced  to  the  first  case  x-  =  x,  xy  =  yx  =  0,  y2  =  0. 

For  the  form  C,  there  is  only  one  case,  as  above. 

For  the  form  E,  we  have  a  =  0,  6=0,  (c  =  e,  d  =  0,  in  order  that  the  system  may 
be  commutative),  h=2c,  viz.  the  equations  must  be  #2  =  0,  xy  =  yx  =  cx,  y-  =  gx+2cy. 
The  associative  conditions  then  give  c  =  0 ;  or,  the  system  is  a?  =0,  xy  =  yx=  0,  y-  =  gx. 

nr> 

Writing   --   instead   of  x,   and    for   convenience  interchanging  x  and  y,  the   equations  are 

c/ 

X-  =  y,  xy  —  yx  =  0,  y-  =  0. 

16.  The  commutative  associative  system  is  thus  seen  to  be  reducible   as  follows  : — 

A.  system  is  a?  =  x,  xy  =  yx  =  Q,  y'2  =  y,  first  mixed  system,  see  No.  2. 

B.  „          x2  =  x,  xy  =  yx  =  y,  y2  =  0,  Peirce's  system  (a2), 
or  else 

B.  „          x-  =  x,  xy  =  yx  =  0,  y-  =  0,  second  mixed  system. 

C.  „          x2  =  0,  xy  =  yx  =  0,  y2  =  0,  third  mixed  system. 
E.          „          a?  =  y,  xy  =  yx=Q,  y~  =  0,  Peirce's  system  (c2). 

I  said,  at  the  end  of  my  Note  before  referred  to,  that  it  had  been  pointed  out 
to  rne  "that  my  system  [the  commutative  associative  system],  in  the  general  case 
ad  —  be  not  =  0,  is  expressible  as  a  mixture  of  two  algebras  of  the  form  (c^),  see 
American  Journal  of  Mathematics,  vol.  iv.,  p.  120;  whereas,  if  ad  —  6c  =  0,  it  is  reducible 
to  the  form  (c2),  see  p.  122  (I.e.)"  The  accurate  conclusion  is  as  above,  that  the 
commutative  associative  system  is  either  a  mixed  system  of  one  of  the  three  forms, 
or  else  a  system  (a.2),  or  (c2). 

17.  Considering   next   the  non-commutative  associative  systems,  we   have  here,  ante, 
No.  14,  6  =  0,  g  =  0 ;   and  the  relations  which  remain  to  be  satisfied  then  are 

cd  =  0,  ef=0,  c(c-A)  =  0,  d(d-a)  =  0,  e  (e-h)  =  0,  /(/-  o)  =  0, 

a  (c  -  e)  -  cf+  de  =  0,  h  (/-  d)-cf+de=  0. 
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The  first  equation  gives  cd  =  0,  that  is,  c  =  0  or  d  =  0 ;  but  we  may  attend  exclusively 
to  the  case  c  =  0,  for  the  case  d  =  0  may  be  deduced  from  this  by  the  interchange  of 
x,  y.  We  have  then  ef=  0 ;  and  it  will  be  convenient  to  separate  the  cases 

I.  c  =  0,   e  =  0,  /=  0,   giving   d  (d  -  a)  =  0,        dh  =  0, 

II.  c  =  0,   e  =  0,  /=ffcO,       „        d(d-a)  =  0,  /-a  =  0,   h(f-d)  =  0, 

III.    c  =  0,   e^Q,  f=0,        „        d(d-a)  =  0,   e-h  =  0,       (d-a)=0,   d  (e  -  A)  =  0, 
that  is,  d  —  a  =  0,    e  —  h  =  0. 

18.     We  have  thus  five  cases ; 

I.     (a)    d  =  0:  a?  =  ax,  xy  =  yx  =  0,  if  =  hy:   commutative,  and  so  included  in  what 
precedes. 

I.     (6)    d  =  a,  h  =  0  :    x2  =  ax,   xy  =  ay,   yx  =  0,  y-  =  0  :    or,  writing   as    we   may  do 
a=l,  this  is  x-  =  x,  xy=y,  yx=Q,  y2  =  0 ;    which  is  Peirce's  system  (62). 

II.    (c)    d=f=a:    x2=ax,   xy  =  yx  =  ay,   f=hy:    commutative,    and   so   included 
in  what  precedes. 

II.    (d)   d  =  0,  /=  a,  h  =  0  :  x"  =  ax,  xy  =  0,  yx  =  ay,  y2  —  0  ;   or,  writing  as  we  may 
do  a=l,  this  is  x2  =  x,  xy  =  0,  yx=y,  y2  =  0;   which  is  the  system  (d.,}. 

III.  (e)    d  =  a,  e  =  h:   xz  =  ax,  xy  =  ay,  yx  =  hx,  y2  =  hy ;   or,  writing   as   we   may  do 

a=l,  h  =  l,  this  is  x2  =  x,  xy  =  y ;  yx  =  x;  y*  =  y.  Introducing  here  the 
new  symbol  z,  =  x  —  y,  we  have  z2  =  0,  xz  =  z,  zx  =0,  yz  =  z,  zy  =  0. 
Thus  x,  z  form  the  system  x2  =  x,  xz  =  z,  zx  =  0,  z2  —  0  (or,  what  is  the 
same  thing,  y,  z  form  a  system  y'2  =  y,  yz  =  z,  zy  =  0,  zz  —  0}:  each  of 
these  is  Peirce's  system  (62). 

The  conclusion  is  that  every  non-commutative  associative  system  is  either  Peirce's 
system  (62),  or  else  the  omitted  system  (c?2).  Hence,  disregarding  the  mixed  systems, 
every  associative  system  is  either  (a2),  (b.2\  (c2),  or  (d2). 

1 9.  It  may  be  proper  to  show  that  the  systems  (62),  #2  =  #,  xy  =  y,  yx  =  0,  y*  =  0, 
and  (^2)>  #2  =  x,  xy=  0,  yx  =  y,  y2  =  0,  or  say 

abcdefgh 
(6a)  10010000 
(d)  1  0  0  0  0  1  0  0, 

are  really  distinct  from  each  other.  Observe  that  they  each  belong  to  the  case  (x), 
H  ==  0,  an  infinity  of  idems  and  1  nil ;  viz.  in  each  of  them  writing  z  =x  +  @y,  /3  an 
arbitrary  coefficient,  we  have  zn-  =  x2  +  @ (xy  +  yx)  +  /3-y2,  =x  +  /3y,  =  z,  we  have  z  an  idem, 
and  y  is  the  only  nil.  And,  this  being  so,  we  have  in  the  first  system  zy  =  y,  yz  =  0, 
viz.  the  system  is  z2  =  z,  zy  =  y,  yz  =  0,  y2  =  0,  retaining,  when  we  write  z  for  x,  its 
original  form.  And  similarly,  in  the  second  system,  zy  =  0,  yz  =  y\  viz.  the  system  is 
z1  =  z,  zy  =  0,  yz  =  y,  y1  =  0,  retaining,  when  we  write  therein  z  for  x,  its  original  form. 
The  two  are  thus  distinct  systems,  in  no  wise  transformable  the  one  into  the  other. 
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THE    BINOMIAL    EQUATION   a?-  1  =  0;    QUINQUISECTION. 

SECOND    PART. 

[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  xvi.  (1885),  pp.  61  —  63.] 

IN  the  paper,  "  The  binomial  equation  xp  —  1  =  0  ;  quinquisection,"  Proc.  Lond. 
Math.  Soc.,  t.  xii.  (1881),  pp.  15,  16,  [764],  I  considered  for  an  exponent  p  =  5n  +  l,  the 
five  periods  X,  Y,  Z,  W,  T  connected  by  the  equations 

X,    Y,    Z,    W,    T 

X2  =  a,  b,  c  ,  d  ,  e 
XY=f,  g,  h,  i  ,  j 
XZ  =  k,  I  ,  m,  n  ,  o, 

and  the  equations  deduced  from  these  by  cyclical  permutations  of  the  periods  and  of 
the  coefficients  of  each  set  ;  but  I  did  not  obtain  completely  even  the  linear  relations 
connecting  the  coefficients.  I  since  found,  by  induction  from  the  examples  given  in 
the  Table  1,  that  the  coefficients  could  be  expressed  linearly  in  terms  of  the  linearly 
independent  integer  numbers  a,  /3,  /,  k  as  follows  :  viz.  introducing  for  convenience  the 
new  number  6,  such  that 


then  the  expressions  in  question  are 

a,  b,  c  ,  d,  e  =  -l-20  +  a  +  /3,  -  0  -  a  -  (3  +/,  -6-a-j3  +  k,  -a-2/3-k,  -  2a  -  £  -/? 

f,  9,  h,  i,  j  =              f,                     0  -  a  -/,  a,                       j3,                       a, 

k,l,m,n,o=              k,                           a,  6  -  /3  -  k,               /3,                       £, 

and  I  found  further  that,  substituting  these  values  of  the  coefficients  in  the  20  quadric 
relations  referred  to  in  the  former  paper,  the  20  relations  reduced  themselves  to  two 
equations  only,  viz.  these  were 

6  (-  2*  +  /3  +  k)  +  3a2  -  &       +        a(f-k-l)-/3f+f--2fk=0, 
-  02  +  0  (3/3  +  2 
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The  final  result  thus  is  that  the  coefficients  are  expressed  as  functions  of  the  five 
numbers  a,  ft,  /  k,  0,  connected  by  the  linear  equation  a  +  /?  +  6  =  £  (p-  1),  and  the 
two  quadric  equations.  I  remark  that  formulae  equivalent  to  these  were  obtained  and 
proved  by  Mr  F.  S.  Carey  in  his  Trinity  Fellowship  Dissertation,  1884;  viz.  writing 
n  ~  i  (P  ~  1)>  his  formulae  were 


a,  b,  c  ,  d,  e  =  a  —  n,  ft  —  n, 

f,  g,  h  ,  i,  j  =    ft,  e, 

k,  I,  m,  n,  0=7,  p, 

with  the  three  linear  relations 


—  n,    8  —  n,    e  —  n, 
p,  a,         p, 

8,  a-,         a, 


ft  +  e  +  2p  +    a- 
7  +  8  +    p  +  2<7        =  n, 
and  the  two  quadric  relations 

8*  +  72  +  2o-a  +  (p  -  <r)  (8  +  7)  -  2p  (p  +  a-}  =  (8  -  7)  (ft  -  e), 
P  +  e2  +  2/ja  +  (a-  -  p  )  (ft  +  e  )  -  2(7  (p  +  a)  =  (7  -  8  )  (/5  -  e), 

the  coefficients  being  thus  expressed  in  terms  of  the  seven  numbers  a,  ft,  7,  8,  e,  p,  a- 
connected  by  five  equations.  The  equivalence  of  the  two  sets  of  formula  may  be  shown 
without  difficulty. 

To   the   Table    2    of    the   Quintic   Equations,  given  in    the  paper,  may  be  added  the 
following  result  from  Legeridre's  The'orie  des  Nombres,  Ed.  3,  t.  n.,  p.  213, 


P 


641 


1  +1  -  256  -  564  +  5238  -  5120 


=  0, 


calculated  by  him  for  the  isolated  case  p  =  641. 


C.    XII. 
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816. 

ON    THE    BITANGENTS    OF    A    PLANE    QUARTIC. 


[From  Crelle's  Journal  der  Mathem.,  t.  xciv.  (1883),  pp.  93 — 115;    CamJb.  Phil.  Soc. 

Proc.,  t.  iv.  (1883),  p.  321.] 

RIEMANN  in  the  paper  "  Zur  Theorie  der  Abelschen  Functionen  fur  den  Fall  p  =  3," 
Werke,  pp.  456 — 479,  has  given  a  remarkably  elegant  solution  of  the  problem  of  the 
bitangents  of  a  plane  quartic.  But  his  formulae  may  be  improved  by  a  slight  change  ; 
viz.  we  may  in  his  first  equation  x  +  y  +  z  +  %  +  tj  +  £=  0  introduce  coefficients  so  as  to 
bring  this  into  the  same  form  as  the  other  three  equations.  It  thus  appears  that, 
instead  of  his  3  +  3  equations  of  the  forms 

x               y              z                   .          £                  77                  t 
I a       I —  Q  and  - I -\ - =  0 


respectively,  we  have  6  +  6  equations  of  like  forms  ;  but  these  two  systems  each  of 
6  equations  are  equivalent  to  each  other,  so  that  instead  of  6  +  16+3  +  3  =  28,  we  have 
6  +  16  +  6  (=6)  =  28  equations  for  the  28  bitangents*.  I  make  another  slight  change 

of  notation   by  introducing   the    single  letters  f,  g,  h  to  denote  the  reciprocals  -  ,    -j  ,   -  ; 

CL        0        C 

and  I  consider  the  whole  question  as  follows.     The  theory  is  based  on  the  equations 


a  x  +     y  +  c  z 

a^x  +  hy  +  dz  +/I  +  gitj  +  h^=0, 
azx  +  62y  +  c*z  +/•>£  +  g.2r)  +  h.2%  =  0, 
asx  +  bay  +  C3z  +/8f  +  g3rj  +  h3£=  0, 


where   af=bg=  ch  =  a^  =  &c.  =  c:iA3  =  1  :    and   the   coefficients   a,  b,  c,  a,,  61}  c1;  a.2,  62,  c2 
are   arbitrary.     The    equations   x  =  0,    y  =  0,z  =  Q   represent    any   three   given    lines  :    and 

*  It    will    appear    further    on    that    the    equation    of    each    of    the    last-mentioned    6    bitangents   can    be 
expressed  in  8  different  forms. 
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considering  £77,  £  to  be  determined  as  linear  functions  of  as,  y,  z  by  means  of  the 
first  three  equations,  then  (the  coefficients  a,  b,  c,  ax,  b1}  Cl,  a2,  62,  c2  being  determined 
accordingly)  the  equations  £  =  0,  7?  =  0,  f  =  0  will  also  represent  any  three  given  lines. 
But  observe  that,  if  the  equation  of  the  first  of  these  lines  is  x  +  my  +  nz  =  0,  £  is 
not  =  an  arbitrary  multiple  6  (x  +  my  +  nz}  of  the  linear  function  x  +  my+m,  but  the 
constant  factor  0  has  a  completely  determinate  value:  and  the  like  as  regards  77  and  % 
respectively. 

The  coefficients  a3,  63,  c;i   of  the    fourth   equation  are  such  that  this  fourth  equation 
is  a   mere  consequence  of  the  other  three  :    viz.  we  must  have 


+ 


63  =  \b  + 

c3  =  Xc  + 


hs  =  X/i  +  Xj  ^  +  X2A2  , 
or,  what  is  the  same  thing,  we  must  have 

a  ,     b  ,     c  ,    f  ,     g  ,     h 


i,     fi, 


,      C2, 
C8, 


=0, 


viz.  each  of  the  determinants  formed  with  four  columns  out  of  this  matrix  is  equal  to  0. 
Using  the  equations  in  X,  \,  X2,  and  writing  for  shortness 


2,  af1  +  alf=F,  Fl  , 
biffa+btf!,  b2g+bg2,  bg,  +  b,g  =  G,  Glt 
CjA2  +  c2Ai  ,  c2A  +  ch2  ,  ch-i  +  c-Ji  =H,  Hl, 

then,  forming  the  products  asf3,  bsg3,  c3h3)  we  find 

1  —  X2  —  Xj2  —  X22  =  J^XjX.2  +  F^2\  -)- 

„  =  G\i\2   +  Ui1X2X    + 


» 
or,  as  these  equations  may  be  written, 


L  —  X2  —  Xj2  —  X^2    :             X]  Xo             '.             XoX             :             XXj 

F,    Flf    F, 

1,      ^i,      ^ 

1,      #,  ,      ^ 

: 

1,     J",     F1 

G  ,      (T!  ,      (r2 

1,      (T!  ,      6^2 

1,      G,  ,      G 

1,     G,     ^ 

jET,      ^Tj  ,      H2 

1,         ^j,         H2 

1,     H2,    H 

1,    H,    H, 

10—2 
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We  have  thus 


=  n  :  A  :  A!  :  A2. 
X2  AaA2 


1  -  X2  -  V  -  X22      HA  ' 
Xx2  =  Aj,A 

i  -  x2  -  v  -  v  ~  nAi ' 

V  =AA1 

i  -  x2  -  v  -  x22    n  A2 ' 


and  thence 


i-\2-v-v~n 


' 


A2A     AAA 


equations  which  give   X,  X1}  Xa,  and    consequently  a,,  63,  c3,  /3,  #3,  A3  in  terms   of  known 
quantities,  the  several  expressions  depending  on  the  single  radical 


vn 


A 


, 

' 


, 

" 


A2 


Observe  that  we  have  rationally 

X 
I  consider  now  the  quartic  curve 


X      '.      XT       ^      Xo  -    —T      '.      ~T"      '.       ~JT    • 

A       Aj       A2 


=  0, 


and  I  write  down  the  equations  of  the  28  bitangents,  each  with  its  triple-theta 
characteristic  as  given  by  Riemann,  and  also  with  its  duad  symbol,  derived  from 
Hesse's  method.  I  assume  that  these  characteristics  and  duad  symbols  are  properly 
attached  to  the  several  lines  :  and  I  insert  also  the  current  nos.  1  to  28.  The  equations 
are  : 


Current 
No. 

Duad 
Symbol 

Charac 
teristic 

1 

18 

111 
111 

z  =  0, 

2 

28 

001 
Oil 

y=o, 

3 

38 

Oil 
001 

z=0, 

4 

23 

010 
010 

f=o, 

5 

13 

100 
110 

•n=o, 

6 

12 

110 
100 

r=o, 

816] 


ON    THE    BITANGENTS    OF   A    PLANE    QUARTIC. 


77 


Curreni 

Duad 

Charac 

No. 

Symbo 

teristic 

7 

48 

101 
100 

ax  +  by  +  cz=0,      fi  +  „  +  *=<>, 

8 

14 

010 

l>i 

Oil 

Ji;        y  +  cz—   ,       ax  +  grj  +  hf—Q, 

9 

24 

100 

ax 

111 

yy      z      >     /«+  y  +  nf—  o, 

10 

34 

110 

ax  +  b,  +W--0 

101 

11 

58 

100 

ax  +  b 

101 

i         iJ      i         > 

12 

15 

Oil 

b  7 

010 

/I?           IFT     1Z           ) 

13 

25 

101 
110 

a^x  +  <7j  17  +  Cj  2  =  0, 

14 

35 

111 

ax+b     +ht-0 

100 

15 

68 

110 

+b     +c  z-0 

010 

2*         <£)         2            > 

16 

16 

001 

101 

2             2^         20         ' 

17 

26 

111 

a^x+           c  z-0 

001 

^    C'*Z       ' 

18 

36 

101 

+  bi      hC-0 

Oil 

19 

78 

010 

ax  +  bi+>      -0 

110 

3            3J         3             ' 

20 

17 

101 

f                 i  +(;   z_Q 

001 

3£/        3            ' 

21 

27 

on 

a  x+           c  z-0 

101 

A         J/3V         3             ' 

22 

37 

000 

ax+bi  +ht-0 

111 

23 

67 

100 
100 

x                             y                                                                     t                                 „                                   v 

-|                                               |                                                Q                                                          -1                                                      1-                                                    0 

bc-bft              ca-ciai             ab-ajbi                    02h2-g3h3              *s/s-*s/>               faH»-ftff» 

—       +—  ^                         f              0                  f               i              y                                              0 

~                                 +                               ^lO                                            ~'/r.                                      7                                                                                                                       Q 

1                        —  0                                                                 1                               0 

24 

57 

110 
Oil 

x       \       y       \       z        o 

25 

56 

010 

111 

a;                           ?/                         z 
•4-1                                   0 

6c  —  63c3              ca  —  c3a3             ab  —  a3b3 

26 

45 

001 

001 

x                           y                           z 

27 

46 

on 

110 

x        ,         y        ,                  0 

28 

47 

111 

010 

*            1             ^             i                           0 
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As  regards  each  of  the  bitangents  7  to  22,  the  equivalence  of  the  two  forms  of  equation 
is  at  once  seen  by  means  of  the  fundamental  equations  ax  +  by  +  cz  +ft;+gr)  +  h%=  0  :  as 
regards  the  remaining  bitangents  23  to  28,  the  equation  of  each  of  these  is  expressible 
in  eight  different  forms,  which  are  written  down  in  full  for  the  bitangent  23  ;  the 
equivalence  of  the  eight  forms  of  equation  must  of  course  ba  proved. 

I  proceed  to  show  that  each  of  the  28  lines  is,  in   fact,  a  bitangent  to  the   quartic 
curve 

\Aef  +  *Jyr)  +  *Jz%  =  0, 

or,  what  is  the  same  thing,  that  writing  this  equation  in  the  form 

n  =  x°-£-  +  yV  +  z*?  -  Zyzrt  -  '2zx$  -  Zasyfr  =  0, 

then  that  by  means  of  any  one  of  these  equations  O  becomes  a  perfect  square. 
This  is  obviously  the  case  for  each  of  the  equations  1,  2,  3,  4,  5,  6. 

For   the    equations    7,   8,  9,    10,    observe  that   the   equation    of   the   quartic   may  be 
written  : 

*Joscf%  +  ^bygrj  +  \fczh%=  0, 
or,  what  is  the  same  thing, 

n  =  (i2tf2./2f  +  ...=0. 

Hence  writing  x,  y,  z,  £,  ??,  £  in  place  of  ox,  by,  cz,  /f,  gij,  h£,  so  that  now 


the   equation    of    the    line    7    is    expressed    in    the    two    equivalent    forms    x  +  y  +  z  =  0, 
£  +  77  +  £  =  0.     We  have  for  £1  its  original  value 

ft  =  a??  +  2/V  +  z^  -  Z 


and    writing    herein   z  =  —  x  —  y,    £  =  —  £  —  77,    we    have  z%  —  x%  —  yij  =#77  +  y^   and    conse 
quently  O  =  (#77  +  yi;)-  —  ^xy^rj,  =  (xr\  —  y%f,  a   perfect   square.     The   like   proof  applies  to 

the   equations   8,  9,  10:    and   then   clearly   the   result  applies   to    the    equations    11,    12, 
13,  14;   15,  16,  17,  18;    19,  20,  21,  22. 

We    come   now   to   the    equation   of  the    line    23,  say   this   is   in   the    first   instance 
taken  to  be 

x  y  z 


if  from  this  equation,  by  means  of  the  two  fundamental  equations 

ax  +  by  +  cz  +f  £  +  #  77  +  A  £  =  0, 

h1£=  0, 
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we    eliminate   first    (y,    z),    secondly  (z,   x),  and    thirdly   (x,   y),    it    is    found    that    £,    rj, 
will  also  disappear  in  the  three  cases  respectively,  and  that  the  resulting  equations  are 


be  —  bid 


I 


» 


—  61  c)          ca  — 


' 


aa1(bci  —  bid)     bb1(cai  —  c1a)         ab  —  a^ 

so  that   each    of  these   is,  in    fact,    equivalent  to    the    original  equation    in    (x,  y,  z):    and 
observe  that,  adding  together  the  three  equations,  we  reproduce  the  original   equation   in 


Write  for  shortness 

P  =  bc—b1c1,    a  =  bc1—b1c, 

Q  =  ca—  clal,     /3  =  ca^  —  GI  a, 
R  =  ab  —  alb1,     y=abl  —  a1b, 

then  the  equation  in  (ac,  y,  z}  is 


so  that,  eliminating  y  and  z,  we  find 

b  ,      c    , 


RP,    PQ,     QRx 

In  this  equation,  the  coefficient  of  x  is 

(be,  -  6lC)  QR  +  (co,  - 
=      (^G!  —  6jc)  [a?b  c  +  a 
+  (cai  -  CiO)  [a  b*c  +  a^b 
+  (a&!-  ai6)  {a  6  c2  +  Oafti 
-  -  act,   62Cj2  -  6!2c3)  -  &&!  ( 


a)  RP  +  (ab,  -  a,b]  PQ, 
-i  —  ac^  (6cj  4-  b^c)} 
-  b^  (ca1  +  da)} 
j8  -  c^  (a^  +  a^)}, 
^2  -  era2)  -  cd  (a2^2  - 


The  coefficient  of  |  is 

=  RP  (c/;  -  d/)  -  PQ  (fc/i  -  &./). 

^  and    6/- 


which    (observing  that    c/,-0,/,  =^-|> 
is  =0. 


s   = 


The  coefficient  of  77  is 


RP  (eg,  -  ctf)  - 


""        ls  " 
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which  is 


P 
=     g£-  {(be  -  6,d)  (db  -  aj>i)  -  (b2  -  bfi  (ca 

p 

=     j-r  {bfca,  +  frciO,!  —  6&!  (ad  +  Ojc)} 


p 

=-^1*' 

and  similarly  the  coefficient  of  f  is 


We  have  thus  in  x,  r),  £  the  equation 

P  P 


or,  what  is  the  same  thing, 

P     6&!/3      Cd7 

and  in  like  manner,  by  the  elimination  of  (z,  x)  and  (x,  y)  respectively, 

£  y          £ 

r      7i     "" ==  ^' 

aOjOt        {^        Cd7 

o 

V  /n  51 

=  0, 


^ 

which  are  the  required  three  equations. 

We  have   next  to   show   that   the   line   is   a    bitangent — write    for    a    moment    aa^, 
661  /?,  Cd7=X,  /*,  y,  then  the  three  equations  give 


and  we  thence  have 

n. 


&  + 

yU,  I/ 
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which,  putting  further  PA,  Qp,  Rv  =  a,  b,  c,  becomes 

a-         b  +  c 


But  here 

a  =  aaj  (&d  —  fcjc)  (6c  —  &id)  =  aa*  {(b"  +  &i2)  cd  -  (c2  -f  d2)  66,  }, 

b  =  ft&j  (cttj  -  d«)  (ca  -  d«i)  =  ^  {(c2  4-  cx2  )  aaj  -  (a2  +  «i2)  ccj  }, 

c  =  cd  (aft!  -a1b)(ab-  a^,)  =  cd  {(a2  +  ar)  ^  -  (&2  +  ft:2)  aa^. 
Hence 

a  +  b  +  c  =  0, 

and  we  obtain 

o  .(•*+!«+  "BY. 

/        ^A,       Xi  ' 


»  Y 

^  )' 


a  perfect  square,  and  the  line  23  is  thus  a  bitangent. 

We  have  next  to  prove  the  equivalence  of  the  two  equations 

_^    +     y     +    ^—  =  o, 

be  —  &id        ca  —  dfti         a& —  a^ 
and 

_^  +  _^  +  ^-J^_«0. 


Starting  from  the  former  equation  written  in  the  form 

-  QRx  -  RPy  -  PQz  =  Qt 
and  combining  herewith  the  three  fundamental  equations 

a  x  +  b  y  +  c  z  +f  %  +  g  t]  +  h  £  =  0, 


c.,z  +       +  (-,rj      »„    =  0, 
c.  xir. 
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if  we  eliminate  from  these  the  (as,  y,  z),  we  obtain  the  following  equation  in  (£,  77,  £) 

a,  6,  c,    /f  +5T17  +  AC    =0, 


02,          b.2,          c.2,    f£+g.M  +  ha 
-QR,    -RP,    -PQ 

which,  observing  that  the  values  of  —  QR,  —  RP,  —  PQ  are 

—  a'ic  -  ar&xCi  +  aaj  (bd  +  ^c),     —  a62c  —  a^d  +  6^  (co^  +  Cja),     —  abc2  —  a^d'  +  cd  (a6a  + 

is  immediately  transformed  into 


a  , 


b  , 


c  , 

Cl} 

c2, 


'•ai  (bd  +  bic),     bbi  (ca 
Here  the  coefficient  of  f  is 


+ 


=  0 


a  , 


a2, 


c, 
0k  i 

C2, 


a} b), 


which  is  of  the  form  lf+  ^/j  +  Lf2 ;   and  we  find  without  difficulty 

+  b  b.2  (ca  —  Cittj)  (caj  —  da)  +  b  b.,Q/3 

+  c  c.,  (ab  —  ajji)  (ab^  -  a^b)  +  c  c.2Ry , 

11  =  —  ala2  (be  —  bid)  (bci  —  b^c),  =  —  a1a.2Pa. 

^~  i )    I. )     i  (*(t    ~       C*   fl     )  i  (*d         -     f*    fl  \  —  /I    /I    r/ /•? 

12  =  —  (bci  —  biC)  (cttj  —  ^a)  (a&!  —  a^b)  =  —  a@y. 
Hence 

lf+  lifi  +  ^/2  =  («/-  «i/i)  «2Pa  +  (bf-  &,/)  6.2Q/3  +  (r/-  c,/,)  c2  ^7  -  a£7/B> 
which,  observing  that 

«/"—  n    f   —  ft        hf—  It    f   -  ^  rf  —  r    f    — 

\.IJ  U/\J  1  —   ^3         ^/  I./  1  —  '          J  ~LJ  1  —  > 

becomes 
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or,  in  the  last  term  writing  /2  =  — ,  this  is 

a<£ 

&y          f  ~      J-    i~t      I        n,     „      7? 


=  -£—£-  {— a262  (ca  —  Cj^)  +  «2c2  (a&  —  aa6i)  —  aal  (bcl  —  b^)}, 
aa^-2 


ab   ,     ac   , 

1 

,     =£7 

b  >    c  >    f 

aA,     alCl, 

1 

blt     c1;    /j 

a,b,,     a2c2, 

1 

62,     c2,    /2 

viz.  representing  for  shortness  the  last-mentioned  determinant  by  (bcf),  the  coefficient 
of  f  is  =(3<y(bcf).  Similarly  the  coefficients  of  rj,  £  are  equal  yoi(cag),  and  aft(abh), 
respectively.  Hence,  for  convenience  dividing  by  afiy,  the  original  equation 

=  0, 


be  —  6jCi     ca  —  Cjttj     ab  —  a^ 
expressed  in  terms  of  (£,  77,  £),  becomes 


and  it  is  to  be  shown  that  this  is,  in  fact,  equivalent  to 

f     +      *      +7^7^  =  °- 

We  ought  therefore  to  have 

(<7^2  -#»/'»)  -  (6c/)  =  (A2/2  -  ^3/3)  jg  (ccw?)  =  (/2^s  -/sS's)  - 

and  it  will  be  sufficient  to  prove  the  first  of  these  equalities,  say 

(g-Jh  -  93h3)  0  (bcf)  =  (h,f,  -  //3/,)  a  (cag). 
Multiplying  by  c2c3,  this  becomes 

c3  [#o/3  (bcf)  —    f-2&  (cag)] 

—  c2#3/3  (bcf)  +  c.2f3a  (cag)  =  0, 
viz.  this  is 

(\c  +\1c1  +  X2c2)  [#2/3  (6c/)  -/2« 


(V  +  V,  +  X2/2)  c2a  (cagf)  =  0. 


11—2 
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The  term  in  \2  disappears,  and  the  equation  is 

X  [(c  g,  -c,g)@  (bcf)  -  (c/2  -  c2/  )  a  (cag)] 
+  ^i  [(Ci#2  -  c^)  @  (bcf  )  -  (d/2  -  c2/i)  a  (cag)]  =  0. 

But  we   have    \  :  \l  =  -^  :  -^-  ,  that   is,  A\  —  A1\1  =  0,  or  if  we  write   for  A  and  Aj 

their  values  (1^^),  (=  —  (l^.^)),  and  (IF2F)  respectively,  then  the  equation  connecting 
X,  Xj  is 


where  (IF^F^  and  (IF2F)  denote  the  determinants 


1,     afi  +  «!/,     a/a  +  a2f 
1,     bgi  +  big,     bg.2+b.2g 

1,      C^  +  CjA- ,      C/k>  +  C2/i 

Multiplying  by  cCjC.,,  the  equation  may  be  written 
X        af,       afi  +  a-if,      af2  +a2f 

/t  j  ±     •         i,/  t  »/  "  •*•»/ 


1, 
1, 
1, 


+ 


CCjC.,, 


dC2>      C2(c2+d2),      C! 


This  should  agree   with  the  equation  in  (X,  Xj)   obtained  above  :   and  it  can,  in  fact,  be 
shown  that  the  coefficients 


and 


(c  g2  -c.2g)/3  (bcf)  -  (c/2  -  c2/)  a  (cag), 


i#2  -  Cog,)  @  (bcf)  - 


are   equal   to   the  two   determinants   respectively;    it   will  be   sufficient   to   prove   one    of 
the  two  relations,  say 

-  (cg.2  -  c2g)  (ca,  -  c,a)  (bcf)  +  (c/2  -  c2/)  (be,  -  ^c)  (cag) 
bg,       bgl  +  big,       bg2  +  b2<, 


where  it  will  be  recollected  that  (bcf)  and  (cag)  stand  for  the  determinants 

b  ,     c  ,    f  ,        c  ,     a  ,    g 
QI>     GI>    ji  ^i>     ai»    5^1 

b-2>     c-2i    j  2  C2,     a2,     g2 

respectively:   each   term   is   thus   of  the  seventh  order   in   all   the  letters   conjointly,  but 
is   quadric   in  /,/,/,  g,  ffi,  g2.     Instead  of  a,   {3,   7    used   hitherto   to   denote    be,—  biC, 
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caj  —  Cjtt,  a&j  —  «!&,   it   will   be   convenient   to   call   these   «2,   /32,  72,   and   to   consider   the 
complete  system  of  coefficients 

a,  '«!,  or,  =  Z>jC2  —  62d,  62c  —  6c2,  icj  —  6jc;     /3,  &,  /32  =  da2  —  c2al5  c2a  —  ca2,  cc^  —  da; 
7,  7i>  72  =  C&1&2  —  «2&i,  a2b  —  ab.,,  ab^  —  a^b; 

and  to  denote  by  V    the  determinant   formed  with  a,  /3,  7;  «!,  /3l5  71  ;  a,,  /3.2,  72.     If  we 
then  expand  in  terms  of  the  products  (/,  /i,  /2)  (#,  ffi,  g*)>  we  find  first 

-  (eg*  -  c,g)  (ca,  -  da)  (bcf)  +  (cf,  -  Co/)  (be,  -  b,c}  (cag) 
=  -  (eg,  -  c,g)  /3,  («/+  ai/  +  «2/,)  +  (c/3  -  c,f}  a,  (/3g  +  frgi  +  &g,), 


and    next 


+  *&<>•.  f  iff 

-  @.2  (     ac  +  a,  c.>  =  -  ai 

-  a2  (-  /3c  -  &c.,  =    fa 


a/,  a/i+aj/  af2+a.2f 
fy  ,  bffi+brf,  bg2  +  b2g 
CiCo,  c.2  (c2  +  Ci2),  d  (c2  +  c./) 

CdC,7  +  C2  (c2  +  d2)  7i  +  ci  (c2  +  G/)  7-2  (=  CiC,  V  +  c2  (d7<>  + 

+  d  (/SjCofr  +  c~ab}fgl 


Uniting  the  two  parts,  we  ought  to  have 


[&c2  (d&  -0.2)  +  dc-a 

[ajC2  (cxa  +^.2)  -  d 

cs&  +  «i)  -  c.,c-ab]fg.2 
+  [cj  a2  (c.2a  —  /3j)  +  c.2c2 
4  c(dc.2a6  -aA)/^ 
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Substituting   for  a1}  &,  yl,  «2,  /32,  y2,  then   after   a  slight  reduction  it  is  found  that  the 
whole  equation  divides  by  c,  and  omitting  this  factor,  we  have 

0  =  c  [(c2«o  —  Cittj)  b  —  (c262  —  Ci&O  a]./# 
+  [  ccjafr  +  &iC2(c2a  —  ca2)  ~\fg\ 
+  [-  ccjafr  4-  a^  (62c  —  6c2) 
+  [—  cc2ab  4-  CJ&Q  (cc^  —  Ci«) 


+  [—  c^AH-  ca  62Ci  4-  &c  a^o 
+  [     c2a26!  —  be  «2Ci  —  ca  ^  c2 

Writing  here  af=  bg  =  ...  =  1,  the  equation  becomes 

0  =  c  (c,a2  -  d  aj)/-  c  (c262  -c^g 
+  cc1bgl  +  c.2  (c2a  —  ca2  )/ 

—  c^a/i  +  c2  (62  c  —bco)g 

—  cc.2bg2  +  Cj  (caj  —  c^)/ 
4-  cc2«/2  4  Cj  (&G!  —bic)g 
-  c2  4-  acd/i  4-  Z»cc25r2 

4-  c2  —  tcCj^!  —  caCvf2, 

where  all  the  terms  in/!,  <ft  destroy  each  other;   the  equation  thus  becomes 

0  =     (     cc2«2  —  cCjOi  4-   c22a  —  cc2a2  +  cc^  —   cfa)f 

+  (-  cc2  b.2  +  ccj  6j  +  cc2  62  -   c,26  +    cfb  -  CCT  6j  )  ^ 
that  is, 

0  =  (c22  -  c,2)  of  4-  (-  c.22  +  da)  i^. 

Or  again  writing  af=bg-\,  we   have   the  identity  0  =  0.     This   completes   the   proof  of 
the  equivalence  of  the  two  equations 


, 


_.__      ____      ..._  __  =  _  __  . 

6c  —  &!  Ci     ca  —  Cj  Oj     a6  —  ax  bY  gji*  —  g3  h3     ^2/2  —  hafs    ftf?  —faffs 

We  have  obviously  three  new  forms  derived  from  the  equation  in  (f,  77,  .£)  in  like 
manner  as  AVC  had  previously  three  new  forms  derived  from  the  equation  in  (x,  y,  z); 
the  equivalence  of  the  8  forms  to  each  other  is  thus  shown,  and  the  proof  is  now 
complete  for  each  of  the  28  bitangents. 

Cambridge,  15  Dec.  1882. 
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In  what  follows,  instead  of  the  four  equations  of  the  form 

ax  +  by  +  cz  +/£  +  grj  +  h%  =  0, 


87 


I  take   the   first  equation   in  Riemann's  form  with   the  coefficients  unity.     The  equations 
thus  are 

z  +        +     7;+     f=0, 


y  +  c  z  +f  % 


c.2z 


and  if  we  assume 
then  we  have 


-  X2  - 


X22  =  A!  A, 


+  XsOTj  ,  &c. 

+  a,/)  +  \.,\  (c^  +/x)  +  \\,  (a 

+  61  g)  +  XsX  (b,  +gl)  +  \\  (b  +  g), 

+  G!  h)  +  \2\  (GI  +  Aj)  +  XXj  (c  +  h), 


and  consequently 


\\.,  :  A,) 

•\  ~v           D        (~\    .     T> 

\.      .     A./VI  ==  J^      .      VjJ      .     Xt, 

or  say 

A  :  Aj  :  7 

u  =  Qxi  :  RP  ~.  PQ, 

where 

P,  Q,  R  = 

I?     Ui+fi,     a+f 

i 

1, 

a  +f,     af^  +  dif 

y 

1,     a/1  -fa,/,     a1+/i 

I,     b.  +  g,,     b+g 

1, 

b+g,     bgl  +  b,g 

1,     bffi+hg,     b1  +  g1 

1,     Ci+Az,     c+A 

1, 

c  +  h,    cA]  +  c1  h 

1s*n     .]„  f*   n           f*     i-l-  /) 
.         O't'j      i^  l/J**  j         vj  T^  /t/j 

Suppose  that  one  of  these  determinants,  to  fix  the  ideas,  say  Q,  is  •  =  0  ;  we  have 
X  :  Xj  :  X2  =  0  :  JSP  :  0  ;  that  is,  A,  and  A^  each  =  0  ;  and  consequently  \  =  1  :  that  is, 
we  have  a.2,  &.,,  C2,  /2)  #2,  h2=  a,  b,  c,  f,  g,  h,  the  fourth  equation  identical  with  the 
second,  or  say  the  second  equation, 


ax  +  by  +  cz  +f£  +  gr)  +  h£  =  0, 
is  a  double  equation  :   as  just  seen,  the  condition  for  this  is 


Q  = 


1,     a+f,     «/+«!/    =0, 
1,     b  +  g,     bg,  +  b, 
1,     c  +h,     cAj  4-Cj 


say  this  is 

if  for  shortness 


L  (of,  +  alf)+  M(bg,  +  b,g)  +  N  (ch,  +  Clh)  =  0, 
L,  M,  N=  b  +  g  -  c  -  h,     c+h-  a  -f,     a  +f-  b  -  g. 
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A  special  solution  is  if  a1}  b1}  Cj  =  a",  b-,  c-  ;   for  then 

«i,  &i,  d,  /,  #!,  /h  =a2,  &2,  c2,  /2,  #2,  A2; 

consequently  af.  +  ^f,  bg^^g,  ch1  +  clh  =  a+f,  b+g,  c  +  k:  and  the  condition  in 
question  Q  =  0  is  thus  satisfied. 

It   is   to   be   shown    that,  in   the   general   case    of  the   equation    Q  =  0,  the   curve   is 
a  nodal  quartic  having  the  node  at  the  point 

x  :  y  :  z  :  %  :  rj  :  £=/£  :  gM  :  hN  :  aL  :  bM  :  cN, 

and  that  in  the  special  case  a1}  bl}  cx=a2,  b2,  c2  the  node  is  a  fleflecnode,  viz.  a  node 
which  is  a  point  of  inflexion  on  each  of  its  two  branches.  In  the  former  case,  the  six 
tangents  from  the  node  are 

ax  +  by  +  cz  =  0    or   /£  +  gvj  +  h%  =  0, 


ax  +  gr)  +  cz  =  0  „    /£  +  by  +  h£  =  0, 

ax  +  by  +  h£  =  0  „    fg  +  grj  +  cz  =  0, 

y  z         -0  or  ^  *?  =0 

"      f^    "l-ab  *-9J*iV-*J*A 

_^     ,      z     =0         _L_  +  _7?_  + 


In   the   latter  case,  the  same  equations   represent   the  four  tangents  from   the   node  and 
the  two  tangents  at  the  node  respectively. 

For  the  proof,  we  assume  that  the  four  lines 

ax  +  by  +  cz  =  0, 
/£  +  by  +  cz  =  0, 
ax  -rgi)  +  cz  =  Q, 
ax  +  by  +  h%  =  0, 

have  a  common  intersection:  this  gives  ax=fj;,  by  =  grj,  cz  =  h£;  or  say 

<*,  y,  *,  £  v>  £=/£•  9M>  hN>  aL>  bM>  cN> 

where   for   the   moment   L,   M,   N  are   indeterminate   quantities:    but    substituting  these 
values  in  the  first,  second  and  third  equations,  we  find 

(a+f)L+        (b+g)M+       (c  +  h)N=0, 

L+  M+  N=0, 

(af,  +  a,f)  L  +  (bg,  +  6^)  M  +  (ch,  +  Clh)  N  =  0, 

giving   for   L,  M,  N  the  values  b  +  g-c-h,  c  +  h-a-f,  a+f-b-g  already  attributed 
to  these  letters. 
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And  we  see  further  that  the  point  in  question 

x,  y,  z,  £  ?;,  £  =fL,  gM,  hN,  aL,  bM,  cN, 
is  a  point  on  each  of  the  lines 

X  1J  Z 

i    y_ I _  Q 

I— be         l—ca         1  —  aft 

T"  H  7  7~     ==    V. 


__  __    _     ____ 

be  —  &iC!     ca—  Cjftj     ab—a1b1 
In  fact,  for  the  first  of  these  lines,  we  have  only  to  verify  the  equation 

fL  (1  -  ca)  (1  -  aft)  +  #J/  (1  -  aft)  (1  -  be)  +  hN  (1  -  ftc)  (1  -  ca)  =  0, 
that  is, 

L  (/-  b-c  +  abc)  +  M(g-c-a  +  abc)  +  N  (h  -  a  -  b  +  abc)  =  0, 
viz.  this  is 


L  (a  +/)  +  M(l>+g)  +  N(c  +  h)  +  (-a-b-c  +  abc)  (L  +  M  +  N)  =  0, 
which  is  right.     And  similarly,  for  the  second  line,  we  have  to  verify  that 

fL  (ca  —  c^O  (ab  —  a-J)^  +gM(ab  —  a^)  (be  —  b^)  +  hN  (be  —  b^)  (ca  —  daj  =  0, 

that  is, 

L  (abc  —  icjttj  —  ca^  +fa12b1Ci)  +  &c.  =  0, 

or,  multiplying  by  fiffJh,  this  is 

L  (abcf^J^  -  bgl  -  ch^  +  a,f)  +  M(abcf1g1hl  -cl^-af^b.g)  +  N  (abcf^h  -  af^  -  bg^c^h)  =  0, 

viz.  this  is 

(abcf^Jt,  -  a/!  -  10!  -  chj  (L  +  M  +  N)  +  (af,  +  a,/)  L  +  (bg,  +  b,g)  M  +  (ch,  +  cji)  N=0. 
We  have  thus  six  of  the  double  tangents  meeting  at  the  point 
<*»  y,  z>  £  V,  ?,  =fL,  9^,  hN,  aL,  bM,  cN, 

which  implies  that  this  point  is  a  node  on  the  curve  :  and  we  at  once  see  that  the 
values  satisfy  the  equation  V#f  +  Vy??  +  *fs£  =  0  of  the  curve  ;  viz.  the  equation  for 
the  values  in  question  becomes  VZ'-'  +  ^M  2  +  */N'2  =  0,  and  the  rationalised  equation  is 
satisfied  as  containing  the  factor  L  •+  M  +  N  which  is  =  0. 

But   to    show    d  posteriori   with    greater    distinctness   that   the   point  is,   in   fact,   a 
node,  observe  that,  the  rationalised  equation  being 


the  differential  d£l  is 

(a£  -yn-  z$)  +  (ydrj 


12 
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which  for  the  values  in  question  becomes 

=  L  (fd£+adx)  (&  -  M2-N"-)+M(gdr)+bdy)(-L*+M*  -N-)  +  N  (hd£+cdz)  (-L--M-+N-) ; 

-and  this,  in  virtue  of  L+M  +  N=0,  and  therefore  Z3  -  M 3  -  N-  =  2  MN,  &c.,  is 

=  %LMN(a  dx  +  b  dy  +  c  dz  +fd£  +  g  dy  +  h  d%\ 
which  is  =0  in  virtue  of  the  second  equation. 

Consider  now  in  the  special  case  aly  b1}  c}  =  a",  b2,  c2,  the  line 

x              v             z 
L      y      _i_ Q  . 

1  —  be      1  —  ca      1  —  ab 
combining  this  with  the  first  and  second  equations 

x  +   y  +  z  4-    £  +   T?+    £=0, 

ax  +  by  +  cz  +/£  +  gr\  -j-  h%  =  0, 
we  deduce 

x—  — . 


if   for    shortness   F,  G,  H,  a,   ft,   j  =  bc—l,   ca-l,   ab—l,   b  —  c,   c  —  a,   a  —  b.      Observe 

that  we  have  L=b  +  g  —  c—  h  =  (b—  c)  (  1  —  =-),  that  is,  bcL  =  aF;  and  similarly  caM  =  {3G, 

\        ocj 

and  abN  =  yH.     And  if  for  a  moment  we  write  further 

£,  77,  £  7,  J,  K,  =  aaX,  6/37,  c7£,  ooF,  6/SG,  07^, 
values  which  give 

I  +  J+K  =  (abc  -a)(b-c)+  (abc  -b)(c-a)  +  (abc  -  c)  (a  -  b),     =  0, 
then  the  equation  v  'x%  +  ^yr]  +  V  '  z%  =  0  of  the  curve  becomes 

\/IX(T^Z}  +  \/JY(Z-X)  +  *JKZ~(X  -  F)  =  0, 
which  in  the  rationalised  form  is 

I*X*(Y-ZY+J*Y*(Z-X?+S*Z*(X-Tf 

-2JKYZ(Z-X)(X-Y)-2KIZX(X-Y)(Y-Z)-'2TJXY(Y-Z)(Z-X)  =  Q, 

viz.  this  is 


Y*Z*(J°-  +  '2JK  +  K*)+...  +  2YZ(JK-  I--IJ-  IK)  +...  =  0, 
which,  in  virtue  of  /  +  J  +  K  =  0,  becomes 

(IYZ  +  JZX  +  KX  T)2  =  0, 
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that   is,   the   quartic   is    met   by   the   line   in   question   at   the    intersections   (each   taken 
twice)  of  the  line  with  the  conic 


that  is, 

.  £77  =  0. 


But  the  equation  of  the  line  in  terms  of  £,  77,  f  is 

f        _?_        r 

I       7     /»  7         /•        I 


7  7       T^    7  ^          7       _iT       '      -^  J?  "~    u» 

gh  —  g-Liii    hj  —  /i1jl    jg—f\gi 

that  is, 


oi*,  what  is  the  same  thing, 

62c2£     C2a27?      aW£_n 
^      ~0"       "F 

and  this  is  clearly  a  tangent  to  the  conic  ;    viz.  the  rationalised  form  of 


.  ~  =  0, 

that  is,  Va3  +  VyS2  +  Vy-  =  0  is  satisfied  in  virtue  of  a  +  /3  +  7  =  0.  Hence  the  four 
intersections  coincide  together,  or  the  line  has  with  the  curve  a  quadruple  intersection 
at  the  node,  that  is,  it  is  a  tangent  at  the  node  to  a  branch  having  an  inflexion. 
And  similarly  the  other  line 

+  +  -0'  that  1S'  ++  =  0' 


is   a   tangent   at   the   node   to  the  other  branch  having  also   an  inflexion;   thus  the  node 
is  a  fleflecnode,  and  the  lines  are  the  tangents  to  the  two  branches. 

I   continue   the   investigation   of    the   special  case   alf   blt   c1(  =  a2,    b",   c2.     The  three 
equations  give 


writing 

A,  B,  C,  F,  G,  H;   a,  /3,  7,  =  a"  —  1,  b-  —  1,  c2  —  1,  be  —  1,  ca  —  1,  ab  —  1  ;   b—  c,  c  —  a,  a  —  b, 

and  also 


then  we  find 

|  =  a?  (ctFu  -  x), 


=  c2  (yHu  -  z\ 

12—2 
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say  for  shortness  these  values  are 

£,  rj,  £=pu  —  a?x,     qu  —  tfy,     ru  —  c^z, 
where 

p,  q,  r  =  a?ctF, 


We    have  "moreover  f2  @y  .  %  =  Py  (a  Fu  -x),   =  F(Ax  +  By  +  Cz}  -  pyx;    or   observing 
that  GH—AF=  —  /3y,  &c.,  we  have 


=  GHx  +  BFy  +  CFz, 
=  A  Go;  +  HFy  +  CGz, 
h?aj3l;  =  AHx+  BHy  +  FGz. 

It  is  to  be  shown  that  the  tangents  from  the  fleflecnode 

ax  +  by  +  cz  =  0, 
/£  +  by  +  cz  =  0, 
ax  +  grj  +  cz  =  0, 
ax  +  by  +  h%  =  0, 
touch  the  quartic  at  its  intersections  with  the  line  w  =  0. 

To    prove    this,   for    the    first    line    we    have    ax  +  by  +  cz  =  0,  f%  +  grj  -f  h%  =  0,    and 
consequently  ac%—  yrj  —  z%  =bky£+  cgzrj.     But  the  equation  of  the  curve  is 


and  this  becomes  thus 

n  =  (bhy%  +  cgzrff  —  4>bcghyzr)%  =  (bhy%—  cgzrj)2  =  0  ; 

and  we  thus  find  that,  for  the  four  lines  respectively,  the  equations  for  the  points  of 
contact  are 

ax  +  by  +  cz  =  0,     bhy%  —  cgzrj  =  0, 

f%  +  by  +  cz  =  0,  „ 

ax  +  grj  +  cz  =  0,     ghr]£  —  bcyz  —  0, 
ax  +  by  +  h^—  0,  „ 

But  for  the  first  line  we  have 

bhy£  —  cgzr)  =  bkyc2  (y  Hu  —  z)  —  cgzb2  (ft  Gu  —  y), 
—  bey  (y  Hu  —  z)  —  bcz  (ft  Gu  —  y), 
=  bcu  (y  Hy  -  ft  Gz\ 

so  that  the  intersections  with  the  conic  are  given  by  the  equations  yHy  —  ftGz  =  0, 
and  u  =  0  respectively :  the  first  of  these  corresponds  to  the  fleflecnode  (in  fact,  we  have 
yH.gM  —  ftG  .  hN=  0,  viz.  multiplying  by  abc,  this  is 

yH.caM-ftG.abN  =  0, 

which  is  right),  hence  the  second  corresponds  to  the  point  of  contact,  that  is,  the  point 
of  contact  lies  on  the  line  u  =  0.  And  similarly,  for  each  of  the  other  three  tangents, 
the  point  of  contact  lies  on  the  same  line  u  =  0. 
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It  is  clear  that  writing  ^  =  0,  T.2  =  0,  Ts  =  0,  T4  =  Q  for  the  four  tangents  from 
the  fleflecnode  and  T5  =  0,  T6  =  0  for  the  tangents  at  this  point,  the  equation  of  the 
curve  must  be  expressible  in  the  form 


The  reduction  to  this  form  is,  I  think,  effected  by  means  of  the  formulae  which 
give  £,  77,  f  in  terms  of  x,  y,  z,  more  readily  than  by  means  of  simpler  formula?  for 
£,  rj,  %  in  terms  of  x,  y,  z  and  u.  We  have 


=  0, 
and  hence 

(GHx  +  BFy  +  CFz}- 
x  +  HFy  +  GGzJ 


(AGx  +  HFy  +  GGz)  (AHx  +  BHij  +  FGz} 
(AHx  +  BHy  +  FGz}  (GHx  +  BFy  +  CFz) 
-  2h*fY~«/3xy(GHx  +  BFy  +  CFz  )(AGx+  HFy  +  GGz}  =  0. 
The  result  after  some  reductions,  and  putting  for  shortness 

ha/3CG  -g*vBH  =  %, 
=35, 


s 


.  93^  +  ZhyGHa  . 
+  ZfW 
*G  H 


We  have 


{-  m  -<fHF  (  f-/3yAH 

{-  ?133  -  h*FG  (  f*/3yAG  +    tftoBF  +  MafiC3      =  0. 


//»  ,!/  ty 

T  -  _i_      "     _L 

-*•  5    T  I  "        -i 


1  —  6c         I  —  ca         I  —  ab  ' 

np  fit  /y 

"K  — JL i ^_ i z 

be  —  b'2c-     ca  —  c-a-     ab  —  a-b- ' 
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or,  as  these  equations  may  be  written, 

0/37?*  =       Ax  +      By+       Cz, 
-FGHT5=    GHx  +  HFy  +   FGz, 

-  abcFGHTs  =  aGHx  +  bHFy  +  cFGz  • 
whence 

abcF>G2H>  .  a#y  .  uT5T6  =  (Ax  +  By  +  Cz)-  (GHx  +  HFy  +  FGz)  (aGHx  +  bHFy  +  cFGz), 
where  the  coefficient  of  a?  is  =  aA-G*H2. 

Again  jP,  =  ax  +  by+  cz.     For  T2  we  have 

6c/37T2  =  abcffty  (ft  +  by  +  cz) 

=  abc  (GHx  +  BFy  +  CFz)  +  bc/3y  (by  +  cz), 

where  the  coefficient  of  x  is  abcGH.     The  coefficient  of  y  is 

abc  (62  —  1)  (be  —  1)  +  b-c  (c  —  a)  (a  —  b),     =  be  (absc  —  b-c  —  a-b  +  a), 

=  bc(ab-l)(b*c-a), 
=  bcH  (b-c  —  a), 

and    similarly    the    coefficient    of    z    is    =  bcG  (be-  —  a).     We    have    thus    the    expression 
for  T2;   and  forming  in  like  manner  the  expressions  for  Ts  and  T±,  we  may  write 

I\  =  ax  +  by+  cz, 

bcfiyTi  =  abcGHx  +  bcH  (b-c  -a)y  +  bcG  (be-  -  a)  z, 

cayaTs  =  caH  (ca-  —  b)x+  abcHFy  +  caF  (c"a  —  b)  z, 

aba/BTi  =  abG  (a-b  -  c)  x  +  abF  (ab-  -c)y+  abcFGz, 

whence  in  a?l)-c'1ai-^-^iT-iT,,T^T^  the  coefficient  of  x1  is 

=  a462c2  .  G2H-  .  (ca-  -  b)  (a?b  -c)  =  a4b-c-  .  G-H-  (bcA-  -  a2a2). 
We  hence  obtain  the  required  identity  :   viz.  this  is 


-  1  .        a-'62c-a2/3272  .  T,  T,  T,  T4  ; 

for   here    comparing   the   terms   in   x4,  the   factor  G-H-  divides   out,    and   omitting   it,  we 

have 

a662c2a2  =  a363c3  .  a  A-  -  a462c2  .  (be  A-  -  a-a.-), 


which  is  right.  If  for  O'  we  substitute  its  value,  ^f^fra-ft-y-Q,  then  the  identity 
divides  by  a2b2c2a/3y,  and  omitting  this  factor,  we  obtain  the  equation  of  the  curve  in 
the  form 

.  uT5T«-a/3<y.  T.T.T.T,  =  0  ; 


the   required    form,    putting   in    evidence   the    two   tangents    at    the    fleflecnode,   and   the 
four  tangents  from  this  point. 

Cambridge,  3rd  January,  1883. 
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817. 
ON    THE    SIXTEEN-NODAL    QUARTIC    SURFACE. 

[From  Crelle's  Journal  der  Mathem.,  t.  xciv.  (1883),  pp.  270—272.] 

RIEMANN'S  theory  of  the  bitangents  of  a  plane  quartic  leads  at  once  to  a  very 
simple  form  of  the  equation  of  the  sixteen-nodal  surface  :  viz.  if  f  ,  77,  £  denote  linear 
functions  of  the  coordinates  (x,  y,  z,  w)  such  that  identically 

x+  y  +  z+   £+    77+    £=0, 
ax  +  by  +  cz  +/£  +  grj  +  h£=  0, 

(where  af=bg  =  ch=l),  then  the  quartic  surface 

V#£  +  *Jyrj  +  *Jz%  =  0 
has  the  sixteen  singular  tangent  planes  (each  touching  it  along  a  conic) 


x  +  y  +  z  =  0,     aa 
%  +  y  +  z  =  Q,    f%  +  by  +  cz  =  0, 
+  1}  +  z  =  0,     ax  +  grj  +  cz  =  0, 


x 


_# y z     _  0        £  t]       f__  0 1 

and  it  is  thus  a  sixteen-nodal  surface. 

I  have  formerly  given  the  equation  of  this  surface  under  the  form 
Va;  (X  -  w)  +  \?y(Y-  w)  +  *Jz(Z-iu)  =  0, 
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where 

a  +  /3    +  7  =  0,       X  =  a  (y'y"y  -  ffff'z), 

a  +/3'  +  7'  =  0,       Y  =  /3  (a'a."z  -  y'y'x), 
a"  +  $"  +  7"  =  0,        Z  =  7  (ffff'a;  -  a  «"y  ), 


Y"  =  j3"(a*'z    -yy'x), 
Z"  =  y"  (ftft'x  —  aa'  y  ), 

and  where  the  equations  of  the  sixteen  singular  tangent  planes  are 

x  =  0,  2/  =  0,  z  =  0,      w  =  0, 

X  -w  =  0,  Y  -w=0,  Z  -w  =  0,  P=0, 
X'  -  w  =  0,  F  -  w  =  0,  ^  -  w  =  0,  P'  =  0, 
Z//-?v  =  0,  Y"-w  =  Q,  Z"-w  =  Q,  P"  =  0; 

see    Crette'fi    Journal,    vol.    LXXIII.    (1871),    pp.    292,    293,    [442],   and    also    Proc.    Lond. 
Math.  Soc.,  vol.  in.  (1871),  p.  251*.  [454]. 

To  identify  the  two  forms,  using  x',  y',  z',  %,  77',  %  for  the  new  form,  I  assume 

x'>  V'>  z'>  £',  'n',  £  =  l®,  my,  nz,  p(X-w),  q(Y-iv\  r(Z-w), 
where  Ip  =  mq  =  nr  =  1  ;   and  so  convert  the  equation 


*Jx(X-w)  +  \/y(Y-w)  +  ^z(Z^w)  =  0 
into 


V^f  +  VyV  -I-  VTf'  =  0. 

The   constants   (I,  m,  n,  p,  q,  r)   and   (a,  b,  c,  f,  g,  h),    where   af=by  =  ch  =  l,    are    then 
to  be  determined  so  that  we  may  have  identically 

of+   y'+  z'+   f  +    4+    f  =  0, 

aa/  +  by'  +  cz'  +f?  +  grj'  +  h?  =  0, 

and  we  thus  obtain  8  new  equations  to  be  satisfied  by  the  12  constants,  viz.  these  are 


m  +p.  OLy'y"  —  r  .  ya'a."  =  0, 
n  +q.j3oL'a"  -  p.aft'l3"=0, 
p  +q  +  r  =0, 

al  +  hr  .  y/3'/3"  -  gq  .  /3y'y"  =  0, 
bin  +fp  .  ay'y"  —  hr  .  yafa"  =  0, 
en  +gq.  /3a.'a"  -fp  .  a/3'/3"  =  0, 


[*  This  Collection,  vol.  vn.,  p.  282.] 
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But   substituting   for   a,    b,    c,    I,    m,   n    their    values    -,,   -,    -     -      -      -     we    have   in 

/      g     h     p      q'    r' 

all  8  equations  for  the  determination  of  qr,  rp,  pq,  gh,  hf,  fg ;  viz.  if  for  greater  con 
venience  we  introduce  the  new  symbols  2(,  53,  (£  =  qra'a",  rp/3'fi",  pqyy",  then  the 
8  equations  are 

53 


^^ 

=  0, 

i^jfy             /*) 

7 

1         (£ 

21 

i         __ 

— 

=  0, 

ya          y 

a 

1+-   * 

a/3         a 

53 
ft 

=  0, 

'    /'          /->/  rt" 

/  // 

ta        p  p 
W""1      M    + 

77 
tt 

=  0, 

i     ,  e     ,  si 
—  +  /&  •  —  gh.- 

ya  y  a 

1  21      ,  ,,  53 


- 

But  in  virtue  of  the  equation  a+/3  +  y  =  0  the  first  four  equations  are  equivalent  to 
three  equations  only,  and  they  determine  21,  53,  (5,  that  is,  p,  q,  r,  which  give  at  once 
I,  m,  n;  and  similarly  the  second  four  equations  are  equivalent  to  three  equations 
only,  and  21,  53,  6  being  known  they  determine  gh,  hf,  fg,  that  is,  /,  g,  h,  which  give 
at  once  a,  b,  c:  the  identification  of  the  two  forms  is  thus  completed. 

Cambridge,  lltk  January,  1883. 
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818. 

NOTE  IN    CONNEXION   WITH  THE    HYPERELLIPTIC  INTEGRALS 

OF   THE   FIRST  ORDER. 

[From  Crelle's  Journal  der  Mathem.,  t.  xcviu.  (1885),  pp.  95,  96.] 

IN  the  early  paper  by  Mr  Weierstrass  "Zur  Theorie  der  Abelschen.  Functionen," 
Crelle's  Journal,  t.  XLVII.  (1854),  pp.  289  —  306,  we  have  pp.  302,  303,  certain  equations 
(43),  and  (stated  to  be  deduced  from  them)  an  equation  (49).  Taking  for  greater- 
simplicity  n  =  2,  the  equations  (43)  written  at  full  length  are 

l  "12    —  -*M2  "11  ~l~  -^21«22     —  -"-22   "21  =  0,  K.  u  J  12  —  JK.  ]2i/  n  +  .«.  ->iJ  >>>  —  K.  <£1J  21  =  0, 

UJ\,  -  K\Jn  +  K*J**  -  K'Z2  J*  =  0,        Kvi  J'n  -  K'UJ12  +  K,2  J'21  -  K'^  =  0, 
uJ'n  —  K'-a.J\\  +  »»«'•  —  ^'21  <^2i  =  i77"*      ^12  J'K  —  K'izJi2  +  K*>.  J  22  ~~  -^"22^2-2  =  ^T  ; 
viz.  in  the  theory  of  the  hyperelliptic  functions  depending  on  the  radical 


(43) 


#  —  a0  .  a;  —  ax  .  x  —  a»  .  x  —  a:J  .  x  —  a4, 

these  are  relations  between  the  eight  integrals  K  of  the  first  kind,  and  the  eight 
integrals  J  of  the  second  kind.  Each  equation  contains  both  ./f  s  and  «7's,  and  there 
is  not  in  the  paper  any  express  mention  of  a  relation  between  the  K's  only,  which 
occurs  in  Rosenhain's  Memoir,  and  is  a  leading  equation  in  the  theory.  But  taking 
as  before  n  =  2,  and  for  the  G's  which  occur  in  (49)  substituting  their  values  as 
obtained  from  the  preceding  equations  (46)  and  (47),  the  equation  becomes 

(49)     KnK'*  -  K21K'U  +  KvK'v  -  K^K\,  =  0, 

which  is  the  equation  in  question  :  it  is  the  equation  (o0v^  —  &>;iv0  +  oa^  —  (azvl  =  0  of 
Hermite's  Memoir  "Sur  la  theorie  de  la  transformation  des  fonctions  Abe'liennes," 
Comptes  Rendus,  t.  XL.  (1855). 

It    is    interesting    to    see    how   the    equation    (49)    is    derived    from    the    equations 
(43).     I  write  for  greater  convenience 

T?          If          W          TT          V  V  IT'  V  T  T  J  J  J'  T  T'  T' 

•«M1>       -"12>       -'121>       -°-22>       •"•  11)       -**-  12>       -n-21>       -*1-  22>       "111       "12)       "21»       "22»       "11)       "12)       "   21  >       "22 

=  A  ,    B    ,    C  ,    D   ,    A'   ,    H   ,    G'   ,    D'   ,    a   ,    0  ,    y   ,    8   ,    a'   ,    &  ,    y    ,8'. 
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The  given  equations  then  are 

A$  -BOL  +CB  -Dy  =0,        A'P  -  B'a'  +  C'B'  -  D'y'  =  0, 
(43)     -  Aft'  -  B'OL  +  OS'  -  D'y  =  0,        A'/3  -  B<*'    +  C'B  -  Dy'  =  0, 
ACL   -  A'a+  Cy'  -  O'y  =  \TT,       BP    -  ff/3  +  DB'  -  D'B  =  far  ; 

and  it  is  required  to  show  that  these  lead  to  the  relation 

(49)    AC'-A'C  +  BD'-B'D  =  0. 

From  the  first  and   fourth    equations,  and  from  the  second   and  third   equations  of  (43), 

we  deduce 

(AC1  -  AC)  0  +  (Co!  -  C'a)  B  +  (Cy'  -  C'y)  D  =  0, 
(AC1  -  AC)  P  +  (Co!  -  C'OL)  B'  +  (Cy'  -  C'y)  D'  =  Q- 

and     again    from    the    first    and    third     equations,    and    from     the    second    and    fourth 
equations  of  (43),  we  deduce 

(BDf  -  B'D)  a  +  (DP  -  &$)  A  +  (DB'  -  D'B)  (7=0, 
(BU  -  B'D)  a  +  (DP  -  jyp)  A  +  (DB'  -  D'B)  C'  =  0. 
These  pairs  of  equations  give  respectively 

AC'-A'C  :  Cot-CTa  :  Cy'  -  C'y  =  ED'  -  B'D  :  DP~D'j3  :  -(B&-&&), 
and 

AC'-A'C  :  Ca'-C'a  :  -  (Aa'-A'a)  =  BD'  -  B'D  :  Dp~D'$  :  DB'-D'B; 

whence   putting   for   shortness   Ao!  -  AOL,   B@'-B'j3,  Cy'  -  C'y,  DS'  -  D'B  =  a,  b,   c,  d,   we 
have 

AC'-A'C         c         a 

/     =  —  r  =  —  -;  ;   whence  ab  =  cd. 


But  the  last  two  of  the  equations  (43)  are 


we   have   thus   a  +  c  =  b  +  d,   =b+—  ,   =-(a  +  c);   or,  since   a+c,  =  \TT,  is  sot    =0,  this 


—  ,   =- 
c          c 

gives  b  =  c,  whence  also  a  =  d,  and  we  have 

AC'-A'C 
BD'  -  B'D 

that  is, 

AC'  -  A'C  +  BD'  -  B'D  =  0, 
the  required  equation. 

Cambridge,  Wth  September,  1884. 
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819. 


ON  TWO  CASES  OF  THE  QUADRIC  TRANSFORMATION  BETWEEN 

TWO    PLANES. 

[From  the  Johns  Hopkins  University  Circulars,  No.  13  (1882),  pp.  178,  179.] 

SEEKING  for  the  coordinates  x3,  y3,  z3  of  the  third  point  of  intersection  of  the 
cubic  curve  a?  +  ys  +  z3  +  Qlxyz  =  0  by  the  line  through  any  two  points  (xl}  y1}  Zi), 
(#2,  2/2,  z2)  on  the  curve,  the  expressions  present  themselves  in  the  form 

x3  :  ys  :  z3  =  P  +  21  A   :  Q  +  21B  :  R  +  210, 
where 

P  =  x-iy^y.?  +  z-i  x-^z.?  —  y?x.2y.2  —  zi'Z2  oc.2,     A  =  sc-?y»z2  —  y^  x.?, 

Q  =y1zl  z?  +  x^x./  -  zty2z2  -  x?x.2y»  ,     B  =yi*  z,  x.2  -  zl  x^.?, 
R  =  z^x?  +  y&yj  -  x?z^  -  y^y2  z2,     0  =  zf  x2y2  -  a^yl  z£\ 

but   it   is   known   that,   in    virtue    of 

,  yl  zl  =0,     U,  =  x* 


which  connect  the  coordinates  (xlt  y^  zj  and  (x2,  y.2,  z.2),  we  have  P  :  Q  :  R=A  :  B  :  C*, 
so  that  the  coordinates  (#3,  y3,  23)  of  the  third  point  of  intersection  may  be  expressed 
indifferently  in  the  two  forms 


3  =  P  '•  Q  '•  R>     and     x3  :  y3  :  zs  =  A   :  B  :  C. 

But  these  considered  irrespectively  of  the  equations  U^  =  0,  £72  =  0,  are  distinct 
formula,  each  of  them  separately  establishing  a  correspondence  between  the  three 
points  (a?!,  ylt  zj,  (#2,  y2,  z2),  (x3,  ys,  z3),  or  if  we  regard  one  of  these  points  as  a  fixed 
point,  then  a  correspondence  between  the  remaining  two  points,  or  if  we  consider  these 
as  belonging  each  to  its  own  plane,  then  a  correspondence  between  two  planes. 

*  See  Sylvester  on  Rational  Derivation  of  Points  on  Cubic  Curves,  Amer.  Jour,  of  Math.  vol.  in.  p.  62. 


OF    THP 


81.9]      TWO  CASES  OF  THE  QUADRIC  TRANSFORMATION  BETWEEN  TWO  PLANES.       101 

Writing  for  convenience  (a,  b,  c)  for  the  coordinates  of  the  fixed  point,  and  (a?1}  ylt  zj, 
(#2,  2/0,  z2)  for  those  of  the  other  two  points,  the  formulae  with  A,  B,  C  give  thus  the 
correspondence 

#2  :  ya  :  Z2  =  bcx?-a2ylz1  :  cay?-b%xl  :  abz?  -  c^y^ 

which  is  the  first  of  the  two  cases  in  question.     These  equations  give  reciprocally 

*i  :  2/i  :  z1  =  bcx?— a^y.,z,2  :  cay? —  b-z.,x.,  :  abz?  —  c-x.,y», 
or  the  correspondence  is  a  (1,  1)  quadric  correspondence. 
The  formulae  with  P,  Q,  R  give  in  like  manner 

x.2  :  y.2  :  z.2  =  a  (ax?  +  byf  +  cz^)  -  x^  («*#,  +  b'2^  +  c2^),  &c., 

or  if  for  shortness 

Hx  =  ax?  +  by?  +  cz?,     @j  =  a2^  +  b'2^  +  c2^, , 
then 

#2  :  2/2  :  z^  =  anil  —  a;1®1  :  bfy-y^  :  cflj  —  ^®!, 

which  is  the  second  of  the  two  cases.     We  have  reciprocally 

#1  :  2/i  :  zi  ~  a^2  —  «2®2  :  bn2  —  y.J&2  :  cO,  —  02®.2, 
where 

H2  =  a«22  +  %22  +  c^22,     @2  =  a2#2  +  fc2^  +  c2^, 

and  the  correspondence  is  thus  in  this  case  also  a  (1,  1)  quadric  correspondence. 
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820. 

ON  A  PROBLEM  OF  ANALYTICAL  GEOMETRY. 

[From  the  Johns  Hopkins   University  Circulars,  No.  15  (1882),  p.  209.] 

THE  object  of  the  present  note  is  only  to  call  attention  to  a  problem  of  Analytical 
Geometry  which  presents  itself  in  connexion  with  the  reduction  of  an  algebraical  integral, 
and  which  is  solved,  pp.  21,  22  of  Clebsch  and  Gordan's  Theorie  der  Abel'schen  Functionen 
(Leipzig,  1866);  viz.  the  problem  is,  considering  a  line  drawn  through  two  given  points 
of  a  curve  /=  0  of  the  order  n,  to  find  the  equation  of  a  curve  fl  =  0  of  the  order 
n  —  2  passing  through  the  remaining  n  -  2  points  of  intersection  of  the  line  with  the 
curve  /,  through  the  double  points  of  /,  and  through  as  many  other  given  points  as 
are  required  for  the  determination  of  the  curve.  If,  for  instance,  f  is  a  quartic  curve 
without  double  points,  then  fl  is  the  quadric  curve  which  passes  through  the  remaining 
two  intersections  of  the  line  with  O,  and  through  three  given  points.  Take  (£,,  i)1}  ^1), 
(£2,  %,  £2)  the  coordinates  of  the  two  given  points  on  the  curve  /;  (xlf  ylj  z^, 
(#2,  2/2,  £2),  (#s,  2/3,  2s)  for  the  coordinates  of  the  three  given  points  :  and  write 
n,  =  (a,  b,  c,  f,  g,  li$x,  y,  zf  —  0  for  the  equation  of  the  required  curve.  In  the 
equation  /,=(#,  yy  zf  =  0,  write  ae,  y,  z  =  X£  +  /uf2,  X^  +  yu/j/a,  X£  +  /*£  :  we  obtain  an 
equation  originally  of  the  fourth  order  in  (X,  fi),  but  which  divides  by  \p,  and  which 
when  this  factor  is  thrown  out  becomes 

«X2  +  ySX/it  +  7/4-  =  0  ; 
where 


where  for  shortness  f1}  fa  are  written  to  denote  /(^,  %,  ^),  /(£,,  T;.,,  (;)  respectively. 


820] 


ON    A    PROBLEM    OF   ANALYTICAL    GEOMETRY. 


103 


The  condition  as  to  the  two  points  obviously  is  that,  making  the  same  substitution 
x,  y,  z  =  \^  +/t£2,  ^i  +  A"?2>  VTi  +  A^fa  in  tne  equation  XI  =  (a,  .  .  .  $#,  ?/,  ^)2,  =0,  we  must 
obtain  the  same  quadric  equation  in  (\,  /*).  We  have  thus  two  conditions,  which, 
introducing  an  indeterminate  multiplier  8,  are  expressed  by  the  three  equations 

(a,  ...$&,  i71}  £j)2  =<9a, 

(«,...$&,  17,,  £,)(£,,  772,  £)  =  #& 
(«,...$&,  %,  f,)1  =  07- 

The  conditions  as  to  the  three  points  are  obviously 

(a,  ...$#!,  2/1,  £i)2  =  0, 
(a,  ...$#2,  2/2,  ^2)2  =  0, 
(a,  ...$#3,  3/3,  O2  =  0, 

and  these  equations  determine  the  ratios  of  a,  b,  c,  f,  g,  h.  But  to  complete  the 
solution  the  convenient  course  is  to  regard  the  function  fl,  =  (a,  ...$#,  y,  zf  as  a 
quantity  to  be  determined,  and  consequently  to  join  to  the  foregoing  the  equation 


(a,  ... 


y,  zf= 


we   have    thus   seven    equations   from   which   (a,    b,   c,  f,  g,   h)    may   be    eliminated,   the 
result  being  expressed  by  means  of  a  determinant  of  the  seventh  order 


O  ,  y  ,  z  )2, 

(fl,  n,  £)2, 


n 


«2,     2/2' 

(«s,   2/3, 


0 


=  o, 


viz.  this  is  an  equation  of  the  form  J.fl=0V,  where  A  is  a  constant  determinant  of 
the  sixth  order  (i.e.  a  determinant  not  involving  as,  y,  z),  V  a  determinant  of  the 
seventh  order,  a  quadric  function  of  (oc,  y,  z),  obtained  from  the  foregoing  determinant 
by  writing  therein  fl  =  0  and  6  =  1  :  the  multiplier  6  is  and  remains  arbitrary  :  but 
it  is  convenient  to  take  it  to  be  =  1,  viz.  we  thus  not  only  find  the  equation  ,11  =  0, 
of  the  required  conic,  but  we  put  a  determinate  value  on  the  quadric  function  H 
itself.  And  this  being  so,  it  is  to  be  remarked  that,  for  (x,  y,  z)  =  (g1,  77^  £,),  we 
have  n  =  a,  -  (£»3f,  +  %<:>„  +  Cify^/i  =  and  so  for  (x,  y,  •&)  =  (&,  %,  £a),  we  have 


=7,  = 
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821. 


ON    THE    GEOMETRICAL    REPRESENTATION    OF    AN    EQUATION 

BETWEEN  TWO  VARIABLES. 

[From  the  Johns  Hopkins  University  Circulars,  No.  15  (1882),  p.  210.] 

AN  equation  between  two  variables  cannot  be  represented  in  a  satisfactory  manner 
by  a  curve,  for  this  serves  only  to  represent  the  corresponding  real  values  of  the 
variables:  to  represent  the  imaginary  values  the  natural  course  is  to  represent  each 
variable  by  a  point  in  a  plane,  viz.  the  variable  z,  =  x  +  iy,  will  be  represented  by 
a  point  the  coordinates  of  which  are  the  components  x  and  y  of  the  variable,  and 
similarly  the  variable  z' ,  =  x'  +  iy',  by  a  point  the  coordinates  of  which  are  the  com 
ponents  x  and  y  of  the  variable  :  the  equation  between  the  two  variables  then  estab 
lishes  a  correspondence  between  the  two  variable  points,  or  say  a  correspondence  between 
the  planes  which  contain  the  two  points  respectively:  and  it  is  this  correspondence 
of  two  planes  which  is  the  proper  geometrical  representation  of  the  equation  between 
the  two  variables :  to  exhibit  the  correspondence  we  may  in  either  of  the  planes  draw 
a  network  of  curves  at  pleasure,  and  then  draw  in  the  other  plane  the  network  of 
corresponding  curves.  This  well-known  theory  [can  be]  illustrated  for  the  case  /  =  \/z^l ; 
taking  in  the  infinite  half-plane  y  positive  about  the  origin  as  centre  a  system  of  semi 
circles,  to  these  correspond  in  the  infinite  plane  of  x'y  a  series  of  lemniscate-shaped 
curves:  and  by  means  of  these  it  is  easy  to  show  in  the  second  plane  the  path 
corresponding  to  a  given  path  of  the  point  z,  =  x  +  iy,  in  the  first  half-plane. 
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822. 
ON    ASSOCIATIVE    IMAGINABIES. 

[From  the  Johns  Hopkins   University  Circulars,  No.  15  (1882),  pp.  211,  212.] 

THE  imaginaries  (x,  y)  defined  by  the  equations 

x*  =  ax  +  by, 
xy  =  ex  +  dy, 
yx=ex+fy, 

y"-=gx  +  hy, 

will  not  be  in  general  associative  :  to  make  them  so,  we  must  have  8  double  relations 
corresponding  to  the  combinations  a?,  x*y,  xyx,  xy2,  ya?,  yxy,  y*x,  y3  respectively,  viz.  the 
first  of  these  gives  x  .  x2  —  x-  .  x  =  0,  that  is,  0  =  x  (ax  +  by)  —  (ax  +  by)  x,  =b  (xy  —  yx), 
—  b[(c  —  e)x  +  (d  —f)  y]  ;  that  is,  0  =  b  (c  —  e)  and  0  =  b(d  —f)  :  and  similarly  for  each 
of  the  other  terms.  We  thus  obtain  apparently  16,  but  really  only  12,  relations  between 
the  8  coefficients  a,  b,  c,  d,  e,  f,  g,  h,  viz.  the  relations  so  obtained  are 

6(e-c)  =  0  (twice),     b(d-f)=0,  g(c-e)  =  0,    g(f-  d)  =0  (twice), 

bg  —  ed  =  0  (twice),  bg  —  ef=  0  (twice), 

c*  +  dg-ag-ch=Q,     d2  +  be  -  ad  -  bh  =  0,  e2  +fg  -ag-eh  =  0,    f2+be-af-bh  =  0, 

a(c  —  e)  —  cf+  de  =  0,  h  (f—  d)  -  cf+  de  =  0. 

From  the  first  four  equations   it   appears   that  either  6  =  0  and  g  =  0,  or  else   c  =  e 
and  d  =  f:   for  brevity,  I  attend  only  to  the  latter  case,  giving  the  commutative  system 

x-  =  ax+  by, 
xy  =  yx  =  ex  +  dy, 
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In  order  that  this  may  be  associative,  we  must  still  have  the  relations 

bg  =  cd, 

c2  +  dg  —  ag  —  eh  =  0, 
dz  +  be  -  ad  -  bh  =  0, 

which   are   all   three   of    them    satisfied   by  g  =      ,  h  =  -  -  ,    viz.    we    thus    have 

the  associative  and  commutative  system 

a?  =  ox  +  by, 
xy  =  yx  —  ex  +  dy, 

cd        d-  +  bc  —  ad 


I  did  not  perceive  how  to  identify  this  system  with  any  of  the  double  algebras 
of  B.  Peirce's  Linear  Associative  Algebra,  see  pp.  120  —  122  of  the  Reprint,  American 
Journal  of  Mathematics,  t.  IV.  (1881)  ;  but  it  has  been  pointed  out  to  me  by  Mr  C.  S.  Peirce 
that  my  system,  in  the  general  case  ad  —  be  not  =  0,  is  expressible  as  a  mixture  of  two 
algebras  of  the  form  (a^,  see  p.  120  (I.e.)  ;  whereas  if  ad—  bc  =  0,  it  is  reducible  to  the 
form  (c2),  see  p.  122  (I.e.).  The  object  of  the  present  Note  is  to  exhibit  in  the  simple 
case  of  two  imaginaries  the  whole  system  of  relations  which  must  subsist  between  the 
coefficients  in  order  that  the  imaginaries  may  be  associative  ;  that  is,  the  system  of 
equations  which  are  solved  implicitly  by  the  establishment  of  the  several  multiplication 
tables  of  the  memoir  just  referred  to. 
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823. 

ON    THE     GEOMETRICAL    INTERPRETATION    OF    CERTAIN 
FORMULAE    IN    ELLIPTIC    FUNCTIONS. 

[From  the  Johns  Hopkins   University  Circulars,  No.  17  (1882),  p.  238.] 

I  HAVE  given  in  my  Elliptic  Functions  expressions  for  the  sn-  of  u  +  \K,  u  +  \iK  ', 
u  +  \K  +  \iK'  ;  but  it  is  better  to  consider  the  dn2,  sn2,  en-  of  these  combinations 
respectively,  and  to  write  the  formulae  thus  : 

,  dn  u  —  (1  —  k')  sri  u  en  u  .  ,  1  —  k*x  —  (1  —  k')  y 

'  -;  ,/.  ,     =k'  —  ^  ---  ^  —  r/r*     ; 

dn  u  +  (1  -  k  )  sn  u  cnu  1  —  k*x  +  (1  —  k)  y 

L  '  zr\  _l  (I  +  k)suu  +  icnudnu  _  1  (1  +  k)  x  +  iy 

k  (1  +  k)  sn  u  —  i  en  u  dn  u  k  (1  +  k)  x  —  iy 

ik'}  sn  udnu          —  ik'  \—x—(k 
en2  —  ----    —  —  ~      -* 


-  -.—  ,    y   ,   .-.-,--    —,  —  ,        —  j  —  T~      -,  , 

K     cn  u  +  (K  +  IK  )  sn  u  dn  u  k     \—x  +  (k 

where  in  the  last  set  of  values  x,  y  are  used  to  denote  sn2  u  and  sn  u  cn  u  dn  u 
respectively  ;  and  the  formulas  are  thus  brought  into  connexion  with  the  cubic  curve 
2/2  =  #(l  —  #)(!  —  k*x).  The  curve  has  an  inflexion  at  infinity  on  the  line  x  —  0;  and 

the  three  tangents  from  the  inflexion  are  x  =  0,  #  =  1,  #=7.,  ,  touching  the  curve  at  the 

K~ 

points   x,  2/  =  (0,  0),  (1,  0),  f/0,  0)  respectively:  hence  these  points   are   sextactic  points. 

\K"          / 

We  may  from  any  one  of  them,  for  instance  the  point  (0,  0),  draw  four  tangents  to 
the  curve,  (1  +  k)  x  +  iy  =  0,  (1  +  k)  x  —  iy  =  0  ;  (1  —  k)  x  +  iy  =  0,  (1  —  k)  x  —  iy  =  0  ;  where 
the  first  and  second  of  these  lines  form  a  pair,  and  the  third  and  fourth  of  them 
form  a  pair,  viz.  the  two  tangents  of  a  pair  touch  in  points  such  that  the  line  joining 
them  passes  through  the  point  of  inflexion  :  in  particular,  for  the  first-mentioned  pair, 
the  equation  of  the  line  joining  the  points  of  contact  is  ~L+kx=0.  The  linear  functions 
belonging  to  a  pair  of  tangents  are  precisely  those  which  present  themselves  in  the 
formulae;  thus  if  2\  =  (1  +  k)  x  +  iy,  T2  =  (l  +  k)x  —  iy,  the  second  of  the  three  formulae 

1  T 

is  sn2(tt  +  ^JfiT)=      ~  ;   and   the  other  two  formulae  correspond  in  like  manner  to  pairs  of 
k  J.  2 

tangents    from   the   sextactic   points    ['gj  0)  ,  and   (1,  0)  respectively.     The    formulae   are 

\K"          J 

connected  with  the  fundamental  equations  expressing  the  functions  sn,  cn,  dn  as  quotients 
of  theta  functions. 

14—2 


108  [824 


824. 
NOTE    ON    THE    FORMULAE    OF    TRIGONOMETRY. 

[From  the  Johns  Hopkins   University  Circulars,  No.  17  (1882),  p.  241.] 

THE  equations  a  =  ccosB  +  6  cos  C,  6  =  0-008(7  +  0008-4,  c  =  b  cos  A  +  a  cos  B,  which 
connect  together  the  sides  a,  b,  c  and  the  angles  A,  B,  C  of  a,  plane  triangle,  may  be 
presented  in  an  algebraical  rational  form,  by  introducing  in  place  of  the  angles  A,  B,  C 

*/*  ?/  2 

the   functions   cos  A  +  i  sin  A,  cos  B  +  i  sin  B,  cos  C  +  i  sin  G,   viz.    calling   these   —      — 

WWW 
(C        *W  11        fki) 

respectively,    or,    what    is    the    same    thing,   writing    2  cos  A  =  —+  -      2  cos  B  =  —  4-  — , 

w      x  w      y 

2          77.J 

2  cos  (7=—+-,  then  the  foregoing  equations  may  be  written 

(-  Zyzw    ,     y(z2+w*),     z  (y*  +  w2)$a,  b,  c)=  0, 

z(x*  +  w*)y[      „      )  =  0, 
-),     -Zxyw     $      „      )  =  0, 

that   is,   as   a   system  of  bipartite  equations  linear  in  (a,  b,  c}  and  cubic  in  (x,  y,  z,  w) 
respectively. 

Similarly   in    Spherical   Trigonometry,  writing   as  above   for  the    angles,  and   for  the 

n        ?\  /•?        £  £ 

sides   writing    in   like   manner   2  cos  a=  -^  +  - ,  2  cos  b  =  «-  +  -3  ,  2  cos  c  =  ¥  +  -,    we    have   a 

o      a  op  o      <y 

system   of    bipartite   equations    separately   homogeneous    in    regard    to   (x,   y,    z,    w)   and 
(a,  /3,  7,  8)  respectively. 
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825. 

A   MEMOIR   ON   THE   ABELIAN   AND   THETA   FUNCTIONS. 


[Chapters    I    to    III,   American  Journal    of   Mathematics,    t.    v.    (1882),    pp.    137 — 179 ; 
Chapters  IV  to  VII,  ib.,  t.  vn.  (1885),  pp.  101—167.] 

THE  present  memoir  is  based  upon  Clebsch  and  Gordan's  Theorie  der  Abel'sehen, 
Functionen,  Leipzig,  1866  (here  cited  as  C.  and  G.);  the  employment  of  differential 
rather  than  of  integral  equations  is  a  novelty ;  but  the  chief  addition  to  the  theory 
consists  in  the  determination  which  I  have  made  for  the  cubic  curve,  and  also  (but 
not  as  yet  in  a  perfect  form)  for  the  quartic  curve,  of  the  differential  expression  dH^ 

ft 

(or   as   I   write   it   dUl2)   in   the  integral    of  the  third   kind    I    dH^   in  the  final  normal 

.'  a 

f11  ft 

form   (endliche   Normaiform)   for   which    we    have   (p.    117)        dUaft  =      dTI^,   the    limits 

/|  J  a 

and  parametric  points  interchangeable.  The  want  of  this  determination  presented  itself 
to  me  as  a  lacuna  in  the  theory  during  the  course  of  lectures  on  the  subject  which 
I  had  the  pleasure  of  giving  at  the  Johns  Hopkins  University,  Baltimore,  U.S.A.,  in 
the  months  January  to  June,  1882,  and  I  succeeded  in  effecting  it  for  the  cubic  curve ; 
but  it  was  not  until  shortly  after  my  return  to  England  that  I  was  able  partially 
to  effect  the  like  determination  in  the  far  more  difficult  case  of  the  quartic  curve. 
The  memoir  contains,  with  additional  developments,  a  reproduction  of  the  course  of 
lectures  just  referred  to.  I  have  endeavoured  to  simplify  as  much  as  possible  the 
notations  and  demonstrations  of  Clebsch  and  Gordan's  admirable  treatise ;  to  bring 
some  of  the  geometrical  results  into  greater  prominence ;  and  to  illustrate  the  theory 
by  examples  in  regard  to  the  cubic,  the  nodal  quartic,  and  the  general  quartic  curves 
respectively.  The  various  chapters  are :  I,  Abel's  Theorem ;  II,  Proof  of  Abel's  Theorem ; 
III,  The  Major  Function;  IV,  The  Major  Function  (continued);  V,  Miscellaneous 
Investigations;  VI,  The  Nodal  Quartic;  VII,  The  Functions  T,  U,  V,  ®.  The 
paragraphs  of  the  whole  memoir  will  be  numbered  continuously. 
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CHAPTER  I.    ABEL'S  THEOREM. 

The  Differential  Pure  and  Affected  Theorems.     Art.  Nos.  1  to  5. 

1.  We  have  a  fixed  curve  and  a  variable  curve,  and  the  differential  pure  theorem 
consists  in  a  set  of  linear  relations  between  the  displacements  of  the  intersections  of 
the  two  curves  ;  in  the  affected  theorem,  a  linear  function  of  the  displacements  is 
equated  to  another  differential  expression.  I  state  the  two  theorems,  giving  afterwards 
the  necessary  explanations. 

The  pure  theorem  is 

^(x,  y,  z}n-3d(0  =  0. 

The  affected  theorem  is 


« 


(x,  y, 


012  </>, 


2.  We  have  a  fixed  curve  /=0,  or  say  the  curve  /,  or  simply  the  fixed  curve, 
of  the  order  n,  with  8  dps,  and  therefore  of  the  deficiency  $  (n  -l)(n-2)-8,  =p. 
The  expression  "the  dps"  means  always  the  8  dps  off. 

And  we  have  a  variable  curve  0  =  0,  or  say  the  curve  <f>,  or  simply  the  variable 
curve,  of  the  order  m,  passing  through  the  dps  and  besides  meeting  the  fixed  curve 
in  mn  —  28  variable  points. 

Moreover,  da>  is  the  displacement  of  the  current  point  0,  coordinates  (cc,  y,  z),  on 
the  fixed  curve,  viz.  the  equation  /=0  gives 

df  ,       df,       df, 

didx+d/y+Tzdz=°' 

df          df          df 

T~  x  +  -j-  y  +  -r  *  =  o, 

dx    dy  '   dz 
and  we  thence  have 

df  df  df 

doc''  dy'  dz^y      y  ''  ***-***  :  xdy-ydx, 

so  that  we  have  three  equal  values  each  of  which  is  put  =  day,  viz.  we  write 

y  dz  —  z  dy  _zdx  —  xdz_xdy  —  ydx         , 
jj?         --  T~C  ---  =  —  —  TJ*  --  >  =  aw, 
df_  d£  df 

dx  dy  dz 

and  dca  as  thus  defined  is  the  displacement. 

*   For   comparison    with    C.    and    G.    observe    that    in    the    equation,   p.    47,    FWog^^^ffl      -log^2^1 

**(*)*«)'          Wi 
suppose,    tneir     f     belongs    to    the    upper    limit    and    corresponds    to    my    tf>:     the    equation    gives    therefore 

Sl/'j  $$9 

dV=  -  --  +  ~,  agreeing  with  the  formula  in  the  text. 

Yl          Y2 
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(x,  y,  z)n~3  =  0  is  the  minor  curve,  viz.  the  general  curve  of  the  order  n  —  3,  which 
passes  through  the  dps*;  and  the  function  (x,  y,  z)n~:i  is  the  minor  function. 

1  and  2  are  fixed  points  on  f,  called  the  parametric  points,  coordinates  (xlt  yl,  z^ 
and  (#2>  y?,  z?)  respectively;  and  012  denotes  the  determinant 

x  ,     y  ,     z      , 

•»!,         2/1,         *1      j 

a?9,     ya,     z2  \ 

so  that  012  =  0  is  the  equation  of  the  line  joining  the  points  1  and  2 :  this  line 
meets  the  fixed  curve  in  n—  2  other  points,  called  the  residues  of  1,  2. 

(x,  y,  2)i2m~2  =  0  is  the  major  curve  quoad  the  points  1  and  2;  viz.  this  is  the 
general  curve  of  the  order  n  —  2,  passing  through  the  dps  and  also  through  the  residues 
of  1,  2. 

But  further,  the  function  (x,  y,  z)nn~-  is  the  proper  major  function ;  viz.  the 
implicit  factor  of  the  function  is  so  determined  that,  taking  0  =  1,  the  current  point 
at  1,  that  is,  writing  (xly  ylt  Zj)  for  (x,  y,  z},  the  function  (x,  y,  z\,n~2  reduces  itself 

to    the  polar    function    (x2  ^ — ^2/aj — K*aj-)./i»    afterwards    written    w .  lw-1  2,    of/:    this 

\       CLSC-[  ^y\  Ct/2/\J 

implies  that  taking  0  =  2,  the  current  point  at  2,  the  function  reduces  itself  to  the 
polar  function  n  .  12n~1. 

</>,  is  what  <£  becomes  on  writing  therein  (acl,  ylt  Zj)  for  (x,  y,  z):  and  similarly 
</>2  is  what  (f>  becomes  on  writing  therein  (x.,,  y.,,  z2)  for  (x,  y,  z). 

8  denotes  differentiation  in  regard  only  to  the  coefficients  of  <£;  viz.  writing 
(f>  =  (a,...^x,y,z)m  we  have  80=(da,...]£ar,  y,  z)m,  and  similarly  S^  and  S<f>2  =(da,...Qxl,yl,  ^)m 
and  (d&,  ...l$x.2,  y.2,  z.2)m  respectively. 

The  sum  S  extends  to  all  the  variable  intersections  of  the  two  curves. 

3.  As  to  the  meaning  of  the  theorems,  consider  first  the  pure  theorem.  The 
variable  intersections  are  not  all  of  them  arbitrary  points  on  the  fixed  curve :  a  certain 
number  of  them  taken  at  pleasure  on  the  fixed  curve  will  determine  the  remaining 
variable  intersections;  and  there  are  thus  a  certain  number  of  integral  relations 
between  the  coordinates  of  the  variable  intersections ;  to  each  such  integral  relation 
there  corresponds  a  linear  relation  between  the  displacements  da>  of  these  points,  or 
say  a  displacement-relation.  It  is  precisely  these  displacement-relations  which  are  given 
by  the  theorem,  viz.  the  equation 

S(0?,  y,  z)n-3dco  =  Q 

breaks  up  into  as  many  linear  relations  as  there  are  arbitrary  constants  in  the  function 
(x,  y,  z)n~3,  which  equated  to  zero  gives  a  curve  of  the  order  n  —  3  passing  through  the 
dps ;  for  instance  n  =  3,  8=0,  the  equation  gives  the  single  relation  Srftw  =  0 ;  but  n  =  4, 
8  —  0,  the  equation  gives  the  three  relations  S&1  d<a  =  0,  S?y  dot  =  0,  ^z  dw  =  0. 

*   This  definition   implies   that  the   number   of  dps   is   at   most  =£(n- 1)  (n-2)  - 1,  that   is,  that   the   fixed 
curve  is  not  unicursal.     But  see  post,  No.  21. 
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4.  It   is   of  course   important    to   show,  and   it   will  be  shown,  that   the   number  of 
independent   displacement-relations   given   by   the    theorem   is    equal    to    the    number   of 
independent  integral  relations  between  the  variable  intersections. 

5.  Observe    that   the    pure    theorem   gives    all    the    displacement-relations    between 
the    variable    intersections  ;    we    are    hereby    led    to    see     the    nature    of    the    affected 
theorem.     Taking    at    pleasure    on    the    fixed    curve    the    sufficient    number   of    variable 

intersections,   the   coefficients   of  <f>   are   thereby  determined   in    terms   of  the   coordinates 

s  i       ^  i 

of  the   assumed   variable  intersections*,  and  hence  the  value   of  —  ~-  +  -^'2  is   given  as 

<f>]  <p2 

a  linear  function  of  the  corresponding  displacements  dco  ;  and,  substituting  this  value, 
the  affected  theorem  gives  a  linear  relation  between  the  displacements  da>  of  the 
several  variable  intersections.  But  any  such  linear  relation  must  clearly  be  a  mere 
linear  combination  of  the  displacement-relations  2  (as,  y,  z)n~3dco  =  0  given  by  the  pure 
theorem. 

Examples  of  the  Pure  Theorem  —  The  Fixed  Curve  a  Cubic.     Art.  Nos.  6  to  12. 

6.  The   pure  theorem  is  not   applicable  to  the  case   n  =  2,  the   fixed  curve  a  conic  : 
it   in   fact   gives   no  displacement-relation  ;   and   this  is   as   it   should  be,  for  the  variable 
intersections  are  all  of  them  arbitrary. 

The  next  case  is  n=3,  8  =  0,  the  fixed  curve  a  cubic.  For  greater  simplicity  the 
equation  is  taken  in  Cartesian  coordinates.  In  general  for  such  an  equation,  writing 
in  the  homogeneous  formulae  z=\,  we  have 

,    _  dx  _      dy 

=  df=~~S' 
dy         dx 

7  />  7  /• 

the    two    values    being    of    course    equal    in    virtue    of    ~  dx  +  —-  dy  =  0  ;    taking    the 

former    value    and    considering   -f-   as    expressed    in    terms    of    x,    let    this    be    called    P 

dec 
(of  course,   P   is   an    irrational    function    of  x)  :    then    we    have    dco  =  -p-  ;    and    similarly 


The  fixed  curve  being  then  a  cubic,  let  the  variable  curve  be  a  line  ;  this  meets 
the  cubic  in  three  points,  say  1,  2,  3  ;  and  any  two  of  these  determine  the  line,  and 
therefore  the  third  point;  there  should  therefore  be  one  integral  relation,  and  con 
sequently  one  displacement-relation  ;  and  this  is  what  is  given  by  the  theorem,  viz. 
we  have  2do>  =  0,  that  is,  dco1  +  dco2  +  da>3  =  0,  or,  what  is  the  same  thing, 

dx^      d%2      dx3  _ 

~p~  +  ~J5   +  "p"  "  "• 
*1      *  i       *  • 

*   The   coefficients   are  determined,    except   it  may  be  as   to   some   constants    which    remain    arbitrary   but 

which  disappear  from  the  difference   -  --   +   —  2  ;   this  will  be  explained  further  on  in  the  text. 

<          <> 
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The  corresponding  integral  equation  is  the  equation  which  expresses  that  the 
points  1,  2,  3  are  in  a  line,  viz.  considering  ylt  y2,  y~  as  given  functions  of  x1}  xz,  x., 
respectively,  this  is 

i,     2/i,     1   1  =  0, 


or,  in  the  notation  already  made  use  of  for  such  a  determinant,  123  =  0. 

doc 

7.  This   equation   dwl  +  dco.2  +  dw3  —  0,  where    dco   denotes   -p-  ,  has   a   peculiar   inter 

pretation  when  we  consider  the  coefficients  of  the  cubic  as  arbitrary  constants,  and 
therefore  the  cubic  as  a  curve  depending  upon  nine  arbitrary  constants*.  In  taking 
1  a  point  on  the  curve,  we  in  effect  determine  yl  as  a  function  of  x-^  and  the  nine 
constants;  and  similarly  in  taking  2  a  point  on  the  curve,  we  determine  y.2  as  a 
function  of  x2  and  the  nine  constants  ;  the  points  1  and  2  determine  the  third  inter 
section  3,  and  we  have  thus  cc3  determined  as  a  function  of  xl,  x»  and  the  nine 
constants. 

•  fl  rf  CM  IT 

Considering  cc3   as   thus   expressed,  we  have  dxz  =  -~dxl+  ,  --  dxz,  an  equation  which 

CLOC-^  CVM/O 

P         P, 

must  agree  with  dwl  +  d<a.2  +  do)3  =  0,  that  is,  with  dx3  =  —  -^  dx±  —  j/dx2.     It  follows  that 

*1  •*    2 

f~j  /*>  ft  /ft  /-* 

we    have      ,—  -r  -^  =  -^  ,  and  taking  the  logarithms   and   differentiating   with   regard  to 

CttK-i        CLOG**        -/i 

xl   and   #2,  we   find    -,       ,     log  (  -,  -3  -=-  -~\  —  0,    a    partial    differential     equation    of    the 

(tXi    CLX%  \CiXi         U>X<2/ 

third  order,  independent  of  any  particular  cubic  curve,  and  satisfied  by  #3  considered 
as  a  function  of  xlf  #2  and  the  nine  constants.  Observe  that  starting  from  the 
expression  for  x3,  and  proceeding  to  the  differential  coefficients  of  the  third  order,  we 
have  ten  equations  from  which  the  nine  constants  can  be  eliminated,  that  is,  we  ought 
to  have  a  partial  differential  equation  of  the  third  order:  and  conversely  that  the 
equation  for  xs,  as  containing  nine  arbitrary  constants,  is  a  complete  solution  of  the 
partial  differential  equation:  the  complete  solution  of  the  partial  differential  equation 
in  question  is  thus  the  equation  which  expresses  that  3  is  the  remaining  intersection 
of  the  line  through  1  and  2  with  a  cubic. 

8.  The   partial   differential   equation   has  a  geometrical  interpretation,  or  is  at  least 
very  closely  connected   with  a  geometrical  property.     Consider  three  consecutive  positions 
of  the  line,  meeting   the   cubic   in    the   points    1,  2,  3;    1',  2',  3'  and  1",  2",  3"   respect 
ively  :   the   three   lines   constitute   a   cubic   curve  :    the   nine   points   are    thus    the   inter 
sections   of  two   cubic   curves,  or   say  they   are   an   "ennead"    of  points:   and   any   eight 
of  the  points  thus  determine  uniquely  the  ninth  point. 

*  This  theory  was  communicated  by  me  to  Section  A  of  the  British  Association  at  the  York  meeting. 
See  B.  A.  Report,  1881,  pp.  534,  535,  [712],  "A  Partial  Differential  Equation  connected  with  the  Simplest 
Case  of  Abel's  Theorem." 

c.  xii.  15 
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9.     As    a    particular    example,    let   the    cubic    be    x3  +  y3  —  1=0;    then   y  =  \/l  —  a?, 

ft  IT  (I  IT 

and   d  w  =  —  ,   ==  --  „  *  ;    and   with   these   values   we    have   as   before    the   differential 
y2         (1  -  a?)* 

relation  dw^  +  da)2  +  da>3  =  0,  and  the  integral  relation  123  =  0.  I  give  a  direct  verification. 
To  find  x3,  y3  the  coordinates  of  the  third  intersection,  we  may  in  the  equation  of 
the  cubic  write  x3,  y3,  I  =  \x1  +  /j,x2,  \yl  +  /j,y.2)  \  +  /JL  respectively,  and  then  writing  for 
shortness  122  =  x12^2  +  y1-y2  —  1,  122  =  #!#,/  +  y^y?  —  1,  we  obtain  for  the  determination  of 
X,  fj,  the  equation  X  .  122  +  //,  .  122  =  0. 

This  being  so,  from  the  equation  123  =  0  we  obtain  by  differentiation 

2  {dtcj.  (y.2  -  ys)  -  dy^  (x.2  -  xs)}  =  0, 

the  sum  consisting  of  three  terms,  the  second  and  third  of  them  being  obtained  from 
the  one  written  down  by  the  cyclical  interchange  of  the  numbers  1,  2,  3.  But  we 
have  x-fdx-i  +  yfdy^  =  0,  and  the  equation  thus  is 


ft  IT 

this   will   reduce    itself  to    S  —  *  =  0,    if    only   the    three   coefficients    in    {    }    are    equal, 

2/i" 
that  is,  we  ought  to  have 

2/i2  (y-2  -  ys)  +  x?  (x,  -  ars)  =  y.,-  (y3  -  y,)  +  x*-  (x.,  -  x,)  =  y/  (yl  -  y2)  +  x*  (x,  -  x.>}. 
Comparing  for  instance  the  first  and  second  terms,  the  equation  is 

-  y»  (2/i2  +  ya2)  -  A'3  («i2  +  %•*)  +  (XI<K*  +  ySy*  +  x&?  +  y^)  =  o, 

or,  as  this  may  be  written, 

+  y^}  =  0, 


where  the  whole  coefficient  of  X  is  —  x^—  yiA  +  x^x^  +  y^y.2,  which  in  fact  is  x^x^  +  y^y.y—l, 
=  122  ;  and  similarly  the  whole  coefficient  of  p  is  122  ;  the  equation  is  thus  X  .  122  +  /JL.  122  =  0, 
which  is  right.  The  first  and  second  coefficients  are  thus  equal,  and  in  like  manner 
the  first  and  third  coefficients  are  equal  ;  we  have  thus  the  required  result, 

dx^      dx.2      dx3  _ 

^2+y?+^2" 

10.     In   all   that   follows,  the    cubic   might   be   any   cubic    whatever,  but   to   fix    the 
ideas  I  take  a  particular  form. 

Let  the  cubic  be  y'2  —  X  =  0,  X  a  cubic  function  (x,  I)3,  or  say  even  X  =  x  .  1—  #.1  —  &2#, 

/  —  fl  '/*  CM  IT 

then  y  =  V  X,  du>  =  —  ,  =  -.  _  ;   and   with    these   values   we   have   the   differential  relation 

y 


*   Writing  f—x3  +  y3-l   we   should   have   -y-  =3y2,   and  therefore   du  =  —  -,  ;   but  the   £  enters   as   a  common 

ay  6y 

dx 
factor  in   all  the   rfw's,  and   it   may  clearly  be  disregarded:    the  value  in   the   text,   du  =  —^  could  of  course   be 

J 

obtained  by  writing,  as  we  may  do,  /=£  (xs  +  y3-  1),  and  so  in  other  cases. 
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da)l  -f  dw2  +  du>3  =  0,  and  the  integral  relation  123  =  0.  This  last  equation  is  an  integral 
of  the  differential  equation  d^  +  d&>2  +  dcas  =  0  ;  as  not  containing  any  arbitrary  constant, 
it  is  a  particular  integral. 

But  regard  one  of  the  three  points,  say  3,  as  a  fixed  point,  that  is,  let  the  line 
pass  through  the  fixed  point  3  of  the  cubic,  and  besides  meet  it  in  the  points  1 
and  2.  We  write  da).A  =  0,  and  the  differential  equation  thus  is  dwl  +  da)2  =  0,  while 
the  integral  equation  is  as  before  123  =  0  ;  this  equation,  as  containing  one  arbitrary 
constant,  is  the  general  integral  of  dwl  +  do).2  =  0. 

Let  the  variable  curve  be  a  conic  ;  say  the  intersections  with  the  cubic  are 
1,  2,  3,  4,  5,  6.  Any  five  of  these  points  determine  the  conic,  and  therefore  the  sixth 
point  ;  there  is  thus  one  integral  relation,  the  equation  123456  =  0,  which  expresses 
that  the  six  points  are  in  a  conic,  and  there  should  therefore  be  one  displacement- 
relation,  viz.  this  is  the  equation  2cfa>  =  0,  that  is,  d^  +  da>2  +  da)3  +  da)4  +  dw5  +  da)6  =  0. 


We  have  thus  123456  =  0,  as  a  particular  integral  of 

rf&>!  +  do)2  -f  d(o3  +  dco4  +  do)5  +  dw%  —  0. 

If,  however,  we   take    6    a  fixed   point    on   the    cubic,  then   we    have    the    same   equation 
as  the  general  integral  of  dw^  +  dw.,  +  da)s  +  da>4  +  da>5  =  0. 

But  taking  also  5  a  fixed  point  of  the  cubic  we  have  as  an  integral  of 
c?&>!  +  dw2  +  d<0s  +  do)4  =  0,  the  foregoing  equation  123456  =  0,  which  contains  apparently 
two  arbitrary  constants  ;  and  so  if  we  also  fix  the  point  4,  or  the  points  4  and  3, 
we  have  for  the  differential  equations  dwl  +  dca.2  +  do)3  =  0  and  dwl  +  dwz  =  0,  integrals 
with  apparently  three  arbitrary  constants  and  four  arbitrary  constants  respectively. 

11.  The  explanation  is  contained  in  the  theory  of  Residuation  on  a  cubic  curve. 
Take  the  case  d^  +  da)2  +  do)3  =  0,  with  the  integral  123456  =  0,  containing  apparently 
three  arbitrary  constants,  viz.  the  relation  between  the  variable  points  1,  2,  3,  is  here 
given  by  a  construction  depending  on  the  three  fixed  points  4,  5,  6  on  the  cubic  ;  it 
is  to  be  shown  that  two  of  these  points  can  always  be  regarded  as  no-matter-what* 
points.  To  see  that  this  is  so,  take  on  the  cubic  any  two  no-matter-what  points  4',  5'  : 
then  according  to  the  theory  referred  to,  we  can  find  on  the  cubic  a  determinate  point 
6'  such  that  the  points  4',  5'  and  6'  establish  between  the  variable  points  1,  2,  3,  the 
same  relation  which  is  established  between  them  by  means  of  the  points  4,  5  and  6  ; 
viz.  whether  in  order  to  determine  the  point  3  we  draw  a  conic  through  1,  2,  4,  5 
and  6,  or  a  conic  through  1,  2,  4',  5'  and  6',  we  obtain  as  the  remaining  intersection 
of  the  conic  with  the  cubic  one  and  the  same  point  3.  The  construction  of  6'  is, 
through  4,  5  and  6  draw  a  conic  meeting  the  cubic  in  any  three  points  1,  2,  3  ; 
through  these  points  and  4',  5'  draw  a  conic,  the  remaining  intersection  of  this  with 
the  cubic  will  be  the  required  point  6',  and  the  point  6'  thus  obtained  will  be  a 

*  The  epithet  explains,  I  think,  itself  ;  the  point  may  be  any  point  at  pleasure,  but  it  is  quite  immaterial 
what  point,  and  for  this  reason  it  is  not  counted  as  an  arbitrary  point.  The  most  simple  instance  is  that 
of  two  constants  presenting  themselves  in  a  combination  such  as  c  +  c'  :  either  of  them  may  be  regarded  as 
a  no-matter-what  constant. 

15—2 
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determinate  point,  independent  of  the  particular  conic  through  4,  5  and  6  used  for 
the  construction.  Thus  4  and  5  are  replaceable  by  the  no-matter-what  points  4'  and  5'. 
or,  what  is  the  same  thing,  two  of  the  points  4,  5  and  6  may  be  regarded  as 
no-matter-what  points,  and  the  number  of  arbitrary  constants  is  thus  reduced  to  one. 
And  so  in  other  cases,  all  but  one  of  the  fixed  points  may  be  regarded  as  no-matter- 
what  points,  and  the  integral  as  containing  in  each  case  only  one  arbitrary  constant. 

But  conversely,  it  being  known  that  the  integral  of  the  differential  equation  con 
tains  but  one  arbitrary  constant,  we  can  thence  arrive  at  the  theory  of  residuation. 

12.  We  might  go  on  to  the  case  where  the  variable  curve  is  a  cubic ;  there 
are  here  nine  intersections;  any  eight  of  these  do  not  determine  the  variable  cubic, 
but  they  do  determine  the  ninth  intersection ;  and  there  is  between  the  nine  inter 
sections  one  integral  relation,  and  corresponding  to  it  one  displacement-relation  2do>  =  0, 
that  is,  da*!  +  dw.2  +  . . .  +  dco9  =  0,  given  by  the  pure  theorem.  But  as  to  this  see  further 
on,  where  it  is  shown  in  general  that  the  number  of  independent  integral  relations 
is  equal  to  the  number  of  independent  displacement-relations  given  by  the  theorem. 


Example  of  the  Affected  Theorem — Fixed  Curve  a  Circle.     Art,  Nos.  13  and  14. 

13.     The   fixed   curve   is   taken   to   be   the   circle   of-  +  y-  -  1  =  0,  and  the  parametric 

points  1    and    2   to  be   the  points  (1,0)   and   (0,  1)   on   this   circle.     The  variable   curve 

is    taken   to   be   a   line,   say   the   line   ax  +  by  - 1  =  0,    meeting  the  circle  in    the    points 
3  and  4,  coordinates  (as3,  y3)  and  (#4,  y4)  respectively. 


Starting  from  the  formula 


,  (x,  y, 


012 


=--^+ 


where  the  summation  extends  to  the  points  3  and  4,  (OB,  y,  1)°12  is  here  a  constant, 
=  2.12,  that  is,  2  (x^x.2  +  yiya  - 1),  which  for  the  points  1,  2  in  question  is  =  -2.  We 
have  012  denoting  the  determinant 

*,  V,  1 
1,  0,  1 
0,  1,  1 


which    is   =-x-ij  +  l-   and   &»-{=.     Also  °-p ,  = 


£l  77 

-r^  is  =  ,  —  =•  .     The  formula  thus  is 
9.2  6  —  1 

dx 


xda+ydb     .          da 

=-         y      ,  is  = -,- ,  and  similarly 

—\  a— I  J 


da         db 


The   coefficients   a   and   b   are   determined   by   means    of    the   points    3   and    4,   that 
is,  they  are  functions  of  asa,  x4;   and  considering  them  as  thus   expressed,  then  (inasmuch 
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dec-  d(c 

as    there    is    no    linear    relation    between    the    displacements    —  -    and        *   of  the    two 

2/3  2/4 

arbitrary   points   3   and  4  on  the  circle)  the  equation  must  become  an  identity  in  regard 
to  the  terms  in  dx3  and  dx4  respectively.     It  only  remains  to  verify  that  this  is  so. 

14.     Writing  P,  Q,  R  =  —  y3  +  y4,  xs  —  x4,  x3yt  —  x4y3;  also  L3  and  L4  =x3  +  y3  —  1  and 
x4  +  y4  —  1  respectively,  we  have  a  =  P  -f-  R,  b  =  Q-~  R,  and  the  equation  is  found  to  be 

5;  +  &  ~  ce  ««  -  R> 


where,  substituting  for  dy3,  dy4  their  values  in  terms  of  dx3,  dx4,  we  have 
dP,  dQ,  dR  =  —  x.,dx3  -  —  x4dx4,     -  y3das3  --  y4dtv4,     -  (xsx4  +  7/.,y4)  dx,  --  ( 

y-3  2/4  y«  2/4  y»  y* 

and    with   these  values,   and   by   aid  of  the   relations 

Q-R,     R-P,     P  -Q  =  x^L.-x3Li,     y4L3-y3L4,     -L3  +  L4 
the  equation  is  found  to  be 


,  _  at         _         ^  4 

y3L3     y4L4     (x4L3  -  x3L4)  (y4L3  -y3L4)  \y3L3     y4       ' 


viz.  this  will  be  true  if  only 

L3L4  (x..x,  +  y.3y,  -  1)  -  (x4L.  -  as3L4)  (y4L3  -  y.,L4)  =  0, 
that  is, 

-  «42/4  L32  -  x.,ys  Z42+  L3L4  (xsx4  +  y.tyt  +  x3y4  +  x4ys  -1)^0. 

But    from    the    values    of    L3,    L4    we    have    x4y4  =  ^Z42  +  L4,    asaya  =  $L3a+  L3,    and     the 
coefficient  of  L3L4  is  =  L3L4  +  L3  +  L4;    the  equation  is  thus  verified. 

The  example  would  perhaps  have  been  more  instructive  if  the  points  1  and  2 
had  been  left  arbitrary  points  on  the  circle,  but  the  working  out  would  have  been  more 
difficult. 


The  Variable  Intersections  of  the  Two  Curves— Number  of  Independent  Integral  Relations. 

Art.  Nos.  15  to  19. 

15.     Suppose   w  =  3,  S  =  0(p  =  l),  the  fixed   curve   a  cubic;   and  suppose  successively 
m  =  l,  2,  3,...,  the  variable  curve  a  line,  conic,  cubic,  &c. 

If  m  =  1,  then  two  points   on    the   cubic   determine   the   line,  and   consequently  the 
remaining  intersection  with  the  cubic ;    hence  there  is  one  integral  relation. 

If  ra  =  2,  then   five   points   on   the  cubic  determine  the  conic,  and  consequently  the 
remaining  intersection  with  the  cubic;   hence  there  is  one  integral  relation. 
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If  m  =  3,  then  eight  points  on  the  fixed  cubic  do  not  determine  the  variable 
cubic,  but  they  do  determine  the  ninth  intersection.  For  draw  through  the  eight 
points  a  no-matter-  what  cubic  %  =  0,  the  general  cubic  through  the  eight  points  is 
•%  +  af=  0,  and  this  meets  the  fixed  cubic  in  the  points  %  =  0,  /=  0,  that  is,  in  the 
eight  points  and  in  one  other  point  independent  of  the  constant  a  and  therefore  com 
pletely  determinate.  Hence  in  this  case  also  there  is  one  integral  relation. 

So  if  TO  =4,  then  eleven  points  on  the  cubic  do  not  determine  the  quartic,  but 
they  do  determine  the  remaining  intersection.  For  draw  through  the  eleven  points 
a  no-matter-what  quartic  %  =  0,  the  general  quartic  through  the  eleven  points  is 
X  +  (x,  y,  z}lf=  0,  and  this  meets  the  cubic  in  the  points  %  =  0,  /=  0,  that  is,  in  the 
eleven  points  and  in  one  other  point  independent  of  the  constants  of  the  linear 
function  (x,  y,  z}1,  and  therefore  completely  determinate.  Hence  there  is  one  integral 
relation. 

And  so  in  general,  the  fixed  curve  being  a  cubic,  then,  whatever  be  the  order  of 
the  variable  curve,  there  is  always  one  integral  relation. 

16.  Suppose  next  n  =  4,  B  =  0  (p  =  3),  the  fixed  curve  a  general  quartic  ;  and  as 
before  suppose  successively  m=l,  2,  3,...,  the  variable  curve  a  line,  conic,  cubic,  &c. 

If  m  =  1,  then  two  points  on  the  quartic  determine  the  line,  and  therefore  the 
remaining  two  intersections  ;  the  number  of  integral  relations  is  =  2. 

If  m  =  2,  then  five  points  on  the  quartic  determine  the  conic,  and  therefore  the 
remaining  three  intersections  ;  the  number  of  integral  relations  is  =  3,  and  similarly 
if  TO  =  3,  the  number  of  integral  relations  is  =  3. 

If  m  =  4,  then  thirteen  points  on  the  fixed  quartic  do  not  determine  the  variable 
quartic,  but  they  do  determine  the  remaining  three  intersections.  For  draw  through 
the  thirteen  points  a  no-matter-what  quartic  %  =  0  ;  the  general  quartic  through  the 
thirteen  points  is  ^  +  a/=0,  and  this  meets  the  fixed  quartic  in  the  points  %  =  0, 
/=0,  that  is,  in  the  thirteen  points  and  in  three  other  points,  independent  of  a  and 
thus  completely  determinate,  and  the  number  of  integral  relations  is  =  0  ;  and  so  in 
general  for  any  higher  value  of  m,  the  number  is  still  =  3. 


17.  Suppose  ?i=5,  S  =  0(p  =  6),  the  fixed  curve  a  general  quintic  ;  and  as  before 
suppose  TO=1,  2,  3,...  successively. 

If  m  =  l,  then  two  points  011  the  quintic  determine  the  line,  and  therefore  the 
remaining  three  intersections  ;  the  number  of  integral  relations  is  =  3. 

If  m  =  2,  then  five  points  on  the  quintic  determine  the  conic,  and  therefore  the 
remaining  five  intersections  ;  the  number  of  integral  relations  is  =  5. 

If  m  =  3,  then  9  points  on  the  quintic  determine  the  cubic,  and  therefore  the 
remaining  six  intersections  ;  the  number  of  integral  relations  is  =  6,  and  so  if  TO  =  4, 
or  if  TO  =  5  or  any  greater  number,  in  the  first  case  directly,  and  in  the  other  cases 
by  consideration  of  the  quintic  ^  +  a/=  0,  &c.,  we  find  that  the  number  of  integral 
relations  is  always  =  6. 
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18.  The   reasoning  is   scarcely  altered   in   the   case  where   the  fixed  curve  has  dps; 
thus  considering  the  general  case  of  a  fixed  curve  n,  8,  p  : 

If  ???.  =  !,  then  2  —  8  points  on  the  fixed  curve  (this  implies  8  $>  2)  determine  the 
line,  and  therefore  the  remaining  n  —  28  —  (2  —  8),  =  n  —  2  —  8  intersections  ;  the  number 
of  integral  relations  is  =  n  —  2  —  8. 

If  m  =  2,  then  5  —  8  points  on  the  fixed  curve  (this  implies  8  ^>  5)  determine  the 
conic,  and  therefore  the  remaining  2n  —  28  —  (5  —  8),  =  2n  —  5  —  8  intersections  ;  the 
number  of  integral  relations  is  =  2w  —  5  —  8,  and  so  for  any  value  of  m  ^>  n  —  3,  and 
indeed  for  the  values  n  —  2  and  n  —  1  ;  here  ^ra(?n  +  3)  —  8  points  on  the  fixed  curve 
(this  implies  8  }>  \m  (m  +  8))  determine  the  variable  curve,  and  therefore  the  remaining 
mn  —  28  —  tym(m+  3)  —  8],  =nm  —  ^m(m +  3)— 8  intersections.  Hence  the  number  of 
integral  relations  is  =  mn  —  ^m(m  +  3)  —  8,  that  is,  =p  —  -^(n  —  m  —  I)(n  —  m  —  2).  And 
thus  in  the  cases  m  —  n  —  2  and  n  —  1  the  number  is  =  p. 

If  m  =  n,  then  \n  (n  +  3)  —  1  —  8  points  on  the  fixed  curve  do  not  determine  the 
variable  curve,  but  they  do  determine  the  remaining  n2  —  28  —  [%n(n  +  3)  —  1  —  8], 
=  \-(n—  1)  (n  —  2)  —  8,  that  is,  p  intersections,  and  the  number  of  integral  relations  is 
thus  =p',  and  so,  for  any  higher  value  of  m,  the  number  is  still  =p. 

19.  The  conclusion  thus  is 

m  $>  n  —  3,  the  number  of  integral  relations  =  p  —  ^  (n  —  m  —  1)  (n  -  m  -  2). 
m  =  or  >  n  —  2,  „  „  =  p. 

The  integral  equations  spoken  of  throughout  are  of  course  independent  relations. 

The  Variable  Intersections  of  the  Two  Curves.     Number  of  Independent  Displacement 
Relations  given  by  the  Pure  Theorem.     Art.  No.  20. 

20.  The   number   of  displacement-relations  given  by  the   pure  theorem  is  =  number 
of    constants   in   minor   function   (x,  y,  z)n~3,   which    equated   to   zero   represents   a   curve 
through  the  dps,  viz.  this  is  always 

£(«-!)(» -2) -8,  =  P- 

But  for  m  >  n  —  2,  these  relations  are  not  independent.  For  instance,  for  n  =  4,  8  =  0, 
m  —  1,  the  displacement-relations  are 

2  (x,  y,  zj-  da  =  0,    that    is,    S#  da>  =  0,     2y  dot  —  0,     ^z  dw  =  0, 

and  conversely  from  these  last  equations  we  have  2  (x,  y,  z}1  da)  =  0.  But  in  this  case 
the  variable  curve  is  a  line  ax  +  by  +  cz  =  0  ;  hence  writing  (x,  y,  zf  =  ax  +  by  +  cz,  the 
equation  (x,  y,  z}1  =  0  is  satisfied  for  each  of  the  intersections  of  the  line  with  the 
quartic,  and  the  corresponding  equation  2  (x,  y,  zj-  do)  =0  is  an  identity.  Hence  the 
number  of  independent  displacement-relations  is  3  —  1,  =2. 

So  for  n  =  5,  8  =  0,  m  =  1,  the  displacement-relations  are 

S  (x,  y,  z)2  do)  =  0,    that    is,    2  (#2,  y-,  z-,  yz,  zx,  xy)  da  =  0, 
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and  these  six  equations  give  conversely  2  (x,  y,  zj-  dco  =  0,  and  in  particular  they  give 
2a?  (x,  y,  z)1  dca  =  0,  %  (x,  y,  z}1  do>  =  0,  tz  (x,  y,  z}1  dw  =  0.  But  if  (x,  y,  z)1  denote 
ax  +  by  +  cz,  then  as  before  we  have  (x,  y,  zj  =  0,  for  each  of  the  intersections  of  the 
two  curves,  and  the  last-mentioned  three  equations  are  identities.  The  number  of 
independent  displacement-relations  is  thus  6  —  3,  =  3. 

So  for  n  =  5,  8  =  0,  m  =  2.  Here  if  the  variable  curve  is  <£=  (a,  ...][#,  y,  z)-=  0, 
then  taking  (x,  y,  *)a  =  (a,  ...$>,  y,  z}2,  the  equation  (x,  y,  z)"=0  is  satisfied  for  each  of 
the  intersections  of  the  two  curves,  and  the  corresponding  equation  2  (x,  y,  z}-  dco  =  Q  is 
an  identity ;  the  number  of  independent  displacement-relations  is  6-1,  =5. 

The  reasoning  is  the  same  when  8  is  not  =  0,  and  we  see  generally  that  for 
m<n—  2,  or  say 

m  >>  n  -  3,  the  number  of  independent  displacement-relations 

=  P  ~  2"  (n  ~  m  ~  1)  (n  ~  m  —  2) : 
while  for 

m  =  or  >  n  —  2,  the  number  is  =p  ; 

since  in  this  case  the  relations  given  by  the  theorem  are  all  of  them  independent. 
It  thus  appears  a  posteriori,  that  in  every  case  the  number  of  independent  displace 
ment-relations  given  by  the  pure  theorem  is  equal  to  the  number  of  independent  integral 
relations. 

As  to  the  dps  of  the  Fixed  Curve.     Art.  No.  21. 

21.  I  conclude  with  a  general  remark  applicable  to  the  whole  of  the  three  chapters. 
There    is   no    necessity   to   attend    to    all    or   indeed    to    any   of    the    dps    of    the    fixed 
curve.     Suppose  that  the  fixed  curve  has  8  +  8'  dps,  where  8,  8'  may  be  either   of  them 
or   each   =0,  but   attend   only  to   the    8   dps,  the    8'  dps    being   wholly   disregarded,  and 
accordingly   let   the   expression   the    dps   mean   as   before   the    8   dps  of  the  fixed   curve. 
No  alteration  at  all  is  required:    only,  if  8'  be  not  =0,  then  p  =  £  (n  —  l)(w  —  2)-  8  will 
no  longer  be  the   deficiency.     To   obtain   the   best   theorems  we   use  all    the   8  +  8'   dps: 
but   disregarding  the    8'   dps,  we  obtain   theorems,  as  for  a  curve   with  8  dps,  which  are 
true,  and  may  frequently  be  useful   either  in   their   original  form  or  with  simplifications 
introduced  therein  by  afterwards  taking  account  of  the  8'  dps. 

CHAPTER  II.    PROOF  OF  ABEL'S  THEOREM. 
Preparation.     Art.  Nos.  22  and  23. 

22.  Starting   from   the   equation    <£  =  (a,  ...$#,  y,  z)m  =  0   of  the    variable  curve,  we 
have 

dx  dy  dz 

dx  dy    y      dz 
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where  8<f>  =  (da,  ...$&•,  y,  z}m.  Let  T  denote  an  arbitrary  linear  function,  =  ass  +  by  -f  cz  ;. 
multiply  the  two  equations  by  ax+by+  cz,  =  r,  and  —  (adx  +  bdy  +  c  dz),  =  —  dr  re 
spectively,  and  add  :  we  obtain 

dd> 


/     7  7  \  ii  ^0        ^$\      /     7  T  \  f   dd>        dd>\ 

(y  dz  —  z  ay)  (b-j   -c-~  }  +(z  dx  —  x  dz)   c  7~-  —  a  -~H 

V    cte        dy/  x  V   CMS         cw/ 


introducing  da,  this  becomes 

7     \~dffjdd)        dd>\      df  i  dd>        dd>\      df  f    dd>      7  dd>\~\ 

dfa  hj    I "  i    ~  c  j    )  +  i    (c  j    ~ a  j •      +  j    (a  i    ~  b  -7         +  rS<6  =  0, 
\_dx\   dz        dy)      dy\  dx        dz)      dz\    dy        dxl] 

Ci  T  (IT  fl  T 

or  observing   that   a,  b,  c   are  the   differential   coefficients  -p  ,   -^-  ,   -=- ,  the   term   in  [  J 

dx     dy     dz 

is  /(/,  T,  0),  or  say  J(<f>,  f,  T),  and  the  equation  is 

du>J  (</>,  f,  T)  4-  T§^>  =  0, 
where  J(<f>,f,  r)  is  the  Jacobian,  or  functional  determinant 

d(f>     d(f>     d(f> 
dx  '    dy  '    dz 

df      df      df          _d (<f>,  f,  T) 
dx  '    dy  '   dz  d(x,  y,  z)  ' 

dr      dr      dr 


and  we  hence  have 


dx  '    dy  '    dz 


-. 
dot  = 


23.     The  two  theorems  thus  become 


(T     11     9\n~ 

\m,  y,  z) 


r8<f> 


012 


,/,  r) 


=  0, 


But   further,   if  in   the   first   equation   we   write    T  =  Z,   and    in    the   second    equation   we 
retain  T,  using  it  to  denote  the  linear  function  012,  the  equations  become 


l~3         ^ 
Jfaf) 


—  0  • 


C.    XII. 


16 
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where,   in  the  first  equation,  J  (<f>,  /)  denotes  the  Jacobian 


d 


dx  '     dy  d  (x ,  y  ) ' 

df       df 

dx'     dy 

In  these  equations  the  only  differential  symbol  is  the  8  affecting  the  coefficients 
a,  b,  . . .  of  <f>,  <£i ,  <f)., ;  the  equations  are,  in  respect  to  the  coordinates  (#,  y,  z}  of  the 
several  variable  intersections  of  the  two  curves,  purely  algebraical  equations,  which  are 
in  fact  given  by  Jacobi's  Fraction-theorem  about  to  be  explained.  But  for  the  further 
reduction  of  the  affected  theorem  I  interpose  the  next  three  articles. 

The  Coordinates  (p,  a-,  T).     Art.  Nos.  24  to  26. 

24.  The  letter  r  has  just  been  used  to  denote  the  determinant  012:  there  is 
often  occasion  to  consider  three  points  1,  2,  3  coordinates  (a.\,  ylt  z,},  (x.,,  y.,,  z.2),  (x3)  y3,  z3} 
respectively ;  and  then  writing  p,  a-,  r  to  denote  the  determinants  023,  031,  012 
respectively,  and  A  the  determinant  123,  we  have  identically 

A./;  =  j\p  +  ./•._,  o-  +  x3r, 


kz  =  zlp  +  z.,  a-  +  z3  r, 

which  equations,  regarding  therein  the  point  0,  coordinates  (x,  y,  z\  as  a  current  point, 
are  in  fact  equations  for  transformation  from  the  coordinates  (x,  y,  z}  to  the  coordinates 
p,  or,  T  belonging  to  the  triangle  of  reference  123.  The  points  1  and  2  have  been 
already  taken  to  be  on  the  fixed  curve,  and  it  will  be  assumed  that  3  is  also  a  point 
on  this  curve. 

25.  If  the  function  /,  which  equated  to  zero  gives  the  equation  of  the  fixed 
curve,  be  transformed  to  the  new  coordinates  (p,  a-,  T),  the  coefficients  of  the  trans 
formed  function  are  polar  functions,  each  divided  by  V'1,  viz.  the  coefficient  of  pn  is 

-^  lw,  which  by  reason  that  1  is  a  point  on  the  curve  is  =  0  (and  similarly  the 
coefficients  of  <jn  and  of  T"  are  each  =  0),  the  coefficient  of  p11-1  a  is  =  —  n  .  I"-1  2  ; 

that  of  p^r  is  =  ^--  n  .  I11?1  3  ;  that  of  pn~*  a2  is  =  ~%n  (n  -  1)  l'^22;  and  so  in 
other  cases.  I  write  this  in  the  form 

/=^(1»  =  0,  ...&>,  IT,  T)»; 
or  we  might  also  use  the  symbolic  form 
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The  terms  independent  of  r  contain,  it  is  clear,  the  factor  pa;  and  separating 
these  terms  from  the  others,  the  equation  may  be  written 

/=  —  ^  pa-(n  .  Vl~l  2,  ...  "fQp,  tr)n~2+  terms  involving  r. 

26.  The  equations  T  =  0,  (...f]£/0,  <r)?l~-  =  0,  determine  the  residues  of  the  points 
1,  2,  and  hence  the  major  function  (x,  y,  z\?l~*,  expressed  in  terms  of  p,  a,  T,  and 
writing  therein  r=0,  must  reduce  itself  to  (...'(•Jp,  <r)n~2  multiplied  by  a  constant  factor 

which    is    at    once    found    to    be    =  y^zr,  '•>     f°r    taking    the    current    point    at    1    we    have 
(p,    a,   r)  =  (A,    0,   0),    and    the    corresponding    value    of    the    major    function    is    thus 

—  w.  l«-i  2.  A"--.  =?i.ln-<22,  as  it  ought  to  be.     We  have  thus 
V  (-- 

(«,  y,  s)ian~2  =  -v^a  («  •  I'1"1  2,  ...f^/3.  o-)'1"'-  +  terms  involving  r; 


and  we  hence  see  that,  for  r  =  0, 

A2/" 

(#.  v,  ^)ion~2  =  -  -  , 
pa-  ' 

an  equation  which  will  be  useful. 

The  Preparation  for  the  Affected  Theorem  resumed.     Art.  No.  27. 

27.     In   the  affected    theorem    instead  of  (x,  y,  z)  we  introduce  the  new  coordinates 
(p,  cr,  r).     We  have 

TN_^  (</>>/  T)  d(P>  *>  T) 
'       "d(p;~^,7)  ^(^,  y,  zy 

where   the   first   factor   is   =   ,       J    ,  say  that   this   is   J(<f>,  /),  the   Jacobiau   in   regard 

a  (p,  a) 

to  p,  a-:  and  the  second  factor  is  at  once  found  to  be  =  A'2.     We  have  consequently 


f,  T) 
and  the  equation  for  the  affected  theorem  becomes 

2(x    v   ^  "-2       8(^  -  A2   -        4. 

*  V^>  2/>  f/M          r     --  —  —  a    —  —  T  -r-  I  , 


where  (a;,  y,  ^)12'i~2  is  to  be  regarded  as  standing  for  its  value  in  terms  of  (p,  a,  T). 

Jacobi's  Fraction-  Theorem.     Art.  Nos.  28  to  31. 

28.  This  is  the  extension  of  a  well-known  theorem,  which,  in  a  somewhat  disguised 
form,  may  be  thus  written  :  viz.  if  U  be  any  rational  and  integral  function  (x,  l)w, 
then  we  have 


U~~x-x'. 

16—2 


124  A    MEMOIR   ON   THE   ABELIAN    AND    THETA    FUNCTIONS.  [825 

or,  introducing  an  arbitrary  constant  A  by  the  equation  A  U  =  X,  say  this  is 


x  , 

where  U'  is  the  same  function  (x',  l)m  of  x'  that  U  is  of  x :  J(U'),  =  -,—,  is  the 
Jacobian  of  U',  and  the  summation  extends  to  all  roots  x'  of  the  equation  U'  =  0 : 
obviously  this  is  nothing  else  than  the  formula  for  the  decomposition  of  jj.  into  simple 
fractions. 

29.     Take   now    U=(x,  y,  l)m,  V=(x,  y,    1)",  functions   of  x,   y   of  the   degrees   m 
and  n  respectively,  and  assume 

AU+BV  =  X,  a   function   (x,  l)wn, 
CU  +DV=  Y,  „          (y,  l)mn, 

viz.  let  X  =  0  and  Y=  0  be  the  equations  obtained  by  elimination  from  U=Q  and 
V  =  0  of  the  y  and  the  x  respectively.  The  forms  are 

A  =  (x,  yn~\  1)'™-™,         B  =  (x,  y™~\  1)" 
C  =  (xn~\  y,  I)™'1-™,         D  =  (xm~\  y,  I)"1 

where  these  equations  denote  the  first  of  them  that  A  is  a  rational  and  integral 
function  of  the  degree  mn  —  m  in  x  and  y  jointly,  but  only  of  the  degree  n  —  1  in  y : 
and  so  for  the  other  equations.  It  follows  that 

The  theorem  now  is 


XY          ~  x-x  .y-y'.J(U',  V) ' 
where    U',   V   are   the   same   functions   of  (x',  i/')   that    U,   V  are   of  (x,   y);   J(V,   V) 

is   the   Jacobian    -—-,-,'     ..    ;   and   the   summation   extends   to   all  the    simultaneous  roots 
d(af,  y) 

x',  y'  of  the  equations   U=0,   V  —  0. 

30.     For   the   proof,   observe    that   AD— EG  is   a   sum   of    terms   of    the   form   xay? 
where   a   and   fi   are   each    of    them   at    most   =  mn  —  1 ;    hence   X   being   of  the   degree 

mn    we   have    '^  =  a    sum    of    fractions    -, ,   where    x    is    any   root    of    X  =  0 ;    and 

X  x  —  x 

similarly    ^  =  a   sum    of    fractions         — , ,   where   y'   is   any    root   of    Y  =  0 ;    multiplying 

is  U 

the   two   expressions   and   taking   the   sum  for   the  several   terms   \xay&  of  AD  —  BG  we 

obtain  a  formula 

BC  K 


X  Y  x  —  x  .  y  —  y" 

where   the   summation   extends   to   all   the    combinations   of    the    mn    values   of   x'   with 
the  mn  values  of  y.     But  such  a  formula  existing,  the  coefficients  K  may  be  determined 
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in   the    usual    manner,  viz.    multiplying   by  XY  and   then  writing   x  =  x,  y  =  y',  theie  is 
on  the  right-hand  only  one  term  which  does  not  vanish,  and  we  find 

AJ}      7?n  K(    X    \     I     Y    }         _R(dX  dY 

(AD  —  .DC  Ly  =  X  — ;  ,  I   ,    —  A     -j-      , 

\as  -  x  )x>  \y-y  )y<  \  dx    dy 

where  the  factor  which  multiplies  K  does  not  vanish. 

We    distinguish    the    cases    where    (x,   y'}   are    corresponding    or  non-corresponding 

roots   of  X  =  0,   F=0;   viz.   corresponding   roots   are   those   for   which  U=0,   V=  0,  but 

for   non-corresponding   roots   these   equations  do   not  hold   good ;   there  are   obviously  run 
pairs  of  corresponding  roots. 

In  the  latter  case  (AD-  BG)  U=  DX  -  BY;  (AD-  BC)  V=  -  CX  +  AY,  and  since 
for  the  values  in  question  X,  Y  each  vanish,  but  U,  V  do  not  each  of  them  vanish, 
we  must  for  these  values  have  AD  —  BC=Q,  and  the  foregoing  equation  for  K  gives 
then  K=0. 


31.     The  formula  thus  is 


AD-BC_^          K 


XY 


where  the  summation  now  extends  only  to  corresponding  roots  x',  y',  for  which  we  have 
U=0,  V=  0.  We  have  for  K  the  foregoing  expression,  which,  to  complete  the 
determination,  we  write  under  the  form 


this   is   allowable,  for  J(X,  Y}.  =  -~-~  —  r-  ,  differs   from  -=—   only  by  the   zero  term 

a  (x,  y)  dx    dy 

—  -j      .—  .     Moreover,  differentiating   the  expressions  for  X,  Y,  and  considering   (x,  y)  as 
cty  CLOO 

therein  standing  for  a  pair  of  corresponding  roots  (x,  y'},  the  terms  containing  U,  V 
will  all  vanish;  we  thus  in  effect  differentiate  as  if  A,  B,  C,  D  were  constants,  and 
the  result  is  (AD-BC)J(U,  V),  or  say  this  is  (AD  -  BC)x-y>  J(U',  V):  hence,  in  the 
equation  for  K,  the  factor  (AD  —  BC)xy  divides  out,  and  we  have  l  =  KJ(U',  V'}; 
hence  the  required  formula  is 


^__   -       ( 

XY  x  —  x  .  y  —  y 

the  summation  extending  to  all  the  simultaneous  roots  (V,  y')  of  U=0,   V=0. 
Homogeneous  Form  of  the  Fraction-Theorem.     Art.  No.  32. 

SC        7/        Cu          II 

32.     For    x,   y,   x,   y'   we   write   -  ,    -  ,    —  ,    —,  ;    supposing    that    U,    V  now    denote 

M      9  •   M        % 

homogeneous  functions  (x,  y,  z)m,  (x,  y,  z)n,  and  that  we  have 

A  U  +  BY  =  X,  =(x,  z)mn,  =  ax"™  +  ..., 
CU  +  DV=  7,   =(y,  z)mn,  =  /3ymn  +  ..., 
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where  the  forms  are 

A  =  (as,  y'1-1,  z)mn~m,     B  =  (x,  y'"'~\  z}mn-n, 

C  =  (xn~\  y,  z)mn-m,     D  =  (xm~\  y,  z)mn~n, 

AD  —  BC=(xmn-\    ymn-\    zfmn-m-n^ 

viz.    the  degree   of  A    in   (x,  y,  z)  is   =  mn  -  m,  but   y   rises   only   to   the   degree   n  -  I, 
and  so  in  other  cases  ;   then  the  theorem  becomes 


-_ 

VT7-  ~     -    *      ~~  -  /  --  ~t  -  ~  •  V    (   U    >        V     ). 

Ax  xz  —  x  z  .  yz  —  y  z 

where   J(U',   V)   denotes   the   Jacobian   -rW  —  >r,  and   the   summation   extends   to  the 

**  \x  »  y  ) 

simultaneous  roots  (x,  y',  /)  of  U  =  0,   V  =  0. 

It  is  proper  to  introduce  into  the  formula  r,  an  arbitrary  linear  function 
ax  +  by'  +  cz'  of  (x,  y',  z'}  :  observe  that,  in  the  Jacobian,  (x',  y',  z'}  have  always  values 
for  which  U'  =  0,  V  =  0  :  we  have  therefore 

,dU'       ,dU'       ,dU' 

x  -j~~>  +  y  j—  +  z  j-r  =  o, 

dx  dy  dz 

,dV'       ,dV       ,dV 
x  -j-r  +  V  -j-7  +  z   j-r  =  0, 
dx  dy  dz 


d(y',  z')         d(z,  x')     '    d(x\  y')   ' 
and    if    the   expressions   on   the    right-hand   are    for   a    moment    called   A,   B',    C',   then 

writing  T'  =  ax'  +  by'  +  cz',  we   have  /  (  U',   V,  r')  =  a  A'  +  bB'  +  cC',  =~C',  =-,J(  U',   V), 
,  z  z 

that  is, 


.  J(U',   V)     z'J(U',   V',r'Y 

or  the  equation  becomes 


zm+n-2  (AD-BC)  z'm+n-i     ' 

-  i  _  _'  —  V  _     _  _  [  _      T  (IT1     V       '\ 

W  —  <*      ,          ;  --  -,  -  T  .  J  (  U  .     y   .   r  ), 

AY  xz  —  x  z  .  yz  —  y  z 

the  summation  being  as  before. 

Resulting  Special  Theorems.     Art.  Nos.  33  to  35. 
33.     Reverting  to  the  Cartesian  form,  we  have 
xy(AD-BC) 

-XT-    = 


where  Hm  is  the  homogeneous  sum  of  the  order  m, 

HI  (u,  v)  =  u  +  v,  Hz  (u,  v)  =  u2+  itv  +  v2,  &c. 
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The  left-hand  side  is 

/     1          &c.      \  /    J_       &c. 

(AV-  BL)          rnn-i  +      nn  "•  mn-i  T     mn  + 


and  in  AD—  BO  the  terms  of  the  highest  order  in  (x,  y),  say  (AD—BC\  are 
(  AD  -  BC\  =  (Xy}mn-™-n^  (a,  b,..,  Mf$x,  y}m+n-\ 

There  is  thus  on  the  left-hand  no  term  which  is  in  (x,  y)  of  a  higher  degree 
than  —  (m  +  n  —  2)  ;  hence  on  the  right-hand  every  term  of  a  higher  degree  than  this 
in  (x,  y}  must  vanish,  viz.  we  must  have 

nit  **?/   P 

0  =  2          '    frn  so  l°ng  as  *  +.£  ^  m  +  *  —  3, 

,     '     ) 


or,  what  is  the  same  thing,  we  must  have 


#     T/ 

0  =  X      V  ;  Tf/—  TTVV  —  .  say  the  (m  +  n  —  3)  theorem, 
,  F) 


where  (#',  y',  !)'«•+«•-»  is  the  arbitrary  function  of  the  degree  m  +  n  —  3. 
34.     Passing  to  the  next  lower  degree  —  (m  +  n  —  2),  we  have 

at      7 

_       " 

'  y 

and    if    in    (a,    6,  .  .  ,  Arf"]^a;,    y)«*+»i-2    we    consider    any    term    gxm+n~-~p  y^+n-i-q^    where 

M  +  </  =  m  +  w  —  2,   then   we    have    on    the    left-hand    the    term    -~  —  ,    and    the   corre- 

a.f3xpyi 

spending  term  on  the  right-hand  must  be 

?  _       1 

J(U',  V) 
that  is,  we  have 

g     * 


*p   ~J(U't  VY 

But  from  the  foregoing  expression  for  (AD—BC)0,  it  appears  that  (AD  —  BC\  contains 
the  term  gxmn~1~pymn~1~(1)  and  it  hence  appears  that  g  is  the  constant  term  of  the 
quotient  (AD-BC\  divided  by  a?mM--f  ynn-i-o;  Or  as  this  may  be  written 

, 
g  =  const,  of 

comparing  the  two  values  of  g,  we  obtain 


,      „  (AD  -  BC\ 
const,  of     -  =  2  ,  (P  +  1  =  ™  +  »  -  2), 


and  we  hence  derive 

•'«        -  =  -  j\ij.t 
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where  (x,  y)m+n-2  is  the  general  function  of  the  degree  m  +  n  —  2,  and,  of  course, 
(as',  y')m+n-°-  is  the  same  function  of  x',  y'.  The  two  functions  may  be  written 
(ae,  y,  0)m+n~2  and  (x',  y',  0)'n+n~2;  and  this  being  so  we  may  on  the  right-hand  write 
instead  (x,  y',  1)™+M-2,  for,  by  so  doing  we  introduce  in  the  numerator  of  the  fraction 
new  terms  of  an  order  not  exceeding  m  +  n  -  3,  and  by  the  (m  +  n  -  3)  theorem 
already  obtained  the  sum  2  of  the  quotient  of  such  terms  by  J(U',  V)  is  =0.  We 
thus  have 


Coo*  of          --2,  say  the  («,+»-2)  theorem 


where  (x,  y',  I)m+n~°  is  the  general  non-homogeneous  function  of  the  degree  m+n  -2, 
and  (x,  y,  0)m+w~2  is  obtained  from  it  by  attending  only  to  the  terms  of  the  highest 
degree  m  +  n  -  2,  and  therein  substituting  x,  y  for  as',  y. 

35.  We  may,  it  is  clear,  in  the  equations  for  the  (m  +  n  -  3)  and  for  the 
(m  +  w-2)  theorems  respectively,  omit  the  accents  on  the  right-hand  sides;  doing  this, 
and  moreover  in  each  equation  transposing  the  two  sides,  the  two  special  theorems  are 

Q  (m  _[_  n  —  3)  theorem, 


,  (?,  y,  \r*~  _  Qf  (AD-BQ,(x,y,  0)P"-     (  2)  th 

S.     ---     -  ^T-ir^  --  Wv  -     \^^11OU.        \JL  yj    /  \  1)1  41  _  1  V  ' 

J(U,  V)  *$(xy}mn 

Homogeneous  Form  of  the  Special  Theorems.     Art.  No.  36. 

36.     Writing   -,    ^   for  x,  y,  and  introducing  as   before  the  arbitrary  linear  function 

z     z 

r  =  aa.  +  ly  +  czt  we  at  once  obtain,  U,  V  being  now  homogeneous  functions  (x,  y,  z]m 
and  (x,  y,  z)'1  respectively,  and  the  A,  B,  C,  D  being  also  homogeneous  functions 
accordingly, 

z(x,  y,  z)m+n-3  _  0  (m  +  n-  3)  theorem, 

J(U,  V) 


r  (x,  y,  zr^l  _  const    of  (^*.  y.      "  (m  +  n  _  2)  theorem> 

zJ(U,   V,  r)    '  ^1 


where  the  suffix  0  denotes  that  we  are  in  AD  -  BC  to  write  z  =  0. 

If  in  the  last  formula  we  change  throughout  the  letters  x,  y,  z  into  p,  a-,  T 
(that  is,  consider  U,  V  as  given  functions  of  p,  <r,  r),  but  retain  T  as  standing  for 
the  particular  function  Op  +  Oer  +  lr,  then  the  formula  becomes 


(p,  <r,  T)™+n-'J_congt      f  (^^--B^PL_f%jrr^_^    (m  +  n-  2)  theorem, 

«W  F) 


where  J(U,  V)  denotes  >  the  Jacobian  in  regard  to  p,  o-. 

" 
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The  effect  of  dps  of  the  Curves  17=0,   F=0.     Art.  Nos.  37  and  38. 

37.  We  must,  in  regard  to  the  foregoing  special  theorems,  consider  the  effect  of 
any  dps  of  the  curves  U=0,  F=0. 

Suppose  one  of  the  curves,  say  V,  has  a  dp,  but  that  the  other  curve  U  does 
not  pass  through  it  ;  the  dp  is  not  an  intersection  of  U,  V,  and  the  theorems  are  in 
nowise  affected. 

If  U  passes  through  the  dp,  then  the  dp  counts  twice  among  the  intersections 
of  U,  V:  at  the  dp  we  have  J(U',  V'}  =  0,  and  (to  fix  the  ideas,  attending  to  the 

(x      V      z\>n+n—s 

(m  +  n-3)   theorem)    the   sum   S^-MfW-r  —   will   contain   two    infinite   terms;    these 


may  very  well,  and  indeed  (assuming  that  the  theorem  remains  true)  must  have  a 
finibe  sum,  but  except  by  the  theorem  itself,  this  finite  sum  is  not  calculable,  and  the 
theorem  thus  becomes  nugatory. 

If,  however,  the  curve  (x,  y,  z)m+n-*  =  Q  be  a  curve  passing  through  the  dp,  then 
considering,  instead,  the  case  where  the  last-mentioned  curve  and  U  each  approach 
indefinitely  near  to  the  dp  of  V;  there  are  two  intersections  of  U,  V  indefinitely  near 
to  each  other  and  to  the  dp  ;  at  either  intersection,  the  numerator  (xr,  y',  z")™+n-3  an(j 
the  denominator  J  (U,  V}  are  infinitesimals  of  the  same  order,  say  the  first,  and  the 
fraction  has  a  finite  value  ;  the  finite  values  for  the  two  intersections  have  not  in 
general  a  zero  sum,  and  consequently  in  the  limit  it  would  not  be  allowable  to  dis 
regard  the  intersections  belonging  to  the  dp. 

38.  But  if  the  numerator  curve  (x,  y,  2)m+n-s  =  0  passes  twice  through  the  dp 
(that  is,  has  there  a  dp),  then  reverting  to  the  two  consecutive  intersections,  at  either 
of  these  the  denominator  J  (U,  V)  is  as  before  an  infinitesimal  of  the  first  order,  but 
the  numerator  (x,  y,  2)m+n-3  is  an  infinitesimal  of  the  second  order,  and  in  the  limit  the 
value  of  the  fraction  is  =  0  ;  we  may  in  this  case  disregard  the  intersections  belonging 
to  the  dp;  and  so  in  general,  the  curve  (x,  y,  z}m+n~s  =  Q  passing  twice  through  each 
dp  of  U  which  lies  upon  F,  we  have 

^z(x,  y,  zr+n~z     „ 


J(U,  F) 

the   summation   now   extending  to   all   the   intersections   of    U,   V  other  than  the  dps  in 
question,  which  are   to  be  disregarded.     And  the  like  in  regard  to  the  other  theorem 

(x,  y,  *)»+"-*  _  (AD  -  BC)0  (x,  y,  0)»+»- 

J(u,  F  ~- 


The  Pure  Theorem.—  Completion  of  the  Proof.     Art.  No.  39. 
39.     The  theorem  was  reduced  to 


y,  *)"-»&fr 


which  is  therefore  the  equation  to  be  proved. 
C.  XII. 
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The   (m  +  n  -  3)   theorem,   writing   therein    </>,  /  in   place   of   U,   V  respectively  (the 
degrees  being  as  before  m  and  n),  is 


z(x,  y 


_ 


J(U,  V) 

Here  (x,  y,  z)m+n~3  is  an  arbitrary  function  of  the  degree  m  +  n  —  3,  and  this  may 
therefore  be  put  =(x,  y,  2)'™$$,  where  S(/>,  =(da,  ...$«,  y,  z)m,  is  a  function  of  the  degree 
m  ;  and  since  the  curve  <f>  =  0  passes  always  through  the  dps  of  /,  and  varies  subject 
to  this  condition,  the  curve  S$  =  0  will  also  pass  through  the  dps;  hence  taking 
(x,  y,  z)n~3  =  0  a  curve  through  the  dps,  the  curve  (as,  y,  z)n~3  B(f>  =  0  is  a  curve 
passing  twice  through  each  of  dps,  and  the  (m+n  -3)  theorem  thus  gives  the  equation 
which  was  to  be  proved.  This  completes  the  proof  of  the  pure  theorem 

2(ar,  y,  z)n-3da)  =  0. 

The  Affected  Theorem.  —  Completion  of  the  Proof.     Art.  Nos.  40  and  41. 
40.     The  theorem  was  reduced  to 

(x,  y,  *V-'S0  _          /    &#>,     S£ 
~ 


which  is  therefore  the  equation  to  be  proved. 

The   (m+n-  2)   theorem,  written   with    (p,  <r,  T)   in   place   of  (x,  y,  z),  and   putting 
therein  <f>,  f  for   U,   V,  is 

(p,     ,  r)— 


where  it  will  be  recollected  that  the  suffix  (0)  denotes  that  r  is  to  be  put  =  0. 
Here  (p,  a,  r)m+n~2  is  an  arbitrary  function  of  the  degree  m  +  n  —  2,  and  this  may 
therefore  be  put  =  (x,  y,  z)i2n~2  &<f>,  the  two  factors  being  each  of  them  considered  as 
expressed  in  terms  of  (p,  <r,  r)  ;  and  since  each  of  the  curves  (x,  y,  z)12n~2  =  0  and 
B(f)  =  0  passes  through  the  dps  of  f,  the  curve  (x,  y,  z)l2n~'2  8<f>  =  0  is  a  curve  passing 
twice  through  each  of  the  dps.  We  have  therefore 

*  (a,  y,  *)12'1-2  ty  _  of  (AD-BC\(x,  y,  z)^-"-^ 

- 


where   on   the   right-hand   side   (x,  y,  z)12n~2  is   considered   as   a   function   of  p,  <r,  T,  and 


we    are   to   put  therein   T  =  0  ;    it   has   been   seen   (No.    26)   that    the    value    is    ="—  , 

pa- 

where  f0   is   what  /,  considered   as   a   function   of  p,   a-,   r,   becomes   on   writing    therein 
T  =  0  ;   the  right-hand  side  thus  becomes 

=  const,  of 
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41.     But  for  r  =  0,  we  have 


and  hence 

(AD  -  .BCVo  =  A0/3<rmn  -  C0*pmn, 

and  the  right-hand  side  thus  becomes,  say 


But   in   calculating  the   constant   of  —  ^  8<f>0,  we  may  suppose  not   only   T  =  0,  but  also 


er  =  0:    we   then   have    00  =  0»,    y,    *)'",    =(?}    (xlt    ylt    z$>\    *f£j    <£„    and    hence    also 


D 

Similarly,  in  calculating   the  constant   of  •«—  7^n  800,  we    may   suppose  not    only  T  =  0, 


/er\m  f  <r\m 

but   also  p=0:   we  then    have    ^0  =  («,  2/,  ^)'~,  =  (  ^  )    (^--,  2A>,  ^)m,  *  (  AJ    ^2'    and   hence 


Moreover,  in  the  equations 


f  o\m  A        /A\m  1 

writing   in  the    first    equation    <r  =  0,  we    find   A0  (^-  j     <f>1  =  ctpmn,  that  is,   —  ^n  =  \)    Z"  > 

(  (T\m 

and   similarly  writing   in    the   second   equation  p=0,  we   find    C0  (  -^  )     <f>»  =  @<rmn,  that  is,. 

C         /A\m  1 

--—  °    =  (  -  ]    —  :    and  the  expression  thus  becomes 
(3amn      \a-J    </>2 


giving  the  equation  which   was   to  be  proved.  This  completes  the  proof  of  the  affected 
theorem 

_,  (x,  y,  2)]2n~2  dw  _  80!      §<£._> 

012  "1  +  <>2> 


17—2 
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CHAPTER  III.    THE  MAJOR  FUNCTION  (x,  y,  z\jl~-. 
Analytical  Expression  of  the  Function.     Art.  Nos.  42  to  49. 

42.  The  function  has  been  defined  by  the  conditions  that  the  curve  (x,  y,  z\.?--  =  0 
shall  pass  through  the  dps,  and  also  through  the  n  —  2  residues  of  the  parametric 
points  1,  2:  and  moreover,  that  on  writing  therein  (aclt  ylt  z^  for  (x,  y,  z),  the  function 
shall  become  =  n  .  I'*"1  2.  Obviously  the  function  is  not  completely  determined  :  calling 
it  H  (or  when  required  ft]:>),  then  if  H'  be  any  particular  form  of  it,  the  general 
form  is  H  =  H'  +  (x,  y,  z)n~'A.  012,  where  (x,  y,  z)n~3  is  the  general  minor  function,  viz. 
(x,  y,  z)n~3  =  0  is  a  curve  passing  through  the  dps  :  the  major  function  thus  contains 
^  (n  —  1)  (n  —  2)  —  S,  =p,  arbitrary  constants. 

Agreeing  with  the  definition,  we  have  the  before-mentioned  equation 


H  =  --  ^—  (n  .  I11"1  2,  .  .  .f$p,  <r)n~2  +  terms  involving  T, 

viz.  from  this  expression  for  H  it  appears  that  the  curve  H  =  0  meets  the  line  through 
1,  2  in  the  n-2  residues  of  these  points,  and  moreover,  for  (x,  y,  z)  =  (xli  yi,  Zi)  and 
therefore  (p,  <r,  r)  =  (A,  0,  0),  the  value  of  Q  is  =?i.l"-12. 

43.     We  can  without  difficulty  write  down  an  equation  determining  H'  as  a  function 
(x,  y,  z}n~z,  which,  on   putting  therein   r  =  0,   becomes   equal   to   the   foregoing  expression 

—  ^  (n  .  I'1-1  2,  .  .  -t$P'  <r}n~~,   and   which  is   moreover   such    that   the   curve    ft'  =  0   passes 


through  the   dps;    which   being   so,  we  have  as   before,  fl=sfl'+(a?,  y,  z}n~'\  012,  for  the 
general  value  of  H. 

To   fix   the  ideas,   consider   the   particular  case  n  =  4,  the  fixed  curve  a  quartic  :    H', 
on  putting  therein  r  =  0,  should  become 

=  1(4.P2,  6.P2',  4.12*f$p,  a)- 

and   it   is    to    be    shown    that    this   will    be    the    case    if    we    determine    H',   a    quadric 
function  of  (x,  y,  z),  by  the  equation 


a?i,  #,  <&ra,  y-2,  ^),     6.1222 
^,  ^,  ^  ,     4.123 

a,  b  ,  c,   f,g,h,          0 


where   the    left-hand    side   is    a   determinant   of    seven    lines   and    columns,   the   top   line 
being  x2,  y-,  z*,  2yz,   2zx,  2xy,  fl',  and   similarly   for   the    second   line;    the   third   line   is 
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2#,aj2,  22/jT/o,  2z,z,,  2  (T/^,  +  y^),  2  (z.,^  +  z^,  2  (a^  +  x.2yl\  6  .  1222,  and  in  each  of  the 
last  three  lines  we  have  six  arbitrary  constants  followed  by  a  0.  The  equation  is  of  the 
form  D  +  J/H'  =  0,  where  D  is  a  quadric  function  (as,  y,  z)2,  and  M  is  a  constant  factor. 

44.  If  the   quartic   curve    has  a  dp,  suppose  at  the  point  a,  coordinates  (xa,  ya,  za), 
then   in   order   that   the   curve    fl'  =  0    may   pass   through   the   dp,   we    must   for   one    of 
the   last   three   lines   substitute   (xa,  ya,  za)-,  0;   and  so   for  any  other  dp   or  dps   of  the 
quartic   curve.     And   the  conditions  as   to  the  dp  or   dps  (if  any)  being  satisfied  in  this 
manner,   we   may    if   we    please,    taking   (xp,   yft,   zft)   as   the    coordinates   of  an   arbitrary 
point  ft  (not   of  necessity  on   the   fixed   curve),  write   any  line  not  already  so  expressed, 
of    the   last   three    lines,   in   the   form   (aeft,   yft)    ztf,    0;    the   effect   being    to    make    the 
curve  O'  =  0  pass  through  the  arbitrary  point  ft. 

45.  To   show    that   the   equation    on   putting    therein    r  =  0   does   in    fact    give   the 
required  value,  fl'  =  — (4.P2,  6 .  1222,  4.123t£p,  o-)2,  =<£  suppose,  it   is    to   be   observed 

that,  effecting   a   linear   substitution   upon    the   first    six   columns,    the    equation    may   be 
written 

(p,<T,r)2  ft'       i  =  0, 


-1}  Tl)3 


o,    T3), 


a',  b',  c',   /',  g',  h'  , 


4.P2 

6.P22 

4.12:f 
0 


where  (pl}  o-1}  TJ),  (p.2,  a.,,  r.2)  are  what  (p,  <r,  T)  become  on  writing  therein  for  (x,  y,  z} 
the  values  (xlt  ylt  z,)  and  (x.2,  yz,  z,}  respectively;  viz.  we  have  (Pl,  a-1}  r,)  =  (A,  0,  0)  ; 
(p,,  a-.,,  T.2)  =  (0,  A,  0);  the  equation  thus  is 

p'2  ,     cr- ,     r2,  2<rr,  2r/D,  2pcr,         H'         =  0, 

&2,     0  ,     0  ,  0  ,  0  ,       0  ,  4 .  132 

0,0,0,  0  ,  0  ,  2A2,  6 . 1222 

0  ,     A2,     0  ,  0  ,  0  ,  0  ,  4 . 123 

a' ,     b'  ,     c' ,  f,  a'  h'            0 

»/  L/ 

and  then  by  another  linear  substitution  upon  the  columns,  the  last  column  can  be 
changed  into  H'-O,  0,  0,  0,  0,  0,  0 ;  whence  writing  T  =  0,  the  equation  becomes 

p- ,     o-2,     0,     0,     0,      2/00-,     fl'-<] 

A-V   0  ,    0,    0,    0,       0  ,        0 

0  ,     0  ,     0,     0,     0,     2A2,         0 

0,     A2,     0,     0,     0,        0,         0 

«'.     K^i     ^,    /',     g',        k',         0 
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or,  omitting  a  constant  factor,  it  is 

p2  ,     a-  ,  2/30-,  H'  -  <E>    =0, 

A2,     0  ,  0  ,  0 

0,0,  2A-,  0 

0  ,     A2,  0  ,  0 

that  is,  n'-3>=0,  or  n'  =  <I>,  =  ^-2(4.132,  6  .  1222,  4  .  123t&?,  ff)2,  the  required  value. 

46.     Considering   the    equation    for    H'   as    expressed    in    the    before-mentioned    form 
D  +  M£l'  =  0,  the  value  of  the  constant  factor  M  is 


(#2,    2/.2,    z2)- 
a,    b  ,    c,    f,    g,    h, 


or  if,  instead  of  each  line  such  as  a,  b,  c,  f,  g,  h,  we  have  a  line  (xa>  ya,  za)-,  then  we 
have 


2/a  ' 


(Xy,         yy,         Zy)' 


a  value  which  is 


2/1 


2/2 


or  say  this  is  =  12a.  12^3  .  127  .  a/rty. 

47.  It  is  obvious  that  the  foregoing  process  is  applicable  to  the  general  case 
of  the  fixed  curve  of  the  order  n  with  5  dps,  and  gives  always  fl',  by  an  equation  of 
the  foregoing  form  D  +  M£l'  =  0,  where  D  is  a  function  (x,  y,  z)n~2  of  the  coordinates, 
and  M  is  a  constant  factor.  Supposing  that  in  the  determinant  for  O',  each  of  the 
lower  lines  is  written  in  the  form  (xa,  ya,  2a)n~2,  °>  tne  number  of  the  points  a  is 
=  £(w_l)(?l_2),  viz.  these  are  the  B  dps,  and  \  (n-  1)  (n—  2)  -B,  =p,  other  points  a. 
The  general  expression  of  M  is  M=  12a.  12/3  ...  (an-3/Sn~s...)»  yiz-  equating  to  zero  a 
factor  such  as  12a,  this  expresses  that  the  point  a  is  on  the  line  12 ;  but  equating 
to  zero  the  last  factor  (a"-*^"3...),  this  expresses  that  the  several  points  a,  viz.  the 
dps  and  the  p  other  points  a,  are  on  a  curve  of  the  order  n  —  3. 
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48.     Preceding   the   case   n  =  4,  above   considered,  we  have,  of  course,  the  case  n  =  3, 

8  =  0,  the  fixed  curve  a  cubic  ;    the  equation  for  fl'  is  here 

'  >    y  ,    z  ,      &     i  =  0, 
i    <j  ' 

;„     ylt     z,,     3.122 
;,,     ?/o,     *o,     3.122 


giving 

I22.02ct  +  122.0al 


12a 

or  if  we  write  herein  3  for  a,  this  is 

i  n'  _  122.023  +  12-.Q31 
¥  123 

and  we  have  hence  the  general  form 

122.023  +  12M)31 
*     ~  123 ~ 

where  K  is  an  arbitrary  constant. 


+  #.012, 


49.     There    is,   however,   a    more    simple    particular    solution     £fl'  =  polar    function 
012  (f=a?+if+z3,  then  012  =  acx1x.2+  yi/ly.1-\-zzlz.^,  which,  to  avoid  a  confusion  of  notation, 

we   may  write   =012.     We   at    once  verify  this;   for,  expressing  the   coordinates  (x,  y,  z) 

i 
,r 

2  2 

We  must,  of  course,  have  an  identity  of  the  form 


—  ^—       i 
in    terms   of  (p,  <r,  T),  we   have   ^'  =  012,  =  ,r(!22  .  p  +  122.  a-  +  123  .  T),  which,  for   r  =  0 

becomes  =  —  1122  .  p  +  1  22  .  <r}. 


^==l22.023  +  122.031  +  gol2 
L  -i'j 

r23^ 

and  to  find  A",  writing  here  0=3,  we  have  K  =  -^., ,  or  we  have  the  identity 

JLZo 

123  012  -  T23  012  =  122  .  023  +  122 .  031. 


Single  Letter  Notation  for  the  Polar  Functions  of  the  Cubic.     Art.  Nos.  50  and  51. 

50.  The  notation  of  single  letters  for  the  polar  functions  is  not  much  required 
in  the  case  of  the  cubic,  but,  iu  the  next  following  case  of  the  quartic  it  can  hardly 
be  dispensed  with,  and  I  therefore  establish  it  in  the  case  of  the  cubic  :  viz.  I  write 


223,  321,  122=/,  g,  h,     232,  312,  12-  =  i,  j,  k; 
or,  what  is  the  same  thing,  the  expression   for  the  cubic  function  /  in  terms  of  p,  cr,  r  is 
A3  ./=  3A/3-0-  +  3jp-r  +  3kp<r-  +  Qlpa-r  +  Sgpr*  +  3/cr2r  +  3iW2  ; 
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an  equation  which,  writing  0s  instead  of/,  may  also  be  written 

A8.  0s  =  (3/i,  3j,  3fc,  6J,  30,  3/,  3t$pV,  p2r,  per2,  p<rr,  pr",  <T-T,  <rr2); 

and  I  join  to  it  the  series  of  equations 

A2  .  021  =  (0,  2h,   2j,  k,  21,  #$p2,  p(r,  pr,  a",  err,   r2), 
„    022  =  (/>,  2&,  2Z,  0,  2/,  i$  „  ), 

„    0*3  -  (  j,  21,  20,  f,  2i,  0  £  „  ), 

A  .  Ol2  =  (0,  h,  j  $p,  <r,  T), 
A  012  =  (/*,  fc,  J£      „      ), 

„  013  =  0',  I;  9\  »  >' 
„  022  =  (£,  0,/$  „  ), 
„  023  =  (I,  f,  i  1  ,  ), 
„  032  =  (5r,  i,  OJ  „  ). 

51.     In   particular,  we   have    A  .  012  =  hp  +  k<r  +  IT,  and  the  above-mentioned  identity 
123  ^T2  -  123  012  =  122  .  023  +  122  .  031  is  simply  hp  +  for  +  IT  -  IT  =  hp  +  for. 


Single  Letter  Notation  for  the  Polar  Functions  of  the  Quartic.     Art.  No.  52. 

52.     I  write  here 

283,  331,   132=/,  g,  h;    233  ,  31s,  12s  =  t,  j,  k; 
1223,  1223,  1232  =  ?,  m,  n:   2232,  3212,  I222=p,  q,  r; 
so  that  the  expression  for  the  quartic  function  /  in  terms  of  p,  <r,  r  is 

A4  ./=  4/ipV  +  4jp3r  +  6jjp2o-2  +  l'2lp-o-T  +  GgpV 

+  4kpas  +  12??ipo-2r  +  IZnpar-  +  4>gpr3  +  4/o-3r  +  GrcrV-  +  4i<7T3, 

which,  putting  O4  for  /,  may  also  be  written 

A4.04  =  (4/i,  4j;   Qp,  121,  Qq  :   4fc,  12m,  12n,  4,g  :   4/  6r,  4if) 

(pV,  pV  ;    p2o-2,  p2o-r,  pV,  po-8,  po-2r,  po-r2,  prs,  o-3r,  o-2r2,  o-r3)  ; 

and  I  join  to  it  the  series  of  equations 

A'.031=(0;   3/i,  3j;  3r,  6«,  3g  ;  ^  3m,  3n,  ^p3,  pV,  p2r,  ptr2,  po-r,  pr2,  o-3,  <r2T,  <7T2,  r3), 
„     032  =  (h  ;  3r,  3^  ;  3k,  6m,  3/i  ;   0,  3/,  3p,  »][ 

033  =  (j;   3«,  3g;  3?i,  6n,  3^;  /,  3^,  3t,  0$  »  )» 
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A2  .  02P    =  (0  ;    2h,  2j  ;   r,  21,  q  $p2  ;  p«r,  pr  ;  <r2,  <rr,  r2), 

„     0312  =(h;   2r,  21;  k,  2m,  n%  „  ), 

„     0213  =(j;   2J,  2?;  m,  2w,  #$  „  ), 

„     0222    =(r;   2fc,  2m;  0,  2f,p'$  „  ), 

„     0223  =(/;    2m,  2n;  f,  2p,  i$  „  ), 

„     0232    =(q;  2n,  2g  ;  p,  2t,  0$  ,,  ), 

A  .  OP     =  (0,  A,  j  $/>,  (7,  r), 

„     0122  =  (h,  r,  I  $      „  ), 

.     0123  -  (  j,  «,  gr  $      ,,  ), 

„     0122=(r,  k,  m$       „  ), 

„    0123  =  (Z,  m,  «$       „  ), 

„     013«  =(9,  w,  ^5      „  ), 

„     02«    =(*,  0,/$      „  ), 

.     0223=(m,/  pji      „  ), 

„     0232  =(n,  p,  i$      „  ), 

„     03s    =(g,  i,  0$      w  ), 
which  will  be  convenient  in  the  sequel. 

Major  Function  —  The  Fixed  Curve  a  Cubic.     Art.  No.  53. 

53.  It   has   been    already   seen    that    a    simple   particular   form   is   AO'  =  012  :    and 
that  the  general  form  is  O  =  11'  +  K.  012. 

Major  Function  —  The  Fixed  Curve  a  Quartic.     Art.  No.  54. 

54.  It  is  to  be  shown  that  a  particular  form  is 

,     -OP.0 
»      - 

In    fact,    by  the    foregoing    values    of    A  .  OP,    &c.,    the    numerator    of    this    expression, 
multiplied  by  A2,  is  = 

-(h<r+JT)(kp+fr) 

+  (hp  +  r<r  +  IT)  (rp  +  ka  +  mr) 

+  r  (hp"  +  2rpa-  +  2lpr  +  k<f-  +  2w<rr  +  nr2), 
which  is 

=  2hrp*  +  3r2/3<r  +  (hm  -jk  +  Sir)  pr  +  2&r<r2  +  (-fh  +  kl  +  3mr)  a-r  +  (-fj  +  Im  +  nr)  r-  ; 
and  this,  for  T  =  0,  becomes 


=  r  (2hp*  +  3ry><7 
C.    XII.  18 
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Hence  for  T  =  0,  we  have 

that  is, 


Qrpa- 


=  £j  {4 . 132  .  p2  +  6  .  1222.  pa-  +  4  . 123 .  <72}  ; 
and    H'   is   thus   a   form   of  the   major   function   (x,  y,  z\?.     Of  course  the  general  form 

1C          f    I     fj  1         ( /Y*  /)f  9-  \1 

1O       — —    ii      ^^    \™^ )       7>      */      • 


Syzygy  of  the  Major  Function.     Art.  No.  55. 

55.     Writing   now   (x,  y,  z\2n~2  =  O12  ;   and   taking  on  the  fixed  curve  a  new  point  3, 
consider  the  like  functions  fl^  and  O31  :   it  is  to  be  shown  that  we  have  identically 

fla  .  031  .  012  +  n:!1  .  012  .  023  +  fin,  .  023  .  031  -  (123)2/=  023  .  031  .  012  (x,  y,  zf~\ 

where   (x,  y,  z}n~3   is   a  properly  determined   minor  function  ;   or,  considering  herein   0  as 
a  point  on  the  fixed  curve  and  writing  therefore  f=0,  the  equation  is 

^  ~ 


023      031      012 

56.  Write   for   a   moment   X  =  n2i.  031  .  012  +  nai  .  012  .  023  +  flia.  023  .031  ;   then  k 
being   an    arbitrary    coefficient,    we    have    X  —  kf=  0,    a    curve    of    the    order    n,    passing 
through   the   points    1,  2,  3,  and  also  through  the  residues   of  2,  3,  the  residues  of  3,  1, 
and    the    residues    of    1,    2;    in    fact,    at    the    point    1    we    have    012  =  0,    031=0,    and 
therefore   X  =  0  ;   also  f=  0  ;   and  therefore    1    is   a   point   on   the   curve.     Again,  at  any 
residue   of  2,  3,  we    have   £!&  =  0,  023  =  0,  and    therefore   Jf  =  0;    also/=0;   and  hence 
the  residue  of  2,  3  is  a  point  on  the  curve. 

It  is  next  to  be  shown  that  k  can  be  so  determined  that  the  curve  X  —  kf=0 
shall  have  a  dp  at  each  of  the  points  1,  2,  3.  Supposing  this  to  be  so,  we  have 
the  line  23  meeting  the  curve  X—kf=0  in  the  points  2  and  3,  each  counting  twice, 
and  in  the  n  —  2  residues  of  2,  3,  that  is,  in  n  +  2  points  ;  hence  the  curve  X  —  kf=  0 
must  contain  as  part  of  itself  the  line  23,  and  similarly  it  must  contain  as  part  of  itself 
each  of  the  other  lines  31  and  12,  viz.  we  shall  then  have  X  -kf=  023.  031.  012.  (a;,  y,  z)n~3: 
and  from  this  equation  observing  that  the  curves  fl^,  =  0,  H3]  =  0,  Oia  =  0  each  pass 
through  the  dps,  it  follows  that  the  curve  (x,  y,  z)n~3  =  0  also  passes  through  the  dps  : 
hence,  k  being  found  to  be  =(123)2,  the  theorem  will  be  proved. 

57.  Taking  an  arbitrary  point  a  coordinates  (xa,  ya,  za),  and  writing 

d  d  d 


This  is   the    differential    theorem    corresponding    to    C.  and    G.'s    integral   theorem,   p.   26,   viz.    this    is 
=  I,  a  sum  of  three  integrals  of  the  third  kind  =  an  integral  of  the  first  kind. 
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we    have    to    find   k,  so    that    the    curve    D  (X  —  kf)  =  0    shall    pass    through  the   point  1  . 
Observing  that  D023  =  «23,  &c.,  we  have 

D  (X  -  kf}  =  Dna,  .  031  .  012  +  fla,  (031  .  a!2  +  «31  .  012) 
+  023(0*.  012  +  1V  031) 

+  023  {O31  .  a!2  +  flJ3  .  a31  +  DO31  .  012  +  DQ12  .  031} 
-kDf, 

and,  to  make  the  curve  pass  through  1,  writing  herein  0  =  1,  we  have 

0  =  123  (IV  .  «12  +  fl^  .  «31)  -  k  CD/)1, 

where   the   superfix   (1)   denotes   that   we   are   in   I131,   £112   and   Df  respectively  to   write 
0  =  1.     We  have  IV  =  n  .  I""1  3,  IV  =  n  .  ln~l  2,  (Df)1  =  n  .  l^1  a,  and  the  equation  thus  is 

n  .  123  (I"-1  3  .  a!2  +  ln~l  2  .  a31)  -  kn  .  ln-J  a  =  0. 

But  we  have  identically  I"-1  1  .  «23  +  I"-1  2  .  «31  +  I11"1  3  .  «12  =  ln-J  a  .  123,  where 
I"'-1!,  =  ln  is,  in  fact,  =0;  the  factor  ln-1a  thus  divides  out,  and  the  equation  becomes 
&  =  (123)2;  viz.  k  having  this  value,  the  curve  X-kf=0  will  have  a  dp  at  1  ;  and 
clearly  by  symmetry,  it  will  also  have  a  dp  at  2,  and  at  3  ;  the  theorem  is  thus 
proved. 

The  Syzygy,  Fixed  Curve  a  Cubic.     Art.  No.  58. 

58.  The  syzygy  may  be  verified  independently  in  the  case  where  the  fixed  curve 
is  a  cubic.  Observe  that  the  syzygy,  if  satisfied  for  any  particular  form  of  H,  will  be 

generally  satisfied;   we  may  therefore  take  ^ni2  =  012.     Writing  then 

^     oTi 


and  taking  0  to  be  a  point  on  the  cubic  curve,  we  ought  to  have  {023}  +  {031}  +  {012}  =a 
constant;  the  value  of  this  constant  comes  out  to  be  ={123},  and  the  syzygy  in  its 
complete  form  thus  is 

{023}  +  {031}  +{01  2}  ={123}. 
We  have 

A  023,  A  031,  A  012  =  lp  +/<r  +  ir,  jp  +  la-  +  gr,  hp  +  k<r  +  IT, 
and  the  equation  thus  is 

lp  +/cr  +  ir     jp  +  1(7  +  gr      hp  +  kar  +  IT      7 

—  \  ---  \  ---  i  =  0  ; 

p  a  T 

this,  multiplied  by  paT,  becomes 

hp2a-  +jp27  +  kpa-2  +  2lpa-T  +  gpT*  +fa*r  +  i<rTz  =  0, 
which  is,  in  fact,  £/=  0,  the  equation  of  the  cubic  curve. 

Observe  that  the  new  symbol  {012}  is,  in  virtue  of  its  determinant  denominator, 
an  alternate  function,  {012}  =  -  {102},  {012}  =  {120}  =  {201}.  The  syzygy  is  a  relation 
between  any  four  points  1,  2,  3,  0  of  the  curve,  and  it  may  be  also  expressed  in  the 
form 

{123}  -  {230}  +  {301}  -  {012}  =  0. 

18—2 
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The  Syzygy,  Fixed  Curve  a  Quartic.     Art.  No.  59. 

59.     Taking  O12  as  before,  we  have 

inu     -013.023  +  0122.0122  +  0212.1222 


012  012.  P22 

and  then,  taking  0  to  be  a  point  on  the  quartic  curve,  we  ought  to  have 

{0223}  +  (0231}  +  {0212}  =(x,  y,  z)\  a  linear  function  of  (x,  y,  z\ 

or,   what   is   the   same   thing,    considering   the    left-hand   side    as    expressed    in   terms   of 
p,  <r,  r,  the  sum  should  be 

=  (p,  <r,  r)1,  a  linear  function  of  (p,  a,  T). 
By  a  preceding  formula  we  have 

{0212}  =  —  -  {2hrp2  +  Srtpo-  +   km  -jk  +  3lr)pr 


(-fh  +  kl+  3rar)  o-r  +  (-fj  +  lm  +  nr)  r2}, 
which  is 


p  +      m  +  „  +       +  T 

r      V  r       )         V  r       J    }      A2 

And   hence,   forming   the    sum    {0223}  +  {0231}  +  {0212},   we    have    first    a    fractional    part 
which  is  found  to  be  integral,  viz.  this  is 


J_  J2/0-2  +  3po-T 

A2(  ~p~  ~~a~ 


2/ir3 


{%  A4/- 


or  since  f=  0,  this  is 


=  ^  (—  6lp  —  6ma-  —  6nr). 


We  then  have  integral  terms  which  are  at  once  deduced  from  the  above  integral  terms 
of  0212  ;   collecting  the  several  terms,  we  find 

{0223}  +  {0231}  +  {0212}  = 

mn  —  gk     jn  —  ah     hm  —  jk\          /        fn  —  ik     In  —  hi     kl  —  fh\ 
-   -^-     -  -  *-     -  -J-  ''-  -  +  -      -+  —  ^~ 

p  q  r      J 

Im  —  fq      ql  —  ij      Im  —  fj 
+  rn  +  -  &  +  «  --  *  +  -- 


(  Im  — 
(n  +  - 
V  p 


q  r 

which  is  the  required  result. 
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Preparation  for  the  Conversion — The  Symbol  3.     Art.  Nos.  60  to  63. 

60.  I   use   9   as   the   symbol   of   a   quasi-differentiation,   viz.    £7"  being  any   function 

of  (x,   y,   z),   dU  denotes    -j-    multiplied    by   the   differential   -,—  dx  +  -=-  dy  +  -,    dz-    in 

dca  dx  dy  dz 

such  a  differential,  the  increments  dx,  dy,  dz  do  not  in  general  present  themselves  in 
the  combinations  ydz  —  zdy,  zdx  — xdz,  xdy  —  ydx;  but  they  will  do  so  if  U  is  a  function 
of  the  degree  zero  in  the  coordinates  x,  y,  z  (that  is,  if  U  be  the  quotient  of  two 
homogeneous  functions  of  the  same  degree);  and  this  being  so,  we  can  by  the  equations 

ydz  —  zdy     zdx  —  xdz     xdy  —  ydx 

df~  ~df       =       ~df        >=dm 

dx  dy  dz 

get  rid  of  the  increments,  and  3  £7"  will  denote  a  function  of  (x,  y,  z)  derived  in  a 
definite  manner  from  the  function  U.  The  symbol  9  will  be  used  only  in  the  case 
in  question  of  a  function  of  the  degree  zero.  Of  course  3X  will  denote  the  like 
operation  in  regard  to  (xl}  ylt  z^\  and  so  32,  &c. ;  and  we  may  for  greater  clearness  write 
90  in  place  of  3. 

p 

61.  Consider   then   9  ^  ,  where  P,   Q   are   functions  (as,  y,  z)m  of  the   same  degree : 

V 
we  have 


dPdx  +  dP 
dx  dy 


and  then 

—  dz      -P  =  d-x     —i      ~z 

dz  m/          dx         dy         dz 

with  the  like  formulae  for  Q.     Substituting,  we  find 

P          1        (d(Q,P)f,         ^     ^(Q,  P).,  d(Q,P), 

8  Q = K^O,  |  d(y7d (ydz  ~ zdy}  +  ^^ (zdx  ~ xdz^ + -^-^  (xdy  -  y^\ ' 

that  is, 


d(z,  x)  v  '   d(x,  y} 

dP=    1    Wd(Q,P)          )=     1     d(f,  Q,P)         JLj(f  Q  P) 

Q      mQ2  (dx   d  (y,  z)  '}      mQ*   d  (x,  y,  z)  '        mQ* ' 


or  say 

62.     As  an  example,  consider 
The  determinant  is 


Q         mQ~ 


{012},  =-(0f2y2^(012,  012,  /). 


df 

HZl  '   dx 


012     *.«•__«_*•         J. 

dy"  Z'2Xl>   dy 

df 

dz 
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and  the  coefficient  herein  of  -=-012  is  (z^x*  —  z.2x^)~  —  (cc^y^  —  xzyx)  -j-  ,  which  is 

ctoc  az  ^ 


and  so  for  the  other  terras. 
The  determinant  is  thus 

^+y^  +  Zt^-wL^  +  y!-  + 
dx     y  dy         dzj  \     dx         dy 

say  this  is 

=  3  [021  .  1?)  -  022  ID]  012. 

But  we  have  E)672=12a,  E)012  =  122,  and  the  determinant  is  then  =3(021  .  122-022.1a2); 
whence  finally,  writing  80  instead  of  d, 

c\ 
a  (01  21  -  -  S 


(012)2 
63.     By  cyclical  interchange  of  the  0,  1,  2,  we  have 

,       ,  122  .  022  -  Ol2 .  022 

(012)2 

092       A12  __   1  O2       021 

a   fmoi  Q    u     •  u     —  1*   •  u  i 

82{012}  (012)2 

and  thence  adding,  we  find 


an  important  property  which,  joined  to  the  equation  before  obtained, 

{023}  +  {031}  +  {012}  =  {123}, 
completes  the   theory  of  the  function  {012}. 


Conversion  of  the  Major  Function  (Interchange  of  Limits  and  Parametric  Points). 

Art.  No.  64. 

64.     Write  in  general 


012 


Q0)12  is  an  alternate  function  in  regard  to  the  points  1,  2  (Q0j  12  =  —  Q0>  21) ;  and  in 
regard  to  the  coordinates  of  the  points  0,  1,  2,  it  is  rational,  but  not  integral,  of  the 
degrees  n  -  3,  0,  0  respectively :  it  can  therefore  be  operated  upon  with  9,  or  82 ,  but 
(except  in  the  case  n  =  3)  not  with  90. 
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The  conversion  relates  not  to  the  general  major  function  (x,  y,  ^)i2n~2,  but  to  this 
function  with  the  arbitrary  constants  properly  determined,  and  consists  in  a  relation 
between  two  functions  Q4t  12  and  Q2j  45  (each  of  them  a  function  of  three  out  of  four 
arbitrary  points  1,  2,  4,  5  on  the  fixed  curve),  viz.  the  conversion  is 

9l$l,  12  =  d*Ql,  45, 

an    equation    which    may    be    written    in   four   different    forms,    viz.   we    may    in    the    form 
written  down  interchange  1,   2  and   also  4,  5.* 

The  determination  of  the  constants  is  a  very  peculiar  one,  inasmuch  as  it  is  not 
algebraical ;  viz.  in  the  case  of  the  cubic  curve,  about  to  be  considered,  it  appears  that 

ri 
Q0t  12   contains  the  term    I  dwd3  {036},  which  is  a  transcendental  function  of  the  coordin- 

J  2 

ates  of  the  parametric  points  1  and  2. 

The  Conversion,  Fixed  Curve  a  Cubic.     Art.  No.  65. 

65.  We  may  write  Q0j  ]2  =  {012}  +  K,  where  K  is  a  constant,  that  is,  it  is  inde 
pendent  of  the  point  0,  but  depends  on  the  parametric  points  1  and  2.  I  assume  K 

to    be    properly    determined,    and    give    an    a   posteriori    verification    of    the    equation 

ri 
9iQ4, 12  =  94  Qi,  45-     The   value   is   K  —  I   dwd3  {036}  —  {123},  where    3,   6   are   arbitrary  points 

J  2 

on     the    cubic    curve,    and     where    in    the    definite    integral,    regarded    as    an    integral 
Udu  with    a  current    variable   u,  the    meaning   is    that    this   variable    has    at    the  limits 


the  values  MJ  ,  u,2  which  belong  to  the  points  1  and  2  respectively  :  a  fuller  explanation 
might  be  proper,  but  the  investigation  will  presently  be  given  in  a  form  not  depending 
on  any  integral  at  all. 

Substituting  for  K  its  value,  we  have 

Q0jl2=  {012}  +  rfd«a,  {036)  -  {123}]  , 

U  2  J 

or,  as  this  may  also  be  written, 


=  -  {023}  -  {031}  +  Fda  3,  {036}. 

J  2 


We   have   thence 


The   meaning   of  the  property  is   better   seen   from   the  integral  form:    Q0  .  12   is   a   function  of  the  points 

0,  1,  2   and   Q0,45  the  like   function   of  the   points   0,  4,  5   such   that    /    (2wQ&u=f    rfwQa45;   which   equation 

J  s  J  2 

operated  upon  with  8j84  gives  the  formula  of  the  text.  And  there  is  thus  the  meaning  (alluded  to  in  the 
heading)  that  there  exists  for  the  integral  of  the  third  kind  a  canonical  form  (C.  and  G.'s  endliche 
Normalform),  such  that  the  integral  is  not  altered  by  the  interchange  of  the  limits  and  the  parametric  points. 
The  expression  for  Q0il2  mentioned  further  on  in  the  text  for  the  case,  fixed  curve  a  cubic,  shows  that  in 

this  case  the  canonical  form  of  the  integral  of  the  third  kind  is    I*  dw  ["{012}  +  (  I  *  du  83  {036}  -  {123}  )~|. 
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and   consequently 

alQ1,»»-al{43i}+&fi36}, 

84Q1,45  =  -84{134}+83{436}; 
hence,  observing  that   {431}  =  -  {134],  &c.,  we  have 

3i  Q<,  i*  -  94  &,  45  =     (9,  +  34)  {134}  +  83  {136}  -  93  {436}, 

=  -83{134}+83{136}-83{436}, 
which,  observing  that  we   have  93  {641}  =  0,  is 

=  83({136}  -  {364}  +  {641}  -  {413}),  =0, 
the  required  theorem. 

To   avoid,   in   the   proof,   the   use   of    the    integral   sign,    we   have    only   to    consider 
the  required  function  Q0>  12  as  given  by  the  foregoing  differential  formula 


for   we   have  then   the  values  of  diQ^u  and  d4Qlj45:    the  rest  of  the  proof  the   same  as 
before. 

The  Conversion,  Fixed  Curve  a  Quartic.     Art.  Nos.  66  to  73. 
66.     We   have  • 


(tf,  y,  z)\ 

where  (x,  y,  zj  is  a   linear  function  of  (x,  y,  z\  but   depending  also  on  the  parametric 
points  1   and  2,  which  is  to  be  determined  so  as  to  satisfy  the  conversion  equation 

8l  $4,  12=84Ql,  45- 

Observing  that  we  have  {0223}  +  {0231}  +  {0212}  =  a  linear  function  of  (x,  y,  z\  the 
linear  function  (x,  y,  z)1  of  Q0>  12  may  be  taken  to  be  =  00>12  -  {0223}  -  {0231}  -  {0212}  ; 
that  is,  we  may  assume 

Qo,  12  =  {0212}  +  @0)  12-  ({0223}  +  {0'31}  +  {0212}), 
=  -{0223}-{0231}  +  00,12, 

where  ®0>1S  is  a  linear  function  of  (x,  y,  z),  but  depending  also  on    the  points  1  and  2, 
which  has  to  be  determined.     We  have 

81Qo)12  =  - 
and   thence 


giving  an  equation  for  @, 

8^4,  12  -  84®,,  45  =  8x  {4231}  -  84  {1234}  ; 

here   4   is   an   arbitrary   point   of    the   quartic,    and    we   may   instead   of  it   Avrite   0,   the 
equation  thus  becoming 

SxOo,  12  -  80  ©i,  05  =  8:  {0231}  -  80  {1230}. 
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67.  Of  the  terms  on  the  left-hand  side,  the  first  is  a  linear  function  of  (x,  y,  z), 
or  say  it  is  an  integral  function  O1,  and  the  second  is  a  linear  function  of  («1,  ylf  z^, 
or  say  it  is  an  integral  function  I1 :  the  given  function  on  the  right-hand  side  must 
therefore  admit  of  expression  in  the  form  (f>  (O1,  1,  3)  —  <f>  (I1,  0,  3),  where  <f>  (O1,  1,  3) 
is  a  known  function,  integral  and  linear  as  regards  the  coordinates  (x,  y,  z}  of  the 
point  0,  but  depending  also  on  the  points  1,  3;  and  0(1*,  0,  3)  is  the  like  known 
function,  integral  and  linear  as  regards  the  coordinates  (xl,  y1}  z^)  of  the  point  1,  but 
depending  also  on  the  points  0,  3.  Moreover,  since  2  and  5  are  arbitrary  points 
entering  only  on  the  left-hand  side,  it  is  clear  that  9i©0, 12  must  be  independent  of 
2,  and  90®lj05  independent  of  5:  reverting  to  the  cubic  case,  observe  that  here 

f1 
@0,  i2=|  dwds{036\,  whence   31@0j  ia  =  93  {136},  and   so  90@];  05  =  93  [036],  and  that  the  corre- 

J  2 

spending  equation  thus  is  93  {136}  —  93  {036}  =9i  {031}  —  90  {130},  where   the   left-hand   side 
is  ==93{013},  and  the  equation  itself  (90  +93  +  9^  {031}  =0.     We  then  have 

Wma-^O1,  1,  3)  =  aoei>w-0(lS  0,  3), 

where    the   one   side   is   derived   from    the   other   by   the   interchange   of  the   0,    1.     The 
solution  therefore  is 


a  function  which  is  symmetrical   in   regard  to  the  points  0  and  1,  and,  inasmuch    as    the 

left-hand   is   an   integral   function   O1,   must   itself  be   an   integral    function   (O1,  I1),    that 

is,  integral    and    linear  as  regards    the  coordinates  (x,  y,  z)  and  (xlt  yl,  z^)   of  the    points 
0  and   1  respectively.     We  thus  have 


9^0,1,=     <MO\  1,  3)+X(0,  1,  3), 
and  thence 

92eo,  »  =  -  </>  (O1,  2,  3)  -  X  (0,  2,  3), 

viz.  the  second   of  these   expressions   is,  with   its  sign  reversed,  the  same  function  of  2 
that  the  first  is  of  1. 

68.  It  follows  that,  taking  a  new  symbol  7  for  the  variable  of  the  definite 
integral  (in  the  cubic  case  @0>12  was  independent  of  0,  and  there  was  nothing  to 
prevent  the  use  of  0  for  the  current  point  of  the  definite  integral),  we  may  write 

®o,  12  =[1d«,P(7,  0,  3),  where  9^(1,  0,  3)  =  0(01,  1,  3)  +  Z(OT"l,  3),  an   equation  which 

J  2 

implies  92P  (0,  2,  3)  =  <f>  (O1,  2,  3)  +  X  (0,  2,  3).     But   the    first   of  these   equations   in   P 
is  nothing  else  than  the  first  of  the  equations  in  (H)0>  12. 


69.  I  have  succeeded  in  finding  ^(O1,  1,  3),  but  the  calculation  is  a  very  tedious 
one,  and  I  give  only  the  principal  steps,  omitting  all  details.  We  have  to  bring 
910213-901203  into  the  form  ^(O1,  1,  3)-0(l1,  0,  3).  From  the  value  of 


(        }    _  -  OP  .  033  +  0123  .  0132  -  0213  .  1232 

''    :  013  .  1«32 

C.   XII.  19 
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we  find,  by  a  process  such  as  that  of  No.  62, 

3,  {0213}  =-A-  0232 .  OP  -  033 .  j 

1  /2 .  OP  [033 .  OP3  -  (0132)2]  \ 

+  q  (       +  [2  . 0213  .  0132  +  1 .  0232 .  OP3  -  3 .  02P .  0232]  j) 

\f        2  .  OP  (-  OP .  033  +  0132 .  OP3) g\\ 
+  <f-  V-  2  .  0132  (-  Ol3 .  033  +  0132 .  OP3)  j)}  ' 

Substituting   herein  the   values   OP  =  —  (her  +jr),  &c.,  we  have  — -    multiplied  by  a  cubic 
function  (p,  <r,  r)3;   writing  down  first  the  integral  terms,  and  then  the  others,  we  have 
_lj[~  .          l  .  .          1  22  .  -] 

A8(    L  9.  <f  J 

+  a-  \fj  -  hp  +  -  (2hil  -  2Arc2  -  Sijr  +jlp  +  2jmn)  +  —  (Zghln  -  2gh*i  +  2hijn  -  2jk2) 

r .     i  .  i 


(say  this  linear  function  of  p,  cr,  T  is  =  D) 


+  P<TT  ~ 

70.     The   expression  of  90  {P03}    is   deduced   from  this  by   the   interchange  of  0,  1  : 
and  I  write 

dx  {0213}-80{P03}  =  D  -* 


-  A3  {A3  .  2  (0232)2  -  AV  (-  3  .  032  .  0232  +  6  .  033  .  0223)  -  A2r  .  3  .  033  .  0232 
+  AO-T  (-  2  .  033  .  032  +  6  .  033  .  0232)  +  Ar2  .  2  .  03s  .  033  -  <rr2  .  2i  .  0»3}], 

where,  and  in  what  follows,  the  *  denotes  the  function  immediately  to  the  left  of  it, 
interchanging  therein  the  0,  1.  It  will  be  observed  that  the  D,  qua  linear  function 
of  (p,  cr,  T),  that  is,  of  (x,  y,  z),  is  a  term  of  the  required  function  0  (O1,  1,  3)  :  the 
remaining  portion  has  to  be  reduced  by  means  of  the  expressions  for  A2  (0232),  &c.,  in 
terms  of  p,  cr,  T. 

71.     We  obtain 


•  I8lm  —  9nr)  +  T(-  3gr  —  3jp  +  9mq)} 

1 

^-8-  {cr2  (I2fl  -  I2kn  +  18m2  -  9pr)  +  <rr  (Qfg  -  6gk  -  6ir  +  I8mn)  +  r2 .  6gm] 


[a3  (18/m  —  9kp)  +  a-r  (I2fn  —  8ik  +  9mp)  +  err2 
Sfp  +  a^.ifi}. 
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The  terms  of  the  second  line  may  be  transformed  as  follows  : 

^  (2/j  -  3hp  -  3kq  +  18lm  -  9nr) 

=  i  ^3  (2/7  -  3AP  -  Ml  +  I8lm  ~  9nr>  ~  * 
+   *      {0-2  (_  12//  +  12kn-  18m2  +  9pr)  +  <TT  (-  %fq  +  3gk  +  fir  -  %lp  -  9mn)} 

+  m 


s-  fo-4  .  -  10/2  +  o-V  .  -  Ufp  +  o-V2  .  -  9p*  +  o-r3  .  -  Sip}, 


and 


j    {O-T  (-  |/5  +3^  +  f  ir  +  $lp-  9mn) 


Sik)  -f  o-r2  (-  6fg  -  Qim) 


substituting  these  values,  the  whole  third  line  is  destroyed,  and  we  find 

81{0213}-ao{l203}  =  D  -* 
+  £  .  ^  (o-  (2/j  -  3Agr  -  3^'  +  18Zm  -  9wr)  +  T  (-  Sgr  -  3jp  +  9mq)}  - 

jo-3  (-  12/m  +  6*p)  +  o-2r  (-  9/w  +  7iA;  -  9mp)  +  o-r2  (-  2/gr  - 
ff4  •  -  62  +  o-3r  .  - 


Ultimately  the  last  two  lines  of  this  expression  are  found  to  be 

1 

=  -n;  {p  (—  Zhn  +  4<jm  +  %P  —  2qr)  +  a  (—  2fj  +  2hp  +  2kq  —  Wlm  +  5nr) 


+  T  (Igr  +  hi  —jp  +  7/w  —  4tmq)\  —  * 

so  that  the  whole  is  now  a  sum  of  three  linear  functions  of  (p,  <r,  r).  — *. 

19—2 
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72.     Collecting  the  terms,  we  have 

81{0213}-80{1203|  = 


p    (-  8hn  +  9jm  +  2P  -  2qr)  +     (±ghl  -  Sgjr  -  2hij  +  j*p  +  2jln) 


f  1       . 

+  cr  -||  (—  hp  +  kq  —  2lm  +  nr)  +  -  (2hil  —  2hn*  —  Sijr  +jlp  +  2jmn) 

(  q 

+  -  (-  2gh2i  +  2ghln  +  2hijn  -  2jln2)[ 
q2\ 

+  T  ji  (9r  +  2^*  +jp  +  mq  +  14<ln)  +  -  (—  2ghn  -f  2^ym  —  2ijl  —  2jn*) 

1  ...  ••     )] 

^,2 

—     *. 

73.  The  right-hand  side  depends  on  the  points  0,  1,  3  and  2:  viz.  we  have  therein 
p  =  023,  A  =  1 23,  &c.,  but  the  left-hand  side  depending  on  only  the  points  0,  1  and  3, 
the  right-hand  side  cannot  really  contain  2,  and  it  must  thus  remain  unaltered,  if  for 
2  we  substitute  any  other  point  on  the  quartic,  say  6  :  the  right-hand  side  may 
therefore  be  understood  as  a  function  of  0,  1,  3  and  6,  viz.  p,  A,  f,  &c.,  will  mean 
063,  163,  633,  &c. :  we  have  thus  ^(O1,  1,  3)=  the  above  linear  function  with  2  thus 
replaced  by  6 ;  say 

a  given  function  of  the  points  0,  1,  3  and  the  arbitrary  point  6,  on  the  quartic  curve  ; 
we  therefore  write  it  <£(0X,  1,  3,  6).  There  is  no  obvious  value  for  X  (0,  1,  3)  which 
will  produce  any  simplification :  I  therefore  take  this  function  to  be  =  0 ;  and  the  final 
result  is 

Qo,  v,  =  {0212}  +  @0i  ia  -  ({0223}  +  {0231}  +  {0212}), 

where  00j]2  is  a  function  integral  and  linear  as  regards  the  coordinates  (x,  y,  z)  of 
the  point  0,  but  transcendental  as  regards  the  parametric  points  1,2;  and  containing 
besides  the  arbitrary  points  3,  6,  of  the  quartic  curve,  its  value  being  determined  by 
the  differential  formulae 


=  ^(O1,  1,  3,  6),     a,@o>12  =  -</>(01,  2,  3,  6), 


where  0  (O1,  1,  3,  6)  is  a  given  function  as  above.  I  do  not  see  the  meaning  of  the 
very  complicated  linear  function  of  (p,  a,  r},  nor  how  to  reduce  it  to  any  form  such 
as  the  simple  one  93  {036},  which  presents  itself  in  the  case  of  the  cubic  curve. 

Cambridge,  England,  October  5,  1882. 


825] 


A    MEMOIR    ON    THE    ABELTAN    AND    THETA    FUNCTIONS. 


149 


CHAPTER  IV.     THE  MAJOR  FUNCTION  (x,  y,  z\^t  CONTINUED. 
The  Conversion,  Fixed  Curve  a  Quartic,  continued.     Art.  Nos.  74  to  82. 

74.  I  resume  the  question  considered  ante  Nos.  66  to  73.  The  general  problem, 
where  the  fixed  curve  is  any  given  curve  whatever,  has  recently  been  solved  in  a 
very  complete  and  elegant  form  by  Dr  Nother,  in  the  two  notes  "Zur  Reduction 
algebraischer  Differentialausdriicke  auf  die  Normalformen  "  and  "  Ueber  die  algebraischen 
Differentialausdriicke,  2e  Note,"  Sitzungsb.  der  phys.-med.  Soc.  zu  Erlangen,  10  Dec.  1883 
and  14  Jan.  1884.  I  consider  here  the  case  of  the  quartic  curve,  n  =  4>,  and  connect 
his  result  with  my  former  investigations. 

We  have  the  differential 

(x,  y,  z)12n~2da)      _  £l12da> 


012 


012 


where  fi12,  or  as  I  also  write  it  fl  (0  ;  1,2;  3,  4,  5),  is  a  rational  and  integral 
function  of  the  degree  (n  —  2  =)  2  in  the  current  coordinates  (x,  y,  z}  :  it  depends  also 
on  the  parametric  points  1,  2,  which  are  points  on  the  quartic,  coordinates  (&\,  y1}  z^), 
(#2,  2/2,  ^2)  respectively  ;  and  on  (p  =)  3  other  points  3,  4,  5  on  the  quartic,  coordinates 
(#3,  7/3,  z3\  (#4,  7/4,  z4),  (x5,  7/5,  z5}  respectively.  The  curve  fi  =  0  is  a  conic,  which  is 
taken  to  pass  through  the  dps  (none  in  the  present  case)  and  through  the  (n  —  2  =)  2 
residues  of  the  parametric  points  ;  and  the  function  fl  is  such  that  on  writing  therein 
(#!,  2/1,  z^  for  (x,y,z)  it  becomes  =  (n.ln~12*  =)4.132  :  viz.  we  have  fl  (1;  1,  2;  3,  4,  5)  =  4.132, 
which  implies  also  fit  (2;  1,  2  ;  3,  4,  5)  =  4.123:  so  defined,  the  function  would  contain 
(p  =)  3  arbitrary  constants,  but  these  are  determined  so  that  the  curve  fl  =  0  passes 
through  the  3  points  3,  4,  5  on  the  quartic  :  and  the  function  O,  =  fi  (0  :  1  ,  2  :  3,  4,  5) 
is  thus  a  completely  determinate  function,  rational  and  integral  of  the  degree  2  in 
the  coordinates  (x,  y,  z)  of  the  current  point,  and  rational  in  the  coordinates  of  the 
other  five  points  respectively.  I  call  to  mind  that  012  denotes  the  determinant 
formed  with  the  coordinates  (x,  y,  z},  &c.,  of  the  points  0,  1,  2  respectively:  the  like 
notation  is  used  throughout. 

75.  The  function  11(0;  1,  2;  3,  4,  5)  is,  in  fact,  the  function  fl'  of  No.  43  with 
only  the  further  condition  in  regard  to  the  points  3,  4,  5  of  the  quartic  ;  viz.  fl  is 
the  function  determined  by  the  equation 

(x,y,z}*  ,      fl          =0: 


2/3, 
2/4, 
2/5' 
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this  is  of  the  form 

Mtl  +  D  =  0, 

and  as  appears  in  No.  46,  M  is  =123.124.125.345.     Hence  writing  D  (0  ;  1,  2;  3,4,  5) 
for  D,  we  have 


n  -mo-  12-345)  _-joiAiAl 

123.124.125.345 


Hence  further  writing 


so  that  the  differential  is  Qdco,  =Q(0;    1,  2;   3,  4,  5)  dw,  we  have 

—  D  (0 ;   1,2;   3,  4,  5) 
Q=Q(0;    1,  2;   3,  4,  5),  =012  .  123  . 124  . 125  .'345' 

which  is  of  the  form 

042-345.  =Qimr 

011243452 

viz.  Q  is  a  rational  fraction  where  the  numerator  is  of  the  degree  2,  and  the  denom 
inator  of  the  degree  1  as  regards  the  coordinates  (x,  y,  z)  of  the  current  point:  but 
the  numerator  and  denominator  are  each  of  the  degree  4  as  regards  the  coordinates 
of  the  points  1,  2  separately,  and  of  the  degree  2  as  regards  the  coordinates  of  the 
points  3,  4,  5  separately:  that  is,  Q  is  of  the  degree  1  as  regards  the  coordinates 
(x,  y,  z),  but  of  the  degree  0  as  regards  the  coordinates  of  the  points  1,  2,  3,  4,  5 
separately. 

76.  The   .signification   of  the   symbol    of   quasi-differentiation   9   (applicable    only   to 
a    function    of    the    degree    0    in    the    coordinates    to    which    the    differentiations    have 
reference)  is  explained  ante  No.  60.     The  function  Q  just  mentioned  is  of  the  degree  0 
in   regard   to   the   coordinates   of  each  of  the    points    1,  2,  3,  4,  5;   arid   it  can   thus  be 
operated  upon  by  the  symbols   9X,  92,  93,  94,  95   respectively.     Observe,  in   particular,  that 
we    have   9jQ(0;    1,  2 ;   3,  4,  5)  =  0112345°,  viz.  it   is   of  the   degree  1  in  the  coordinates 
of  the   points   0   and    1    respectively,  but   of  the   degree  0   in   regard  to   the  coordinates 
of  the  points  2,  3,  4,  5  respectively. 

77.  This  being  so,  we  may  consider  the  function 

#(0;    1,  2;   3,  4,  5;    6,  7,  8)  =  9XQ  (0  ;    1,  2;   3,  4,  5) 

045 
+  3,Q(1;   3,  2;   6,  4,  5).^ 

+  84Q(1;   4,  2;   3,  7,  5).^| 


034 
3BQ(1;   5,  2;   3,  4,  8)., 


where  6,  7,  8  are  arbitrary  points  on  the  quartic  ;   the  functions 

93Q(1;   3,  2;   6,  4,  5),     94Q(1;   4,  2;   3,  7,  5),     9SQ(1;   5,  2;   3,  4,  8), 
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are  functions  of  the  same  form  as  d^Q  (0  ;  1,  2  ;  3,  4,  5),  and  derived  from  it  by 
changing  in  each  case  the  current  point  0  into  the  parametric  point  1,  and  by  further 
changing  in  the  three  cases  this  parametric  point  into  the  points  3,  4,  5  respectively, 
and  replacing  the  corresponding  point  3,  4  or  5  by  the  new  arbitrary  point  6,  7  or  8. 
Further  045,  &c.,  denote  determinants  as  above  ;  so  that  in  H  each  of  the  last  three 
terms  is,  in  fact,  as  regards  the  point  0,  a  mere  linear  function  of  the  coordinates 
(x,  y,  z)  of  this  point. 

We   have   d3Q(l;    3,  2  ;    6,  4,   5)  =  1312645°,  and  hence    this   function   multiplied  by 

045 

-  is  =  01123456°  ;   and  so  for  the  third  and  fourth  terms  of  H  :    thus  each  of  the  four 
345 

terms  of  H  is  =  OP23456780,  of  the  degree  1  in  the  coordinates  of  the  points  0  and  1 
respectively,  but  of  the  degree  0  in  the  coordinates  of  the  other  points  2,  3,  4,  5,  6,  7,  8 
respectively. 

Nother's  conversion-theorem  consists  herein,  that  the  function 

jff(0;    1,  2;   3,  4,  5;    6,  7,  8) 
is  unaltered  by  the  interchange  of  the  two  points  0,  1  ;   or  putting  for  shortness 

H(0-   1,  2;   3,  4,  5;   6,  7,  8)  =  #,(<>), 
the  theorem  is 

H1(0)=H0(1). 

78.     We  have,  No.  59, 

£O12     -  OP  .  02s  +  0122  .  0122  +  0212  .  1222     _  , 
M2  "  012  .  1222  ~  '  =  '' 

or  as  for  greater  simplicity  I  write  it  =  0212, 

viz.  0-12  is  now  written  instead  of  {0212|  to  denote  the  function  just  given  as  the 
value  of  Tyrif  ,  QK  is  thus  =  2  .  012  .  0212,  viz.  this  is  a  particular  form  of  flj2  satisfying 


the  conditions  that  fi]2  =  0  is  a  conic  passing  through  the  residues  of  the  points 
1,  2,  and  such  that  nj2  on  writing  therein  (aslt  y1}  z-^)  for  (x,  y,  z}  becomes  =4.132: 
hence  the  general  form  of  the  function  satisfying  these  conditions  is  =  i  .  012  {0212  + 
arbitrary  linear  function  of  (x,  y,  z)}.  The  before-mentioned  function  H  (0  ;  1,  2  ;  3,  4,  5) 
is  a  function  satisfying  these  conditions  and  the  further  conditions  that  the  conic 
fl  =  0  shall  pass  through  the  three  points  3,  4,  5  on  the  quartic  :  these  further 
conditions  serve  to  determine  the  linear  function:  and  we  at  once  obtain 


-  =  0>12  -  8=12        _  «8        _  034 


- 

012  345  4o3  o34 

viz.    the  value  of  fl  given  by  this  equation,   on  writing  therein  0  =  3,  4,  or  5,  becomes 
=  0  as  it  should  do. 
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79.     We  thus  have 

Q(0;    1,  2;   3,  4,  5)  =  0212-321 
and  Nother's  conversion-equation  becomes 


[825 


^21 9 
453~51    534 


345 

6232145 
32~ 


564]  '345 


an  equation  where  the  functions  operated  on  with  the  3's  are  only  functions  such  as 
0212 ;  for  there  is  not  any  determinant  operated  upon  containing  the  number  which 
is  the  suffix  of  the  d  operating  upon  it. 

80.  Taking  all  the  terms  over  to  the  left-hand  side,  there  are  in  all  32  terms : 
but  of  these  3  +  3  destroy  each  other,  and  6  +  6  unite  in  pairs  into  6  terms :  there 
are  thus  in  all  7  +  7  +  6,  =  20  terms :  viz.  multiplying  the  whole  equation  by  345,  it 
is  found  that  the  equation  becomes 

or  as  this  may 

be  written  where 


345  (     0:  0-12  -  80  P02) 


-  045  (-  33 1«32  +  8,  3212) 


-  053  (-  34 1242  +  8j  4212) 


-  034  (-  85 1252  +  8,  5212)         -  340 


012 


=a1o2i2-e,,i-o2,  &c. 
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-  145  (    83  0232  -  80  3202)         -  145      032 


-  153  (    84  0242  -  80  4202)         -  315 


-  134  (    85  0252  -  80  5202)         -  341 


042 


052 


+  013  (-  84  5242  +  85  4-52)         +  301      452 


+  014  (-  8g  3252  +  83  5232)  +  140 

+  01 5  (-  8:J  4'-'32  -l-  84  3-42)  +  015 

=  0,  =0, 
viz.  the  equation  is 


532 


342 


+  345  !  012     =0 


the   nine   terms  which    follow    the    first   term  345 


012 


of  the  sum  being  obtained  by 


the   interchanges   of  0,  1    (one   or   each)  with   the    3,  4,  5,  each   interchange   giving  rise 
to  a  sign  — . 

81.     In  obtaining  the  foregoing  result,  we  have,  for  instance,  a  pair  of  terms 
3^-187.  M8  +  08T.  !53     .^-JUS^    _  ^  ^ 

OO I  Oo I 

viz.  this  depends  on  the  equation 

137  .  053  -  037  .  153  -  537  . 013  =  0, 
or  say 

-  137  .  035  +  037  .  135  +  013  .  357  =  0, 

an  identity  which,  in  a  form  which  will  be  readily  understood,  may  be  written 


det. 


0137 
013735 


=  0. 


Similarly,  the  two  terms  which  contain  854252  combine  into  the  single  term  854252(013): 
and  the  two  new  terms  taken  together  are 


013  (-  84  5-42  +  85  4252) .  =  301 


C.    XII. 


20 
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82.     The  proof  of  the  identity, 

'=0, 


[825 


2  +  345 


012 


depends  on  the  property  of  the  function 


012 


,   =910212-  80P02, 


enunciated  No.  67,  and  proved  a  posteriori  by  the  tedious  calculation  Nos.  69  to  73, 
viz.  in  No.  67,  writing  2  in  place  of  3,  this  is: — 9j  0212  —  90 1^)2  is  equal  to  the 
difference  of  two  functions,  the  first  of  them  linear  in  the  coordinates  (x,  y,  z)  of  the 
point  0,  but  depending  also  on  the  coordinates  of  the  points  1  and  2 ;  the  second  of 
them  linear  in  the  coordinates  (xl,  yl}  z^)  of  the  point  1  but  depending  also  on  the 
coordinates  of  the  points  0  and  2.  Or,  what  is  the  same  thing,  the  property  is 


012 


where  A12,  B12,  (712  are  functions  of  (x1}  y1}  ^),  (#2,  y2.  z.2),  and  A&,  B#2,   C^  are  the  like 
functions  of  (x,  y,  z),  (x*,,  y2,  z*). 


Substituting  such    values   in   the   sum   2  +  345 
terms  which  contain  x,  these  are 


012 


-  045  (AKx3  -  Asao^ 

—  305  (A  12^4  —  A&X-L 

—  340  (Alzos6  —  Ay>x 


-  145  (A^x  - 

—  315  (A42x  — 

—  341  (A^x  - 
This  is 


,  but    writing   down    only    the 


+  301 

+  140 

4-015 


=      ^02  (-a?iJ 

+  A1Z(  x  345  -  #3045  -  #4305  -  xs'3 
+  A32(  a:, 045 -a?  145  +  #5140-a;4015) 
+  ^142  (-  a?  315  +  #3015  +  ar,305  -  #5301) 
+  An  (-  x  341  +  #4301  +  ^340  -  a?3140), 

where  the  coefficient  of  each  of  the  A's  is  identically  =  0 :   and  similarly,  the  terms  in 
y  and  the  terms  in  z  are  each  =0.     We  have  thus  the   proof  of  the  identity 


+  345      012     =0, 


that  is,  of  the  conversion-equation  HI  (0)  =  //o(l). 
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The  Syzygy — Fixed  Curve  a  Quartic.     Art.  No.  83. 

I  revert  to  the  theory  of  the  Syzygy,  ante  No.  59. 
83.     We  have 


or  if  for  convenience  we  take  instead  of  1,  2,  the  parametric  points  to  be  a,  /3  coordinates 
(xa,  ya,  za)  and  (#/j,  y$,  z$)  respectively,  then  this  equation  is 


;  a,  £;    3,  4,  5)=  02a/3  -32a/3         -  4«a/8         -  5H^8      -  . 


Considering   a    new    parametric    point    7,    and    forming  the    like    functions    Qpy   and    Qya, 
it  is  to  he  shown  that  we  have  identically 


To    prove   this,   observe  that,   in   the   equation  at    the    end    of  No.    59,  A,  p,  a-,  r   denote 
123,    023,    031,    012    respectively.     Hence   writing  therein   a,   &   7   in    place   of    1,    2,   3 

respectively,  and   putting   A,  B,  C  for   the   coefficients  (including  therein    the   factor  —  ) 
of  p,  <r,  r  respectively,  the  equation  is 

0-/37  +  027a  +  02a/3  =  A  .  0/3y  +  B  .  07a  +  C  .  Oa& 

where   A,   B,   G  are   absolute   constants   (functions,    that    is,   of    the    coefficients    of    the 
quartic)  each  divided  by  (a^)2.     We  hence  obtain 


(Qfty  +  Qv«  +  Q-0)  •  345  =     345  (A  .  0#y  +  B  .  07«  +  C  . 

-  045  (A.3/3yi-B.3yoL  +  C.  3«/3) 

-  053  (A  .  4/37  +  B  .  47a+  C.  4a/3) 

-  034  (4  .  5/37  +  5  .  57a  +  G.  5a/3). 

On    the    left-hand    side    the    whole    coefficient    of   A    is    =  0  ;    viz.    the    coefficient    has 
the   value   det.      0345         ,  which   is   =0.     Similarly,  the  whole   coefficient   of  B   is   =0, 

0345/37 
and  the  whole  coefficient  of  C  is  =  0  :   and  we  have  thus  the  required  result 


The  syzygy  is  thus  obtained  in  a  more  perfect  form  than  in  No.  59  ;  viz.  by  con 
sidering  (instead  of  02a/3)  the  new  form  Qap,  then,  instead  of  a  sum  which  is  a  linear 
function  of  the  coordinates  (x,  y,  z),  we  obtain  a  sum  =  0. 

20—2 
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The  Fixed  Curve  a  Cubic — Syzygy  and  Conversion.     Art.  Nos.  84  and  85. 

84.     In  the  case  when  the  fixed  curve  is  a  cubic  (see  Nos.  58  and  64),  the  analogous 
formula?  are 


1  OQ 

Jfl  (0 ;    1,  2  ;   3)  =  -        ^f^        -  ,   =  012  -  |||  012  (see  No.  49), 
that  is, 


;    1,2;    3),=,    =         -,- [018] - 


where  1,  2  are  the  parametric  points:  3  any  other  point  on  the  cubic:  the  brackets 
{  }  are  of  course  here  necessary  in  order  to  distinguish  {012}  from  the  determinant 
012.  It  will  be  remembered  that  {012}  is  an  alternate  function 

{012},  =-{102},    ={120},  &c. 

If  instead  of   1,  2  we  take  the  parametric  points  to  be  a,  /3,  coordinates  (aca,  ya,  za} 
and  (#0,  yp,  z$)  respectively,  then  the  formula  is 

Q^  =  Q(0;    a,  (3;   3)  =  {Oa/8}  -  {3a/3}. 

Hence  taking  on  the  cubic  a  new  point  7,  coordinates  (xy,  yy,  zy}  and  forming  the 
functions  Qpy  and  Qya  we  have 

&r  +  Qy«  +  Q«  =  {0/87}  +  {07a}  +  {Oa/3} 

-  {3/37j  -  {37a}  -  {3ayS}. 
But  by  the  formula  No.  58, 

{0/87}  +  {07a}  +  {Oa^}  =  {0^7}  ; 
hence  also 

13/87  •  +  {37a}  +  {3^/3}  -  {^7}  : 
and  we  have  thus 

Qfty  +  Qy«  +  Qaft  =  0, 

the  syzygy  for  the  cubic. 

85.     For  the  conversion,  the  definition  of  H  is 

#(0;    1,  2;   3,  6)  =  3,Q(0;    1,  2;    3) 

;   3,  2;    6), 


viz.  this  is 

#0(1)  =  #(0;    1,2;   3,  6)  =  3,  ({012}  -{123}) 

+  83  ({132}  -{326}), 
=  d,   {012}  -ft+3,)  {123}  -3,  {326}, 

which,  in  virtue  of  (8X  +  8,  +  83)  {123}  =  0  (see  No.  63),  becomes 
H0(l)  =  d1  {012}  +  8.2  {123}  -  8:i  {326}. 
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Interchanging  the  0  and  1,  we  thence  have 

H,  (0)  =  80  {102}  +  3a  {023}  -  83  {326}. 
Hence  the  difference  H0  (1)  —  H1  (0)  is 

=  8,  {012}  -  80  {102}  +  82  {123}  -  8.2  {023}, 


viz.  this  is 


where  the  first  term  is 


and  the  whole  therefore  is 


in  virtue  of 


-  (8,  +  80)  {012}  +  8.2({123}  -  {230}), 
=  -8,  {012}, 

=  8, ({123}  -{230}  -{012}) 
--8,  {301}, 


{123}  -  {230}  +  [301}  -  [012}  =  0  ; 
the  whole  is  consequently  =0. 

We  have  thus 

fl,(l)-fi1(0)=0, 

the  conversion-equation  in  the  case  of  the  cubic. 


CHAPTER  V.    MISCELLANEOUS  INVESTIGATIONS. 


The   Differential    Symbol    da).     Art.    Nos.    86    and    87. 


86.     The  definition  is 


11  dz  —  2  dy      zdx  —  xdz     x  dy  —  ydx 

~ 1TT      = ~Sf-      =  — *-Tf  —  = 

of  of  of 

dx  dy  dz 


and  it  hence  follows  that  we  have 


dw  = 


dx,     dy,     dz 

x,       y,       z 

X,  /Lt,  V 


df       df       df 
+  M  -f  +  z>  / 
dx        dy        dz 


where  (\,  p,  v)  are  arbitrary  constants  or,  if  we  please,  arbitrary  functions  of  (x,  y,  z)  : 
viz.  the  expression  just  written  down  is  altogether  independent  of  the  values  of 
\,  /u,,  v.  and  is  consequently  equal  to  the  value  obtained  by  writing  any  two  of  these 
symbols  =  0,  that  is,  the  expression  is  equal  to  any  one  of  the  foregoing  three  equal 
values  of  da>.  The  expression  was  first  given  by  Aronhold  (1863),  in  the  memoir 
presently  referred  to. 
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It   is   to   be   remarked    that,   considering   (X,   p,   v)   as   the    coordinates    of    a    point, 
the   denominator   ^+P+V        equated   to   0   is   the   polar   (n  —  l)thic   of  the   point 


j 
X,  fj,,  v  in  regard  to  the  fixed  curve. 

If  instead  of  \,  //.,  v  we  write  be'  —  b'c,  ca'  —  c'a,  ab'  —  a'b,  where  (a,  b,  c)  (a',  b',  c'} 
are  constants,  then  the  numerator  is 

=  (ax  +  by  +  cz}  (a'dx  +  b'dy  +  c'dz)  —  (a'x  +  b'y  +  c'z)  (adx  +  bdy  +  cdz), 

or  introducing  p,  <r  to  denote  the  arbitrary  linear  functions  ax  +  by  +  cz  and  a'x  +  b'y  +  c'z 
respectively,  the  numerator  is  =  pda-  —  <rdp  :  moreover,  observing  that  a,  b,  c  and  a',  b',  c' 
are  the  differential  coefficients  of  p,  or  in  regard  to  the  coordinates  (x,  y,  z),  the 
denominator  is  =  J  (f,  p,  or}  ;  and  the  value  of  da  is 

,         pdcr  —  crdp 
dw  =  -j-j-f  --  \  , 
J(f>  p,  <r) 

where,  in  accordance  with  a  previous  remark,  the  denominator  equated  to  0  is  the 
polar  (n  —  l)thic  of  the  intersection  of  the  lines  p  =  0,  o-  =  0  in  regard  to  the  fixed 
curve. 

Obviously,  by  taking  for  p,  a-  any  two  of  the  three  coordinates  x,  y,  z,  we  reproduce 
the  original  three  forms  of  dw. 

87.  The  last-mentioned  form  of  dw  suggests  the  expression  for  this  symbol  in 
the  case  where  the  fixed  curve,  instead  of  being  a  plane  curve,  is  a  curve  of  double 
curvature  defined  by  two  equations  /=  0,  g  =  0  between  the  four  coordinates  (x,  y,  z,  w)  : 
viz.  p,  a-  being  now  arbitrary  linear  functions 

ax  +  by  +  cz  +  dw,   and   a'x  +  b'y  +  c'z  +  d'w 
of  the  four  coordinates,  the  expression  is 

,  pdcr  —  crdp 

dw  =      .  ,         —  ^  : 

g>  p,  *) 


and  by  taking  for  p,  a  any  two  of  the  four  coordinates  x,  y,  z,  w,  we  have  for  dw 
six  values  which  must  of  course  be  equal  to  each  other  ;  it  is  easy  to  verify 
a  posteriori  that  this  is  so. 

In   the   case  where  the  curve  of  double  curvature  is   not  the  complete  intersection 

of  two   surfaces,   the   denominator   (regarded   as   the   Jacobian   of  the   curve  and   of  the 

arbitrary  planes  p,  cr)  will  have  a  definite  meaning,  but  what  this  is  I  do  not  at 
present  consider. 

The    last-mentioned    expression    for    dw   will    be   applied   further   on   to  the   case   of 
the    quadri-quadric    curve 
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Integral  Formulae.     Art.  Nos.  88  to  90. 

88.     In   what   precedes,  da>   has   been   used   as   a   single   symbol    to   denote    any  one 
of  the  equal  differential  expressions 

ydz  —  zdy         zdx  —  xdz     _xdy  —  y  dx 

~dT  '  "    ~dT         ~W 

dx  dy  dz 

there  is  no  quantity  &>.  The  expressions  are  of  the  order  —  (n  —  3)  in  the  coordinates 
(x,  y,  z\  and  since  (x,  y,  z)  are  as  to  their  absolute  magnitudes  altogether  arbitrary 
(only  their  ratios  being  determinate),  a  symbol  such  as 


,  =  I  da),  = 


'  y  dz  —  zdy 

~~dT 
dy 

would,    except    in    the    case    n  =  3,   be     altogether    meaningless.     In    fact,    the    integral 
would  be 


IT  ?/ 

where    --   is,   by   the   equation   of   the   fixed   curve,   given   as   a   function    of    — ;    but  the 

other  factor  zn~3  is  an  absolutely  indeterminate  variable  value,  and  the  expression  is 
meaningless. 

But    we    have   integrals    I  Qdw,   where    Q   is   a   homogeneous    function   of    the   order 

n  —  3  in  the  coordinates  (x,  y,  z) ;  and,  in  particular,  we  have  such  integrals  where 
(corresponding  to  the  forms  which  present  themselves  in  the  differential  pure  and 
affected  theorems  respectively)  Q  is  either  a  rational  and  integral  function  (x,  y,  2)n~3, 
or  a  rational  and  integral  function  (x,  y,  z)n~-  divided  by  a  linear  function  (x,  y,  z)1 : 
for  in  every  such  case,  the  form  of  integral  is 


where    --   is   a   given   function   of  ^,   and   the   factor   of    rf(Z]    is  thus   a   mere    function 


y  f 

of    -  ,     More    definitely,   in  the    integrals    I  Qdco   which    are    considered,    Q    is   either   a 

minor    function   (x,  y,  z)n~3,  or  it    is    the    quotient    of  a   major    function    (x,  y,  z)vln~*   by 
the  linear  function  012. 
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In  the  case  n  =  2,  there  is  no  rational  and  integral  function  (x,  y,  z)n~3,  but  the 
function  may  be  of  the  form  belonging  to  the  affected  theorem,  viz.  it  is  unity  divided  by 

a  linear  function  (x,  y,  zf ;  or  say  the  integral  is   I  — ,  where   the   (x,  y,  z)  are 

connected    by    a    quadric    equation    (a,  ...Qx,  y,  z)"=Q:   it    will    be    shown    presently    that 
this  integral  is  obtainable  as  a  logarithmic  function. 

In  the  case  n  =  3,  we  have  the  rational  and  integral  function  (x,  y,  z)n~s,  =  a 
constant,  or  say  =  1,  so  that  there  is  here  an  integral  I  dw :  we  do  not  call  this  ca, 
but  introducing  a  new  letter,  say  u,  and  fixing  at  pleasure  the  inferior  limit  of  the 
integral,  we  write  u  =  I  da>. 

89.     In   the   foregoing   form       Qdw,  so   long   as   we   retain   the   symbol   dw,  there   is 

nothing   to   show  what   is  the   variable  in  regard  to  which  the  integration  is  to  be  per 
formed  ;    we  may,  for  instance,  writing 

dw  = 


df 

dx 

make   it    to   be   - ,  or   in   like   manner   to  be  any  other  of  the   six  quotients.     We  thus 

cannot   attribute    a    value   to    the    inferior  or  superior    limit    of  such    an  integral,   but  we 

may   take   the    limits   to   be   each    of    them   a    point    on   the   fixed    curve :    for   instance, 

ri 

if  1,    0   be    points   on   the    fixed    curve,   then   the    integral        Qdw    means    the    integral 

Jo 

taken  from  the  value  at  the  point  0  to  the  value  at  the  point  1  of  the  variable 
in  regard  to  which  the  integration  is  performed ;  or  when  there  is  no  expressed 
superior  limit,  then  the  integral  is  to  be  taken  from  the  value  for  the  expressed  or 
known  inferior  limit  to  the  value  at  the  current  point  (x,  y,  z}  of  the  variable  in 
regard  to  which  the  integration  is  performed.  The  actual  value  of  the  integral  will 
of  course  depend  upon  the  path  of  the  variable  ;  but  this  is  a  question  which  is  riot 
here  entered  upon. 

If  using  Cartesian  Coordinates  x,  y,  we  write  for  instance 

dx      .         [Qdx 
d(o=  j-,,  then    ' 


df'  df 

dy  J    dy 

will    denote    an    integral    I  <f)X  dx    in    regard  to    the    variable    x,    and    the    inferior    and 
superior    limits   will    be   as   usual    values    of    as;    or    if    there    is    no    expressed    superior 

limit,  then  the  integral   I  d>xdas  will  be    the  integral    taken  from   the  inferior  limit   x0  to 

Jo 

the  current  value  x. 
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We    may,    if    we    please,    consider    the    coordinates    (a,    y,    z)    as    depending    upon    a 
parameter    «,    viz.    the    ratios   x  :  y  :  z   may    be    regarded    as    given    functions    of    «,    and 

the    integral    I  Qdw,    is    then    an    integral    I  OC?H,    which    taken    from    a    constant    inferior 

limit  up  to  the  value  «,  belonging  to  a  given  point  1  of  the  curve,  is  a  given 
function  of  HJ,  or  say  of  the  point  1.  But  except  in  the  case  of  the  cubic  (or 
generally  if  p  =  1),  we  do  not  have  the  coordinates  actually  given  as  known  functions 
of  a  parameter  «  (say  they  are  potentially  known  functions  of  «),  and  it  is  further 
to  be  noticed  the  functions  which  present  themselves  are  functions  not  of  a  single 
point,  but  of  p  or  more  points :  thus  in  the  case  of  the  quartic,  n  =  4,  p  =  3  ;  we  have 
ri  n  ri 

I  xd(o,   I   ydco,   I  zdw,  each  standing  for  a  given  function  of  the  parameter  «l7  but  these 

integrals   do   not   present    themselves    singly,    but    in    combinations   such    as 

/  ri        r2       p        /-|\ 

(I    +1    +  I    +1    j  (x  da,  y  dca,  z  dot), 

say  these  sums  of  integrals  are  u,  v,  w:  each  of  the  functions  u,  v,  w  is  a  potentially 
known  function  of  the  parameters  «1;  w.2,  «3,  «|  which  belong  to  the  points  1,  2,  3,  £ 
respectively,  and  is  consequently  regarded  as  a  given  function  of  these  four  points. 

90.     Consider    as    before,    in    the    case    of    a    cubic    curve,    the    integral     u  =  I  dco : 

it    will    presently    be    seen    that    for    the    general    curve    as    given    by    a    cubic    equation 
f=  0   of  any  form  whatever,  we   arrive    at    a   form   of   elliptic   function  :    but  the  ordinary 
elliptic    functions    sn,    en,    dn    connect    themselves    most    readily   with    the    cubic    curve 
2  =  # .  1  —  x  .\  —  k*x.     We  have  here 


or,  in  the  equation  u  =  I  dco,  taking  the  inferior  limit  to  be  0,  say 

.-/ 

J  0 


V# .  1  —  #  .  1  —  k2x ' 

an  equation  which  determines  u  as  a  function  of  x,  or  conversely,  x  as  a  function 
of  u.  We  might  thence,  by  means  of  Abel's  theorem  as  applied  to  the  curve  in 
question,  investigate  the  properties  of  the  function  x  =  \(u)  thus  arising,  and  so  establish 
the  theory  of  elliptic  functions:  but  it  is  more  convenient,  treating  the  elliptic 
functions  as  known  functions,  to  write  for  \u  its  value  ;  viz.  to  take  for  x  as  given 
by  this  equation,  the  value  #  =  sn2w:  we  thence  have  y  —  sn  ucnudn  u;  viz.  these 
values  x  =  sn2  u,  y  =  sn  u  en  u  dn  u,  satisfy  the  equation  y2  =  x  .  1  —  x .  1  —  k*x  of  the  curve, 

and  give,  moreover,  dw  =  du  =  ^ — :    and  we    can   with   these  values,  and  the   formulae  for 

y 

elliptic    functions,    verify   any   results   given    by    Abel's    theorem.     This    will    be    done    in 

considerable   detail :    but    at    present    I    wish    only  to    remark   that  the   formulae  give    the 

coordinates   x,    y   of    a   point    on    the    cubic    curve    expressed   as    one-valued    functions    of 

C.    XII.  21 
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a  parameter  or  argument  u :  but  that  this  argument  u  is  not  a  one-valued  function  of 
the  coordinate  sc,  or  even  of  the  coordinates  x,  y  of  the  given  point  on  the  curve : 
say  the  argument  u  has  not  a  unique  value  for  a  given  point  (x,  y}  of  the  curve. 
There  are,  in  fact,  an  infinity  of  values  u  =  u0  +  2mK  +  2m  W,  where  m,  m'  are  any 
positive  or  negative  integers :  that  this  is  so,  depends  on  the  multiplicity  of  values, 
according  to  the  different  paths  of  the  variable,  of  the  integral 


or,  regarding  the  elliptic  functions  as  known  functions,  it  depends  upon  the  double; 
periodicity  of  these  functions. 

Aronhold's  Quadric  Integral.     Art.  Nos.  91  to  93. 

91.  I  reproduce  the  investigation  contained  in  Aronhold's  paper  "  Ueber  eine  neue 
algebraische  Behandlungsweise  u.s.w.,"  Crelle,  t.  LXI.  (1863),  pp.  95 — 145.  We  take  /  the 
general  quadric  function  (a,  b,  c,  f,  g,  h~$x,  y,  zf :  ax  +  (3y  +  yz  an  arbitrary  linear 

function    of    x,    y,    z :    the    theorem    is    ^ =  differential    of    logarithm    of    an 

ax  +  fty  +  yz 

algebraic  function  of  (x,  y,  z);  viz.  taking  (f,  77,  £)  for  the  coordinates  of  either  of 
the  points  of  intersection  of  the  line  ax  +  @y  +  yz  =  0  with  the  quadric  (a,  ...$#,  y,  zf  =  0, 
and  writing  also 

H2  =  —  (be  —f-,  ca  —  g°,  ab  —  A2,  gh  —  af,  hf—  bg,  fg  —  chQa,  @,  y}-, 

then  the  theorem  is 

da>  1    ,    .      (a,...#aj,  y,  z*$%,  77,  f) 

-  10g 


ax  +  fty  +  yz      U  ax  +  fty  +  yz 

or,  what  is  the  same  thing, 


./  ax  +  fty  +  yz 


const- 


It  is  to  be  observed,  in  reference  to  this  equation,  that  the  two  sides  respectively 
are  in  regard  to  (a,  /3,  y)  homogeneous  functions  of  the  degree  —  1,  and  in  regard  to 
(f>  ^  0  homogeneous  of  the  degree  0  ;  viz.  on  the  right-hand  side  the  effect  of  a 
change  in  the  absolute  magnitudes  of  £,  rj,  £  say  the  change  into  k%,  krj,  k£,  is  merely 
to  change  by  log  k  the  constant  of  integration. 

It  is  to  be  remarked  also  that  the  equation  (a,...^,Tj,  %Qa;,y,z)  =  Q  represents  the 
tangent  to  the  conic  at  the  point  (£,  rj,  £)  of  intersection  with  the  line  ax  +  (3y  -f  yz  =  0  ; 

1  T 

calling  the  linear  function  in  question  T,  the  value  of  the  integral  is  ^  log  -  ; 

0  ax  +  [By  +  yz 

^  (£i>  %>  £i)>  (&>  ^a,  £2)  are  the  coordinates  of  the  two  points  of  intersection  respectively, 
then   in  passing  from  one  of  these  to    the   other  we   change   the   sign  of  the  radical  O, 

IT  1  T 

and  the  two  values  thus  are  ^  log  -  ^r^  -   and   —  ^  log  ----  ^  --  .     These  must 

U     &  ax  +  fiy  -I-  yz  O     6  OLX  +  fiy  +  yz 
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., 

differ   by   a    constant    only  :     viz.    we    should    have    log  -.  —  —  ^  =  a  const.     And,    in 

&  (aa+@y  +  yzy* 

fact,    jTj   and    T.,   being   the   tangents   to   the   conic  /  at   its   intersections   with   the   line 
aa;  +  @y  +  yz  =  Q,    we    have    it    is    clear   f=\T1T,  +  p(ax  +  /3y  +  yz)*,    that    is,    (x,  y,  z) 

T  T» 

referring    to  a   point    of  the   conic  /=  0,  we   have  -.  —  —  r-  =  a  constant,  which   is 

(ax  +  (3y  +  yzf 

right. 

92.     We  require  the  coordinates   (f,  77,  £)   of  an  intersection:   these   are  determined 
by  the  equations  a£  +  fty  +  y£  =  0,  (a,  ...^^  y,  £)2=0,  or  as  these  may  be  written 

«£  +/3r) 


we  have  thence  £,  rj,  %  proportional  to  the  determinants 

ffS,     /'£  +  &*?+/£     fft+fn  +  c 
ft  7 

say  these  determinants  are  O£,  fl?;,  H£,  where  Q    is  a  value  as  yet  undetermined.     The 
equations  are  7  (hi;  +  by  +/f  )  -  /3  (^r^  +/i;  +  c£)  —  fl|  =  0,  &c.,  viz.  these  are 


(ag-ya         )  %  +  (af  -yh  -Sl)r)  +  (ac  -  yg         K=0 
(fta-ah         )g  +  (/3h-ab        )ij  +  (/3g-  of  -  n)  ^=  0  ; 
eliminating  (f,  T;,   £),  we   have  an   equation  which   may  be  written 


that  is, 

A  ,     B  ,  C 

A' ,     B' ,  C' 

A",    B",  C" 


L-n,   B      ,   c 
['     ,   B'-n,   cf 

L"  B"  C"  - 


=0, 


-  H  (£'(7"  -  £"C"  +  C"A  -  CA"  +  AB'  -  A'B)  +  W(A  +  B' +  C")  -  H"  =  0. 


We    find    very   easily   that    the    determinant   and   A+B'+C"    are    each    =0;    and   the 
equation  thus  reduces  itself  to 

H2  =  B'C"  -  B"C'  +  C"A  -  CA"  +  AB'  -  A'B, 
or  substituting  for  A,  B,  &c.,  their  values, 

n«  =  -(&c-/2.  •••$«>  A  7)2; 

this  being  so,  the  ratios  of  £,  r),  %  are  determined  by  means  of  any  two  of  the  foregoing 
linear  equations. 

21—2 
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93.     We    may   now    verify   the    theorem ;    in    the   general    expression    for   dw    writing 
for  X,  /*,  v  the  values  £,  rj,  f,  the  equation  to  be  verified  becomes 

dx,     dy,     dz 

x  ,     y  ,     z 


1   ((a,  ...$£,  '?>  £$<&»,  dy,  dz)      adx  +  fidy  +  ydz 
ft  ((a,  ...][£,  17,   £]£  x>     y>     z}         ax  +  /3y  +  <yz 


(ax  +  /3y  H-  72)  (a, .  ..}[#,  y,  £$£,  77,  £) 

viz.  this  is 

b,     dy,     dz  '=(a,  ...^f,  77,  £§dx,  dy,  dz)  .  (ax  + /3y  +  yz) 


x  ,     y  ,     z 

%,*),£ 


—  (a,  •  •  •]££,  7},  £$tx>  y>  z}  •  (adx  +  ftdy  +  <ydz). 
Here,  on  the  right-hand  side,  the  coefficient  of  dx  is 

which  is 

=  y  {/3  (af  +  hrj  +  g£)  —  a  (h 

-  c£)  —  fy 
^  /        / 


-  * 


which   is  right;   and   similarly,  the  coefficients  of  dy  and   dz   have   the   same    values   on 
the  two  sides  of  the  equation  respectively. 


Aronhold's  Quadric  Integral  deduced  from  the  Affected  Theorem.     Art.  Nos.  94  to  98. 

94.     Let   the    fixed   curve   be   a   conic,  say  /=  £  (a,   b,  c,  f,  g,  h\x,   y,   z)*,  =  0 :   and 
let   the    variable    curve    be   a    line    meeting    the    conic   in   the    points    3    and    4.     The 

affected  theorem  is 

12do> 8134     8234 

012"    "  134  +  234  ' 

where  (x1}  ylt  z^  and  (xz,  yz,  z2)  being  the  coordinates  of  the  points  1  and  2  respectively, 
12  denotes  the  constant  (a,  ...$#!,  ylt  z-i\x.2,  y^,  z2):  and  012,  &c.,  denote  determinants 
as  usual. 


The  left-hand  side  is  here 


_ 

312      412 


on  the  right-hand  side,  8  refers  to  the  variation  of  the  constants  of  <f>,  that  is,  to 
the  variations  of  the  points  3  and  4 ;  or  we  may  write  8  =  ds  +  d4 ;  the  points  3,  4 
are  independent,  and  the  equation,  being  satisfied  at  all,  must  be  satisfied  separately 
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in    regard    to    the    variations    of    3,    and    in    regard    to    the    variations    of    4  :     we    must 
therefore  have 


3= 
^  " 


134         234  ' 
and  the  like  equation  obtained  herefrom  by  the  interchange  of  the  numbers  3  and  4. 

95.     The   equation  just    written   down   relates   to   any    four  points    1,  2,  3,  4  of  the 
conic;   and  if  for  3,  4  we  write  0,  3  respectively,  it  becomes 


2  —     -  -  '    — 
" 


- 
012"        031  023    ' 

which  relates  to  the  points  0,  1,  2,  3  of  the  conic  :  writing,  as  before,  023,  031,  012  =  p,  a;  r, 
this  equation  is 

i  o  dto  _      da-      dp 
\.L       -----  1        , 

T  cr         p 

which  may  be  verified  as  follows  :  the  equation  of  the  conic  is/=  23.<rr  +  31  .  rp  +  l2.pa,  =  0  : 

,        pdcr—adp       ,         df     00  12  .  p<r      ,       .      ,        12  f     da      dp\ 

we  have  dw  =  r  --  =-^—  -  "  .  where  -—-  =  23  .  a-  +  31p,  =  ---      —  ,  that  is,  a&>  =  —    ---  \-  —   }  , 
df  dr  T  T   V      a-        p  / 

dr 
the  equation  in  question. 

96.     We  have,  as  a  property  of  any  four  points  0,  1,  2,  3  of  a  conic, 

23  -01  23       -01  23  a         01 

or  say    .  —  =  -  —  ,  that  is,  —  r-  —  =  --  ; 


123. 023  "012.031'  r    A .  p       <TT  '  '    A    p "       r 

hence  considering  0  as  a  variable  point,  and  differentiating  the  logarithms, 

7 ,      01          da-      dp 
—  d  log  —  = H  —  , 

5    T  O-  p 

and    the    foregoing    equation     12-    =—   — h—     thus     becomes     12    —  =  —  dlog  — ,    or 

restoring  for  T  its  value  012, 

_  do)  , .       01 

I  v      —  __  yy   [/-jo*  

012  °012" 

Taking   now    ajc  +  (3y  +  yz  =  0    for    the   equation   of  the    line    012;    this    meets    the    conic 
in  the  points  1,  2,  coordinates  (xl,  y1,  z^)  and  (x2,  y2,  z.2)  respectively  :    and  we  have 

1    C\  /  "X^  *X^  \ 

I  •/  —  /  /~f  A-Y1         i/         tf  nJtt         ft  i          v    \ 

\**J  *  •  *  V  **T1 1       Vlj          IV        '  J       v'2  9          2/ J 

and  from  this  last  value 

122  =  {(a,  . ..]£#!,  2/1(  ^!$a;2,  ?/2,  ^2)}2  —  (a>  ...J^i,  2/1,  ^i)2-  (a>  •••$^2,  2/2,  •2r2)2 
{the  second  term  being  of  course  =  0),  viz.  this  is 

=  -(bc-f\  ...$«,  ft,  7)2, 
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or  say  12  =  —  O,  if  fl-  =  —  (be  —  /-,  ...$a,  ft,  y)2  as  before:   and  the  equation  thus  is 

ttda,         =  d        (a,  ...$#!,  yi>  z&x,  y,  z) 


y  +  <yz  ax  + 

or  finally,  writing  ((•,  77,  £)  instead  of  (xiy  y1}  ^)  to  denote  the  coordinates  of  one  or 
other  of  the  intersections  of  the  line  ax  +  fty  +  yz  =  0  with  the  conic,  the  equation 
becomes 


OUK  +  /3y  +  yz 
which  is   Aronhold's  quadric  integral. 

97.  (The  foregoing  property,  which  may  also  be  written 

23  01 

023  .  123  ™  201  .  301  ' 

is  verified  very  simply  in  the  case  of  four  points  0,  1,  2,  3  of  a  circle  :   in  fact 

23  =  x.2Xz  +  y2yz  -  I,  =  cos  23-1,  =-2sin2£23, 
023  =  2  sin  i  23  sin  \  30  sin  \  02  ; 

and   so   for   the   other   like   expressions;    each   side  of  the    equation   is   thus   reduced   to 
1  -r-  sin  &  02  sin  \  03  sin  \  12  sin  \  13.) 

98.  In   particular,   if  the   conic  is   taken   to   be    the  circle   a?  +  y*  —  1  =  0,   then    for 
the  coordinates  (,          of  the  intersections  with  the  line  ax  +  fiy  +  7  =  0,  we  have 


/3£  -  o.t]  +  £l£=  0, 
giving  H2  =  a-  +  /3-  +  7-  ;   and  then 

f  :  -n   :  £=-/3-  +T     :  a/3-yCl  :  ay 

=  —  a/3  —  70  :  a2   —  rf  :  @y+  a£l 

=     «7  +  /3fi  :  £7  -  all  :  -  a2  -  £2. 
The  formula  then  becomes 

r  _  dx  _  =  _  1_          ^     |a;  +  7?Vl-a^-g'  _ 
J  (<*x  +  @  Vl  ^~a*  +  7)  Vl-«2      Va^+^^y2      3  aa;  +  y8  Vl  -"^  +  7  " 

or,  retaining  li,  y  for  the  values  Va2  +  /3s  —  7%  and  Vl  —  ic2,  this  may  also  be  written 

=  1  1      7(a 
° 


The  form  of  the  integral  is  still  such  that  the  value  is  not  very  readily  obtainable 
by  ordinary  methods  :  the  value  just  written  down  can  of  course  be  verified,  but  the 
verification  is  scarcely  easier  than  for  the  original  more  general  form. 
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In   the   very  particular  case  a=0,  /3  =  0,  7  =  !,  we  have  CL=i:   f  :  77  :  £=  1  :  —  i  :  0, 

and  the  formula  becomes 

dx         1  , 


viz.  Tjhis  is 


sin"1  x  =  ^TT  +  -  log  (x  —  iv\  — 


which   is   right ;    for  putting   sin"1  x  =  u,    and   therefore   x  =  sin  u,   the   equation   becomes 
i  (u  —  \  TT)  =  log  (sin  u  —  i  cos  u) :   that  is,  cos  (u  —  ^TT)  +  i  sin  (u  -  ^-TT)  =  sin  M  —  i  cos  ?t. 

Fixed  Curve  a  Cubic:   the  Parametric  Points  1,  2  consecutive  point*  on  the  Curve. 

Art.  Nos.  99  to  106. 

122  023  — 123  013 
99.     The    major   function   (x,   y,   z)\2   is   taken   to   be   =  —        — rs« —       ~  >  so   that, 


calling  the  differential  Qdco,  we  have 

Q  = 


123 


122.023-122.013 
123.012 


it   is    required    to    find    what    this   becomes   when    1,    2    are   consecutive    points    on    the 
curve,  or  what  is  the  same  thing  when  the  line  012  is  a  tangent  at  the  point  1. 

I  take  for  convenience  the  cubic  to  be  ft  =  ^  (x*  +  y3  +  2s),  =0.  The  coordinates 
of  1  are  (xlf  yl9  z^},  those  of  2  are  (a^  +  Ba^,  yi  +  Bylt  zl  +  Bz1),  or  as  for  shortness  I 
write  them  (a^  +  a,  yl  +  @,  zl  +  7),  where  a,  ft,  7  are  considered  as  infinitesimals  of  the 
first  order :  this  being  so,  the  denominator  of  Q  is  at  once  seen  to  be  of  the  second 
order;  it  will  appear  that  the  numerator  is  of  the  third  order;  whence  Q  is  of  the 
first  order. 


100.     We  have 


,    _ydz  —  zdy     _zdx  —  xdz     xdy  —  y  dx 

si  >  .0  n  ) 


and  in  analogy  herewith  we  may  write 


this  being  so,  we  have 

012=    x,     y,     z     = 


and  similarly  312  =  312. 
Moreover 


023  = 


y>   z 


x ,     y  ,     z 
a  ,     /3,     7 


j  =  01 2 . 


=  013  +  0813, 
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as  the  second  term  may  be  written;   moreover 

122  =  x?  (xl  +  a)  +  2A2  (yi+P)  +  z?  (z,  +  7)  >    =      ™i  +  Py*  +  Vz^> 

122  =  x,  (x,  +  a)2  +  yl  (yl  +  /3)2  +  ^  Oi  +  7)',    =  2  (a^2  +  0y?  +  7^2)  +  cftc, 

and   hence 


.  023  -  12a  .  013  =          (aa?!2  +  /fyr  +  7^)     (013  +  OS13) 

-  [2  (axf  +  @ys  +  ^}  +  (of  as,  +  £"#  +  7%)]  013 

,}}  013 


or  reducing  by 

3  (a^2  +  /S^2  +  7^2)  +  3  (tfx  +  py  +  rz}  +  (a3  +  /33  +  T3)  =  0, 

this  is 

=  +  ^  (of  +  p  +  rf)  013  -  (a2^  +  /32y,  +  7^)  0813, 

which  is  of  the  third  order. 

101.     We    may    show    that    each    of  the    terms    contains    the   factor  (Sa^)2  :    we   have, 
in  fact, 


hence,  first  multiplying  by  a,  ft  7  and  adding,  we  have 

+j£ 

#!?/! 

/  ^i2        2/i2        -^i2 

-«av(-^-+J[1-+- 


But   in   virtue   of  atf  +  £y,a  +  y*i2  =  0,   the   first  line  becomes  =  the   second  line,   or  the 
two  together   are 


which  is  =  0  in  virtue  of  x,3  +  y?  +  z,3  =  0 ;   hence  the  equation  is 
(ay,z,  +  $z^x,  +  7^yO  (Svtf  =  -  (a3  +  &  +  73)> 
the  required  expression  for  the  first  term. 

102.     Again,  multiplying  by  x,,  ylt  zlt  and  adding,  we  have 
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where,  in  virtue  of  xla  +  y-f  +  z?  =  0,  the  first  line  is 

2 


and  this  again  is  =  —  2  (c?xl  +  /32#i  +  y2.^)  :   in  fact,  we  have  identically 


«#*i)  Oi3  +  2/i3  + 
4  +  yay!4  +  a/8^4), 

which,  in  virtue  of  ow^2  +  Py*  +  <yz?  =  0,  and  x?  +  yf  +  z?  =  0,  becomes 


Hence  the  equation  is 
or  finally 


y,^  (gco,)2  =  -  3  (a2^  +  ^  + 
^z,  (Surf  =  -     (aX  +  /32yi  -h 


the  required  expression  for  the  second  term. 

103.     Writing  for  shortness 

ay-iZi  +  /321x1  +  ya^  =  8  ( 
we  have 

122  .  023  -  122  .  013  =  {-  %8  (x^y^)  013 

and  hence  dividing  by 
we  have 


,  .  0813} 


012.123,     =  Ol2 .  312 . 


122.023-122.013_-^Q1,  ylt  z,)  .  013  +  x.y.z,.  0813 
^  ~       "012.123  OP.312 

But  this  can  be  further  reduced  :    the  numerator,  multiplied  by  3,  is 


x  ,     y  ,     z 

+  3^2^ 

/y»                 «y                  «» 
'           l7      ' 

«i,    2/1,    *i 

(x.  ,     {3       y 

nt*           ft            & 
3  >        ^/3  )           3 

/V»                        /!/                         ^* 

>^i»    ys>    *s 

which  is 

•      •»         y       »         * 

Pi  (2/1  ~  z\  )>     2/i  \^i      ^i  />     ^i  V^i  ~~  2/i  / 

/y.  7*  «- 

•^3  >  ya  >  ^3 

where  ^  (t/!3  —  ^3),  yx  (^s  —  xf},  zl  (x-?  —  yf)  are  the  coordinates  of  the  tangential  of  the 
point  1  in  regard  to  the  cubic,  viz.  the  point  of  intersection  of  the  tangent  at  1 
with  the  cubic.  The  determinant  may  for  shortness  be  called  0£13;  and  we  thus  have 

122.023-122.013 


012.123 


312     Ol2  ' 


where    observe    that    Ol2  =  0  is    the    equation    of    the    tangent    at    the    point    0 :    and 

0^13  =  0    is    the    equation    of  the    line   joining   the    tangential    of    1    with    the    arbitrary 
point  3. 

C.   XII.  22 
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104.     The   identity  just   referred   to   is   proved  very  easily.     Comparing  on  each  side 
the  coefficient  of  yzz  —  y3z,  the  factor  xl  divides  out  and  we  ought  to  have 

-  (ay-iZi  +  ftz1x1  +  7^2/1)  +  Sy^a  =  (t/!3  -  z*)  S^, 
that  is, 


and,  in  fact,  from  yl28o)1  =  z^o.  —  xff,  z^oal  =  xl^  —  y^,  we  have 

(y*  -  z?)  Sooj,  =  y1  (Xa  -  ^7)  -  z,  fa/3  -  y.a), 

which   is    the   value   in   question.      Similarly   the    coefficients    of    zx3  —  z3x,   ocy3  —  x3y   are 
equal  on  the  two  sides  ;   and  the  equation  is  thus  verified. 

105.  The   proof  has   been   given   in   regard   to   the   particular   cubic  Xs  +  y3  +  23=  0; 
but   it   might   have  been   given   for   the   canonical  form  a?  +  y3  +  z3  +  Qlxyz  =  0  :   and  from 
the   invariantive   form   it   is   clear   that  the   result  in  fact  applies  to  any  cubic  whatever. 
The   result   is   an   important   one  :    we    see   by  it   that   when    the    points    1    and    2    are 
consecutive   points   on   the   curve   we   must,   in    place   of    the   differential    Qdca,   which   is 

evanescent,   consider   a   new   form  Ba>1}  where,  as   already  remarked,  the  denominator 

represents  the  tangent  at  the  point  1,  and  the  numerator  the  line  joining  the  tangential 
of  this  point  with  the  point  3. 

106.  We  have 

{023}  +  {031}  +  {012}  =  {123}, 

or  writing  this  in  the  form 

{012}  -  {312}  +  {023}  -  {013}  =  0, 

suppose  2  is  here  the  consecutive  point  1  +  Si  ;   then 


(0121-13121    _.- 

012.312 

becomes  =  {0£13}  S&>!  :    we  have  also 


and  the  result  is 

-{0*13}  +3,013  =  0, 

that  is,  8j  {013}  =  {OJ13}.     The  form  in  the  case  of  the  cubic  a?  +  f  +  z3  +  Qlxyz  =  0,  is 


2/3 


i.e.   the   differential  coefficient  of  {013}  in  regard  to   the   parametric   point  1  is  =  {Oil3}, 
the  symbol  for  the  case  where  the  parametric  line  is  the  tangent  at  1. 
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Fixed  Curve  a  Cubic:   the  Parametric  Points  corresponding  points.     Art.  Nos.  107  to  110. 

107.  The   parametric   points    1,    2   are   taken    to    be    corresponding   points,   that   is, 
such    that   the   tangents   at   these   points  meet   at   a    point,   say   3,   on    the    cubic.      We 
may  from  3  draw   two    other   tangents,  touching    the    cubic,  say  at    the  points  1'  and  2'. 
The   four   points    1,    2,    1',    2'  are   then   such    that   the    lines    12,    1'2'   meet   in   a   point, 
say  4,  of  the  cubic  ;   and  moreover  3,  4  are  corresponding  points. 

We  may  take  (xt  y,  z),  =(1,  0,  0),  (0,  1,  0),  (0,  0,  1)  for  the  coordinates  of  the 
points  1,  2,  3  respectively:  x  =  0,  y  =  0  are  thus  the  equations  of  the  lines  32,  31 
respectively,  and  2  =  0  is  the  equation  of  the  line  12,  viz.  we  have  2  =  012.  Taking 
x  —  Mly  =  Q,  x  —  Mzy  =  Q,  for  the  equations  of  the  tangents  31',  32'  respectively,  and  £=0 
for  the  equation  of  the  line  1'2'  joining  their  points  of  contact,  where  £  is  a  properly 
determined  linear  function  of  (x,  y,  z],  it  is  to  be  shown  that  the  differential  Qdw 

may  be   taken    to   be    =—  ,   and   that   this   is   =i(  —  —  -  )  :   the   affected   theorem   thus 

\  x        y  ] 

assumes  a  special  form,  which  will  be  noticed. 

108.  The    cubic    passes   through   the    points   (x  =  0,    z  =  0)   and   (y  =  0,   z  =  0),   the 
tangents   at   these   points   being   x  =  0,   and   y  —  0   respectively  :    also   through   the   point 
x  =  0,  y  =  0  :   its  equation  thus  is 


/,  =  gz*x  +  Zlzxy  +  izzy  +  hx^y  +  kxif,  =  0, 
and  writing 

,        x  dy  —  y  dx 
da>  =  —  2-=^  —  , 

4? 

dz 
we  have 

^  =  2  (gzx  +  Ixy  +  izy\ 

which,  from  the  equation  of  the  curve  written  in  the  form 

z  {gzx  +  Ixy  +  izy)  +  xy  (hx  +  ky  +  Iz)  =  0, 
or  say 

z  (gzx  +  lacy  +  izy}  +  xy%  =  0, 
becomes 


and  we  thus  have 

z  fdx 


where  £=ha;  +  ky  +  lz.  To  find  the  meaning  of  £  observe  that  the  line  x-My  =  Q 
meets  the  curve  in  the  point  (x  =  0,  y  =  0),  and  in  two  other  points  determined  by  the 
equation 

z*  (gm  +  i)  +  ZzylM  +  y2  (hM*  +  JcM)  =  0  ; 

this  line  will  be  a  tangent  if 

(gM  +  i)  (hM  +  k)  -  PM  =  0, 

22—2 
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and  we  then  have  at  the  point  of  contact  (hM  +  k)y  +  Iz  =  0  ;  and  writing  this  in  the 
form  hx  +  ky  +  Iz  =  0,  we  see  that  the  equation  £  =  0  is  satisfied  at  the  point  of  con 
tact  of  each  of  the  two  tangents  x  —  M1y  =  Q,  x—M2y  =  Q;  viz.  £=0  is  the  equation 
of  the  line  joining  the  two  points  of  contact.  Moreover,  from  the  equation  of  the 
curve  written  in  the  foregoing  form 

z  (gzx  +  Ixy  +  izy)  +  xy%=  0, 

it  appears  that  the  lines  z  —  0,  f  =  0,  meet  on  the  curve  ;  or,  what  is  the  same  thing, 
that  the  line  £=0  passes  through  the  residue  of  the  parametric  points  1,  2. 

109.     The  function  £  at  1  becomes  =  h,  and  this  is  the  value  of  3  .  P2  ;   in  fact, 


=  21Z&  +  iz?  +  hxS+Zkx^,     (x1}  y,,  z,)  =  (1,  0,  0), 
=  h. 

We   have   thus    £,   satisfying   the   required   conditions   for    the   major    function  :    and   the 

£ 
differential   Qdw  may  therefore  be  taken  to  be  =  -  d<o,  that  is,  we  have 


~  ,        ,  (dx     dy 
Qdco  •£  f -_._-£  1 . 

\* 


The  affected  theorem  thus  becomes 


_       =  _ 

x       y         ~ 


110.  The  meaning  of  this  will  be  better  understood  from  the  integral  form. 
Integrating  each  side,  and  assuming  that  the  superior  limits  are  given  by  a  line  </> 
which  cuts  the  cubic  in  the  points  4,  5,  6,  and  the  inferior  limits  by  a  line  ty  which 
cuts  the  cubic  in  the  points  7,  8,  9,  we  find 


that  is, 


where  fa,  fa,  fa,  fa  denote  the  values  of  the  linear  functions  fa  <fr  at  the  points 
1  and  2  respectively.  We  have  a  cubic  cut  by  the  lines  $,  i/r,  x,  y  in  the  points 
4,  5,  6  ;  7,  8,  9  ;  2,  2',  3  and  1,  1',  3  respectively  :  where  for  the  moment  I7,  2'  are 
written  to  denote  the  points  on  the  curve  consecutive  to  1  and  2  respectively.  Hence, 
by  a  known  theorem  in  transversals, 
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that   is, 


X7XSX9  2/4^/52/6         fafa  fa  •  01  01'  03  ' 

which,  dividing  out  the  <f)sfa,  and  writing  1,  2  in  place  of  1',  2',  becomes 


agreeing  with  the  result  just  obtained. 

Aronhold's  Cubic  Transformation.     Art.  Nos.  Ill  to  119. 

111.     This    was    obtained    in     the     paper    "  Algebraische    Reduction    des    Integrals 
I  Fix,  y)dx,  u.  s.  w.,"  Berl.  Monatsb.,  April,  1861,  pp.  462  —  468.     I  give  in  the  first  place 

the   analytical    results,   independently   of   the    general    theory,   with    the    values    for    the 
canonical  form  f,  =  ^  (a?  +  y3  +  z3  +  Qlxyz},  =  0,  of  the  cubic. 

T      sextic  invariant,  =  1  -  20Z3  -  8l6, 

8      quartic       „         (Aronhold's)  =  —  4  (I  —  I*), 
R      discriminant  =  (1  +  8ls)s, 

P  =  3Aa20  =  {-  3ZV  +  (1  +  2f)  £7}  x  +  &c., 

Q  =  /«20  =  (a2  +  2^7)  x  +  &c., 

B  =/a20  =  (a2  +  2^bc)  x  +  &c., 

C  =/a02  =  a  (x2  +  Zlyz)  +  &c., 

D  =/03  =  a?  +  y3  +  z3  +  Qlxyz, 

where   a,  b,  c  =  a.  (j33  -  y3),  /3  (ys  -  a3),  7  (a3  -  /33). 

Then  we  have 

2TQ4  +  GSPQ*  +  8P*Q  =  -R*  (602  -  SBD), 

viz.  this   equation,  where   each   side   is   a   quartic   function  (as,  y,  z}*,  is  an  identity  when 
(a,  0,  7)  are  connected  by  the  equation,  fa3,  =  a3  +  fi3  +  y3  +  GlaQy,  =  0  ;   and  further, 


QdP  -  PdQ  =  -R   [a  (ydz-z  dy)  +  b  (z  da;  -  x  dz}  +  c  (x  dy  —  y  dx}}. 

Hence  writing 

6Aa20         2P         2  ({-  3^a2  +  (1  +  2^3)  /3y}  x  +  &c.) 
~  /a20  '   :="Q~'  =  (a2  +  2//37)^+&c.         ~' 

we   have 

Q4  (X3  -  3SX  -  2T7)  =  ,R§  (6(72  - 
and 
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112.     Supposing  now   that   (x,  y,  2)   are   the    coordinates   of  a   point   on   the   cubic, 
then  D  =  0  ;   and  taking  the  square  root  of  each  side  of  the  first  equation,  we  may  write 


Qp  A'  -  3£X  -  2T  -  -  R*  V6  .  G, 
Q2d\  =  -  2Rz  {a  (y 

,     _  ydz  —  zdy  _z  dx—  xdz  _x  dy  —  y  dx 

*  ~   ~*  =''      >  ~  ' 


Q2d\  =  -  2Rz  {a  (y  dz  -zdy)+  &c.}. 

We  have 


whence 

7    _  a  (y  dz  —  z  dy}  +  &c. 

and  we  consequently  have 

d\  2 

Vx3-3£X-2r  ~  \/6 ' 
or,  as  this  may  also  be  written, 

fj\  i 

™  =  ~7r  dd), 


which,  if  128,  8T  are  put  =  g2,  gs  respectively,  takes  the  Weierstrassian  form 

d\  1 

,  =  — •=  du>. 

The  conclusion  is  that  for  the  cubic  curve,  taking  X  a  quotient  of  two  linear  functions 
of  (x,  y,  z),  the  differential  dw  is  transformed  into  d\  +  square  root  of  a  cubic  function 
of  X:  viz.  we  have  thus  a  form  of  differential,  not  the  same,  but  such  as  that  which 
belongs  to  the  ordinary  theory  of  elliptic  functions,  and  which  has  been  adopted  by 
Weierstrass  as  a  canonical  form. 

113.  The  transformation  depends  011  the  arbitrary  point  (a,  ft,  7)  of  the  cubic : 
the  point  (a,  b,  c)  is  the  tangential  of  this  point,  viz.  the  point  of  intersection  of  the 
tangent  at  (a,  ft,  7)  with  the  cubic :  we  can  from  (a,  b,  c)  draw  four  tangents  to  the 
cubic,  viz.  the  tangent  at  (a,  ft,  7)  and  three  other  tangents:  the  equations  of  the 
£  ^  .  2P  Qha.-() 

:our   tangents  being  -^  ,  =--jaSQ  ,  =  « ,  \,  X2,  X3   respectively;  where  \,  X,,  X3  are  the 

roots  of  the  equation  X3  —  3$X  —  2T  =  0. 

Suppose  for  a  moment  that  (a,  ft,  7)  is  a  point  not  on  the  cubic  curve,  and 
write  A  =  a3  +  /33  +  73  +  Qlafty.  We  have 


A-D*  +  4<AC3  +  4B*D  -  3&C*  -  QABCD  =  0, 

for  the  equation  of  the  six  tangents  which  can  be  drawn  from  the  point  (a,  @,  7) 
to  the  cubic:  when  (a,  ft,  7)  is  on  the  cubic,  A=0,  and  the  equation  becomes 
B2(4,BD-3(^)  =  0,  where  5  =  0  is  the  equation  of  the  tangent  at  the  point  (a  ft  7)  • 
throwing  out  the  factor  &,  we  have  4£D  -  3C"  =  0  for  the  equation  of  the  four 
tangents  from  (a,  ft,  7)  to  the  curve  ;  viz.  the  equation  of  the  four  tangents  is 
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or,  as  this  may  be  written, 

Q(2P-\1Q)(2P-\2Q)(2P-\3Q)  =  0, 

viz.  the  equations  of  the  four  tangents   are   as   is   mentioned   above  ;   it  was,  in  fact,  by 
these  geometrical  considerations  that  Aronhold  obtained  his  results. 

114.     The  foregoing  expression  for  QdP  —  PdQ,  say 

Q  dP  -  P  dQ  =  (1  +  8l3)  (a  (ydz-z  dy)  +  b  (z  dx  -  x  dz)  +  c  (x  dy  -  y  da;)}, 
may  be  verified  without  difficulty.     Writing  for  a  moment 

QdP-PdQ=     (Ax  +  By  +  Gz)  (Ldx  +  Mdy  +  Ndz) 
-  (Adx  +  Bdy  +  Cdz)  (Lac  +  My  +  Nz) 

=      (BN  -  CM)  (ydz-z  dy)  -  &c.  ; 

we  have 

BN  -CM  =      - 


-  {-  3/y  +  (1  +  2l3)  a/3}  (/32  +  2fya) 
=  -  6Z3a/33  +  (1  +  2l3)  ay3  +  6l3arf  -  (1  +  21s)  a/33, 
=  -(l  +  8Z3)a(/33-73) 

=  -  (1  +  81s)  a, 
which  proves  the  theorem. 

115.     I  content  myself  with  a  partial  verification  of  the  identity 
2TQ4  +  QSPQ3  -  8P3Q  =  -  (1  +  8Z3)2  (6C2  -  8BD). 

Writing  herein  x,  y,  2  =  1,  —  1,  0,  we  have  D  =  0,  and  the  equation  becomes 

4  +  QSPQ3  -  8P3Q  +  6(1+  8Z3)2  C2  =  0, 


where  now 

Q  =  (a-/3)(a  +  /3-2Z7),  P  =  (a  -  /3)  {-  3?  (a  +  /3)  -  (1  +  2l3)  y}, 

C  =  a  +  b  -  2fc,    =  (a-  /3)  {-  a/32-  of/3  -y*-2ly  (a2  +  a/3  +  /3% 
which,  putting  therein  —  y3  =  a?  +  /33  +  Qlafty,  becomes 

=  (a  -  /3)2  (a  +  (B  -  2l 
Hence  writing 


X  =  a  +  /3-2Z7,     7=  - 
we  have 

Q,P,C=(a-/3)X,     (a-/3)F,     («-(3)3X: 

substituting  these  values,  the  factor  (a  —  /8)4  X  divides  out,  and  the  equation  becomes 

2TX3  +  6SX*Y  -  8F3  +  6  (1  +  8/3)2  (a  -  /3)2  X  =  0. 

To  complete  the  verification,  observe  that  we  have  F+  312X  =  —  (1  +  8l3)  y,  whence 
-  F3  =  (1  +  8J3)3  73  +  9  (1  +  8J3)2  Zy  X  +  27  (1  +  8^3)  fy  X- 
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and  herein  -73=  a3  +/33+  Qla(3y,  whence 

-  73  +  a/3Z  =  (a  +  £)3  =  (X  +  2Z7)3  =  X3  +  Qly  X*  +  12£y  X  +  8ls> 

that  is, 

_  (1  +  8Z3)  73  =  Xs  +  Qly  Z2  +  (12/Y  ~  3a/3)  X- 

Hence  the  equation  to  be  verified  becomes 

+  6SZ2F  -  8     (1  +  8Z3)2  [X3  +  QlyX*  +  (12«Y  ~  3a^)  X] 


[825 


viz.  throwing  out  the  factor 
[IT-  8  (1 


,  this  is 

-  48  (1  +  8Z8)2 
-  (1  +  8/3)2  {96/Y 


216 


where  the  last  term  is 


viz.  this  is 


=  +  6 


[(a  +  /3)2  - 


and  there  is  again  the  factor  X  which  can  be  thrown  out:  the  equation  thus  becomes 
[2T-  8(1  +  8J3)2  +  2161s]  X  +  QSY-  48  (1  +  8£3)2/7  +  216  (1  +  8la)l*y 


This  may  be  written 


+  216  (1  +  8^3)  Z47  +  6  (1  +  8Z3)2  (X  +  4fy)  =  0, 
or,  finally,  it  is 

[2T  -  8  (1  +  8?3)2  +  216^6  -  18/2>S  +  6  (1  +  8£3)2]  X 

+  [_  Ql-i  S  -  48  (1  +  8Z3)  +  216Z3  +  24  (1  +  8l3)]  (1  +  8Z3)  ly  =  0  ; 

substituting  for  T,  S  their  values  1  -  20Z3  -  8l6  and  -  4Z  +  4Z4  respectively,  the  coefficients 
of  X  and  (1  +  8Z3)  ly  are  separately  =  0,  and  the  equation  is  thus  verified. 


116.     The  foregoing  equation  \  =  -^—,  regarding  therein  X  as  an  arbitrary  parameter 

•/ 

and  (x,  y,  z)  as  current  coordinates,  is  the  equation  of  an  arbitrary  line  through  the 
point  (a,  b,  c)  of  the  cubic:  it  meets  the  cubic  in  two  other  points  depending,  of 
course,  on  the  value  of  X;  and  the  coordinates  of  either  of  these  is  thus  expressible, 
irrationally,  in  terms  of  X,  the  expressions  involving  the  radical  V  X3  —  3S\  -  2T  :  from 
the  values  of  x,  y,  z  in  terms  of  X,  we  should  be  able  to  deduce  the  foregoing  equation 
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^)  rJ"\ 

—-  dw  =  —  -  ,     The  expressions  assume  a  peculiarly  simple  form  when  (a,  /3,  7), 

7 


instead  of  being   an   arbitrary  point   of  the   cubic,  is  a  point   of  inflexion  of  the  cubic  ; 
and  it  is  easy  to  see  a  priori  why  this  is  so:   in  fact,  if  we  assume 


x  :  y  :  z  =  u  +  a  \/A  :  v  +  @  ^A  :  w  +  7  \/A, 

where  u,  v,  w  are  linear  functions  and  A  a  cubic  function  of  X;  then  the  locus  is  a 
cubic  curve,  and  corresponding  to  the  value  X  =  oc  ,  we  have  x  :  y  :  z  =  a.  :  /3  :  7,  viz. 
the  curve  passes  through  the  point  (a,  /3,  7)  :  moreover,  it  can  be  shown  that  this 
pom",  is  an  inflexion  of  the  curve  ;  expressions  of  the  foregoing  simple  form  thus  only 
exist  in  the  case  where  the  point  (a,  /3,  7)  is  an  inflexion  ;  and  the  formula  referring 
to  an  arbitrary  point  (a,  @,  7)  of  the  curve  are  necessarily  of  a  more  complex  form. 

117.     To  work  this  out,  we  start  from  the  foregoing  equation 

_  6Aa20      2  ({-  3fiaa  +  (1  +  2l3)  ftyj  x  +  &c.) 

7^0  =  (a2  +  2J/37)  x  +  &c. 

which,  putting  therein 


and 

A,  B,  C  =  La-  +  2M(3y,     L/3- 


becomes  Ax  +  By  +  Cz  =  0,  the  equation  of  a  line  through  the  point 

a,  b,  c,  =  a  (/3s  -7s),     /^-a3),     7(«3-/33), 
as  before  :   and  we   have  to  find  the  intersections  of  this  line  with  the  cubic 

y?  +  y3  +  z3  +  Qlxyz  =  0. 
We  have 

C3  (a?  +  y3)  -  (Ax  +  By)3  -  QIC2  (Ax  +  By)xy  =  0: 

the    cubic    function    contains    as    we    know    the    factor    bx  —  ay,   and    in    the    remaining 
quadric   factor   it   is   easy  to  calculate  the  coefficients  of  x-   and   y*:   we  thus  obtain  the 

identity 

C3  (x3  +  ys)  -  (Ax  +  By)3  -  QIC2  (Ax  +  By)  xy 

=  (bx  -  ay)  {[(-  &  -  6fya)  L3  +  6ayL-M  -  8/3*M3]  x2 

+  2H        xy 


from    which    the    as  yet  unknown  coefficient   2H   is  to  be  obtained.     This    is    most  easily 
effected  by  assuming  x,  y  =  a,  —  /3  ;   values  which  give 

x3  +  y3  =  a.3  -  /33,     Ax  +  By  =  L  (a3  -  /33),     ba?  -  ay  =  -  a/S  (a3  -  /33)  : 
the  whole  equation  becomes  divisible  by  a3  —  /33  and,  omitting  this  factor,  we  have 

C3  -  L3  (a3  -  0s)3  +  GlC*La& 

=  a/3  {[2cPp  +  Qh  (a.3  +  /33)]  L3  -  67  (a3  +  /33)  L*M  +  16tf/3*M3\  +  2Ha?p, 
c.  xn.  23 


178  A    MEMOIR    ON    THE    ABELIAN    AND    THETA    FUNCTIONS.  [825 

where    for    G    is    to    be    substituted    its    value    Ly2  +  2Ma/3.     We    may   also    reduce   by 
a*  +  p  +  rf  +  Glaj37  =  0.     The  left-hand  side  is 

Cs  -  L*  (a3  +  /3s)2  -  4a3£3Z3  +  6lC*Lcfi, 


which  after   reduction    is    found  to    contain  the    factor    a/3  ;   and    omitting  this  factor  and 
reducing  also  the  right-hand  side,  the  whole  equation  becomes 


L3  (-  efy4  -  36^/3/3  +  4a2/32)  =  L3  (- 

+  L1M  (6y*  +  24Z72a/3)  + 
+  LM*  (1272a/3  +  24Za2/32) 

+  M3  (Sa2/^)  +  JW3  (  1  Ga-y 


omitting   here   the  terms    which   destroy  each   other,  the   equation   again   divides    by  a/3 
and  we  thus  obtain  the  value  of  H;   and  the  required  identity  is 

C3  (a*  +  f)  -  (Ax  +  By)3  -  61C2  (Ax  +  By)  xy 

=  (ba?  -  ay)  1  [(-  /32  -  6fya)  L3  +  6a7Z'W  -  8/3-M3]  x- 
+  [  aj3Ls  -  Ql^L^M  +  (672  +  12Za/3)  LM"  - 
+  [(  -  a-  -  M/3y)  L 
Hence  putting  for  shortness 

21  =  (of  +  Glfiy)  L3  - 
33  =  (^  +  6/7a  )  Z3  - 

$  =  aj3L3  -  SlfLPM  +  (672  +  1  2/a/3)  LM-  - 

the  equation  in  (oc,  y)  is 

giving 
or  say 


x  •  ij  = 
We  find  without  difficulty,  reducing  always  by  fl? 


-    74 


-  274   - 
(  -    8a/372     -  IGlcfp*)  LMS 

(  -    8a2/32  )  i/6; 
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which  is 

=  (IL  -  M)  (L3  +  GILM*  *  2M3)  (72L  +  2a/3M)2. 

But  we  have 


L*  +  GILM*  +  2M3  =  (1+  81s)  (X3  -  3/8f\  -  2T), 
and  the  equation  thus  is 

i  ($*  -  213?)  =  (1  +  81*?  (\*  -  S8\  -  2T7)  [(r  +  2£a/3)  X  +  [6Zy  -2(1  +  2Z3)  a/ 
showing  that  the  solution  involves  the  radical  \/X3  —  3$X  —  2T. 

118.     If  (a,  fi,  7)  is  the  inflexion  (1,  —1,  0),  the  expression  for  X  is  here 

_  QI*X  _  6fy  -2(1  +  2F)  z  t 
es+y  —  Sl* 

the  equation  in  (#,  y)  is 


3)  ^  +  (2Z3  +  24«ZJIfs  -  8i¥3)  xy  +  (L3  +  8M*)  f  =  0, 
or,  as  this  may  be  written, 

(L3  +  61LM-  +  2i¥3)  (x  +  yY  +  (-  61LM*  +  6M3)  (x  -  yf  =  0, 
Bay 

(Z8  +  61LM*  +  2  J/3)  (*•  4-  y)2  =  6M2  (IL-M)  (x  -  yf  ; 

viz.  we  thus  have 

A/X3-3SX-2f  0»  +  y)  =  J/V6  («  -  y), 

or,  substituting  for  M  its  value, 

x  =  \/6  ZX  -   1  +  2£3)  +  A3 


y  =  V6  {/X  -  (1  +  2Z»)}  -  VX3  -  3/SX  +  2l"f, 
whence  also 

X 


these  values  satisfying  identically 

(X  +  6?2)  O  +  y)  -  2  [a  -  (1  4-  2Z3)]  z  =  0, 
and 

ar3  +  ?/3  +  ^3  +  Glan/z  =  0. 

119.     Starting  from  these  values  we,  in  fact,  easily  obtain 

-/ 
aay  —  y  ax  =  •  . 


-  3>SfX  -  2T 

+  (-  3  -  6Z3)  X2  4-  (-  12/2  +  12/8)  \  +  (-Sl-  92^  -  81% 
=  -2  {Do.}, 


and  hence 

xdy  —  ydx  _         ^  v6c?X 

~ 


The   same    result   might    of  course  have    been  obtained  from  the    values  of  a?,    .2   or  y, 
the  factor  which  divides  out  being  in  each  of  these  cases  irrational. 

23—2 
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The  Cubic  f  =  x  (1  -  x)  (1  -  k-x).     Art.  Nos.  120  to  130  (several  sab-headings). 

120.     The  curve    is    a    semi-cubical    parabola,   symmetrical    in    regard    to    the    axis 

of    x:    and   if,  as   usual,   k"    is    taken    to   be    real,   positive    and    less   than    1,   then   the 

curve    consists  of   an    oval,    and    an    infinite    portion    which    may   be    called    the    anguis. 
(See  Figure.) 


The  equation  is  satisfied  by 

x  =  sn2  u, 

y  =  sn  u  en  u  dn  u. 

Observe    that    the    periods     for    these    combinations    of    the    elliptic    functions    are 

2K,  2iK':   in  fact, 

sn  (u  +  2K)  =  —  sn  u,     sn  (u  +  2iK')  =     sn  u, 


en         „         =  —  en  u,     en         ,,  =  —  en  u, 

dn        „         =      dn  u,     dn        „  =  —  dn  u, 

whence  the  sn2  and  the  sn .  en  .  dn  are  each  unaltered  by  the  change  of  u  into  u  +  2K 
or  u  +  ZiK'.  Hence  to  a  given  point  (x,  y)  on  the  curve,  the  argument  u  is  not  = 
.a  determinate  value  u0,  for  it  may  be  equally  well  taken  to  be  =  MO  +  2mK  +  2m'iK', 
where  m,  m'  are  any  positive  or  negative  integers  whatever:  we  express  this  by  u  =  u0, 
or  say  u  is  congruent  to  u0.  But  when  u  is  thus  given  by  a  congruence  u=u0  where 
u0  has  a  determinate  value,  the  point  on  the  curve  is  uniquely  determined.  It  is, 
however,  to  be  noticed  that  a  congruence  2w  =  MO  does  not  uniquely  determine  the 
point  on  the  curve :  there  are,  in  fact,  four  incongruent  values  of  u.  viz. 


and   the   point   011  the   curve   is   thus   one    of  the  four   points  belonging   to  these  values 
of  u  respectively. 

121.  If,  to  fix  the  ideas,  we  select  for  each  point  of  the  curve  one  of  the  con 
gruent  values  of  the  argument,  we  may  assume  for  the  oval,  u  real:  at  A,  w  =  0; 
from  A  to  B  above  the  axis  u  positive  and  at  B,  =K;  below  the  axis  u  negative 
and  at  B,  =  -K\  there  is  thus  a  discontinuity,  K,  -  K  at  B,  but  the  two  values 
are  congruent.  For  the  anguis,  u  =  iK'  +  real  value  v :  above  the  axis  v  positive,  viz. 
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at  infinity  v  =  0,  and  at  C,  =  K  ;  below  the  axis  v  negative,  viz.  at  infinity  v  =  0  and  at 
C,  =  —  K:  there  thus  is  a  discontinuity  iK'  +  K,  iK'  -  K  at  C,  but  the  two  values 
are  congruent.  Observe  that  for  points  opposite  to  each  other  in  regard  to  the  axis, 
the  arguments  are,  for  points  on  the  oval  u,  —  u  ;  for  points  ron  the  anguis  iK'  +  v, 
iK'  —  v:  but  that  \ve  have  iK'  —  v  =  —  (iK'  —  v}. 

122.     The  pure  theorem  gives  for  three  points  u1}  u.,,  u:}  in  a  line 

di^  +  du.,  +  du.j  =  0  ; 

and  thence  u-^  +  u.2  +  ti3  =  C.  The  constant  C  cannot  have  a  determinate  value  (for  if 
it  had,  then  assuming  the  values  of  i^  and  u,2  at  pleasure  u:,  would  have  the  determinate 
value  =  C  —  MX  —  1*3),  but  must  be  given  by  a  congruence  :  or,  what  is  the  same  thing, 
assigning  to  C  any  admissible  value,  we  must  instead  of  u:  +  u.,  +  u.,  =  C,  write 
?<!  +  'U2  +  i(s  =  C.  Taking  any  particular  line,  for  instance  the  tangent  at  A,  we  have 
u1}  u2,  u3  =  0,  0,  iK'  ;  whence  C  =  iK'\  and  we  have  MI  +  n.,  +  u3  =  iK',  viz.  this  is  the 
relation  between  the  arguments  'it^,  u.2>  «3  belonging  to  the  points  of  intersection  of 
the  cubic  with  a  line  :  in  particular,  for  a  line  at  right  angles  to  the  axis,  we  have 
M!,  w2,  u3  =  a,  —a,  iK'  or  =  iK'  +  /3,  iK'  —  ft,  iK'  (according  as  the  line  cuts  the  oval 
or  the  anguis)  :  and  the  congruence  is  in  each  case  satisfied.  But  I  shall  in  general 
instead  of  =  use  the  sign  =,  understanding  it  as  in  general  meaning  =,  and  only 
replacing  it  by  this  sign  when  for  clearness  it  seems  necessary  to  do  so. 

Writing   sn  MJ  ,  en  Wj  ,  dn  wx  =  s1}  cly  dlt  and   so   in    other   cases,  the  condition  in   order 
that  the  three  points  may  be  in  a  line  is 

si*,     SiC^,     1  1  =  0, 


.a   relation   which   must   be    satisfied    when   the    arguments   are    connected    by   the   fore 
going  relation  MJ  +  u2  +  u.A  =  iK'. 

We  can  show  from  this  equation  alone  that  s;!-  and  sAc^d-A  are  expressible  rationally 
in  terms  of  s^,  s^di,  ft.?,  s.2c^d.2\  in  fact,  writing  therein  xly  yl  in  place  of  Sj'-,  SiCidi, 
&c.,  we  thence  have  x3,  y3,  1  =\x1  +  fj,x.2,  X^+yu-y...,  A-  +  /U,,  and  substituting  in 


we  obtain  an   equation  \/M  (F\  +  G/J,)  =  0,  that  is,  F\  +  Gp  =  0,  or  say  \,  /M=G,  —  F,  and 
thence 

Gxl  —  Fx»  ,       Gyl  —  Fy., 


x:\  —  s*i~  — 


G-F  G-F 

The  values  of  F,  G  are  easily  found  to  be 

F  =  y,2  +  2#ya  -  x,  (1  -  x,}  (1  -  ^3)  -#,(!-  /^,)  (1  -  ar3)  -  (1  -  ^)  (1  -  A2^)  x,, 
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or,  as  these  may  also  be  written, 

F  =  -  (y!  - t/2)2  +  fa  -  #2)2  (1  +  k2  +  A;2  fa  +  #2){  +  A,-2  fa  -  x.2)2  x^ , 
Q  =  _  (yi  _  y2)s  +  (^  _  #2)2  {1  +  k-  +  kz  fa  +  #2)}  +  k-  fa  -  xj?  x2, 

where  of  course  #x,  yx,  x2,  y2  should  be  replaced  by  their  values  si2,  6'1c1c?1,  s22,  s2c2d.2. 
This  is,  in  fact,  the  ordinary  process  of  finding  the  third  point  of  intersection  of  a 
cubic  by  a  line  which  meets  it  in  two  given  points. 

Writing  iK'  —  us  =  u,  and  s,  c,  d  for  the  sn,  en,  dn  of  u,  we  have 

1      id     ic 
ks'    ks'     s  ' 
whence 


s 2  = 
and  the  determinant  equation  becomes 


cd 


cd 

*•  )       ' 


=  0, 


that  is, 


fc-W-«ft£-ft 

o 


corresponding   to   the  relation   u  =  u^  +  u.2   of  the    arguments.     This  is  easily  verified  :    we 

have 

scd  —  s2cd  sCtdi  —  Sicd 


the  equation  thus  becomes 

that  is, 

which  is  right. 


cd\- 


s   — 


2  —  (5f  -  s22)  —  =  0, 

S 


=  0, 


.Powr  Tangents  from  a  Point  of  the  Cubic. 

123.  Suppose  that  the  line  is  a  tangent  to  the  cubic,  say  the  line  touches  the 
cubic  at  the  point  u,  and  again  meets  it  at  the  point  w:  then  instead  of  ult  uz,  it,, 
we  have  u,  u,  w:  and  the  relation  becomes  2u  -f  w  =  iK'. 

Here  u  being  given,  w  is  uniquely  determined :  viz.  given  the  argument  u  of  the 
point  of  contact,  we  have  a  unique  value  for  the  argument  w  of  the  tangential.  But 
given  w,  we  have  2w  =  iK'  —  w ;  and  we  have  thus  for  u  the  four  values 

£  (iK'  -  w},    Do.  +  K,     Do.  +  iK',     Do.  +  K  +  iK', 
corresponding  to  the  four  tangents  which  can  be  drawn  from  the  point  w  to  the  cubic, 
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The  tangents  are  real  for  a  point  of  the  anguis,  and  for  such  a  point  we  may 
write  w  =  iK'  +  v,  where  v  is  real  and  included  between  the  values  +  K  ;  the  corresponding 
values  of  u  are 


the  iirst  and  second  of  these  belong  to  tangents  to  the  oval,  the  third  and  fourth  to 
tangents  to  the  anguis.  We  may  further  distinguish  a  tangent  according  as  it  passes 
between  or  does  not  pass  between  the  vertices  B  and  C:  say  in  the  former  case  it 
is  intermediate,  and  in  the  latter  case  extramediate  :  and  we  then  see  that,  for  the 
tangents  from  the  point  iK'  +  v  of  anguis, 

u  —  —  ^v  for  intermediate  to  oval, 

u=  —  ^v  +  K  „    extramediate  to  oval, 

u  =  —  ^v  +  iK'  „    extramediate  to  anguis, 

•u  =  —  i*y  +  K  +  iK'    „    intermediate  to  anguis. 

124.  We   may   make   a    corresponding   division   of    the   real   lines    which    meet    the 
curve   in   three    real   points  :  any   such   line   meets   the   oval   twice   (and   then   of  course 
the  anguis   once),  or   else  it   meets  the   anguis   three    times  :   and   taking   the  arguments 
to  be  MI,  «2>  U3>  we  have 

^(UT^  +  UZ+US)—     \iK'          for  intermediate  line  meeting  oval  twice, 

=     \iK  +  K    ,,  extramediate  line,  Do., 

=  —  \iK'  „  extramediate  line  meeting  anguis  three  times, 

„  =  —  \iK'  +  K    „  intermediate  line,  Do. 

125.  Returning   to   the   tangents,  the  point   iK'  +  v   may  be  an   inflexion:    we  have 
then   the   point   of  contact   of  the   intermediate   tangent    to   the   anguis   coinciding   with 
the    point    iK'  +  v;    viz.    iK'  +  v  =  -  \v  +  K+  iK'  ,    or    say    =  -  %v  ±  K  +  iK  :    that    is, 
v—±^K;   or  iK'  +  ^K  and  iK'  —  ^K  are  the  arguments  for  the  real  points  of  inflexion, 
above  and  below  the  axis  respectively. 

126.  Write  for  a  moment   the   equation   in    the    form   y-  =  Bx+  Gx2  -\-Dxz;   then   if 
(a,  y3)  be   a   point   on  the   curve  (/S2  =  Bo.  +  COL-  +  .Da3),  and  we  consider  the   intersections 
of  the  curve  with  the  line  y  —  /3  =  m  (x  —  a),  we  find  for  the  remaining  two  intersections 


B  +  C  (as  +  a)  -f  D  (xz  +  *x  +  a2)  =  2  w/3  +  w2  (x  -  a). 

If  the  line  be  a  tangent,  this  will  be  satisfied  by  x  —  a  ;  the  condition  for  this  is 
2wi/3  =  B  +  2Ca  +  3Da2,  and  supposing  this  satisfied,  then  throwing  out  the  factor  x—  a. 
we  obtain  C  +  D  (x  +  2a)  =  m2,  giving  Dx  =  rn?  —  G  —  2Da  for  the  coordinate  x  of  the 
tangential  of  the  point  (a,  /3). 

In  the  case  of  an  inflexion,  x  —  a  ;   and  we  have 
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giving  for  a  the  equation 


or  for  B,  C,  D  writing  their  values  1,  —  (1  +  k-),  k-,  this  i 

3^a4  -  4<k-  1  +  &2)  a3  +  6&-a2  -1 


QBDa  -&  = 

s 
-  4<k-  (1  +  &2)  a3  +  6&-a2  -1  =  0 

for  the  ^--coordinate  of  the  inflexion.  There  is  one  negative  root,  and  one  or  three 
positive  roots  ;  but  only  one  positive  root  giving  a  real  value  of  /3,  and  corresponding 
hereto  we  have  the  two  real  inflexions  on  the  anguis. 

It  .should  be  possible,  from  the  formulae  of  No.  122,  writing  therein  (x2,y^)  =  (xl,yl}, 
to  arrive  at  the  foregoing  result,  say  Dx.A  =  iii2  —  C  —  %Dxl  ;  but  the  functions  F  and  G 
present  themselves  in  vanishing  forms,  and  the  reduction  is  not  immediate. 

127.  The   general    condition    for   an    inflexion    is    3u  =  iK'  :   the  nine   inflexions  thus 
are    u=iK',   inflexion     at    infinity,    u=iK'±^K,   the    two    real    inflexions,    and    besides 
a  =  ±  ^iK',  u=  ±  \iK'  ±  f  .ff",  six  imaginary  inflexions. 

The  Sextactic  Points. 

128.  The    vertices   A,  B,  C  are    each    of  them    a   sextactic   point:     in   fact,  writing 
the    equation    in    the    form    y-  =  x  —  (1  +  k2)  a?  +  k-a?,    we    see    at    once    that    the    conic 
y-  =  x  —  (1  +  k^)x-   meets    the    curve   in    the   point   A    counting   six   times:    and   there   is 
obviously  a   like   proof  for  the  vertices  B  and  C  respectively.     Hence,  for  the  six  inter 
sections  with  any  conic  whatever,  we  have  the  condition 

«!  +  -MS  +  us  +  u4  +  u5  +  u6  =  0  : 

and  for  the  sextactic  points  we  have  the  condition  6u  =  0.  This  gives  the  36  points 
u  =  ±  (2mK  +  Zm'iK')  or  say  =  £  (mK  +  m'iK'),  m  =  0,  ±1,  ±2,  3,  ra'  =  0,  +  1,  ±2,  3:  but 
among  these  are  included  the  9  inflexions  (each  of  these  being  an  improper  sextactic 
point,  the  conic  becoming  the  tangent  taken  twice)  and  there  remain  27  points  :  among 
these  are  included  the  three  vertices  (u  =  0,  K,  iK'  +  K),  points  of  contact  with  the 
tangents  from  the  inflexion  at  infinity  ;  and  of  the  remaining  24  points  6  are  real, 
viz.  these  are  the  points  u  =  ±  ^K,  ±  \K  on  the  oval,  and  the  points  iK'  ±  ±K  on  the 
anguis  :  these  are,  in  fact,  the  points  of  contact  of  the  tangents  from  the  real  inflexions, 
viz.  the  three  tangents  from  the  inflexion  iK'  +  ^K  touch  the  oval  in  the  points 
*K,  —^K,  and  the  anguis  in  the  point  iK'  —  ^K;  the  three  tangents  from  the 
inflexion  iK'  —  \K  touch  the  oval  in  the  points  -  f  K,  \K,  and  the  anguis  in  the  point 
iK'  +  ^K. 

Formulae  Relating  to  the  Tangents  from  the  Vertices. 

129.  I     annex    some    formulae    relating    to    the    tangents    to    the    curve    from    the 
vertices  A,  B,  C  respectively.     We  have  from  each  vertex  four  tangents  say  p=0,  cr  =  0, 
symmetrically  situate    in   regard    to   the    axis,    and  p'  =  0,  <r'  =  0,  symmetrically  situate  in 
regard    to    the    axis  :    the   line  joining   the    points   of  contact    of  p,  a  is   a    line    r  =  0   at 
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right    angles    to    the    axis,    and    that  joining   the    points    of    contact    of    p,    a-'   is    a    line 
r'  =  0  at  right  angles  to  the  axis. 

Vertex  A,  Tangents  Imaginary.  Coordinates  of  Point  of  Contact. 

1  i(1  +  k) 

p  ,  a-  ,  T  =  y  -  i  (1  +  k)  x,   y  +  i(l+k)x,       kx  +  I  ;  x  =  -  p   y  =  +-  W  ----  , 

1  i  (1  —  k) 

p't  a't  T'  =  y  -  i  (l  —  k)  x,   y  +  i  (1  —  k)  x,   —  kx  +  1  ;  x  =      r  ,   y  =  ±     —  -,  —  ; 

the  equation  of  the  curve  is 

f,  =y<i-x(\-x)(l-k*x),    =  p<r-XT2,    =p<r'-XT\    =  0. 

Vertex  B,  Tangents  Imaginary.  Contacts. 

ik'  _  ik' 

p,<r  ,T  =y  —  (k  —  ik')  (1  —  x),  y  +  (k  +  ik')(l  —  x),  kx  —  (k  —  ik')  ;    x  =  1  —  -^,  y  =  +  -j-  (k  +  ik'), 

7  n  7  A" 

p,  a-',  T  =y  —  (k  —  ik')(l  —  x),  y  +  (k  —  ik')(l  -  x),  kx  —  (k  +  ik')  ;    x=l  +  -r-,  y=±-r(k  —  ik')  ; 


-,  -r 

the  equation  of  the  curve  is 

/=  pa-  +  (1  -  x)  r2,  =  p'tr  +  (1  -  as)  r'\  =  0. 
Vertex  C,  Tangents  Eeal.  Contacts. 


the  equation  of  the  curve  is 

/,  =  per  -  (1  -  k*x)  T,  =  p'ff  -  (1  -  Ifx)  r,  =  0. 

130.  These  linear  functions  p,  a-,  &c.,  considering  therein  «,  y  as  denoting 
sn2  w,  sn  zt  en  w  dn  M,  respectively  present  themselves  as  the  numerators  and  the  denomina 
tors  of  some  formulae  given  No.  105  of  my  Elliptic  Functions  (1876),  see  p.  76  :  viz.  we  have 


which  is 

i   y  +  n^q-fr*)       !    ff 
=  ^'~   -        —  '  :=         '  <vertex 


.  .„,       1   (1  +k)x  +  iy 
sn-  (u  +  \iK  )  =  7  W—  -rr  --  *  , 
ft  (1  +  fc)  a;  —  ly 

which    is 

1  y  -i(l  +  k)x  lp 

=  —  r  -   ,    ./T   .  ,^     ,  =  —  7  -  ,         (vertex  A)  : 

k  y  +  i(\  +  k)x  k  a- 

and 

^  rr      i  •  r^'\     k  +  ik'  I  —  x  +  (k  —  ik)  y 
sn2  (%  -f  \K  +  \iK  )  =  —  =—  :-$-.  —  ^.-:- 

k       l-x  +  k 


C.  xii.  24 
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-x) 


— j—    —  ,  (vertex  B). 

K  (7 


Observe  here  that,  in  the  second  formula,  we  have  a  pair  of  tangents  p,  a  which 
belong  to  a  chord  r  through  the  inflexion  at  oo ;  but  in  the  first  and  third  formulae 
we  have  tangents  <r,  a  not  forming  such  a  pair.  This  is  as  it  should  be,  for  the 
zero  and  infinity  of  sn2(«  +  \iK'}  are  u  =  —  ^iK',  u=^iK',  which  belong  to  points  in 
linea  with  the  inflexion  at  infinity:  but  for  sn2 (u  +  ^ K},  the  zero  is  u  =  —  ^K,  and 
the  infinity  is  u—iK'  —  \K,  which  do  not  belong  to  points  in  linea  with  the  inflexion 
at  infinity:  and  the  like  for  sn2(w  + 


Fixed  Curve  a  Quartic  in  Space,  the  Quadri-quadric  Curve  y-  =  1  —  x2,  z-  =  1  —  k*x-. 

Art.  Nos.  131  to  135. 

131.     It    is   assumed    that    k"   is  real,  positive,  and   less    than  unity  :    the  curve  may 
be  regarded  as  the  intersection  of  the  two  cylinders 


=    ,   or 


but    there    is    through    it    a    third    cylinder    y^—k^  =  k'^.      The    cylinder 

say   the   horizontal   cylinder,  has   for   its   section   an    ellipse   axes    y    and    1    respectively  : 

and  it  is  pierced  by  the  cylinder  a?+yz=I,  or  say  the  vertical  cylinder,  in  two  detached 
ovals  (of  double  curvature)  lying  on  opposite  sides  of  the  plane  of  xy  :  only  the  upper 
oval  ABA'B'  is  shown  in  the  figure. 


Each  of  the  vertices  A,  A,  B,  B'  is  an  inflexion*,  viz.  a  point  such  that  the 
osculating  plane  at  that  point  meets  the  curve  in  the  point  counting  four  times. 
We  may  consider  two  generating  lines  of  the  horizontal  cylinder,  each  meeting  the 
oval  in  two  points;  the  plane  through  the  generating  lines  meets  the  curve  in  these 

*  There  are  in  all  16  inflexions:  4  in  each  of  the  planes  .c=0,  y  =  Q,  z  =  0,  and  4  in  the  plane  infinity. 
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four  points,  and  when  the  generating  lines  come  each  of  them  to  coincide  with  the 
tangent  at  A,  we  have  the  osculating  plane  meeting  the  curve  in  the  point  A 
counting  four  times.  The  like  reasoning,  with  two  generating  lines  of  the  third 
cylinder,  shows  that  the  vertex  B  is  an  inflexion. 

132.  The  equations  are  satisfied  by  writing  therein  x,  y,  z  =  snu,  en  u,  dnu:  the 
periods  are  here  4fiT,  4>iK' :  hence,  at  a  given  point  on  the  curve,  the  argument  is  not 
w=a  determinate  value  u0,  but  it  may  equally  well  be  taken  to  be  =  u0  +  4>mK  +  4tm'iK', 
Avhere  ra  and  m  are  any  positive  or  negative  integers:  we  express  this  by  u  =  uQ,  or 
say  u  congruent  to  -ii0.  For  the  upper  oval,  u  may  be  taken  to  be  real,  and  to  be 
=  0  at  B,  positive  for  the  half  oval  BAB',  and  negative  for  the  half  oval  BA'B' ; 
having  the  values  +  K,  —  K  at  A  and  A  respectively,  and  the  discontinuity  2K,  -  2K 
at  B',  these  two  values  being  congruent.  For  the  lower  oval,  we  have  u  =  2iK'  -f  real 
value  v. 

For  the  intersections  of  the  curve  with  a  plane,  we  have 

du^  +  du2  +  du3  +  dui  =  0  ;    whence    u-^  +  u2  +  us  +  u4  =  C ; 

and  by  taking  the  plane  to  be  the  osculating  plane  at  B,  we  find  0  as  a  value  of 
the  constant,  and  the  relation  thus  is  ut  +  u2  +  u3  +  ut=0.  Writing  as  before  sn  nt , 
cnw1}  dnwj,  =sl}  cl,  dl  and  so  in  other  cases,  the  relation  between  the  elliptic  functions  is 

«!,     d,     dlt     I     =  0. 


83,      C:!,      da,       1 

It  is  important  to  remark  that,  given  three  of  the  points,  the  fourth  point  is 
determined  uniquely:  that  is.  the  equation  really  gives  s4,  c4,  d4,  each  as  a  rational 
function  of  the  s1;  clt  d1}  s2,  c2,  d2,  s3,  c3,  d3. 

In  fact,  we  may  write  s4  =  X,*,  +X,s2  +  \3s3,  and  similarly  for  c4  and  dt,  and 
1  =  \!  +  X,  +  X3 :  substituting  in  s42  +  c42  -  1  =  0,  &V  +  d,2  -  1  =  0,  we  have 

F,.    „    +  Y3l    „    +  Y12    „    =  0, 
where 

*^*- 12  ~~  "1^*2     I     ^1  ^2  ~~~   J-  j  J.  JQ  • — •  *C  Si  Sv  "|      Cvi  (A/I)  ~~    -L  .      OC( '.   I 

we  thence  have 

Al  :  A2  :  As,  suppose; 

that  is, 

and  consequently 

c^'  =     cn(  )      =     „     Cl+      „    c,+     „     c,-K  „  ), 

d*>  =     dn(  )     -     ,,     di+      „    d.2+     „    da+(  „  ), 

24—2 
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which  are  the  required  expressions.  If  u3  =  0,  and  consequently  s:t,  c3,  d3  =  0,  1,  1,  the 
resulting  expressions  give  the  sn,  en,  and  dn  of  i^+u,,;  but  the  expressions  are  in  a 
very  complicated  form,  not  easily  identifiable  with  the  ordinary  ones. 

133.     The  determinant  equation  may  be  written 

Oi  —  *a  )  (C3d4  -  C4d3)  +  (S3  —St)  (dda  -  C2^) 

+  (d  -  c2  )  (dss4  -  dtsa)  +  (ca  -  c4  )  (diSz  -  d,^) 
+  (d1-  d2)  (s3c4  -  s4Ca  )  +  (ds-  d4)  (s^Co  -  s.2d  )  =  0, 

and,  in  fact,  each  of  the  three  lines  is  separately  =  0.  This  appears  from  the  following 
three  formulae:  — 

_  sn  (M!  +  M2)  __     5,  j-  jSa 

en  (MJ  +  w2)  —  dn  (t^  +  u2)  ~  c^  —  c.2d1  ' 

sn  (HI  +  M2)  d  -  c2 


en  (u-i  +  HZ)  +  1 

N  —  yr 

sn  (w,  +  M2)  k2 


which  are  themselves  at  once  deducible  from  the  formula 

sn  (Ml  +  M2)  =  5l2  -  *22,    =  -  (Cl2  -  c22),   =  -  ^2  (c?!2  -  c?22),   4-  (Slc.2d,  -  s&dj, 

Cn  (Wj  +  Mg)  =  5idd  -  SaCaC^  -=-  Do. 

dn  (MJ  +  u.2)  =  8^02  —  s.2d.2d  -r  Do. 

In  fact,  the  numerators  of  en  (u,  +  u.2)  +  dn  (M,  +  «.,),  cnC^  +  w^  +  l,  dn(M1  +  M2)  +  l,  thus 
become  =  (*,  +  s2)(c1d  -  csrf,),  -(c,  +  c2)  (^5,  -  dsO,  (d,  +  d2}  (s^  -  s^c,),  respectively:  so 
that,  taking  the  numerator  of  sn  (X  +  n2)  under  its  three  forms  successively,  we  have 
by  division  the  formulae  in  question. 

134.     The   above   three  equations,  putting   therein   Wj  +  u2  =  -  2u.,   and   reducing   the 
functions  of  2w3,  become 


^-J^  .    .         _,  _  (0.  - 

-'     *  ~- 


S3d3 
C3 


equations  which  must  of  course  give  each  of  them  the  same  value  for  s32  :  the  equations 
belong  to  the  relation  M,  +  ^  +  2t*.  =  0,  viz.  (*„  c3,  d3)  are  the  coordinates  of  a  point 
of  contact  of  the  tangent  plane  drawn  through  the  two  given  points  (s1}  cl9  d,)  and 
(s2t  c2,  d2)  of  the  curve. 
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135.     Write 

a,  b,  c,  f,  g,  h  =  s1  —  s.2,  c1  —  c.2,  dl  —  cL,  c^  — 
a',  b',  c',  /',  g',  h'  =  s3-  s4,  cs  -  c4,  d3-d4,  c3d4  - 


3,  d3s4  -  d4ss,  s,c4  -  s4c3, 


so  that  (a,  b,  c,  f,  g,  h)  are  the  six  coordinates  of  the  line  12,  and  a',  b',  c',  f,  g',  h' 
are  the  six  coordinates  of  the  line  34.  The  determinant  equation  is  nothing  else 
than  the  condition  of  the  intersection  of  the  two  lines,  viz.  this  is 

af  +  a'f+  bg'  +  b'g  +  ch'  +  c'h  =  0. 

By  what  precedes,  it  appears  that  not  only  is  this  so  :  but  that  we  have  separately 
af  +  a'f=  0,  bg'  +  b'g  =  0,  ch'  +  c'h  =  0,  viz.  these  three  equations  are  satisfied  by  the 
coordinates  of  the  lines  12  and  34,  which  join  in  pairs  the  intersections  1,  2  and 
3,  4  of  the  quadri-quadric  curve  by  a  plane.  But  this  is  a  geometrical  property 
depending  only  on  the  four  points  being  in  a  plane  :  and  it  is  thus  a  result  of 
Abel's  theorem  that,  when  the  arguments  are  such  that 

MJ  +  uz  +  u3  +  ut  =  0, 
then  not  only  the  original  equation,  but  each  of  the  three  equations,  holds  good. 


The  Cubic  Curve  xy-  -  2y  +  (1  +  &2)  x  -  kW  =  0.     Art.  Nos.  136  and  137. 
136.     Writing  the  equation  in  the  form 

(xy  -  I)2  =  (1  -  a?)  (1  -  TcW),   or   say  xy-l=-  Vl-oM  - 


X.  B 


we    see    that    the   general    form    is    as   shown    in    the    figure:    the    real    portions    of    the 
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curve    lie   between   the    values  ac  =  —  x  ,  —  T;    —  1,  +1;   and   T,  oc .     The    curve   may  be 

K  k 

made  to  depend  on  elliptic  functions  in  two  different  ways :    we  may  write 


x  =  sn  u 


1  +  k  cnjV  dn 
1  —  en  uduu  i  snj-y 


-,         1 r 

snu  l+k 


where    the   functions  sn,  en,  dn   belong  to  the  modulus  k,  and  the  functions  snu  cnt, 
to   the   modulus 
the  formulae  give 


to   the   modulus    0,  =  — — 7  .     The   first    mode  is  obvious :   as    to  the  second,  observe  that 
1  +k 


,  i          snjW  ,         2  *  (1  — 

t/  ~~~   liivU  —  ~~Z  i       ~  i  I   X    ~~  A/  I     Olli"     t/.        —  •  ^ 

1  4-  k  cnjV  dnjV  v  ! 


1  +  k 
whence 

y-  —  k?x-  =  —  (1  —  k)2  sn^v  ; 

and  therefore 


siijV      ,        7      .    , 
-     —5  —  (1  +  A-)2  dnjj  v,   =  i  (1  +  k) 
v 


—  ;  —  , 

1  +  k        cnjV  dntv 

which  is  also  the  value  of  2y  —  (1  4-  &2)  #,  as  it  should  be. 


We   find,    moreover,    dm,   =  du,   =  —  —j  ;    and   thence,   u,  v   each    vanishing   together, 

1  ~r  K 

%iv 
u  =  i  -  r-     Writing   for   shortness   s1}  Cj,  c?j   to   denote  sn^,  cn^,  d^v:    that  is,  *i,  c1}  d± 

\.   *T"  "' 

are  the  elliptic  functions  of  v  to  the  modulus  6:   we  have 

,\ 
,   k    = 


+k  drfi* 

.  *  -  P + * + a  - 

9V»i 


137.     To   bring   these   into   a   known   form,   for   k   write    = — ,  ,   then    6   is   changed 
into  k,  and  the  formulae  become 

o 

snj  (1  +  &)  iv  =  (1  +  k)  i  —%  , 
cn;  (1  +  &)  iv  =  -j  (1  +  ks-), 
dnj  (1  +  A?)  iv  =  -j  (1  -  A:s2), 
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where   the   an,,   ciij,   dnx   refer    to    the   modulus   d,    and   s,    c,   d   denote   sn  v,   cnv,   dnv, 
modulus   k. 

But  from  the  formulae,  p.  63,  of  my  Elliptic  Functions, 

isn(u,  k')  1  dn(u,  k') 

sn(m,  k),  cn(tw,  k),   dn  (w,  *)  =  -(jn(l||  Vy    ^jfey    Cn  (it,  A')' 

1  — Jfc 

and   herein   for   u    writing   (1+&K   and    for    k   writing   0,  =  ^p   whence    k   becomes 


...       i  sn  (f+fcw,  7)  1  dn  (1  +  kv,  7)  . 

snj  (  1  +  k)  iv,    CDjCl  +  ffJW,    d^  (1  +  A?)  tv  =  -  N   ,  -      --  :,          /rTT   "~V 

en  (1+  &v,  7)  en  (1  +  &t>,  7)  en  (1  +  kv,  7) 

and  the  formulae  above  obtained  are 


sn  (1  +  Aw,  _T)  _  ,- 
en  (1  +  Aw,  7) 

1_  J. 

en  (1  +  kv,  7)     cd 

dn  (1  +  Aw,  7)  _  _!_ 

en  (1  +  kv,  7)     cc^ 


sn 


en  (1  +  kv,  7)  = 


cd 


dn  (1 


_  *  ~  ks* 
'  7)~lT^' 


where,  as   before,  s,  c,  d  denote  sn  (v,  k),  en  (v,  k),  dn  (v,  k)  :   these   last   are,  in   fact,  the 
formulae  of  the  second  line  of  the  table,  Elliptic  Functions,  p.  183. 


Fixed  Curve  the  Cubic  f  =  x  (1  -  x)  (1  -  k°x)  :    the  Function  (01  'd}.     Art.    Nos.  138  to  142. 

138.     It   was   shown,  No.    65,  how    for   the   affected   theorem,  when   the   fixed   curve 
is  a  cubic,  the  form  of  differential  is  dw  multiplied  by 


{012}  +  T  f  do>d3  {036}  -  {123}1  , 


the  last  term  being  the  properly  determined  constant  K,  attached  to  the  variable 
term  {012},  in  order  to  obtain  a  standard  form  of  integral.  The  object  of  the  present 
articles  is  to  show  what  these  formulae  become  for  the  before-mentioned  form  of  cubic 
curve  y'i=x(\  —  x)(\  —  k2x),  which  is  most  directly  connected  with  elliptic  functions:  and 
to  exhibit  the  connexion  of  the  formulae  with  the  ordinary  formulae  for  elliptic 
integrals  of  the  second  and  the  third  kinds  respectively. 

139.     We  have,  in  general, 


1012}'=oi2'  -|+*[-i+at*)<* 

.4-  y  (y^  4-  ?/2) 
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Taking  here  2,  =  6,  for  the  point,  coordinates  x.2,  y2  =  0,  0,  we  have 

{010}  =  ~xi-x  +  (l  +&*)a«Ci+yyi  . 
xy^-x^y 

and   if,  retaining    1    to   denote   the   point   coordinates   (x1}  y^  belonging  to  the  argument 
ulf  we   write    1'   for   the   point   belonging   to   the  argument  u+iK',  then  the  coordinates 

1        —y 

of  1'  are  ^—  ,    7-^  ,  and  the  formula  becomes 
2 


xyl  +  x^y 

the   numerator   hereof  multiplied   by   x   is   =  y  (xyl  +  x^y}  —  J^x^  (x  —  x-^),   and   we   thence 
have 

(01  'fi\  —  Q  —     XXl         x 
x        xy^-x^y 

which,  substituting  for  x,  y,  xl,  y^  their  values  in  terms  of  u,  ul}  is 

en  u  dn  u 


smi 


j  sn  (u  —  uj. 


Operating  on  each  side  with   -=—  ,  =d1}  we  obtain 

8j  {Ol'#|  =  k2  sn2 «!  —  A;2  sn2  (u  —  MI), 

the   differentiation    being,   in   fact,   that    which    occurs    in    establishing    the    fundamental 
property  of  the  elliptic  integral  of  the  second  kind 

/        ^"\  r 

Zu  =  u(  1  —  j. }  +  k~  I   sn2  u  du  : 

\        &)          Jo 
viz.  we  have 


and  thence 

di  [—  &  sn  u  sn  u^  sn  (u  —  u^)]  =  —  Z'u^  +  Z'  (u  —  u^,  =  A^  sn2  MJ  —  k2  sn2  (u  —  Uj). 
Observe  that,  1'  referring  to  u^  +  ik',  the  subscript  1  might  be  written  1'. 

The    same    result    should    of    course    be    obtainable    by   the    differentiation    of    the 
expression  of  {Ol'#}  in  terms  of  x,  y,  xl}  y^     We  have 


and  we  thence  obtain 

A-2 

dt  {ore}  =Ta.  +     Y  [-  2  (®yi  +  «i 

where    the    term    in     [    ]    is    found    to    be     =  x(xyl  +  xlyf  —  xx±  (x  —  ac^f;    whence    the 
equation  is 


(xy,  +  «, 
giving  the  foregoing  result. 
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140.  To  introduce  into  the  formulae  1  instead  of  1',  we  have  only  to  write 
uv—iK'  instead  of  u^ ;  putting  also  for  shortness  s,  c,  d,  s1}  c-i,  dl  for  the  functions  of 
u  arid  M!  respectively,  we  thus  obtain 

{010}=-^  + S 


s      Sj  sn  (u  —  MI)  ' 
where  observe  that,  interchanging  u  and  ul}  we  have 


Sj       s  sn  (u  —  MX)  ' 
that  is,  {100}  =  - {010},  as  it  should  be.     The  formula  may  be  written 

{010},  =-{100},  =****  +  *&,        _1 

itCidi  +  srfd   ssl  sn  (u  —  HI) 
and 


Sj2      sn2  (u  —  MJ)  ' 
whence 


s-     sn2  (u  —  MJ)  ' 
we  have,  moreover, 

{012}  ={120}  +  -   -£- * 

«!  sn  (u  —  MI)     s2  sn  (w  — 

and 

a0  {012}  =    „  x     — .  —  — 


sn2  (w  —  M!)     sn2  (w  —  %2)  ' 
which  last  equation  gives  (90  +  3i  +92)  {012}  =  0,  as  it  should  do. 

141.     Supposing  that  the  differential  dU12  is  defined  by  the  equation 

dU12  =  du  {012}  +  du  \(  duB,  {036}  -  {123}] 
U* 


we   have 


and  thence 


f4rfni2  =  f4^  {012}  +  f  dw,  ffiitta,  {036}  -  {123}] 

5  J  5  J  5          \_J  2 

3^4  r<m12 = a,  {124}  4-  as  {136}  -  dl  {123}, 

J  5 


sn2  (M!  —  M.3)      sn2  (^  —  M4) 

1_ 

,)      sn2  (w,  —  M4)  ' 
C.   XII. 


—         I- 

sn2  (u3  -  uj     sn2  (u,  -  w,)J  ' 
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J£ 

or    establishing    between    the    constants    ua,   us    the    relation    sn2  (u3  —  u6)  =  ~     -„ ,   this 
becomes 


which  is 

0(11    —ii-i-  <i  Jf  \  (Sl  (11    - 
\  Cli  —  e*o  "f  fcji     I  V_/  I  as 

—  c).,r)    lO2f 

-•      **  O     fH\    //it      ti         I       /i"  J^f\    t—\    //it 


where  ®  is  Jacobi's  theta-function,  see  my  Elliptic  Functions,  p.  144.     The  expression  is, 
in    fact,   =  —  8^4  log  B(ut-  i^  +  iK'),    =  (f>  (u4  -  u^  +  iK'),   if    for    a    moment    <f>v  =  dv2 
But  we  have 


7T 


pi 

that  is,   <bv  =  l  —  jr  —  fc  sn2  v,  and   consequently  we   have  </>  (u4  —  u±  +  iK') 
K. 

E 
=  1  -  ^  -  k-  sn2  (u4  -  M!  +  1X7. 


142.     In    connexion    with    the    same    curve    y-  =  a)(l  —  x)(l  —  k*x),    we    may    establish 
the  identity 

d       yl          d       y 

<J  J  I  if  -    Jfl2  (  ™      _    n\ 

~j  —  r  j  —  *    V^l        */J 

aui  OC-L  —  x     du  X-L  —  x 
where  as  before  so,  y  =  s2,  scd,  and  ac1}  y1  =  s12,  slcjd1.     We  have 


and  similarly 

(a?  -  ^1)  1-  -  2/  ?  =  -  s3  -  «i2  +  2  (1  +  A3)  *V 
du     a  du 

The    difference    of   the    two   functions   on   the   right-hand   side    is    =  k2  (s^  —  s2)3  ;    which 
is  =  k2  (#!  —  #)3,  and  this  divided  by  {xl  —  x)2  is  =  kz  (oc^  —  x)  ;  the  identity  is  thus  verified. 


Fixed  Curve  the  Quartic  y'2  =  (1  -  x2)  (1  -  fcx-).     Art.  Nos.  143  to  145. 

143.  This  is  a  curve  having  a  tacnode  at  infinity  on  the  line  x  =  0,  as  may  be 
seen  by  writing  the  equation  in  the  homogeneous  form  y*z2  =  (z*  —  of)  (z2  —  k*a?) ;  we  have 
as  it  were  two  branches  having  the  line  infinity  for  a  common  tangent  at  the  point  in 
question.  The  equation  is  satisfied  by  x  =  sn  u,  y  =  en  u  dn  u,  values  which  are  unaltered 
by  the  change  of  u  into  u  +  4>mK  +  2m'iKf,  m  and  m'  any  positive  or  negative  integers ; 
in  regard  to  this  curve,  the  sign  =  is  to  be  understood  accordingly.  I  consider  with 
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reference   to  this   curve    only  the    affected    theorem,  in    the    particular   form    in    which    it 
most  readily  connects  itself  with  the  ordinary  theory  of  the  integral  of  the  third  kind. 


144.     I   consider   the  differential 


CC 


/ 

~       in  the  particular  case  where  the  line 

012  is  a  line  parallel  to  the  axis  of  y:  taking  its  equation  to  be  x  —  xl  =  Q,  and 
putting  for  shortness  X  =  Vl  -  a?2  .  1  -  JcW,  X1  =  Vl  -  x?.  1  -  l<?x?,  the  parametric  points 
are  taken  to  be  (xl,  ^X-^,  (x1}  —  A/XJ,  and  the  residues  are  the  intersections  with  the 


two  branches  at  the  tacnode.  The  conic  (x,  y,  zf^  =  0  is  to  satisfy  the  conditions  of 
passing  through  the  two  nodes  of  the  tacnode,  and  through  the  two  residues,  that  is, 
again  through  the  tacnode  twice  —  in  all,  four  conditions  ;  and  we  have  thus  the  form 
z(x  —  #z)  =  0,  containing  the  arbitrary  constant  0.  The  major  function  itself  is  then 
easily  determined,  and  putting  again  z  =  \  we  arrive  at  the  form 

v  X1    x  —  6   dx 


xl  —  6  x  —  xl  V X 

If  the  limits   are   taken  to  be  two   points  on   a   line  parallel  to  the   axis  of  as,  or  what 
is  the  same  thing,  if  the  limits  in  regard  to  x  are  as,  —x,  we  have  the  integral 

P     VZj    x  -  6     dx         _  fx  VZj    /x-6      aHh_0\   dx 

-'  -x  xl  —  6  x  —  x1  *JX  '        J  o  #!  —  6  \x  —  X-L     x  +  xj  *JX ' 


—  x1 0   dx 


We  have 


x^-0 


1 

#1 


0 


!  _  r2       T   —  f) 

W  fct/J  \J 

and  the  integral  thus  becomes 


?  -  x2 .  xl  -  0 ' 


— +  2 
•O\/X        ^ 


>a:_^ 

25— -2 
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Takino-   here   x  =  sn  u,  x,  =  sn  (a  +  iK'\  =  ^  ---  ,  we  have  dx  =  en  u  dn  u  du  =  \/X  du.  and 


^ 
ksna 

the  result  is 


fx     v  Xl   x—  6    dx  I'  k2  sn  a  en  a  dn  a  snzu  du     %k  sn  a  en  a 

j-x®i  —  0  x  —  x-i  \/X  ~         Jt         1  —  k2  sn2  a  sn2  u  l—k0sna 

where    on    the   right-hand    side    the    first    term    is    =  —  211  (M,  a),  if   II  (u,  a)    be    Jacobi's 
form  of  the  integral  of  the  third  kind,  see  my  Elliptic  Functions,  p.  143. 

145.     It    is    to   be    observed    that    the    proper    normal    form    is    not    II  (u,    a),   but 
II  (u,  a)  —  uZa ;   say  this  is  II  (u,  a).     We  then  have 


and  thence 


r       /  rp»v  /•  ~i 

II  (u,  a)  =  II  (u,  a)  —  u  \a  ( 1  —  -~  I  -  k2  Isn2  a  da  \  , 

L    \       Kl        J  J 

A;2sna  cnadnasn2^         /_       E\      7o  [ 

8MII  («,  a)  = f- — —  all—  jr }  +  Ic2    sn-a  da, 

1  —  k2  sn2  a  sn2  w  \        K)         J 

^  o   ¥r/  /•>     10     snacnadna        /        ^X      7o 

8a8M  n  (M,  a)  =  ^  sn-W3a  _ —          -    l  -        +  Ar  sn2  a ; 


or,  if  for  shortness  we  write  sn  u,  sn  a  =  s,  a-,  this  is 

&2s2  [1-2(1 


(1  -  &W2)2 
which  is 


_ 

' 


or,  this  being  symmetrical  in  regard  to  s,  a,  we  have 

3a9Mn(tt,  tt)=aaawn(a,  %), 

and  thence  by  integration,  and  a  proper  determination  of  the  constants, 

II  (u,  a)  =  II  (a,  u). 

CHAPTER  VI.     THE  NODAL  QUARTIC. 

Nodal  Quartic  ;   the  General  and  Fleftecnodal  Forms.     Art.  Nos.  146  to  148. 

146.  For  a  cubic,  or  other  curve  of  deficiency  1,  we  are  concerned  with  single 
points  on  the  curve,  and  corresponding  thereto  with  functions  of  a  single  argument 
(elliptic  functions)  :  but  for  a  curve  of  deficiency  2,  we  have  to  consider  pairs  of  points 
on  the  curve,  and  functions  of  two  arguments  :  there  is  thus  a  marked  change  in  the 
form  of  the  results. 
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The    most    simple    curve    of  deficiency   2    is    the    nodal    quartic,    n  =  4>,  p  =  2.     Using 
homogeneous  coordinates,  the  general  form  is  Az-  +  2Bz  +  C  =  0,  where 

A  =  (i,  j,  k\x,  y)2, 

B  —•     (I,  m,  n,  o\x,  yf, 

C  =  (p,  q,  r,  s,  tfa,  yY, 
and  where  we  write  also 

B--AC  =  (I2  -  ip)  (x  -  ay}  (x  -  by}  (x  -  cy}  (x  -  dy}  (x  -  ey)  (x  -fy}. 

Clearly  the  equation  of  the  two  tangents  at  the  node  is  A  =  0 ;  and  the  equations 
of  the  six  tangents  from  the  node  are  x  —  ay  =  0, . . . ,  x  —fy  =  0  :  at  the  points  of 
contact  we  have  Az  +  B  =  Q,  viz.  this  is  the  equation  of  a  nodal  cubic,  the  node  and 
the  two  tangents  there  being  the  same  with  the  node  and  two  tangents  of  the 
quartic.  Hence  the  node  counts  as  6  intersections,  and  there  are  besides  6  inter 
sections  which  are  the  points  of  contact  of  the  6  tangents  respectively :  say  these  are 
the  points  a,  b,  c,  d,  e,  f:  the  coordinates  of  the  point  a  are  given  by  the  equations 

x  :  y  :  z  =  a  :  1   :  -   . 

•& 

where  Aa,  Ba,  Ca  are  what  A,  B,  G  become  on  writing  therein  a,  1  for  x,  y :  and 
similarly  for  the  other  points. 

147.  An  important  special  case  occurs  when  5  =  0;    say  we  have  here 

A  =i(x-  ey)  (x  -fy), 
B  =  0, 

C  =  p  (x  -  ay)  (x  -  by)  (x  -  cy)  (x  -  dy), 
or,  omitting  the  factors  i  and  p, 

(x  -  ey)  (x  -fy)  z*  =  (x-  ay}  (x  -  by}  (x  -  cy)  (x  -  dy). 

The  origin  is  here  a  fleflecnode ;  the  tangents  x  —  ey  =  0,  x  —  fy  =  0  count  as  two  of 
the  six  tangents  from  the  node,  and  there  remain  the  four  tangents 

x  —  cy  =  0,     x  —  dy  =  0,     x  —  ay  =  Q,     x  —  by  =  0; 
the  four  points  of  contact  are  the  intersections  of  the  curve  with  the  line  z  =  0. 

148.  The   general    nodal    form    depends    on    11    constants,    but    by    writing    ax  +  fty, 
yx  +  8y,  ez   in   place    of  x,  y,  z,   we    introduce    5    apoclastic  constants,  and   so  reduce  the 
number    to    11  4- 1  —  5,  =  7.     Similarly  the  fleflecnodal  form  depends  on    7    constants,  but 
we    reduce    the    number   in    like    manner   to    7  +  1  —  5,  =  3 :    the    final    form    might    here 
be  taken  to  be 

z-xy  =  (x  -  y)  (x  -  by)  (x  -  cy)  (x  -  dy), 
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but  it  is  more  convenient  to  retain  the  original  form 

z~  O  -  ey)  (x  -fy}  =  (x  -  ay}  (x  -  by)  (x  -  cy}  (x  -  dy), 

bearing   in   mind   that   this  is  reducible   to   the  form  just  referred   to,  and  thus  depends 
virtually  upon  only  3  constants. 

It  is  a  general  property  that  a  curve  of  deficiency  p  greater  than  1  can  be  by 
a  rational  transformation  reduced  to  a  curve  of  that  deficiency  depending  upon  3p  —  3 
parameters  :  in  particular,  if  p  =  2,  then  the  form  depending  upon  3  parameters  may 
be  taken  to  be  the  fleflecnodal  quartic  as  above:  and  I  proceed  to  show  how  the 
general  nodal  quartic  can,  in  fact,  be  reduced  to  this  fleflecnodal  form. 

Reduction  to  the  Fleflecnodal  Form.     Art.  Nos.  149  to  152. 

149.  Consider  the  general  nodal  quartic  Az*  +  2Bz  +  C  =  0  :  take  £=0  for  the 
equation  of  the  line  joining  the  points  of  contact  of  the  tangents  x  -  ey  —  0,  x  —fy  =  0  ; 
and  then  writing  x  =  f  ,  y  =  77,  let  the  curve  be  transformed  in  the  first  instance  from 
x,  y,  z  to  the  new  coordinates  £,  t^,  £. 

Writing  Ae  for  the  value  (?,  j,  kQe,  I)3,  which  A  assumes  on  putting  therein 
(e,  1)  for  (x,  y}  respectively,  and  similarly  Af,  Be,  Bf  for  the  other  like  values,  we 
may  take 


AeAf(e-f)£= 


x     ,     y   ,         z 


/A,,     Af,     -Bf 
=  -x(AeBf-  AfBc}  +  y  (eAeBf  -fBeAf)  +  z  (e  -/)  AeAf, 
say  this  equation  is  £  =  -  ~\x  —  py  +  z,  the  values  of  X,  /*,  being 

A.  =  AeBf-AfBe  _  -eAeBf+fBeAf 

(e-f)AeA/  *"    ~(e-f}AeAf     ' 

and  therefore 


***  **•/ 

150.     From  the  values  £  |,  77  =  -  \x  -  py  +  z,  x,  y,  we  obtain  z,  x,  y  =  £  +  X£  +  w>  £  *! 
and  the  transformed  equation  is 

%  +  M)  +  0'  =  0, 


where 

A'= 

B  =      (I,  m,  n,  o££  rj)s, 
G'  =  (p,  q,  r,  s,  tQ%,  7/)4, 

say  this  equation  is  2l£2+  223£+  S  =  0,  where 

21  =  A', 


2B' 


825]  A    MEMOIR   ON    THE    ABELIAN    AND    THETA    FUNCTIONS.  199 

and  thence 

S33  -  m  =  B'*  -  A'C',   =  (P  -  ip}  (f  - 


We  have  here  33,  =  A'  (\%  +  ^77)  +  B',  a  cubic  function  (£,  17)*  containing  the  factors 
%  —  eri  and  %—fy:  in  fact,  writing  £,  77=6,  1,  it  becomes  Ae(\e  +  fju)  +  Be,  which  is  =0; 
and  similarly  writing  £,  77  =/,  1,  it  becomes  Af(\f+/ji)  +  Bf,  which  is  =0.  Calling  the 
other  factor  L%  +  Mrj,  we  have  thus 


and  thence 

-  017)  (f  -  617)  (I  -  C77)  (f  -  efy)  (£  -  617)  (|  -M 


Hencei  @  contains  the  factor  (^  —  e?;)  (£  —/?;),  say  we  have 


151.  In  the  equation  2l^"2  +  233  £+  S  =  0  of  the  quartic  curve,  writing  f  =  0,  we 
find  (5  =  0,  that  is,  (f  -  erf)  (%-fn)(%  —  erf)  (%—  ^77)  =  0  :  but  £  =  0  is  the  equation  of 
the  line  joining  the  points  of  contact  of  the  tangents  £—  erj  =  0,  £—  /»7  =  0;  hence 
|  —  6?7  =  0,  |  —  </>?;  =  0  are  the  lines  drawn  from  the  node  to  the  two  points  e,  </>  which 
are  the  residues  of  these  two  points  of  contact.  We  now  have 


and  thence 

0  =  (e  -e)(e  -/)  (Ze  +  Tlf)2  -  (I*  -  ip)  (e  -  a)  (e  -  b)  (e  -  c)  (e  -  d), 
()  =  (</,-  e)  (<£  -/)  (i<fr  +  M)*  -  (p  -  »p)  (^,  -«)(«#>-  6)  (0  -  c)  (0  -  d), 

which   equations   determine   Z   and   M  ;   and   then   with    these   values   of  Z,   Jlf,   and    for 
21  substituting  its  value  (i,  j,  &$f,  77  )2,  the  equation  must  become  an  identity. 


We    have    in    what    precedes,   by    the    transformation    z  =  £+X£  +  ^77,    #=£,    ^  =  77, 
passed  from  the  form  Az*  +  2Bz  +  0  =  0  to  the  form 


where 

«=    (»,  j, 


S  =  0  (f  -  erj)  (f  -/r,)  (f  -  €7;)  (f  - 

viz.  33  and  (S  have  here  the  common  factor  (%  —  erf)  (%  —  fy). 
152.     Assume  now 

i  •  r-jr  7  <9<zrelQ(z-*D 

Z~-LX-MY     ' 
und  therefore  conversely 

Z,  F,  Z  =  fc  77,  /,£  +  ^  +  (9  <l 
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then  in  the  new  coordinates  (X,   Y,  Z)  we  have  the  equation 


+  2(X-eY)(X  -fY)  (LX  +  MY)  8 

+  0  (X  -  eY)  (X  -fY)  (X-eY)(X-<t>Y)=0, 
that  is, 

(i,  j,  k%X,   YY  6(X-eY)(X-  <f>Y) 

+  2  (X  -  eY)  (X  -fY)  (LX  +  MY)(Z-  LX  -  MY) 
+    (X-eY)(X-fY)(Z-LX-MY)°-  =  Q, 
where  the  second  and  third  lines  together  are 


and  the  equation  thus  is 

(X  -  eY)  (X  -fY)  Z*  +  [6  (i,  j,  k^X,  Yf  (X  -  eF)  (X  -  <f>Y) 

-(X-eY)(X  -fY)  (LX  +  MYf]  =  0. 
But  the  term  in  {    }  is  identically 

=  -(lt-ip)(X-aY)(X-bY)(X-cY)(X-dY), 

and  the  equation  thus  becomes 

(X-eY)(X-fY)Z*-(l*-ip)(X-aY)(X-bY)(X-cY)(X-dY)  =  0; 

viz.    the   original   equation    Az2  +  2Bz  +(7  =  0    of    the    general    nodal    quartic    is,    by  the 
equations 

v    Tr      v        „      a(X-€Y)(X-<l>Y) 
X  ,  y  ,  z  =  X,  Y,  \X  +  fil  +6>       Z-LX-MY     ' 

or  conversely 


transformed  into  the  fleflecnodal  form  as  above. 

It  originally  appeared  to  me  that  the  fleflecnodal  form  was  more  easily  dealt  with 
than  the  general  form  ;  and  I  effected  the  transformation  for  this  reason  :  there  is, 
however,  the  disadvantage  that  the  six  points  a,  b,  c,  d,  e,  f  enter  into  the  equation 
unsymmetrically  ;  and  I  afterwards  found  that  the  general  form  could  be  dealt  with 
nearly  as  easily,  and  in  what  follows  I  use  therefore  the  general  form.  The  transform 
ation  is  given  as  interesting  for  its  own  sake,  and  as  an  illustration  of  the  theorem 
in  regard  to  the  number  of  constants  in  a  curve  of  deficiency  p. 
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Application  of  Abel's  Theorem.     Art.  Nos.  153  to  157. 
153.     Taking  the  fixed  curve  to  be/,  =\(Az-  +  2Bz  +  C),  =  0,  we  have 


=  =  , 

dz 

if  for  shortness  we  write 

(x,  yY  =  B-  -AC,  =  (I3  -  ip}  (x  -  ay}  (x  -  by}  (x  -  cy}  (x  -  dy}  (x  -  ey}  (x  -fy\ 

and  we  thence  have 

,        so  dy  —  y  dx 
aft)  =  —      —  -  —  . 

V(ff,  y}6 

The  minor  curve  (x,  y,  2)n~3  =  0  is  an  arbitrary  line  passing  through  the  node,  that 
is.  the  point  x  =  0,  y  =  0  ;  and  the  pure  theorem  thus  gives  the  two  relations 
2#oYo  =  0,  2ydci)  =  0;  where  the  summation  extends  to  the  intersections  of  the  fixed 
curve  Az-  +  2Bz  +C  =0  with  the  variable  curve  <£. 

The  variable  curve  is  taken  to  be  a  cubic  Az  +  B  =  (a,  /3,  7,  S$/e,  y}A,  or  say 
Az  +  B  =  ft,  where  ft  is  a  given  cubic  function  (x,  yj>  :  viz.  this  is  a  nodal  cubic,  the 
node  and  the  two  tangents  there  being  the  same  with  the  node  and  the  two  tangents 
of  the  quartic  :  hence  it  meets  the  quartic  in  the  node  counting  G  times,  and  in  6 
other  points,  say  these  are  the  points  1,  2,  3,  4,  5,  6:  hence  the  differential  relations  are 

x1do)1  +  xzdw.>  +  acsdra3  +  #4rf&>4  +  n'5da)5  +  x6da>6  =  0, 
yidu>!  +  y*dw.2  +  y3oV(  +  y^dw^  +  y5du>5  +  ysda)6  =  0. 

154.  Observe  that  the  intersections  of  the  cubic  with  the  fixed  curve  are  given 
by  the  equation  Q?  =  B2-AC,  or  say  H2  =  (^,  y)6,  an  equation  which  determines  the 
ratio  oo  :  y  for  the  six  points  respectively  ;  and  the  ratio  z  :  x  is  then  determined 
rationally  by  the  original  equation  Az  +  B  =  ft.  Instead  of  regarding  ft  as  a  given 
function,  we  may,  if  we  please,  take  1,  2,  3,  4  given  points  on  the  quartic  :  we  then 
have  four  equations  for  the  determination  of  the  coefficients  (a,  /3,  7,  8)  of  the  function 
ft  ;  viz.  these  equations  may  be  taken  to  be 

(a,  /3,  7,  8)0d,  y^Vte,  y^f, 


ft  is  hereby  completely  determined :  and  this  being  so,  the  remaining  intersections 
5  and  6  are  also  completely  determined :  there  are  thus  between  the  six  points  2 
integral  relations,  which  agrees  with  the  number,  =  2,  of  the  differential  relations  obtained 
above. 

26 
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155.     If  we  now  assume 

du  =  xl  da)}  +  xz  da>.2  ,     du'  =  x3  d(o3  +  x±  dw4  ,     du"  =  xb  du>5  +  x6  day,,  , 

dv  =  yidwl  +  y2d(a.2,     dv'  =  y3da).x  +  y4dw4,     dv"  =  y^dw,,  +  i/6d&>«, 
or  say 

ri-2      r34      [^  x(xdy-  udx) 

.'       "  —  I  _\  __  aL      J-  _  L 

- 


ri-2      r34 

}l     ,.'    1I"  —  I 
u,u,t-u  ,1, 

JaB          JaB         . 


.ft         J  aft         .    aft  V(X,     't/)" 

•12       r-34        -56  u(xdy-ydsc) 

v,  v,  v  =  \   ,      ,      yv  .^—4-    ; 


'mf       Jmf  •    J  afl  \/(x, 

that  is, 

—  y  dx)  /  f1      f  -  \y(xdy  —  y  dx) 

.—y-  J.     v=  V* 


where  a,  /3  are  points  assumed  at  pleasure  on  the  quartic:  and  similarly  for  u,  v':  a",  v"  : 
then  u,  v  are  hereby  determined  as  functions  of  the  points  1,  2:  and  we  may  con 
versely  regard  the  points  1,  2  as  determined  in  terms  of  the  two  arguments  u,  v. 
We  might,  selecting  any  two  symmetrical  functions  of  the  degree  zero,  for  instance, 

—  +  —  ,  '  -  —  ,  represent  them  as  functions  <b  (u,  v),  yjr  (u,  v)  :  and  then  *  1  and  —  will 
2/i  2/2  2/i2/2  2/i  2/2 

be  functions  of  </>  (u,  v),  -\|r  (u,  v).  But  instead  of  this  selection,  it  is  proper  to  consider 
the  ratios  of  six  functions  depending  on  the  points  a,  b,  c,  d,  e,  f  respectively  :  viz.  we 
assume 


sa-  by,):..  :  ^/(x^ 
A(u,  v)  :  B(u,  v)  :..  :  F(u,  v), 

and  of  course  3,  4  will  be  in  like  manner  determined  by  means  of  the  corresponding 
functions  of  u',  v',  and  5,  6  by  means  of  the  corresponding  functions  of  u",  v".  The 
squared  functions  Az,  B2,  C-,  D2,  E'2,  F-  are  proportional  to  given  linear  functions  of 
•#i#2>  #1  2/2  +  #22/1  >  2A2/2>  and  are  thus  connected  by  three  independent  linear  relations. 

156.     The  differential  relations  then  become 

du  +  du'  +  du"  =  0,     dv  +  dv'  +  dv"  =  0, 
and  we  have  consequently 

u  +    u'  +    u"  =  I,       v  +    v'  +     v"  =  ./, 

where  /,  J  are  constants  which  are  determinable  as  definite  integrals  by  the  con 
sideration  that,  when  the  cubic  is  taken  to  be  Az+B  =  0,  the  six  points  1,  2,  3,  4,  5,  6 
coincide  with  the  points  of  contact  a,  b,  c,  d,  e,  f.  I  do  not  at  present  see  my  way 
to  a  proper  development  of  this  point  of  the  theory  :  but  in  explanation  of  the  nature 
of  the  result,  I  assume  for  the  moment  that  by  a  proper  determination  of  the  inferior 
limits  a,  f3,  or  otherwise,  we  may  take  /  =  0,  J=Q.  We  then  have  'it"  =  —  u  —  u',  v"=  —  v—v': 
and  the  integral  equations,  which  determine  the  points  5,  6  in  terms  of  the  points 
1,  2  and  the  points  3,  4,  then  in  effect  determine  the  functions  A,  B,  &c.,  of 
—  u  —  u',  —v—v',  or  say  those  of  u  +  u,  v  +  v  in  terms  of  the  like  functions  of 
(u,  v)  and  of  (ur,  v')  :  viz.  these  equations  give  the  addition-theory  of  the  functions 
A  (u,  v),  &c. 


825]  A    MEMOIR    ON    THE    ABELIAN    AND    THETA    FUNCTIONS.  203 

157.  We  may,  in  the  first  instance,  disregarding  altogether  the  consideration  of  the 
arguments  u,  v,  &c.,  attend  only  to  the  algebraic  functions  such  as  I^(x1  —  ay1)(xo  —  ay2),  &c., 
of  the  coordinates  of  the  pairs  of  points  1,  2;  8,  4,  and  5,  6;  and  we  can  in  regard 
to  these  develope  a  proper  theory.  This  depends  only  on  the  equation  H  =  v  '(x,  ~y"f  ; 
it  will  be  convenient  to  assume  herein  y  =  1,  and  slightly  modifying  the  form,  to 
write  it 

(a,  /3,  7,  B)  (x,  1  )3  =  Va  —  x.b  —  x  .c  —  x  .d  —  x  .e  —  x  ./—  x  ; 


and  accordingly  to  consider  the  functions  'Ja  —  x^.a  —  x^,  &c.  These  are  called  the 
single-letter  functions  A,  &c.,  but  there  are  certain  double-letter  functions  AB,  &c., 
which  have  also  to  be  considered  ;  and  I  will,  in  the  first  instance,  show  how  these 
present  themselves  in  connexion  with  the  cubic  curve. 


Origin  of  the  Double-Letter  Functions.     Art.  Nos.  158  and  159. 

1 58.  The  cubic  curve  Az  +  B  =  fl  may  be  taken  to  be  a  curve  through  two  of 
the  points  of  contact,  say  the  points  a,  6;  these  will  then  be  two  out  of  the  six 
points,  and  taking  the  remaining  four  points  to  be  the  pairs  1,  2  and  3,  4,  we  have 
single-letter  functions  of  3,  4  presenting  themselves  as  double-letter  functions  of  1,  2. 
In  fact,  the  equation  of  the  curve  is 

Az  +  B  =  X  (x  —  ay)  (x  —  by}  (x  —  ky) ; 

for    the    intersections     with    the    quartic     we    have    X2  (x  —  ay)2  (x  —  by)2  (x  —  kyY  =  O2,    or 
throwing  out  the  factor  (x  —  ay)  (or,  —  by)  and  changing  the  constant  X,  this  is 

(x  -  ay)  (x  -  by)  (x  -  ky)2  -\(x-  cy)  (x  -  dy)  (x  -  ey)  (x  -fy)  =  0 ; 
and  the  quartic  function  must  be  a  multiple  of 

(xyl  -  x,y)  (xy,  -  a?8y)  (ay,  -  xsy)  (xyt  -  a?4y). 
Putting  each  of  the  y's  equal  1,  we  have  the  identity 

(a  -  x)  (b  -  x)  (k  -  xf  -  \  (c  -  x)  (d  -  x)  (e  -  x)  (/-  as)  =  p  (x,  -  x)  fa  -  x)  (xs  -  x)  (x.  -  x) ; 

and    hence,    introducing   a   notation    which    will    be    convenient,    a  —  x  =  a,   a  — «1  =  alf   and 
so  in  other  cases,  we  have  by  giving  different  values  to  x  the  equations 

a^kj2  =  Xcjdje^,  (a  -  c  )  (b  -  c  )  (k  -  c  )2  =  /M^CaCjC^ 

a.,Kk./  =  XcadjCafj,,  (a-d)(b-d)(k-d)*  =  /jid^d^ , 

a,b:ik32  =  Xcsd3e3fs,  (a  -  e  )  (b  -  e )  (k  -  e  )2  =  /ae1e,2e3e4, 

a4b4k4'  =  Xc4d4e4f4,  (a  -/)  (b  -/)  (k  -/)2  =  yuf1f,f3f4, 

—  X  (c  —  a)  (d  -  a)  (e  —  a)  (f—  a)  =  y^a^a,,, 

b)  =  fjLblb,b3\>4. 

26—2 
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We  have  thus 

(a  —  c  )  (6  —  c)  fc  -k\z  _  CiC.2c:!c4 

(a-d)(b~^d)  (d^k)  ~dI"d2d,d4' 
and 

kj2     a2b2c1d]eif1 

k^^ajbjCodaCsfa' 

which    last    equation,    writing    for    a    moment    7,    S  =  Va.2b.2c1d1eifi,    Vaib1c2d2e2f2,    gives 


n 


^  ^V 

'  •*  5  1  whence  A;  (7  —  &)  =  #»7  —  #1  &,  and  thence 


r  --  '     5 

A/  ~~  OC(£  O 


c  —  &  _  7C>  —  ScT  _  N/dCg  {VaabaCod^jf,—  vaib1c1d2e.2f2} 
d-k~    d3  -  H  ~  v/(iVab.dce- 


or,  substituting  in  the  first  equation,  we  have 


\/(a  —  c)  (6  —  c  )     VaobaCadjejf,  —  vaj bj dd^ f2  _  v CsC4 

159.  Considering  the  duad  DE  as  an  abbreviation  for  the  double  triad  ABC.DEF, 
the  expressed  duad  being  always  accompanied  by  the  letter  F,  we  are  thus  led  to 
the  consideration  of  the  double-letter  functions 

1  . ._ 

ABK=  -      -  {va]b]f1c.,d.2eo  -  Va2b.>f2c1die1},  &c., 

in    connexion    with    the    already    mentioned    single-letter   functions    ^412  =  Vaja.,,   &c.,  viz. 
in  this  notation  the  equation  just  obtained  is 


C: 
D 


„  _     /(a-c)(6-c)  DEK 
iM*V  (a-d)(b-d)  CEV1> 


and  it  thus  appears  that,  the  points  3,  4  being  obtained  as  above  from  the  given 
points  1,  2,  then  the  quotient  of  two  of  the  single-letter  functions  of  3,  4  is  a 
constant  multiple  of  the  quotient  of  two  of  the  double-letter  functions  of  1,  2. 
Observe  that  the  points  3,  4  are  derived  from  1 ,  2  by  means  of  the  two  points  a,  b : 
we  have  DE  standing  for  ABC.DEF,  CE  for  ABD .  CEF,  and  if  the  two  functions 
were  represented  by  ABC,  ABD  respectively,  then  the  form  would  have  been 


>-c)(6-c)     ABCa 


-d)(b-d)  ' 

which  is  a  clearer  expression  of  the  theorem ;  the  apparent  want  of  symmetry  of  the 
first  form  arises  only  from  the  arbitrary  selection  of  the  letter  F  to  accompany  the 
expressed  duad,  and  is  at  once  removed  by  substituting  for  a  duad  DE  the  triad 
ABC.DEF  which  is  thereby  signified.  The  denominator  factor  xl—  x2  is  introduced  in 
order  to  make  the  degree  in  ^  or  jc2  equal  to  that  of  the  single-letter  functions. 
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The  Addition  Theory.     Art.  Nos.  160  to  163. 


160.     We  have  the  six  single-letter  symbols  A,  B,  C,  D,  E,  F;  viz.  A13=va1ai,  &c.: 
and  the  ten  double-letter  symbols  AB,  AC,  AD,  AE,  BO,  BD,  BE,  CD,  CE,  DE,  viz. 

ABK  =         -  { Vaj  bj  fj  c2d2  e.,  —  \/a2b.,  f,  Cj  dj  e1 } ,  &c. , 

these  16  functions  being  connected  by  algebraical  relations  which  are  immediately 
deducible  from  these  expressions  of  the  functions  in  terms  of  xl,  x*.  The  problem 
is  to  express  the  functions  of  5,  6  in  terms  of  those  of  1,  2  and  of  those  of  3,  4. 
The  relation  between  the  variables  xlt  x.2,  x.A,  x^,  x5,  x6  consists  herein  that  we  have 
xl}  x*,  xs,  x4,  x5,  x6  as  the  roots  of  the  equation 

(ox3  +  fix2  +  yx  +  S)2  —  A,  («  —  x)  (b  —  x)(c  —  x}  (d  —  x] (e  -  x) (f—x)  =  0  ; 
or,  what  is  the  same  thing,  it  consists  in  the  identity 

(ox*  +  /3x*  +  yx  +  8)--\(a-  x)  (b  -x)(c-  x)  (d  -  x)  (e  -  x)  (f-  x) 

**    /  /v»      ,._„    /v»  \    i  /y» /v»  J  /  /v»      —       iy»\   t  f*          ..-     ty*}  I  'I'      — 

Again,  it  may  be  expressed  by  the  plexus  of  equations 

1     ,        1    ,        1    ,        1    ,        1    ,        1 

Xl     ,          X-2     ,          &':i     ,          X±    ,          X5     ,          XK 
X?  ,          Xo2   ,          X./   ,          X42  ,          X52   ,          X/ 


•JX5, 

where     X1  =  (a  —  xl)(b  —  xl)...(f—xl),     &c. ;     these     are     equivalent     of    course     to     two 
equations,  and  serve  to  determine  x5,  xe  in  terms  of  x1}  x2,  «.„  x4. 

161.     The   solution  is,  in  fact,  as   is   given   in    my  paper   "On   the   addition    of  the 
double  ^-functions,"  Crelle,  t.   LXXXVIII.  (1880),  pp.   74—81,   [703].     Writing  successively 

x  =  x1}  xz,  xs,  x4,  we  have 

axj3  +  ftxf  +  yXi  +  B  = 

3  _i_   /£?     °    i  i     5< 


which    equations   serve    to    determine    the    ratios  a  : 
and  we  have  then  the  two  like  equations 

ax*  +  fix?  +  yx5  +  S  =  V 
axs3  +  @x62  +  yx6  +  S 
Avhich  determine  the  symmetric  functions  of  x,,  x6. 


:  7  :  B  in  terms    of  x,,  x,,  x3, 
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If,  reverting  to  the  identity,  we  write  therein  for  instance  x  =  a,  we  find 

«tt3  +  /3a2  +  ya+  8  =  V//,  AIZAMAM, 
which  equation  when  properly  reduced  gives  the  proportional  value  of  Ax. 

162.     Calling  for  a  moment  the  function  on  the  left-hand  side  fl,  we  have 

=  0, 


[825 


that  is, 


viz.  this  is 


a?/,  x?,  xl,  I,  V 

#23,  X%,  X1l  1>  \/\  V^a 

xs3,  xs",  x3,  1,  \/\ 

x/,  x4",  x4,  1,  \/X 

a3,  a-,  a  ,  1, 


n 


a3,     a2,     a,     1,        0 


=  0, 


—  #3  .  #2  —  #4  .  #o  —  a  .  «3  —  it-4  .Xz-a.x4—a 

—  x4  .  xs  —  a  .  x3  —  KI  .x4  —  (.i.x±  —  xl.a  —  x} 

—  a.x4—xl.x^  —  x2.a  —  xl.a  —  x.2.x1  —  x.. 
—  x-^.a  —  x^.a-Xt.  x.^  —  xs  .  x,,  —  x4  .  xs  —  x4\ 


or,  as  this  may  be  written, 

vX .  a  —  x3 .  a  —  #4  , 


._,  —  #4 .  a  —  #2 .  *i  —  (#i  —  xs.xl  —  x4.  a  -  xl . 


We  have  here  Vx  .  a  —  a?s.  a  -  x4=  */\A'2M,  and  the  function 

-         —  — 


which   multiplies  this,   is  without  difficulty   found    to  be 
~-4«         „  V  fr  -  rf   B*  BE 

J      J         L       L  •*  1 V          Ui  .  JJ  34-t-'-*-' 

c  —  d.d  —  b .  b  —  c 
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where  the  summation  extends  to  the  three  terms  obtained  by  the  cyclical  interchange 
of  the  letters  6,  c,  d:  these  being  a  set  of  three  out  of  the  five  letters  other  than  a. 
Similarly  Vx  .  a  —  x1 .  a  —  x2  is  =\/\A\2,  and  the  function  which  multiplies  this  is 


c  —  d.d  —  b  .b  —  c 
The  expression  for  ft  thus  contains  the  factor  A12A^:    but  we  have 

this  equation  contains  therefore  the  factor  AV1A.M,  and  omitting  it  we  find 
•  -j=  (xl  -x3.x1  —  x4.x.2-x^.Xo—x4)(c~d.d  —  b.b  —  c)  A^ 


where,  as  before,  the  summations  refer  each  to  the  three  terms  obtained  by  the 
cyclical  interchange  of  the  letters  b,  c,  d;  these  being  any  three  of  the  five  letters 
other  than  a  :  and  the  remaining  two  letters  e,  f  enter  into  the  formulae  symmetrically. 
The  formula  thus  gives  for  AM  ten  values  which  are  of  course  equal  to  each  other. 

By   reason   of  the    undetermined   factor   -^ ,  the  formula  gives  only  the  proportional 

value  of  AM  ;  viz.  combining  it  with  the  like  formulae  for  Bx,  &c.,  we  have  determinate 
values  of  the  ratios  Ax  :  B^:..  :  F56.  But  this  being  understood,  we  regard  the 
formula  as  a  formula  for  each  single-letter  function  of  xs,  XK  in  terms  of  the  single 
and  double-letter  functions  of  x1;  xz  and  of  xs,  x4  respectively. 

163.     We    require    further   the   expressions    for    the    double-letter   functions  of  #„,  xs. 
Consider  for  example  the  function  DEX,  which  is 

;.  (Vd5e5f8a6b6c8  -  Vdfie6f6a5b5c5| ; 

«£5     i£s 

then  multiplying  by  AXBWCX,  =  Va5bgc5a6bBcfi,  we  have 

[a6bKc6  VZ5  -  a5bBc 


or  recollecting  that  VW^.,  and  J\</Xe  are  =  ax*  +  px?  +  yx,  +  8  and  ax<?  +  /3x6-  +  yvf,  +  8 
respectively,  this  may  be  written 


Using  the  well-known  identity 

'•  +  yx6  +  8  = 


-  {a  -  xti .  b  -  x6 .  c  -  x6 .  (axs3  +  @xs2  +  jxs  +  8) 

X6       Xe 

—  (a  —  x5 .  b  —  x6 .  c  —  #5)  (ax/  +  /3#f)2  +  yxti  +  8)}. 


b  —a.  c  —  a.d  —  a  ' 
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where  the  summation  extends  to  the  four  terms  obtained  by  the  cyclical  interchanges 
of  the  letters  a,  b,  c,  d:  and  the  like  identity  for  OUK/  +  ftsc^  +  yx6  +  &  :  there  will  be 
terms  in  aa3  +  /3a2  +  ja  +  B,  off-  +  /3b-  +  76  +  8,  ac3  +  /3c2  +  yc  +  S,  but  the  term  in 
ad3  +  ftd-  +  yd  +  8  will  disappear  of  itself.  After  some  easy  reductions,  the  result  is 


-  V 

=  2, 


-  — 

O  -*•"  it  .  C  "~~*  Ct 


where  the  summation  extends  to  the  three  terms  obtained  by  the  cyclical  interchanges 
of  the  letters  a,  b,  c.  We  have  <xa?  +  fia-  +  ya  +  8  =  \//i  .  AKAMA-M,  and  similarly  for  the 
other  two  terms:  the  whole  equation  thus  divides  by  A^B^C^,  and  we  find 

.  2  (b  -  c  . 


V  \  —  c.c—a.a  — 

in    which   equation,  if  we   imagine   ~AM)  -~  Bm,  -j=Cm,  each   replaced  by  its  value   in 

VA  VX  VA, 

terms  of  the  single  and  double-letter  functions  of  xl}  #2  and  x~,  ac4,  we  have  an  equation 
of  the  form 

—       j*.  (X\  —  X-A  .  Xi  —  #4  .  #,  —  #;.  .  #2  —  #4)  -O^'sti  =   —  —   M, 

V  A-  ^l  "~~  *^y  •  *^l  *~~  ^4  •  ^2  "~~  ^*3  •  ^2  ~~  *^4 

where  M  is  a  given  rational  and  integral  function  of  the  single  and  double-letter 
functions  of  xl}  x2  and  xz,  x4.  The  factor  on  the  left-hand  side  has  been  made  the 
same  as  in  the  formula  for  the  single-letter  functions  Ax,  &c.,  and  to  do  this  it  was 
necessary  to  bring  in  on  the  right-hand  side  the  factor 


this  disappears  in  the  expression  for  the  ratio  of  two  double-letter  functions  ;  but  it 
enters  into  the  expression  for  the  ratio  of  a  single-letter  to  a  double-letter  function, 
and  it  then  requires  to  be  itself  expressed  in  terms  of  the  functions  of  aslf  x»  and 
x3  ,  #4  :  it  is  easy  to  see  that  we  have 


•  •  •  •-<  ,  ...  ,  rr  -  -  . 

(a  -  b)2  (a  —  c)2 

where   the   summation  extends   to   the   three  terms  obtained  by  the  cyclical  interchanges 
of  the  letters  a,  b,  c:   these  being  a  set  of  any  three  out  of  the  six  letters. 

We    have,   in    what    precedes,    obtained   the    expressions    for    the    ratios    of    the    16 
functions  A^,...,  Fr>6,  ABX,  ...,  DEX  in  terms  of  the  ratios  of  the   like  functions  of  x^,  x» 

and  #o,  X. 
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CHAPTER  VII.    THE  FUNCTIONS  T,  U,  V,  <*). 

The  present  chapter  is  substantially  a  reproduction  of  C.  and  G.'s  seventh  section, 
"Die  Function  T^",  borrowing  only  from  the  next  section  the  definition  of  the 
theta-function ;  but  for  greater  simplicity  I  consider  for  the  most  part,  the  case,  fixed 
curve  a  quartic,  n  =  4,  p  =  3. 

Integral  Form  of  the  Affected  Theorem.     Art.  Nos.  164  to  169. 

(x  if  z)  n~'2do) 

164.  Writing  for  shortness  off™  —  =  dII12,  we  are  concerned  with  the  integrals 

fa 

I  dUn  which   present   themselves   in  connexion  with   the  affected  theorem :    the  notation 

J  a' 

is  explained,  Chap.  V. ;  a,  a  are  points  on  the  curve  /;  the  variable  may  be  any 
parameter  serving  for  the  determination  of  the  current  point,  and  the  integral,  taken 
from  the  value  which  belongs  to  the  point  a'  to  the  value  which  belongs  to  the 
point  a,  is  represented  as  above  by  means  of  the  two  points  a,  a  as  limits  of  the 
integral.  It  is  assumed  that  the  integral  is  a  canonical  integral  having  the  limits  and 

.  fa  ri 

the  parametric  points  interchangeable,   I   dUK  =  I   dUaa< :    see  Chapter  IV. 

J  a'  J  2 

165.  Writing  for  shortness 

then  if  0,  i/r  are  curves  each  of  the  order  in,  the  former  of  them  intersecting  the 
fixed  curve  /  in  the  points  a,  b,  c,...,  and  the  latter  of  them  intersecting  the  same 
curve  in  the  points  a',  b',  c',...,  and  if  </>,,  fa,  <f>s,  fa  are  what  the  functions  <£,  ty 
become  on  substituting  therein  in  place  of  the  current  coordinates  the  values  which 
belong  to  the  parametric  points  1,  2  respectively;  the  theorem  becomes 


The  superior  limits  may  be  interchanged  in  any  manner,  and  so  also  the  inferior 
limits  may  be  interchanged  in  any  manner.  If  a  superior  limit  coincide  with  an 
inferior  limit,  the  two  may  thus  be  considered  as  belonging  to  an  integral  which 
will  then  have  the  value  0,  and  the  coincident  points  may  therefore  be  omitted  from 
the  expression  on  the  left-hand  side  :  and  so  in  the  case  of  any  number  of  coincidences. 

166.  If  the  intersections  of  the  curves  <j>,  ^  and  the  parametric  points  are 
situate  on  a  curve  of  the  order  in;  then  taking  the  equation  of  this  curve  to  be 
<£  +  X>/r  =  0,  we  have  simultaneously  <£x  +  X-^  =  0,  <j),  +  \fa  =  Q;  whence  <f>.fa  =  fa<f>2,  and 
the  logarithmic  term  disappears  :  viz.  the  theorem  becomes 

(a',  b',  c,  ... 
C.    XII.  27 
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167.  Suppose  that  the  curves  </>,  ty  are  each  of  them  a  major  curve,  that  is,  a 
curve  of  the  order  n  -  2  passing  through  the  8  dps,  arid  consequently  besides  meeting 
the  curve  /  in  n  (n  -  2)  -  28,  =  2p  +  n  -  2  points  :  the  theorem  is 


where  the  numbers  of  the  superior  and  of  the  inferior  points  are  each  =  2p  +  n  —  2. 

168.  Suppose    further   that   the    curves   <£,    ^,   being   major   curves    as    above,   pass 
each   of  them   through  the    n  -  2   residues  of  1,  2;   they  besides   meet   in  (?i-2)(?i-3) 
points,  viz.  these  are  the  8  dps  and  (n  —  2)(w  -  3)  -  8  variable  points:  these  (?i-2)(w-3) 
points    lie   on  a  minor  curve,  that  is,   a   curve   of  the   order  w-3   passing   through  the 
dps;    and   the   minor    curve    together   with    the    parametric    line    12    make    together    a 
major  curve,  passing   through  the  intersections  of  <f>,  \|r  and  also  through  the  parametric 
points    1,2:  viz.   these   points  and  the  intersections  of  <£,  -fy  are    situate    on   a   curve  of 
the   order  n  —  2  ;   the  logarithmic  term  thus  vanishes.     The  intersections   of  <f>  with  the 
fixed   curve    are    the    8    dps,   the    n  —  2    residues    and    2p    other    points,   say   these    are 
o,  b,  c,  .  .  .  ,  ax,  6X,  cx,  .  .  .  ;   similarly  the  curve  -v/r  meets  the   fixed  curve  in  the  8  dps,  the 
?i-2    residues,    and   in    2p    other    points,    say   these   are    d,  e,f,...,  rfx,  ex,  /x,  ...:    the 

theorem  is 

f  /a,  b,  c,  ...ax,  6X,  cx,...\  ,_ 

\  j        s       jx     x    yx         all12  =  U, 

J  \d,  e,f,  ...dx,  ex,fx,..J 

where  there  are  2p  superior  and  inferior  points  respectively. 

169.  I   introduce   the    definitions:     a   minor    curve   meets    the    fixed    curve    in   the 
dps   and   in    2p  —  2    other    points,   called    "  cominors  "  :    a    major    curve    passing    through 
the  w-2  residues   of  the   points    1,  2,  meets   the  fixed   curve   in   the    8   dps,   the   n  —  2 
residues    and    in    2p    other    points,   called    "  comajors    in    regard    to    the    points    1,    2." 
Observe  that  p  —  l    of  the  cominors  determine   uniquely  the   remaining  p  —  1  cominors  ; 
and  similarly  p  of  the  comajors  determine  uniquely  the  remaining  p  comajors. 

The   foregoing  theorem  thus   is   that    the   sum    I  f    j  dni2   is   =  0,  when  the  superior 

points    and    the    inferior   points   are    each    of    them    a    system    of    comajors    in    regard    to 
the  parametric  points  1,  2. 

Fixed  Curve  a  Quartic.     Art.  No.  170. 

170.  It  would  be  easy  to  go  on  with  the  general  form  ;   but  as  already  mentioned, 
I   prefer   to    consider   the  case,   fixed   curve   a   quartic,   n  =  4,  p  —  3.      A    minor   curve   is 
here    a    line    meeting    the    quartic    in    4    points,  which    are    "  cominors  "  ;    the  major  curve 
is   a    conic,    arid    if    this    passes    through    the    residues   of    1,    2    it    besides    meets    the 
quartic   in    6    points,  which    are    "comajors    in   regard    to    the    points    1,   2."     Two   points 
and  their  residues  are  cominors,  but  this  is  only  by  reason  that  n  —  3  =  1. 

The  Function  T.     Art.  No.  171. 

171.  In  conformity  with  C.  and  G.,  I  introduce  the  functional  symbol 

fa,  b,  c,...\_  [/a,  b,  c,...\dn 

•L  10  /        7  /  /  /        7/  /  /    U/1I12> 

\a',  b,  c',  .../     J  \a,  b,  c,..J 
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so   that    T  denotes    a    function    of    the    parametric    points,   and    of    the    sets    of    superior 
and  inferior  points  respectively.     The  foregoing  theorem  for  the  quartic  thus  is 

/a,  b,  c,  ax,  6X,  cx\ 
~ 


Observing  that 

ra        ca<  ra        ra          rd 

+        =  2       -        +        , 

J  d       J  d*  J  d       J  «x       J  dx 

and  so  in  other  cases,  this  may  be  written 

T    fa,  b,  c  \  _        fa  ,  b  ,  c  \  id  ,  e  ,  f  \ 

™*M  I  J  _/•  /  —  'MI      v      7v        v  I         *  11  I    iv         v       <»v  I  i 

V«,  e,  //  \ax,  &  ,  cx/  \d  ,  e  ,  f  J 

and  if,  as  a  definition  of  Tlz(a,  b,  c),  we  write 

T   (n    h    r\—  T   (a  '       '  c 

•*12<a,     0,     C)-^.2I 

\u/    ,     U    ,     O 

where   ax,  6X,  cx  are  the  comajors  of  a,  b,  c  in  regard  to  1,  2,  then  the  equation  is 

t  !'  / 

/,     V,  J 

viz.  the  function  of  the  (2p  +  2=)8  points  1,  2,  a,  6,  c,  d,  e,  f  is  here  expressed  as 
a  difference  of  two  functions  each  of  (p  +  2  =)  5  points  :  TK  (a,  b,  c)  is  regarded  as  a 
function  of  the  5  points  1,  2,  a,  b,  c,  because  the  remaining  points  ax,  6X,  cx  depend 
only  on  these  5  points. 


The  Function   U.     Art.  Nos.  172  to  175. 

172.  We  consider  on  the  quartic  the  points  %,  p;  1,  2,  3  ;  and  take  /,  /'  for 
the  cominors  of  2,  3  ;  g,  g'  for  the  cominors  of  3,  1  ;  and  h,  h'  for  the  cominors  of 
1,  2.  We  write 

T  =T,.(l,  2,  3), 


it  is  to  be  shown  that  there  exists  a  function   U(l,  2,  3;    f),  such  that 


viz.  considering  f,  1,  2,  3  as  variable  points  on  the  quartic,  the  whole  infinitesimal 
variation  of  U  is  the  sum  of  these  parts,  where  8tT  is  the  variation  of  T  when  only 
f  is  varied,  S/J1,  the  variation  of  T,  when  only  1  is  varied,  and  similarly  for  82T.2 
and  8,2V  We  consider  in  the  proof  three  other  points  4,  5,  6  on  the  quartic;  and 
taking  I,  I'  for  the  cominors  of  5,  6;  m,  ra'  for  those  of  6,  4;  and  n,  n  for  those 
of  4,  5,  we  write  further 


2  =  T^(5,m,m'),     X,  =  T*  (6,  »,  •»')  ; 

27—2 
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and  it  then  requires  to  be  shown  that 

45"          =dnif  +  wf(t,  5,  6), 


where    /*23    is    the    determinant    formed    with    the    coordinates    of    the    points    /*,    2,   3 
respectively:   and  so  in  other  cases. 

173.     We  have 


that  is, 

=  ir  -*ZW(4,  5,  6), 

and  thence  the  above  value  of  £21 
The  affected  theorem  gives 

f  //,/'.  2>3^n  -w^ 

JU  F,  5,  6rUl*~10gI3i' 

where  ^=0  is  the  equation  of  the  line  through  /  /',  2,  3;  and  F,,  F»  are  what  the 
function  F  becomes,  on  substituting  therein  for  the  current  coordinates  the  coordinates 
of  the  points  1,  /*  respectively.  And  similarly  L  =  0  is  the  equation  of  the  line 
through  I,  V,  5,  6;  and  L1}  L^  are  what  the  function  L  becomes  by  the  same  sub 
stitutions  respectively.  The  values  of  F1}  F.  are  123,  /*23:  those  of  L,,  L^  are  15C, 
u56  :  and  the  logarithmic  term  is  thus 

.      ^23.156 
=  lo 
We  then  have 


and  in  this  last  expression  for  ^(T.-X,)  substituting  for  the  second  term  the 
logarithmic  value  just  obtained,  we  have  the  required  expression  for  ^(T.-X,):  and 
those  for  1>(T,-XJ  and  $(Ta-X3)  are  deduced  by  mere  cyclical  permutations  of  the 
letters. 

174.  Returning  to  the  assumed  relation  W-i&T+W  +  W+W;  in  order 
to  the  existence  of  the  function  U,  it  is  only  necessary  to  show  that  T-T,  con 
tains  no  term  in  1,  £  that  is,  no  term  depending  on  both  these  points,  and  that 
T,-T,  contains  no  term  in  1,  2:  for  then,  by  symmetry,  the  like  properties  hold  m 
regard"  to  T  -  T,,,  T-T3,  T^-T*,  T.-T,  respectively,  and  the  assumed  expression  is  a 
complete  differential,  from  which  the  function  U  may  be  obtained  by  integration. 
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175.     To  show  that  T—  Tl  contains  no  term  in  1,  £. 

n 

For  T,  the  only  term  in  1,  £  is  I    dttfo, 

f* 
»     -M  »  »  I    ttlliftj 


and   it   is   to   be   shown   that   the    difference   of  the   two    integrals   contains   no   term   in 
1,  £.     Considering  on  the  quartic  the  two  new  points  8,  e,  the  first  integral  is 

r/i,  &\ 

/(«;  J 

and  the  second  is 


^, 
Hence  in  the  difference  the  only  terms  which  can  contain  1,  £  are 


/•i  r£ 

J  &        e     J  t 


and  this  is  =  0  :  wherefore  there  is  not  in  the  difference  any  term  in  1,  £. 
This  proves  the  property  for  T  —  Tv  .  The  property  for  Tl  —  T2  is  proved  in  a  similar 
manner. 

Theorems  in  regard  to  the  Function  U.     Art.  Nos.  176  to  179. 

176.  Theorem  (A).     To  prove 

U(l,  2,  3;   I)-  [7(1,  2,  3;   ^  =  ^(1,  2,  3),  (A) 

we  have 

[7(1,  2,  3;   &-U(l,  2,  3;   /,)  =  f  ^(7=  J  [*  ^T 

^  ^  ^  /a 

=  1^(1,  2,  3)  -1^(1,  2,  3), 
and    TM^(1,  2,  3)  =  If    '    ^        jdH^,  where   dll^  =  Q,   viz.    considering   this   as    derived 

from  rfTT^,  =Q^da),  by  making  the  point  £  coincide  with  /i,  then  when  £  is  indefinitely 
near  to  ft,  the  numerator  and  denominator  of  Q^  are  each  of  them  infinitesimal  of 
the  orders  3  and  2  respectively,  and  thus  the  function  Q^  ultimately  vanishes  (see  as 
to  this,  Chap.  V.  Art.  Nos.  99  to  106).  We  have  therefore  2^(1,  2,  3)  =  0,  and  the 
required  theorem  is  proved. 

177.  Theorem  (B).     To  prove 

U(l,  2,  3;   f)-  17(4,  2,  3;   £)=  i^  (£/,/'),  (B) 

where,  as  before,  /  /'  are  the  cominors  of  2,  3,  that  is,  2,  3,  /,  /'  lie  on  a  line,  we 
have 


CT(1,  2,  3;   I)-  U  (4,  2,  3;   f)=  (W  =  *  ^  dlTl 

J  4  J4 

=  i^(f  />/')-  i?V  (£//'), 
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the  point  /z  is  arbitrary,  and  it  may  be  taken  to  coincide  with  4  ;  but  we  then  have 
Tu  (£,  /,/')  =  0,  and  the  theorem  is  thus  proved. 

178.  Theorem  (C).     We  have 

fnx  (fc  /,  /')  +  ^ix  (17,  k,  AO  =  0  ;  (C) 

where  £,  77,  1,  2,  3  are  arbitrary  points  on  the  quartic  ;  lx,  2X,  3X  are  the  comajors 
of  1,  2,  3  in  regard  to  £,  77,  viz.  the  points  1,  2,  3,  lx,  2X,  3X  lie  on  a  conic  which 
passes  through  f  ,  77'  the  residues  (or  cominors)  of  £,  77  :  /,  /'  are  the  cominors  of 
2,  3  ;  and  k,  k'  are  the  cominors  of  2X,  3X. 

Taking   0,   &    for   the    cominors   of    1,    lx,   the   four    lines    fi/fV,    11W,    23#"   and 

2X3XA7/    form    a    quartic    cutting    the    fixed    quartic    in    the    16    points  :    but    of   these, 

£',   77',    1,    2,    3,    lx,    2X,    3X   lie   in   a   conic  :    hence   the    remaining   8  points    9,   0',    £,   77, 

J,  f,  k,  k'  lie  in   a   conic  ;   that   is,  £,  77,  /,  /',   k,   k'   lie   on   a   conic   through    6,  0',   the 

residues  of  1,  lx,  or  they  are  comajors  in  regard  to  1,  lx  ;    whence  the  theorem. 

179.  We  have 

From  A.  From  B. 

^nx(i,/,/')=tf  (£/,/';  i)-tf  (£/,/';  n  -rr  (1,2,3;  &-u(i\  2,  3;  a 

irux(77,  k,  k')=  U(r),  k,  k';   l)-U(r),  k,  k'-    lx),   =  U(l,  2X,  3X;  77)  -  J7(lx,  2,  3;   77); 
viz.  we  have  thus  two  expressions  for  each  term  of  the  equation  (C), 

Tux(Z,f,f)  +  TllX(r,,  k,   &')  =  <>. 
In  particular,  we  have  Theorem  (D) 

,  2,  3;   £)-tf(lx,  2,  3;   f)  =  -ET(l,  2X,  3X  ;   v)+U(I*,  2X,  3X;  77).     (D) 


Again,  we   have    T^(l,   2,   3)  +  T^(lx,    2X,   3X)  =  0;    where    1,   2,   3,   lx,   2X,   3X   are 
comajors  in  regard  to  £,  77  :   and 


l  ,  2  ,  3  )=ff(l,  2,  3  ;  f)-Z7(l,  2,  3  ;  77), 
lx,  2X,  3X)=  C7(lx,  2X,  3X,  D-  £7(lx,  2X,  3X,  77); 

whence  Theorem  (E), 

17(1,  2,  3;   &-U(l,  2,  3;   77)=-[7(lx)  2X,  3X  ;   £)+tf(lx,  2X,  3X,  77).     (E) 


The  Function   V.     Art.  Nos.  180  to  182. 

180.     It  is  convenient  to  consider  U  as  a  logarithm,  say 
-U(l,  2,  3;    £)  =  logF(l,  2,  3;   £),    or    F(l,  2,  3;   f)=exp.-lT(l,  2,  3; 
F,  like   t/,  is  a  function  of  the  (p  +  1  =)  4  points  1,  2,  3,  £,  on  the  quartic. 
The  equation  (D)  thus  becomes 

F(l  ,  2  .  3  ;    f)      F(lx,  2  ,  3   ;   g) 
F(lx,  2X,  3X;   77)      F(l  ,  2X,  3X;   77)' 
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where    1,  2,  3,  lx,  2X,  3X    are    comajors    in    regard    to    £,  77 :    the    equation    shows  that,   in 

Y(\    2    3  •   £) 

the   function    „     x'     '      '          ,   we   can   without   alteration    of  the   value   interchange   a 
r  (1  ,  z  ,  o  j   77) 

pair  of  points  1,  lx  out  of  the  system  of  comajor  points;  and  it  of  course  follows 
that  we  can  in  any  manner  whatever  interchange  these  points,  so  as  to  have  any 
three  of  them  in  the  numerator-function  and  the  remaining  three  in  the  denominator- 
function.  In  particular,  we  have 

,  2,  3;   £)        F(lx,  2X,  3X ;   £) 


7(lx,  2X,  3X;   77)        7(1,  2,  3;   77)    ' 
The  equation  (E)  becomes 

7(1,  2,  3;   £)7(lx,  2X,  3X  ;   r,) 


7(1,  2,  3;  17)      V(l*,  2X,  3X;    £)' 
and  multiplying  we  find 

7«(1,  2,  3;    £)=72(lx,  2X,  3X  ;   77), 


that  is,  7(1,  2,  3;   £)=±  ^(lx>  2X,  3X  ;  77),  the   sign   being   determinately  +  or   determ- 
inately  —  ,  according  to  the  precise  definition  of  the  function   7. 

181.  Considering  77  and  also  lx,  2X,  3X  as  fixed  points  on  the  curve  ;  but  £  as 
a  variable  point  (that  is,  the  parametric  line  £77  as  rotating  about  the  fixed  point  77), 
the  points  1,  2,  3  are  then  determined  as  the  remaining  intersections  with  the  quartic  of 
the  conic  which  passes  through  the  points  lx,  2X,  3X  and  through  the  points  £',  77',  which 
are  the  residues  of  £,  77.  And  by  the  theorem  just  obtained  it  appears  that,  £,  1,  2,  3 
thus  varying,  the  function  7(1,  2,  3  ;  £)  remains  constant.  This  comes  to  saying  that 
7,  considered  as  a  function  of  the  points  1,  2,  3,  £,  satisfies  a  certain  linear  partial 
differential  equation  of  the  first  order,  having  a  solution  V=F(u,  v,  w),  an  arbitrary 
function  of  u,  v,  w,  determinate  functions  of  the  points  1,  2,  3,  £.  And  if  we  can 
find  u,  v,  w  functions  of  these  points  such  that  they  each  of  them  remain  constant 
when  the  points  1,  2,  3,  £  vary  as  above,  then  the  arbitrary  function  of  u,  v,  w  will 
remain  constant  for  the  variation  in  question  and  will  thus  be  a  value  of  the  function  7 

382.     It  is  easily  seen  that  such  functions  are 

f  f1   f2   r3   f{\ 

?/,  v,  w  =  (  \   +  I   +      —  I    J  x  dot,  y  day,  z  day, 

\  J  J  J  J       / 

the   inferior   limits   being   given   points   which    are   regarded   as   absolute  constants.     For 
by  the  pure  theorem,  we  have 

2  (x,  y,  z)1  da)  =  0, 

where   (x,  y,  z)1   is   an   arbitrary   linear   function,  and    where   the   summation   extends   to 
all  the  intersections  of  the  quartic  with  any  given  curve.     Writing 

p  =  I  x  da),    I  y  dot   or    I  z  da),   that   is,  pl  =  I   x  dw,    I  y  da)   or    I  z  da), 

the    inferior    limits    being    any    absolutely    fixed    point     on    the    curve,    and    similarly 
p.2,  &c.  ;   the  integral  form   of  the  theorem  is  2p  =  constant.     And  applying  the  theorem 
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successively   to    the    parametric    line,   and    to    the    conic   which    determines    the    points 
1,  2,  3,  we  liave 

Pt  +  p,+^r+2V=const-> 

*  =  const' 


P? 

Taking  the  difference  of  these  equations,  we  have 

PI  +  p-2  +  p3  -pt+  Pi*  +  Pz*  +  P**  -Pi  =  const-> 
viz.  the  points  77,  lx,  2X,  3X  being  fixed  points,  this  is 

Pi  +  P-2  +P3~pi~  const., 

that  is,    the   functions   u,  v,  w   defined   as   above   are  each    of  them    constant   under  the 
variation   in   question. 

The  Function  @.     Art.  Nos.  183  and  184. 

183.     The   function    F(l,  2,  3;  f)   of  the   (p  +  1  =)    4   points    1,  2,  3,  £   is    thus   a 
function  of  the  (p=)  3  arguments 


u 

\ 


a i    r2    r3    r^\ 
+  1  +  I   -  I    J  as  dw,  y  da,  z  do>. 


Disregarding   a   constant   and   exponential    factor,  we  say    that   it   is   a   theta-function    ot 
these  arguments,  and  we  write  the  result  provisionally  in  the  form 

F(l,  2,  3;  £)  =  ©(«,  v,  w), 

the     more    precise    definition    of    the    theta-function    being    reserved    for    further    con 
sideration. 

184.     It   appears   by   what   precedes   that   a   sum    of    (p  =)  3    integrals 


otherwise  called  Tv  (^  &'  °  )  ,  is  in  the  first  place  expressed  (see  No.  171)  as  a  difference, 

\d,  e,J] 

=  ^Tl,(a,  b,  c)-$Tlz(d,  e,  /),  of  two  functions  T.  Each  of  these  is  by  Theorem  (A) 
(No.  176)  expressed  as  a  difference  of  two  functions  U,  that  is,  as  the  difference  of 
the  logarithms,  or  logarithm  of  the  quotient,  of  two  functions  V:  such  function  V  is 
according  to  its  original  definition  a  function  of  (p  +  1  =)  4  points,  but  in  such  wise 
that  the  function  is  expressible  as  a  function  of  (p  =)  3  arguments,  and  so  expressed 
it  is  a  ©-function  of  these  arguments:  and  the  final  result  thus  is  that  the  sum  of 

(p=)  3  integrals  [(J  6>  ^  dII12   is   equal   to   the    logarithm   of  a   fraction,    whereof  the 

}  \d,  e,  j  / 
numerator  and  the  denominator  are  each  of  them  a  product  of  two  0-functions. 


826]  217 


826. 

NOTE    ON    A    PARTITION-SERIES. 

[From  the  American  Journal  of  Mathematics,  vol.  vi.  (1884),  pp.  63,  64.] 

PROF.  SYLVESTER,  in  his  paper,  "A  Constructive  theory  of  Partitions,  &c.,"  American 
Journal  of  Mathematics,  vol.  v.  (1883),  p.  282,  has  given  the  following  very  beautiful 
formula 

(1  +  ax)  (I  +  cue2)  (1  +  ax3)  .  .  .  =  1  +  -  -  (1  +  ax-)  xa  +  -  --  -  -  2  (I  +  ax)  (1  +  ax4)  xsa2 

-L  ~~  CO  J.  ~~  OG  .  J.  ^™  \Xj 


or,  as  this  may  be  written, 

ft  =  1  +  P  +  Q  (1  +  ax)  +  R  (1  +  ax)  (1  +  ax2)  +  S  (1  +  ax)  (1  +  ax2)  (1  +  ax3)  +  .  .  . 


where 


-p  _  (1  +  ax-)  xa       _  _  (1  +  ax4)  x5a2       „     (1  +  ax6)  xl2a3       0     (1  +  aa?)  x22a4 

~^         '     y=      ~172-  1.2.3       '    >Sf:       1.2.3.4     '  &c" 

the  heavy  figures  1,  2,  3,  4,  ...  of  the  denominators  being,  for  shortness,  written  to 
denote  \-x,  l-x2,  1  -  x3,  I  -  x4,  ...  respectively.  The  ^-exponents  1,  5,  12,  22,...  are 
the  pentagonal  numbers  %(3n2  —  n). 

To  prove  this,  writing 
p,  _ax2      n,_ax*     a2x7  ax4     aV       a3«ls         „,    ax5     a2x11      asx1B  a4x™ 

=      '    g==      +      '        =      +       +  '    ^•     +       +         +*6 


where  the  ^-exponents  are 

2;   3,  3  +  4;   4,  4  +  5,  4  +  5  +  6;   5,  5  +  6,  5  +  6  +  7,   5  +  6  +  7  +  8;   &c., 
c.  xii.  28 
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we  find  without  difficulty  (see  infra)  that 


1  +  Q'  +  R  =  (1  +  aa?)  (1  +  R), 

1  +  R'  +  S  =  (l  +  ax*)(I  +  S'),  &c.  ; 

and  hence,  using  II  to  denote  the  sum 

O  =  1  +  P  +  Q  (1  +  ax)  +  R  (1+  ax)  (1  +  ax2)  +  S  (1  +  ass)  (I  +  ax2)  (1  +  ax3)  +  .  .  .  , 
we  obtain  successively 

n  -  (1  +  ax)  =  1  +  P'  +  Q  +12  (1  +  ax2)  +S(1  +  ax2)  (1  +  a^)  +  ..., 


O  -^  (1  +  ax)  (1  +  aa2)  (1  +  a^3)  =  1  +  -R'  +  8+  T(l  +  aa?)  +  ..., 

and  so  on.  In  these  equations,  on  the  right-hand  sides,  the  lowest  exponent  of  x  is 
2,  3,  4,  &c.,  respectively,  so  that  in  the  limit  the  right-hand  side  becomes  =1,  or  the 
final  equation  is  O  =  (l  +cwc)(l  +  a#2)  (1  +  ax?)  »-  ',  viz.  we  have  the  series  represented 
by  H  equal  to  this  infinite  product,  which  is  the  theorem  in  question. 

One  of  the  foregoing  identities  is 

l+R'  +  S=(l 
viz.  substituting  for  R',  8,  Sf  their  values,  this  is 


11         3ls 


viz.  this  equation  is 

ax*  -  ax5  (1  +  ax4)     tfa?  -  aW1  (1  + 
'  --- 


(1  +  a^g8)  a^x22  -  a4  a;26  (1  +  ax*) 
1.2,3  1.2.3.4 

that  is, 

•I  Mrf  ^^  a2a;9  a3a;15  a3^15  _        ^^  a4iC22 

'~i       i      172  +  172  ~lT^T3  +  17273' 

In  the  same  way  each  of  the  other  identities  is  proved. 
Writing  a=  —  1,  we  have  H,  =1.2.3.4...., 


where 
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and  therefore 

1.2.3.4...  =  l-(l+*)«  +  (l+a;2)«5-(l+«3)«12+..., 
which  is  Euler's  theorem. 

It  might  appear  that  the  identities  used  in  the  proof  would  also,  for  this  particular 
value  a  =  —  1,  lead  to  interesting  theorems ;  but  this  is  found  not  to  be  the  case : 
we  have 

p,  _  —  #2       j-.,  _  —  a?       as7         p,  _  —  a?       si?  a? 

but  the  expressions  in  terms  of  these  quantities  for  the  products  2.3.4...,  3.4...,  &c., 
contain  denominator  factors,  and  are  thus  altogether  without  interest;  we  have,  for 
example, 


which  is,  with  scarcely  a  change  of  form,  the  expression  obtained  from  that  of  the 
original  product  1.2.3.4...,  by  division  by  1,  =  1  -  x.  And  similarly  as  regards  the 
products  3.4...,  &c. 


Cambridge,  June,  1883. 
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827. 

ON    THE    NON-EUCLIDIAN    PLANE    GEOMETRY. 


[From  the  Proceedings  of  the  Royal  Society  of  London,  vol.  xxxvu.  (1884),  pp.  82 — 102. 

Received  May  27,  1884.] 

1.  I  CONSIDER  the  hyperbolic  or  Lobatschewskian  geometry :  this  is  a  geometry  such 
as   that   of  the   imaginary  spherical    surface  #2  +  yz  +  z°  =  —  1 ;   and  the  imaginary  surface 
may   be   bent    (without    extension    or    contraction)   into    the    real    surface    considered    by 
Beltrami,   which   I   will   call    the    Pseudosphere,   viz.   this   is    the    surface    of    revolution 
denned    by    the    equations    x  =  log  cot  \Q  —  cos  6,   V^2  +  z*  =  sin  6.      We    have    on    the 
imaginary    spherical    surface    imaginary    points    corresponding    to    real    points    of    the 
pseudosphere,   and    imaginary   lines    (arcs    of    great    circle)    corresponding    to    real    lines 
(geodesies)   of  the   pseudosphere,  and,  moreover,  any   two  such  imaginary  points   or  lines 
of    the   imaginary   spherical   surface    have   a   real    distance    or    inclination    equal    to    the 
corresponding   distance   or   inclination  on   the   pseudosphere.     Thus   the   geometry   of  the 
pseudosphere,   using   the   expression   straight   line   to   denote   a   geodesic    of    the   surface, 
is   the   Lobatschewskian  geometry  ;   or  rather  I  would   say  this  in  regard  to  the  metrical 
geometry,   or   trigonometry,   of  the   surface ;    for   in   regard   to   the   descriptive   geometry, 
the  statement  requires  (as  will  presently  appear)  some  qualification. 

2.  I   would   remark  that  this  realisation  of  the  Lobatschewskian  geometry  sustains 
the   opinion   that   Euclid's   twelfth   axiom   is   undemonstrable.     We  may  imagine  rational 
beings    living   in  a   two-dimensional   space  and   conceiving   of  space   accordingly,  that   is, 
having   no   conception  of  a   third   dimension   of  space ;   this   two-dimensional   space   need 
not   however  be   a   plane,  and   taking   it  to  be  the  pseudospherical  surface,  the  geometry 
to   which   their    experience    would   lead   them    would   be    the    geometry   of    this    surface, 
that   is,  the  Lobatschewskian   geometry.     With  regard  to  our  own  two-dimensional  space, 
the   plane,  I   have,  in   my  Presidential   Address   (B.A.,  Southport,  1883),  [784],  expressed 
the   opinion   that   Euclid's   twelfth   axiom  in   Playfair's  form  of  it  does  not  need  demon 
stration,   but   is   part   of  our  notion   of  space,  of  the   physical   space   of  our   experience; 
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the   space,   that   is,  which   we   become   acquainted   with   by  experience,  but  which  is  the 
representation  lying  at  the  foundation  of  all  physical  experience. 

3.  I    propose    in    the    present    paper    to    develope    further    the    geometry    of   the 
pseudosphere.     In    regard    to    the    name,    and    the    subject    generally,    I    refer    to    two 
memoirs  by   Beltrami,  "  Teoria    fondamentale   degli   spazii  di  curvatura  costante,"  Annali 
di  Matem.,  t.  II.  (1868 — 69),  pp.  232 — 255,  and  "  Saggio  di  interpretazione  della  geometria 
non-Euclidea,"  Battaglini,  Giorn.  di  Matem.,  t.  vi.  (1868),  pp.  284 — 312,  both  translated, 
Ann.  de   I'lZcole  Normale,   t.    vi.  (1869) ;   in   the  last   of  these,    he   speaks  of  surfaces   of 
constant   negative   curvature   as  "  pseudospherical,"  and  in  a  later  paper,  "  Sulla  superficie 
di  rofcazione  che  serve  di  tipo  alle  superficie  pseudosferiche,"  Battaglini,  Giorn.  di  Matem., 
t.  X.  (1872),  pp.  147 — 160,  he   treats  of  the  particular  surface  which    I   have   called  the 
pseudosphere.      The    surface   is   mentioned,   Note   IV.   of    Liouville's    edition    of    Monge's 
Application   de    VAnalyse    a    la    Geometrie   (1850),   and    the    generating    curve    is    there 
spoken  of  as  "  bien  connue  des  geometres." 

4.  In   ordinary  plane    geometry,   take  (fig.    1)   a   line   Bx,   and    on    it   a   point   B ; 
from    B,   in    any   direction,   draw   the    line    BA ;    take    upon    it    a    point    A,   and    from 


Fig.  1. 


A 


this  point,  at  right  angles  to  Bx,  draw  Ay,  cutting  it  at  C.  We  have  thus  a  triangle 
ACB,  right-angled  at  (7;  and  we  may  denote  the  other  angles,  and  the  lengths  of  the 
sides,  by  A,  B,  c,  a,  b,  respectively.  In  the  construction  of  the  figure,  the  length  c  and 
the  angle  B  are  arbitrary. 

The  plane  is  a  surface  which  is  homogeneous,  isotropic,  and  palintropic,  that  is, 
whatever  be  the  position  of  B,  the  direction  of  Bx,  and  the  sense  in  which  the  angle 
B  is  measured,  we  have  the  same  expressions  for  a,  b  as  functions  of  c,  B ;  these 
expressions,  of  course,  are 

a  =  c  cos  B,     b  =  c  sin  B. 

But  considering  Ay  as  the  initial  line  and  AB,  =c,  as  a  line  drawn  from  A  at  an 
inclination  thereto  =A,  we  have  in  like  manner 

b  =  ccosA,     a  =  csin^., 

and  consequently  cos  A  =  sin  B,  sin  A  =  cos  B ;  whence  sin  (A  +  B)  =  1,  cos  ( A  +  5)  =  0,  and 
thence  J.  +  5=a  right  angle,  or  A+B  +  C=tvro  right  angles. 
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Hence  also  in  any  triangle  ABC,  drawing  a  perpendicular,  say  AD,  from  A  to  the 
side  BG,  and  so  dividing  the  triangle  into  two  right-angled  triangles,  we  prove  that 
the  sum  A  +  B  +  C  of  the  angles  is  =  two  right  angles,  and  we  further  establish  the 
relations 

a=  bcosC  +  ccosB,     b  =  c  cos  A  +  a  cos  C,     c  =  acos  B  +  b  cos  A, 

which  are  the  fundamental  formulae  of  plane  trigonometry ;  that  is,  we  derive  the 
metrical  geometry  or  trigonometry  of  the  plane  from  the  two  original  equations 
a  =  c  cos  B,  b  =  c  sin  B. 

5.  Supposing   the    plane  bent  in  any  manner,  that   is,  converted  into  a  developable 
surface   or  torse,  and   using   the    term   straight   line   to  denote  a  geodesic  of   the  surface, 
then   the   straight   line   of  the   surface   is   in    fact   the   form   assumed,   in   consequence   of 
the  bending,  by  a   straight   line   of  the   plane.     The   sides   and   angles  of  the  rectilinear 
triangle  ABG  on   the   surface   are  equal  to  those  of  the  rectilinear  triangle  ABO  on  the 
plane,  and   the   metrical   relations  hold   good  without  variation.     But  it  is  not  simpliciter 
true   that   the   descriptive  properties   of  the   torse  are  identical  with  those  of  the  plane. 
This   will   be   the   case   if  the   points   of   the   plane   and   torse   have  with    each    other   a 
(1,  1)   correspondence,   but   not   otherwise.     For   instance,    consider   a    plane    curve    (such 
as   the   parabola   or   one   branch    of    the   hyperbola)   extending    from   infinity   to    infinity, 
and  let   the   torse   be   the  cylinder   having  this  curve   for  a  plane  section;   then  to  each 
point   of  the  plane  there  corresponds   a  single  point  of  the  cylinder  ;   and  conversely  to 
each    point   of    the    cylinder   there   corresponds   a    single   point   of    the  plane ;    and   the 
descriptive  geometries  are   identical.     In  particular,  two   straight  lines  (geodesies)  on  the 
cylinder   cannot   inclose   a   space ;   and    Euclid's   twelfth   axiom    holds   good   in   regard   to 
the  straight   lines   (geodesies)  of  the  cylinder.     But  take  the  plane  curve  to  be  a  closed 
curve,    or   (to   fix   the   ideas)   a   circle ;    the   infinite    plane  is   bent   into   a   cylinder   con 
sidered   as   composed   of  an    infinity  of  convolutions ;   to    each    point    of  the   plane   there 
corresponds   a  single  point  of  the  cylinder,  but  to  each  point  of  the  cylinder  an  infinity 
of  points   of    the   plane ;    and   the   descriptive    properties   are   in   this   case    altered ;    the 
straight   lines  (geodesies)   of  the   cylinder   are   helices ;    and   we   can   through   two   given 
points    of    the    cylinder    draw,   not    only   one,   but    an    infinity   of    helices;    any   two    of 
these  will   inclose   a   space.     And   even  if  instead  of  the  geodesies  we  consider  only  the 
shortest  lines,  or   helices   of  greatest  inclination ;   yet  even   here  for   a  pair  of  points  on 
opposite    generating   lines   of    the   cylinder,    there   are    two   helices    of  equal    inclination, 
that  is,  two  shortest   lines   inclosing  a  space.     We  have,  in  what  precedes,  an  illustration 
in   regard   to   the   descriptive   geometry  of  the   pseudosphere  ;   this  is  not   identical  with 
the   Lobatschewskian   geometry,   but    corresponds    to    it    in    a    manner    such    as    that    in 
which   the   geometry  of  the   surface  of  the   circular   cylinder  corresponds   to  that  of  the 
plane. 

6.  The   surface   of  the  sphere  is,  like   the  plane,  homogeneous,  isotropic.  and  palin- 
tropic.     We    may   on    the   spherical   surface   construct,   as   above,  a   right-angled    triangle 
ABC,   wherein    the   side   c   and  the   angle   B    are   arbitrary;    and   (corresponding   to    the 
before-mentioned  formulae  for  the  plane)  we  then  have 

tan  a  =  tan  c  cos  B,      sin  b  =  sin  c  sin  B, 
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whence  also 

tan  b  =  tan  c  cos  A,     sin  a  =  sin  c  sin  A. 
We  deduce  from  these 

tan2  a     sin2  6 

tan2  c     sin2  c 
leading  to  cos2  c  =  cos2  a  cos2  6  ;   and  then 

sin  b  D     sin  a  A 

=  cos  c  tan  5,     - — ,-  =  cos  c  tan  A , 
tana  tan  6 

giving 

cos  a  cos  6  =  cos2  c  tan  J.  tan  B  ; 
thar,  is, 

tan  A  tan  5= ,  ,  which  is  >  1. 

cos  a  cos  6 

Hence  A+B>a  right  angle,  or  in  the  right-angled  triangle  ACB,  the  sum  A+B  +  C 
of  the  angles  is  >  two  right  angles.  Whence  also  in  any  triangle  ABC  whatever, 
dividing  it  into  two  right-angled  triangles  by  means  of  a  perpendicular  let  fall  from 
an  angle  on  the  opposite  side,  we  have  the  sum  A  +  B  +  C  of  the  angles  >  two  right 
angles.  And  we  obtain,  moreover, 

a  =  tan"1  (tan  c  cos  B  )  +  tan"1  (tan  b  cos  C  ), 
b  =  tan"1  (tan  a  cos  C )  +  tan"1  (tan  c  cos  A ), 
c  =  tan"1  (tan  b  cos  A)  +  tan"1  (tan  a  cos  B ), 

which  lead  to  all  the  formulae  of  spherical  trigonometry. 

7.  Suppose  the  radius  of  the  sphere  to  be  1/X:  then  a,  b,  c  being  the  lengths 
of  the  sides,  the  lengths  in  spherical  measure  are  Xa,  \b,  Xc;  and  we  must  in  the 
formulae  instead  of  a,  b,  c  write  Xa,  X6,  Xc  respectively.  In  particular,  for  the  imaginary 
sphere  a?  +  y2  +  z*  =  —  I,  we  have  X  =  i,  and  we  must  instead  of  a,  b,  c  write  ai,  bi,  ci 
respectively.  The  fundamental  formulae  for  the  right-angled  triangle  thus  become 

tanh  a  =  tanh  c  cos  B,     sinh  b  =  sinh  c  sin  B, 

and  these  lead  to  all  the  trigonometrical  formulae,  viz.  any  one  of  these  is  deduced 
from  the  corresponding  formula  of  spherical  trigonometry  by  writing  therein  ai,  bi,  ci 
for  a,  b,  c  respectively;  or,  what  is  the  same  thing,  by  changing  the  circular  functions 
of  the  sides  into  the  corresponding  hyperbolic  functions. 

In  particular,  for  the  right-angled  triangle  ACB,  we  have 

1 


tan  A  tan  B  = 


cosh  a  cosh  6 ' 


which  for  a  and  b  real  is  <  1,  that  is,  A+B<&  right  angle,  or  A  +  B  +  C  <  two 
right  angles,  and  thence  also  in  any  triangle  whatever  A  +  B  +  C  <  two  right  angles. 
But  the  points  A,  B,  C  of  any  such  triangle  ABC  on  the  imaginary  sphere,  and  the 
lines  BC,  CA,  AB  which  connect  them,  are  imaginary :  the  meaning  of  the  proof  will 
better  appear  on  passing  to  the  pseudosphere. 
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8.  We    have   to  consider  the  imaginary  spherical  surface  as  bent  into  a  real  surface. 
This   is,  of  course,  an   imaginary  process,  as   any  process   must   be    which   gives   a   trans 
formation   of  imaginary  points   and   lines  into   real   points   and   lines ;   but   the   notion  is 
not    more   difficult   than   that   of    the   transformation   of    imaginary   similarity,   consisting 
in   the   substitution   of  ix,  iy,  iz   for  x,  y,  z  respectively.     We  thus   pass  from  imaginary 
points    of    the    imaginary    sphere    a2  +  y2  +  z1-  =  —  1    to    real    points    of    the    real    sphere 
a?  + y2  +  z2  =  1 ;    or,    again,    from    imaginary    points    of    either    of    the    real    hyperboloids 
x2  +  y2  —  z2  =  —l,    x2  +  y2  —  z2  =  l,   to   real    points    of    the    other    of    the    same    two    real 
hyperboloids. 

9.  I  consider  the  formulae  for  the  flexure  of  the  imaginary  sphere  X2  +  Y'2  +  Z2  =  —  1, 
into   the   pseudosphere   x  =  log  cot  \  9  —  cos  6,   Vt/2  +  z2  =  sin  6  :    it   would   be   allowable   to 
dispense   with   Beltrami's   subsidiary  variables   u,  v,  but   I   prefer   to   collect   here  all  the 
formulae.     We  have 

Y  ~i  V  U 

JL  =  = ,     I  =    , -  , 


Vl   -  U2  -  1?  ' 

values  which  give  X2  +  Y2  +  Z2  =  —  l.  And  observe  that,  taking  u,  v  to  be  real 
magnitudes  such  that  u2  +  v2  <  1,  we  have  X  a  pure  imaginary,  but  F  and  Z  each 
of  them  real.  We  consider  on  the  imaginary  sphere  points  having  such  coordinates 
X,  Y,  Z\  any  such  point  corresponds  as  will  immediately  appear  to  a  real  point  on 
the  pseudosphere,  and  (the  distances  and  angles  being  the  same  for  the  pseudosphere 
as  for  the  original  imaginary  spherical  surface)  it  hence  appears  that  (notwithstanding 
that  the  points  on  the  imaginary  spherical  surface,  and  the  lines  joining  such  points, 
are  imaginary)  the  distances  and  angles  on  the  imaginary  spherical  surface  are  real.  Also 

l-u  ,          v 

sm  6  =    .  -  ,     d>  =  ::  -  -  , 

Vl-  1*2-1,2  l-u 

and  thence 

iX  -  Y  =  sin  6,    iX+Y=  sin  6  (<f>2  +  cosec2  0),     Z  =  sin  0  .  </>. 
Further 

_  </>2  -  1  +  cosec2  6        _  2<fr 

~  <£2  +  1  +  cosec2  6  '       ~  </>2  +  1  +  cosec2  6  ' 

x  =  log  cot  ^  6  +  cos  0,     y  =  sin  6  cos  <£,     z  =  sin  6  sin  <£. 

10.     We     have     dX2  +  dY2  +  dZ2     and     da?  +  dy2  +  dz>    each    =  cot2  0  dfr  +  sin2 
Writing  P,  Q  =  iX  —  F,  iX  +  Y  respectively,  we  in  fact  have 


dX2  +  dY*  +  dZ2  =  -  dP  dQ  +  dZ2, 
where  P,  Q,  Z=sm8,  <£2  sin  6  +  cosec  6,  </>sin#  respectively;    and  thence 

dZ  =  sin  0  d(f>  +  <f>  cos  6dO, 
dP  =  cos  6de, 

dQ  =  2  sin  0<f>  d<f)  +  (<£2  cos  6  -  cosec  6  cot  6}  dd, 
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giving  the  formula 

dX*  +  d  Y-  +  dZ*  =  cot2  6  d6°  +  sin2  0  d02  ; 
and  then  also 


dy-  +  dz-  =  dx*  +  (d  sin  0)2  +  sin2  d  d(f>- 

=  (cos2  6  cot2  6  +  cos2  0)  d&-  +  sin2  0cZ02  =  cot2  0d02  +  sin2  0cZ02. 

Joining  to  these  the  differential  expression  in  u,  v,  we  have 


, 

(1  —  «2  —  -v2)2 

=  cot*  0(10*+  sin?  6  dp, 
=  dx2  -f  cfo/2  +  dzn; 

where    the    final    equation    dX2  +  d  Y-  +  dZ*  =  dx*  +  df  +  dz*    shows    that    the    imaginary 
sphere  X  2  +  F2  +  Zz  =  —  1  can  be  bent  into  the  pseudosphere. 

Observe  that  to  given  values  of  d,  (f)  there  corresponds  a  single  point  on  the 
pseudosphere,  but  not  conversely  ;  for  if  6,  (f)  be  values  corresponding  to  a  given  point, 
then  corresponding  to  the  same  point  we  have  0,  0  +  mr,  where  n  is  an  arbitrary 
integer. 

11.  The  geodesies  of  the  imaginary  spherical  surface  are,  of  course,  its  plane 
sections,  any  such  section  being  determined  by  a  linear  equation  aX  +  @Y  +  yZ=Q 
between  the  coordinates  X,  Y,  Z.  Since  for  a  point  corresponding  to  a  real  point  of 
the  pseudosphere,  X  is  a  pure  imaginary  while  Y  and  Z  are  real,  we  see  that  for  a 
geodesic  corresponding  to  a  real  geodesic  of  the  pseudosphere  we  must  have  a  a  pure 
imaginary,  /3  and  7  real  ;  and,  in  fact,  writing  as  above,  P  =  i  X  —  Y,  Q  =  iX  +  Y,  and 
therefore  conversely  X  =  $i  (-  P  -  Q),  Y=\(-P+  Q),  the  equation  aX  +  /3  F  +  jZ  =  0 
becomes  (-  ^ia.  —  £/3)  P  +  (—  %ia  4-  £/3)  Q  +  yZ=  0,  which  will  then  be  of  the  form 
AP  +  BQ  +  CZ=Q,  with  real  coefficients  A,  B,  C:  viz.  we  have 

P,  Q,  Z  =  sin6,     sin  6  (<£2  +  cosec2  0),     sin  0.0; 

and  the  equation  thus  is 

cosec2  0)  +  00  =  0, 


which    is    the    equation    for    a    geodesic    (or    straight    line)    on    the    pseudosphere.     The 
equation  A  +  C<j>  =  0,  that  is,  </>  =  const.,  is  obviously  that  of  a  meridian. 

12.     If  the  geodesic  pass  through  a  given  point  01(  $1(  we  have,  of  course, 

A  +  B  (0i2  +  cosec2  0,)  +  (70J  =  0, 
and  hence  also  the  equation  of  a  geodesic  through  the  two  points  (01;  ^>l},  (02,  02)  is 


1 ,     </>2  +  cosec2  0  , 


,     0i2  +  cosec2  0j,     0 

,     022  +  cosec2  02,     0 
C.    XII.  29 


=  0. 
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We  may  for  <f>l,  <f>.2  write  01  +  2w17r,  </>2+2w27r  respectively,  n1}  n,,  being  arbitrary  integers; 
and  it  would  thus  at  first  sight  appear  that  there  could  be  drawn  through  the  two 
points  a  doubly  infinite  series  of  geodesies.  There  is,  in  fact,  a  singly  infinite  system 
of  geodesies:  to  show  how  this  is,  write  for  shortness  A,  Aj,  A2,  a,  a1}  0%  for  cosec2 6, 
cosec2 01}  cosec2  #2,  2mr,  In^ir,  2w27r  respectively;  then  the  equation  of  the  geodesic 
through  the  two  points  may  be  written 

1,     (0  +a)2  +  A  ,     <f>  +a     =0, 


where  the  constant  a  =  2n?r  may  be  disposed  of  so  as  to  simplify  the  formula  as 
much  as  may  be :  it  is  what  I  have  called  an  apoclastic  constant.  Taking  /3  an 
arbitrary  value,  this  may  be  transformed  into 


I, 


+  «! 


Alf 

As, 


=  0, 


and  then  assuming  «=«i,  ^  =  —  al,  this  becomes 

1,      </>2  +  A 

1,        0j2  +  Aj  , 

which  is  what  the  equation 


=  0, 


1, 


A,, 


=  0, 


becomes  on  changing  only  <£2  into  $2+«2—  «1}  that  is,  <£2  +  2&27r,  where  A:2  is  an  arbitrary 

integer.     We    have    thus    through    the    two    points   a  singly   infinite   series   of    geodesic 

lines  ;    in   general,   only   one    of    these    is    a    shortest  line,   but    for    points   on    opposite 
meridians  there  are  two  equal  shortest  lines. 

13.  For  the  distance  between  two  points  (01}  00  and  (02,  <£2)  on  the  pseudosphere, 
taking  (Xlf  Ylt  Zj  and  (Za>  F2,  Zz)  for  the  corresponding  points  on  the  imaginary 
sphere,  and  writing  as  above  Plt  Ql  =  iX1—YL,  iXl-Jt-Yl;  P2,  Q^  =  iX2—  F2,  iX2  +  F2,  we 
have 

cosh  B  =  —  X^XZ  —  Yl  Yz  —  Z1Z2, 


cosec2  ^)  +  2  (^2  +  cosec2 
^  (sin  02  —  sin  Q-^f 


=  sn    1  sn   2 


=     sn      sn    .2     2  — 


4- 


sin  #!  sin  C72 
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Observe    here   that,    writing   0.2,  <f>2  =  B1  +  d61,  fa  +  dfa,  and  therefore  8  small  so  that 
cosh  8  =  1  +  £82,  we  obtain 

S2  =  sin2  tfjd^i2  +  cot2  d^ddf, 

agreeing   with   the  expression  for   da?  +  dy*  +  dz".     If  in   the  form  first  obtained  we  write 
Aj  =  cosec2  #j,  A2  =  cosec2  0.2,  we  find 

cosh  8  =    .J—  {<k2  +  A!  +  </>.,2  +  A2  -  2</>1</>2}, 

VA^ 

which  is  a  convenient  form. 

In  like  manner,  to  find  the  mutual  inclination  of  the  two  geodesies 

A1  +  Bl  ($2  +  cosec2  0)  +  <?!<£  =  0, 
Aa  +  #2  (<£2  +  cosec2  0)  +  (72<£  =  0, 
these  correspond  to  the  plane  sections 

A,P  +  B,Q  +  C,Z  =  0,     A.,P  +  £2Q  +  C,Z  =  0, 
that  is, 

(A,  +  BJ  iX  +  (-A,+  B,)  Y+  C,Z  =  0,    (A2  +  B,)  iX  +  (-A2  +  B2)  Y+  C,Z=  0, 
of  the  imaginary  sphere  :   and  we  thence  find 

cosn_      C1C,_ 


14.     Suppose   that   the   two   geodesies   meet   in    the  point   00,   $0:    then   writing   for 
shortness  cosec2  6  =  A,  and  therefore  cosec2  00  =  A0,  we  have 


A2  +  B2  (</>02  +  Ac)  +  (72</>0  =  0. 
Suppose  that  the  meridian  through  this  point  is 


then   J53  =  0,  A3+C3<j>n=0.     Take    fllt  na,   for   the   inclinations   to   this   meridian   of  the 
two  geodesies  respectively;    then 

cosfl  =     gifi-2^.^ 

\/(7,2  -  ^A,B\  .  Cs     V 
whence 


and  similarly 

CL+2 


COS  f},  =  - 

29—2 
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whence 

.                  252  VA~O 
sin  ft.,  =  —.  . 


We  thence  obtain 

-       „  x     C71C,  +  2^,(^1C'.  +  ^8C1)  +  Ifrfl,  («ft02  +  A.) 

COS  I  li<i    ^    iio  )   —  _  .  _rr=i.i—  ,  .  .  ,        .  ~ 

VC'12-4^11j51VC'22-4^252 
which  is 


. 

^-r-  =  COS  11, 


V<7,2  -  44 !  A  V<722  -  4<A,B2 
as  above,  the  equality  of  the  two  numerators  depending  on  the  identity 

{A1  +  B1(^  +  Ao)  +  CM  B,  +  {A.  +  B,  ($•>  +  A0)  +  &</>„}  B,  =  0. 
In  particular,  if  we  consider  the  two  geodesies 

<£2  +  cosec2  d  -  cosec2  01+C1<f>  =  0,     <£  =  0, 

the  second  of  which  may  be  considered  as  representing  any  meridian  section  of  the 
pseudosphere,  and  the  first  is  an  arbitrary  geodesic  meeting  this  at  the  point  6  =  01} 
<f>  =  0,  then  the  formula  for  the  inclination  is 


V  6V  +  4  cosec2  0! 

Hence  also,  cos  fl  =  0,  or  ft  =  90°,  if  C±  —  0  :  viz.  we  have  </>2  +  cosec2  0  —  cosec2  B1  =  0 
for  the  equation  of  the  geodesic  through  the  point  0=0i,  </>  =  0,  at  right  angles  to 
the  meridian  section  <£  =  0. 

15.  Consider  a  right-angled  triangle  ACB,  where  the  points  A,  C  are  on  the 
meridian  <£  =  0,  and  write  (01}  0  ;  Aj  =  cosec2  0j),  (02,  </>2 ;  A2  =  cosec2  02),  (03>  0;  A3  =  cosec2  03), 
for  the  points  A,  B,  C  respectively.  Then  if  the  equations  are — 

for  the  side  BG,  Al  +  B^  (<£2  +  A)  +  G-$  =  0,  we  have  Gl  =  0, 

Al  +  Bl  (</>22  +  A2)  =  0,  A!  +  5jA3  =  0,  whence  <£22  +  A2  =  A3 ; 

for  the  side  GA,  A2  +  B2  (<f>2  +  A)  +  C2(f>  =  0,  we  have  A2  =  0,  B.2  =  0; 

for  the  side  AB,  A3  +  B3(<f>*+  A)+  (73</>  =  0, 

we  have  43  +  Bs  (022  +  A2)  +  (73<£2  =  0,  43  +  53 A!  =  0. 

Observing  that  fa  =  <j>3  =  0,  we  have 

cosh  a  =  — .          (622  +  A2  +  A3), 
2vA2A3 

1 
cosh  6  =  — .          ( A3  +  Ai)i 

2VA,A3V 

cosh  c  =       . —     (<422  +  A!  +  A2)  ; 
2  v  A,  A9 
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or,  reducing  these  by  the  relation  <£22+A2  =  A3,  they  become 


s  S      2 

cosh  a  =    ._=  ,    whence  smh  a  =  ---  7=  —  ,    tanh  a  =    —  =  —  ; 


Aj  -t-  A3  .    ,    j         A!  —  A3  ,    ,        Aj  —  A3 

=       .          ,     „     smh  6  =  —  .  ----  ,   tanh  b  =  -  , 


,    - 

cosh  b 


j        s  1  +  A3)a-4A1A2  (A1  +  A;i)2-4A1A2 

cosh  c  =      \  „     wnho  —  —  -     .-i-r-        -i   tanhc  =  - 


—     ,  .,  011111    V     / )          VW***J    ^    A  .          A 

2\/A,A2  2\/A:A2  A,  +  A 

We  have,  moreover, 

cos  B  =  —   l   3          — '  =  — —        —  , 

^/d2  —  4>A1B1  v  (732  —  4^13jy3     v—  4^11?!  v  6'32  —  4>A3B3 

which,  writing  As=  -  B3 Aj  and  Al  =  —  B^z,  becomes 


or,  further  reducing  by  means  of 

&  (C?  -  ±A,BZ)  =  5,»  (022  +  Aa  -  AO 
=  £/  {(<£22  +  A2  -  A^ 


this  becomes 

cos  2?=    J  -_ 

VA3V(A1+A3)2-4A1A2' 

whence 


and  with  these  values  we  verify 

tanh  a  =  tanh  c  .  cos  B, 
sinh  6  =  sinh  c  .  sin  B, 

which  are  the  expressions  for  the  sides  BC,  CA,  in  terms  of  the  length  BA,  =  c  and 
angle  B,  which  are  arbitrary.  I  have  not  thought  it  necessary  to  give  the  direct 
verification  of  these  equations  for  a  more  general  position  of  the  right-angled  triangle  : 
we  already  know,  and  it  appears  a  posteriori  by  the  following  number,  that  the 
verification  really  extends  to  any  right-angled  triangle  whatever  on  the  surface. 

16.  The  pseudosphere  is  homogeneous,  isotropic,  and  palintropic,  viz.  this  is  the 
case  when  bending  is  allowed  ;  in  other  words,  the  surface  is  applicable  upon  itself, 
with  three  degrees  of  freedom.  Considering  any  infinitesimal  linear  element  Ax,  the 
point  A  may  be  brought  to  coincide  with  an  arbitrary  point  A'  of  the  surface,  and 
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the  element  Ax  to  lie  in  an  arbitrary  direction  A'x'  through  A;  the  area  about  A  will 
then  coincide  with  the  area  about  A.  The  analytical  theory  is  at  once  derived  from 
that  for  the  sphere,  viz.  we  have  a  rectangular  transformation 

X         Y          Z 


ft" 


where  the  coefficients  are  such  that  identically 


in  fact,  the  coefficients  are  connected  by  six  equations  only,  the  system  thus 
depending  on  three  arbitrary  parameters.  If,  as  before,  we  write  P1}  Ql}  P,  Q,  for 
iXl  —  F1?  iXl+  Fj,  iX  —  Y,  iX  +  Y  respectively,  then  the  relation  is  readily  found  to  be 

P  Q  Z 


\  (a  +  ia  -ifi+  ft') 

i  (a  +  ia  +i/8-  ft') 

iy-y' 

l(a-ia'-ip-p) 

1  (a  -  ia  +i(3  +  /?') 

iy+y 

i(-ia"-j8") 

»<-«•+/•") 

a 
y 

this  being  read  according  to  the  lines  only  P1  =  ^  (a  +  ia!  -  ifB  +  {¥)  P  +  &c.,  not  according 
to  the  columns  :  in  order  that  the  coefficients  may  be  real,  we  must  have  a,  ft',  7',  ft",  y", 
real,  ft,  y,  a!,  a."  pure  imaginaries. 

Writing  the  equations  in  the  form 

P  Q          Z 


A 

E 

C 

A' 

E 

C' 

A" 

E" 

C" 

VIZ. 
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,  =  -  fi  (v  +  1)  P  -  X  (v  -  1)  Q  +  (-  1  +  v2  + 
=  -     0-1)2P,-  \*Q1+ 


it  would  be  possible  to  deduce  the  equations  which  connect  the  new  coefficients  ;  but 
these  are  more  easily  obtained  from  the  consideration  that  we  must  have  identically 
P^j-Zf  —  PQ  —  Z-;  the  equations  are  thus  found  to  be 

A"3  -  AA'  =  0,        B"2  -  BR  =  0,        C"'2  -  CG'  =  1, 
2A"B"-  AB'-A'B  =  -I,        2A"C"  -AC'  -A'C  =  0,        2B"C"  -  BC'  -B'C  =  0. 

17.  The  general  theory  of  the  transformation  of  a  quadric  function  into  itself 
enables  us  to  express  the  coefficients  in  terms  of  three  arbitrary  parameters.  There  is 
no  difficulty  in  working  out  the  formulae,  and  we  finally  obtain 

flP1==-    (v+iyp-  \2Q  +          -2 


and  conversely 


where    H  =  —  1  +  v-  —  X/u  :    it   can    be    at    once    verified    that    each    of   the    two    sets    of 
formulas  does,  in  fact,  give  Pl  Q,  -  Z?  =  PQ  -  Z". 

18.  The  pseudosphere  is  a  surface  of  revolution  having  for  its  meridian  section 
the  curve  x  =  log  cot  \Q  —  cos  6,  y  =  sin  6.  This  is  a  curve  symmetrical  in  regard  to  the 
axis  of  y  ;  and  we  obtain  the  portion  of  it  lying  on  the  positive  side  of  this  axis,  by 
giving  to  6  the  series  of  values  6  =  0  to  6  =  90°  ;  for  6  =  0,  we  have  y  =  0,  x=  oo  ,  or 
the  axis  of  x  is  an  asymptote  ;  for  0  =  90°,  x  =  0,  y  =  l,  the  point  being  a  cusp  of 
the  curve.  The  geometrical  definition  is  that  the  portion  of  the  tangent  included 
between  the  curve  and  the  axis  of  x  has  the  constant  length  =  1  ;  the  inclination  of 

Fig.  2. 


0, 


o,, 


the  tangent  is  in  fact  =  0.     We  have  dx  =  ^ 


?0d0 


=  coa0d0:  and  thence  ds=cot0dB, 


and   the    length   in    question    is   £=—  =  1.      The    curve    may   be   constructed    graphically  : 
take   (fig.  2)   the  distance   BO  =  I,  on    OB,   Bl   very   near   to   B,   and   then   .5,0,  =  1  ;   on 


232 


ON    THE    NON-EUCLIDIAN    PLANE    GEOMETRY. 


[827 


Oi-B1;    B2  very   near   to   Blt   and   then   B202  =  l,   and   so   on;    the   curve   is   shown    on   a 
larger  scale  in  fig.  3,  p.  235. 

But  the  curve  may  also  be  laid  down  numerically;  writing  a  =  ^7r—0,  so  that 
a  is  the  inclination  of  the  tangent  to  the  axis  of  y,  we  have  x  =  logtan(^7r  +  |-a)  —  sin  a, 
y  =  cosa,  where  log  tan  (£TT  +  ^  a),  the  hyperbolic  logarithm  (which  has  been  the  signi 
fication  of  log  throughout),  is  the  function  tabulated  Tab.  IV.,  Legendre's  Traite  des 
Fonctions  Elliptiques,  t.  II.  pp.  256 — 259. 

We  may  hence  obtain  the  values  of  the  coordinates  as  follows: — 


a  =  90°-0 

log  tan  (£*•  +  £  a) 

-  sin  a 

X 

y  =  cos  a 

0 

o-ooooooo 

-  0-0000000 

o-ooooooo 

1-0000000 

10° 

0-1754258 

0-1736482 

0-0017776 

0-9848078 

20° 

0-3563785 

0-3420201 

0-0143584 

0-9396926 

30° 

0-5493061 

0-5000000 

0-0493061 

0-8660254 

40° 

0-7629096 

0-6427876 

0-1201220 

0-7660444 

50° 

1-0106831 

0-7660444 

0-2446387 

0-6427876 

60° 

1-3169578 

0-8660254 

0-4509324 

0-5000000 

70° 

1-7354151 

0-9396926 

0-7957225 

0-3563785 

80° 

2-4362460 

0-9848078 

1-4514382 

0-1754258 

85° 

3-1313013 

0-9961947 

2-1351066 

0-0871557 

86° 

3-3546735 

0-9975641 

2-3571019 

0-0697565 

87° 

3-6425333 

0-9986295 

2-6439038 

0-0523360 

88° 

4-0481254 

0-9993908 

3-0487346 

0-0348995 

89°    4-7413487 

0-9998477 

3-7415010 

0-0174524 

90° 

00 

-1-OOOOGOu 

oo 

o-ooooooo 

Attending  only  to  one-half  of  the  surface,  we  may  regard  the  surface  as  standing 
on  the  circular  base  y*  +  z-  =  1 :  say  this  circle  is  the  equator,  or  the  unit-circle :  the 
horizontal  section  being  always  a  circle,  the  radius  diminishing  at  first  rapidly  and 
then  more  and  more  slowly  from  1  to  0  as  the  height  increases  from  0  to  oo .  It  is 
hardly  necessary  to  remark  that  the  radius  of  the  equator  is  any  given  length 
whatever,  taken  as  unity :  the  equations  might,  of  course,  have  been  written 


x  =  c  {log  cot  ^ 6  —  cos  6],    Vt/2  +  z2  =  c  sin  0, 
but  there  would  have  been  no  gain  of  generality  in  this. 

19.     The  geodesies  are  as  already  seen  given  by  an  equation 

A  +  B  (p  +  cosec2  0)  +  Cty  =  0. 
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If  E  =  0,  we  have  A  +  C$  =  0,  that  is,  <£  =  const.,  which  belongs  to  the  meridians ;  if 
B  be  not  =  0,  we  may  by  a  mere  change  of  <f>,  that  is,  of  the  initial  meridian,  reduce 
the  form  to  A  +  B(<J>-  +  cosec2#)  =  0,  which  is  the  equation  of  a  geodesic  cutting  at 

right   angles   the  meridian    </>  =  0;   writing  herein    sin#  =  -,  we  have   A  +B  ($2  +  -2 )  =  0, 

which  is  the  equation  in  the  polar  coordinates  r,  <f>  of  the  projection  of  the  geodesic 
on  the  equatorial  plane  x  =  0 :  putting  herein  for  greater  convenience  B  =  —  Ak2,  we 

k2 

have   1^=- fT-r.,:   we   require   only  such  portions   of  the   curves   as  lie  within  the  unit- 

1  —  Ar<p2 

circle,  and   need   therefore    attend    only   to   those    for   which    k    is    not   greater   than    1,. 

^/l   _£2 

and    in   any  such    curve    consider    (f>    as    extending    from   </>=0    to    <£=± r '•    writing 

K 

this   last   value  =  ±  7,  we   have   k  =  -r— — = ;   if  7  <  TT,  that  is,  k  <  -7==  ,  the   curve  is 

VI  +  72  V  1  +  7T2 

a  mere  arc  cutting  at  right  angles  (at  the  distance  r  —  k  from  the  centre)  the 
meridian  0  =  0,  and  extending  itself  out  on  each  side  to  meet  the  unit-circle  in  the 

points   <f>  =  y,   $  =  —  7    respectively;    in    the    case    7  =  TT,   that    is,   k^-j==,   the   twa 

V1+7T2 

points  <£  =  ±  7  come  together  at  the  point  <j>  =  TT,  or  the  curve  becomes  a  loop ;  and 
for  larger  values,  k  =  .  to  .  = ,  we  have  the  two  branches  crossing:  each 

Vl  +  7T2  Vl  +  47T2 

k 

other   on   the   meridian    6  =  TT   at  the   distance   r  = from   the   centre  and  then 

Vl  -  k27r- 

extending   themselves   in   the   opposite  semicircles,  so   as   to    meet   the    unit-circle  at  the 

points  <f>  =  ±  y.     And   we   have   thus  another  critical   value   k  =   ,  ,  for   which   the 

VI  +  4?r2 

two  branches  having  thus  crossed  each  other  come  to  unite  themselves  at  the  point 
<f>  (=  2?r)  =  0  of  the  unit-circle ;  and  in  like  manner  the  critical  values 

Vl  +  97T2  * 

, —  >  &c.  :   for   a   value   of  k   between   such    limits,  the  branch    is   a   spiral    having 

Vl  +  16-7T2 

a  determinate  number  of  convolutions,  and  the  two  branches  cross  each  other  always 
on  the  radii  <£  =  0  and  0  =  TT  respectively. 

20.     Let    i/r   denote   the   inclination   of    the    radius   vector   to   the   normal,   or,    whafc 
is   the   same   thing,  that   of   the   element   of  the   circular   arc   to   the    tangent ;    we  have 

,        dr  ,     dr  k*6 

tan  >/r  =  -j-  ,   and   — ^-  =  |— fe; ,  =  r-<p,   that    is,    tan  i/r  =  r2.     At   the   intersection    with 

the    unit   section    r=l,   and    therefore    tani/r  =  <£;    moreover    putting    &  =  cos*,    so    that 

the    equation   of  the    curve    now    is   r2  =  - — ^-  *-      ,  then    for   r  =  1    we  have  6  =  tan  te ; 

1  —  </r  cos2  K 

and  hence  at  the  intersection  with  the  unit-circle  ^  =  K,  that  is,  as  k  decreases  from 
k  =  l,  or  k  increases  from  k  =  0,  the  angle  at  which  each  curve  cuts  the  unit-circle  is 

always  =/c,  and  thus    this  angle  continually  increases  from  *  =  0 ;   for  k=~.  =  cos  K 

V1+7T2 

c.  xii.  30 
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and   therefore    tan/c  =  7r,    we    have    K  =  72°  20'  nearly:    the  complement  hereof  17°  40'   is 
thus  the  angle  at  which  each  branch  of  the  loop  cuts  the  meridian  0  =  TT. 

21.  To  obtain  another  datum  convenient  in  tracing  the  curve,  I  write  0  =  00  =  tan/c 
for  the  value  of  0  at  the  unit-circle  ;  and  introducing  for  the  moment  the  rectangular 
coordinates  X  =  r  sin  0,  Y=  1  —  r  cos  0,  then  we  easily  find 

d  Y  _  r  sin  0  —  7^0  cos  0 
dX      r  cos  (j>  +  r30  sin  0  ' 

and  thence,  for  the  equation  of  the  tangent  at  the  point  on  the  unit-circle, 

sin  00  —  0o  cos  00  . 

(«  —  1  -f  COS  00)  =  --  Z  -  5  —  r-T  (X  ~  S 


Sm 


cos 


sin 


For   the   tangent   at   the   point   of    intersection   with    the   radius   0=0,   or   say   the 
apse,  we  have  y  =  1  —  cos  K  ;  and  hence,  at  the  intersection  of  the  two  tangents, 

.  cos  00  +  00  sin  0o  /,  x 

x  =  sin  <po  +  —  —  7  -  *r-  -  —  -7-  (cos  <p0  —  cos  K) 
sin  00  —  00  cos  0o 


1  —  cos  K  (cos 


00  sin  00) 


sin  00  —  00  cos  0o 
which,  putting  therein  00  =  tan  K,  becomes 

cos  K  [1  —  cos(00—  K)} 

=  ~         •    f±        \  -  ~  =  cos  *  tan 
sm  (00  -  K) 

where  00  is  given  in  terms  of  «  by  the  just-mentioned  equation  00=tan«r.  We  have 
y  =  1  —  cos  K,  x  =  cos  K  tan  ^  (00  —  K),  for  the  locus  of  the  intersection  of  the  two  tangents  ; 
this  is  easily  seen  to  be  a  curve  having  a  cusp  at  the  unit-circle. 

22.     Fig.  3  shows  the  curves  for  the  values 


00=         tan  K 

*- 

30'=!* 

0-5235988 

27°  38' 

60 

1-0471976 

46  19 

90 

1-5707963 

57  31 

120 

2-0943941 

64  29 

150 

2-6179939 

69  5 

180  =  ^ 

3-1415926 

72  20 

We  construct  and  graduate  the  unit-circle ;  draw  to  it  a  tangent  at  0°,  and 
measuring  off  from  0  a  distance  equal  to  the  semi-circumference,  graduate  this  in  like 
manner  in  equal  parts  0°  to  180° ;  then  to  find  the  curve  belonging,  for  instance,  to 
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<£0  =  90°,  we  join  with  the  centre  of  the  circle  the  point  90°  of  the  tangent,  thus 
determining  on  the  unit-circle  a  point  belonging  to  the  angle  K  =  57°  31' ;  at  this 
point  we  draw  parallel  to  the  tangent  a  line  which  is  the  tangent  at  the  lowest 

Fig.  3. 


point ;  the  curve  passes  through  the  point  90°  on  the  unit-circle,  and  there  cuts  the 
circle  at  the  angle  /c=57°31'  (or,  what  is  the  same  thing,  the  radius  at  the  com 
plementary  angle),  and  we  have  thus  the  tangent  at  the  point  90°  of  the  unit-circle; 
it  will  be  noticed  that  this  meets  the  tangent  at  the  apse  at  a  point  near  to  this 
apse,  so  that  the  arc  as  determined  by  the  two  tangents  is  for  a  large  part  of  its 
course  nearly  a  right  line;  this  is  still  more  the  case  for  smaller  values  of  (f>0  or  K, 
while  for  larger  values  the  deviation  increases,  but  in  the  neighbourhood  of  the  unit- 
circle  the  form  is  always  nearly  rectilinear. 

I  show  in  the  same  figure  the  form  of  the  curve  for  <£0  =  300°,  =  5'2359877,  =  tan «, 
that  is,  «  =  79°11',  r  =  cos  K  =  0-1876670,  the  value  at  the  apse:  the  construction  for 
the  tangent  at  the  unit-circle  is  the  same  as  before,  but  in  order  to  lay  down  the 
curve  with  tolerable  accuracy  we  require  also  the  value  of  r  at  the  node  on  the 


meridian   <£=180°;    this   is,   of    course,  given   by   r  = 


cos  K 


that   is,  r  = 


Vl  -  7T2  COS2  K  ' 

TT  cos  K  =  sin  a ;    whence  without  difficulty  r  =  O23236,  the  value  at  the  node. 


cos  K 
cos  a 


if 


23.  The  curves  shown  in  the  figure  are  projections  upon  the  plane  of  the  unit- 
circle,  viz.  they  are  the  projections  on  this  plane  of  the  geodesies,  which  cut  at  right 
angles  a  given  meridian ;  but  bearing  in  mind  the  form  of  the  meridian,  it  is  easy, 
by  means  of  the  projection,  to  understand  the  actual  forms  on  the  surface  of  the 
pseudosphere.  A  point  near  the  centre  of  the  figure  represents  a  point  high  up  on 
the  surface ;  and  in  any  radius  the  portions  near  the  centre  are  the  more  fore 
shortened  in  the  figure,  and  represent  greater  distances  on  the  surface.  Each  geodesic 

30—2 
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cutting  the  meridian  at  right  angles  at  the  apse  descends  symmetrically  on  the  two 
sides,  reaches  ultimately — it  may  be  after  many  convolutions — the  unit-circle ;  the 
meridian  itself  is  a  limiting  or  special  form  of  geodesic.  The  unit-circle  is  not  properly 
a  geodesic,  but  it  is  an  envelope  of  geodesies. 

24.  To  obtain  all  the  geodesies,  we  have  to  consider  the  geodesies  which  cut  at 
right  angles  a  given  meridian ;  and  then  to  imagine  this  meridian  (with  the  geodesies 
which  belong  to  it)  turned  round  so  as  to  occupy  successively  the  positions  of  all  the 
other  meridians.  The  same  remark  applies  of  course  to  the  projections  ;  the  figure 
shows  the  projections  cutting  at  right  angles  a  given  radius  of  the  circle;  and  this 
radius  (with  the  projections  belonging  to  it)  is  then  to  be  turned  round  so  as  to 
occupy  successively  the  positions  of  all  the  other  radii.  We  may  imagine  the  several 
geodesies  turned  round  separately,  each  through  a  different  angle,  so  as  to  bring  each 
of  them  to  pass  through  one  and  the  same  point  of  the  surface ;  we  have  then  the 
geodesies  drawn  in  all  directions  through  this  point  of  the  surface ;  doing  the  same 
thing  with  the  projections,  we  have,  it  is  clear,  the  projections  of  the  geodesies  drawn 
in  all  directions  through  the  point.  It  is  easy,  by  drawing  the  projections  each  on 
a  separate  circle  of  paper,  and  passing  a  pin  through  the  centres,  to  form  a  model 
by  means  of  which  an  accurate  figure  of  the  projection  may  be  constructed.  But  I 
content  myself  with  a  mere  diagram  (fig.  4). 


25.  Taking  a  point  Q  so  low  down  on  the  surface  that  the  geodesic  at  right  angles 
to  the  meridian  through  Q  is  a  simple  arc  A' A,  then  imagine  the  two  extremities 
A,  A'  each  moving  in  the  same  sense  round  the  circle,  but  A  faster  than  A',  so  as  to 
assume  the  positions  B,  B' ;  C,  C' ;  and  so  on  to  K,  K'  coinciding  with  each  other. 
We  have  the  arcs  B'B,  C'C,  and  so  on  until  we  come  to  the  loop  form  K'K:  after 
which  we  have  L'  in  advance  of  L,  and  so  on  to  curves  of  any  number  of  con 
volutions.  Considering  any  two  arcs — B'B,  C'C — and  drawing  the  geodesic  BC  which 
joins  their  extremities  B  and  C,  then  any  geodesic  through  Q  intermediate  to  B'B, 
C'C,  or,  say,  to  QB,  QC,  will  meet  the  arc  BC ;  while  the  geodesies  through  Q  extra- 
mediate  to  QB,  QC  will  not  meet,  or  mill  only  after  a  convolution  or  convolutions  meet, 
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the  arc  EG.  This  of  course  corresponds  to  the  Lobatschewskian  theory,  according  to 
which  we  have  through  a  point  Q  to  the  extremities  at  infinity  of  a  line  EG,  two 
distinct  lines  QB,  QC,  said  to  be  the  parallels  through  Q  of  the  line  BC  ;  and  which 
are  such  that  any  line  through  Q  intermediate  to  QB,  QC  meets  the  line  BC  ;  while 
any  line  through  Q  extramediate  to  QB,  QC  does  not  meet  the  line  BC. 

26.     It   is   interesting   to   connect   the  theory  of   the   geodesies   of  the  pseudosphere 
with  the  general  theory  of  geodesies.     Starting  with  the  form 

ds-  =  cot2  0  d&-  +  sin2  0  dp,     =  E  d0-  +  2Fd0d(f> 


we   have    E  =  cot2  0,  F  =  0,   G  =  sin2  0  ;  and   therefore   E+l=-g,   or   E=^-l,   and   the 
differential  equation  of  the  geodesic  becomes 

Eff  .  2G10>'-  £f  OM'2  -  G^}  +  2EG  (6'$"  -  0"<f>'  )  =  0, 
that  is, 

</>'  [(2EG1  -  GE,)  0'2  +  GG$*\  +  2EG  (<9'</>"  -  ff'$)  =  0, 
where 


and  writing  here 


we   have 


Moreover,  from  G  =  sin2  0,  we  find  G±  =  2  V(r .  1  —  G ;   and  the  equation  becomes 

G       J 

Introducing  here  G  in  place  of  0  by  the  equation  G  =  sin2  0,  we  have 

g-       .  g 


and  the  equation  thus  becomes 
(3  -  2<?)  G'y  +  4G3  (1  -  G)  f  3  +  2G  (1  -  G)  G>"  +  {-  2G  (1  -  G)  G"  +  (1  -  2G)  G'2}  f  =  0. 


The  whole  term  in  0'  is  thus  <£'  {-  2£(1  -  G)  G"  +  (4  -  4<?)  G'2},  which  divides  by 
2(1  —  G);  the  whole  equation  thus  divides  by  2(1—  G),  and  omitting  this  factor,  the 
equation  becomes 

<#>'  (2G'2  -  GG")  +  2psG3  +  <f>"GG'  =  0, 
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which  is  simplified  by  introducing  H  =  sin2  0  =  ^  ,  instead  of  G.     We,  in  fact,  have 


r,_  „„_ 

'  H*  '  '   H"     '  Hs  ' 

and  substituting  these  values,  the  equation  becomes 

/2#'2     H"     2J5PV    2  H' 


viz.  this  is 

H"<>'  +  2<>'3-H'<>"  =  0. 


Writing  herein  <£  4-  a  =  V^T  (a  an  arbitrary  constant),  we  have 


and  the  equation  becomes 

TTH  \K       £-**•          2-"  •»*•     ,  4^_^f-_ 

-"      ~7^  T  T_     /--  ~~         /vs         "     —     /-r^  ~  w  ' 

v/r 


viz.  this  is 

2  (H"K'  -  H'K")  K+(K'  +  H')  K'2  =  0, 


which   is   satisfied   by  K'  +  H'  =  0   or   K  +  H  =  £,  /3   an   arbitrary  constant.     Substituting 
for  K,  H  their  values,  this  is 

(<£  +  c<)2  +  sin2  6  =  & 
that  is, 

a2  -  yS  -f  (<^>2  +  cosec2  0)  +  2a<£  =  0, 

or,  what  is  the  same  thing, 

A  +  B  (p  +  cosec2  6)  +  C(f>  =  0, 

where  the  ratios  A   :  B  :  C  are  arbitrary. 
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A    MEMOIR    ON    SEMINVARIANTS. 


[From  the  American  Journal  of  Mathematics,  t.  vn.  (1885),  pp.  1  —  25.] 

Introductory.     Art.  Nos.  1  to  3. 

1.     A  VERY  remarkable  discovery  in  the  Theory  of  Seminvariants  has  been  recently 
made  by  Capt.  MacMahon,  viz.  considering  the  equation 

/>>  /»»2  /«3 

01 
B 


and  its  roots  a,  /3,  7,  .  .  .  ,  as  defined  by  the  identity 

X  3? 

1  +  b  -  +  c  -_     0  +  &c.  =  1  —  CM?  .  1  -  fix  .  1  —  yx  .  .  .  , 

.L  L  .  Zt 

then,  any  symmetrical  function  of  the  roots  being  represented  by  a  partition  symbol 
in  the  usual  manner,  1  =  Sa,  2  =  2a2,  11  or  I2  =  2a/3,  &c.,  the  theorem  is  that  any 
symmetric  function  represented  by  a  non-unitary  symbol  (or  symbol  not  containing 
a  1),  say  for  shortness  any  non-unitary  symmetric  function,  is  a  seminvariant  in  regard 
to  the  coefficients  1,  b,  c,  d,  e,  &c. 

We  have  for  instance 

2=-  (C-n 

3  =  -  £  (d  -  36c  +  263), 
4= 
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where  to  verify  that  this  is  a  seminvariant,  observe  that  the  value  may  be  written 

=  i  {-  (e  -  4bd  +  3c2)  +  6  (c  -  6% 
22  =  TV  (e  -  46rf  +  3c2), 
&c.; 

and    observe    further    that    the    forms    2,    4    and    22,   are    connected    by    the    identical 

relation 

2  .  2  =  4  +  2  .  22. 

2.  We   conclude   that   the   theory  of  seminvariants  is  a   part  of  that  of  symmetric 
functions.     I  take   the  opportunity  of  remarking  that  (the  subject  of  the    memoir  being 
seminvariants)   I   use  in  general  non-unitary  symbols,  even  in  cases  where  the  restriction 
is  unnecessary,  and  the  symbols  might  have  contained  1's  :  thus  instead  of  2  .  2  =  4  +  2  .  22, 
the    equation    1.1=2  +  2.11     would    have    served    equally   well    as    an    instance    of    an 
identical   relation   between   symmetric   functions;   and   so   in   general,  in  formulas  relating 
to   symmetric   functions,    the   symbols   are   not   restricted    to    be    non-unitary.     I   remark 
also   that,  for  instance,  instead   of  4443322222,  or   433225,  I    usually  write   444332s,  intro 
ducing  the   index   only  for   the    2  ;   the   reason   is   only    that   the    2    is   often   repeated   a 
large   number   of  times,  so   that   the   abbreviation,  which    I  dispense  with  for  the  higher 
numbers,  becomes  convenient  for  the  2. 

3.  Reckoning  the  coefficients  1,  b,  c,  d,e,...  as  being  each  of  them  of  the  degree  1, 
and   of  the   weights   0,  1,  2,  3,  4,...    respectively,  then  any  symmetric   function   is   of  a 
degree   which    is    equal    to    the    highest    number,    and   of    a    weight    which   is   equal   to 
the   sum   of  all   the  numbers,  in  the  partition-symbol.     And  we  frequently  speak  of  the 
deg.  weight  :   thus  for  the  function  22,  the  deg.  weight  is  =2.4. 

Multiplication  of  Two  Symmetric  Functions.     Art.  Nos.  4  to  17. 

4.  We   require   a   theory   for   the   multiplication   of    two   symmetric   functions.     We 
have   for   instance   3  .  2  =  5  +  32  :    for  3   denoting   Sa3,  and    2   denoting    2a2,   the   product 
contains   the    term  a5,  and   the  term  a.sp2,  and  it  is  thus  =  Sa5  +  2a3/?2,  which  is  =  5  +  32. 
But    multiplying   for   instance   2   by   itself,   the    product    contains   the   term    a4,   and   the 
term   a2£2   twice,   and   it    is  thus  =  Sa4  +  22a2/32,  and   we   thus  have  the  before-mentioned 
formula  2.2  =  4  +  2.22. 

And  so,  I,  m  being  different 

I  .  m  =  (l  +  m)  +  Im  ; 

but  when  m  =  I, 

LI    = 


And  in  general,  for  any  symmetric  function  Imnpqr...,  where  the  numbers  are  all  of 
them  different,  if  any  two  of  the  m's  become  equal,  we  must  multiply  the  term  by  2; 
if  any  three  of  them  become  equal,  we  must  multiply  the  term  by  6;  and  so  in  other 
cases,  viz.  if  the  term  becomes  Z«w*n*  ...,  we  must  multiply  it  by  [«]«  [#P  [7]*  ... 
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5.     We   may,   taking  in   the   first   instance    the   numbers   I,  m,  n,  p,  q, ... 
of  them  different,  develope  an  algorithm  as  follows  : 
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to   be  all 


m 


m 


in 


(I  +  m},     that  is,     I  .m  =  (l  +  m) 
Im  +  Im, 


Im  I  n 


=  (I  +  n)  m,     that  is,     Im  .  n  =      (I  +  n) 

I  (m  +  n) 
n      Imn 


and  so  in  other  cases ; 
Imn  |  p 


Imn  |  pq 


P9. 
qp 

P    2 

q    p 

pq 

qp 

P 

P 
P 


=  (l  +  p)  (m  +  q)  n 
(l  +  q)(m+p}n 


(l  +  q)m(n+p) 


l(m  +  q)(n+p) 

q  (l+p)mnq 

P  (^  + !?)  mnP 

q  I  (m  +  p)q 

p  l(m  +  q)p 

q  Im  (n  +p)q 

p  Im  (n  -+  q)  p 

pq  Imnpq ; 


and  so  on. 
C.    XII. 


Im   |  np 


P           =  (l  +  p)mn 

np 

=  (l  +  n)(m+p) 

p             I  (m  +  p)  n 

pn 

(1  +  p)  (m  +  n) 

p           Im  (n  +p) 

n 

p       (1  +  n)  mp 

p      Imnp, 

P 

n       (I  +  p)  mn 

n 

p       l(m  +  n)p 

p      n       l(m  +p)  n 
np     Imnp, 
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6.     Observe  that,  if  the    two   factors   contain  i  numbers  and  j  numbers  respectively, 
i>  or  =j,  then  in  the  product  we  have 

[i]i     terms  each  containing  i  numbers, 


y:  [i]°,  =  1,  term  containing  i+j      „ 

L«/  J 

so  that  the  whole  number  of  terms  in  the  product  is 

ft  j}>  =Wj+f[tp'-1+...  +  i. 

We  may,  if  we  please,  take  the  smaller  number  first,  and  we  then  have 

= 


the    {j,   1}    series   in  fact    begins   with   zero    terms,   but   following   these   we   have   terms 
which  are  identical  each  to  each  with  those  of  the  {i,  j}  series.     Thus 

{5,3}=  [5]3+    3[5]2  +  3[5]1  +  [5p  =  60  +  3.20  +  3.5  +  1,  =136, 

{3,  5}  =  [3]5  +  5[3]4+10[3]3  +  10[3]2  +  5[3]1  +  [3]°  =  0+0  +  10.6  +  10.6  +  5.3  +  l,  =136 

and  it  is  easy  to  see  that  the  general  theorem  can  be  verified  in  like  manner. 

In  particular,  we  have  Putting  i=1,  these  give 

{i,  l)  =  [t|»  +  l  =  i+l  ,  {1,  1}  =  2, 

[i,  2}  =  [*]»  +  2[ip  +    1  =i*+   i  +    I  ,  [I,  2}  =3, 

ft  3}  =  [i]3  +  3[z]a+    30P  +    1  =i3  +  2i+    1  ,{1,3}  =  4, 

{i,  4}  =  [t]4  +  4  [t]3  +    6[>]2+    4[ip  +  l  =it-2i8+    oi*+I  ,  {1,  4}  =  5, 

|t,  5}  =  [i]5  +  5  [ij  +  10  O']3  +10  [i\*  +  5  [i]1  +  1  =  i*  -  oi*  +  I5i3  -  15  f  +  9i  +  1,  (1,  5}  =  6, 

which  agree  with 


Hence  also  the  values  of 

{1,  1},  are    2, 

{1,  2},  {2,  2},  3,     7, 

{1,  3},  {2,  3},  {3,  3},                                    4,  13,     34, 

{1,  4},  [2,  4},  {3,  4},  {4,  4},                        5,  21,     73,  209, 

{1,  5},  {2,  5},  {3,  5},  {4,  5},  {5,  5},            6,  31,  136,  501,   1546. 
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7.  In  forming  a  product  Imn  ...  pqr ...,  we  may  have  equalities  among  the  numbers 
I,  m,  n,...  of  the  first  symbol,  and  also  between  the  numbers  p,  q,r,...  of  the  second 
symbol :  moreover  (whether  there  are  or  are  not  any  such  equalities),  we  may  have 
equalities  presenting  themselves  between  the  numbers  l+p,  m+q,...  of  any  symbol 
(l+p)(m+ q) ...  on  the  right-hand  side  of  the  equation:  and  the  process  must  be 
performed  so  as  to  take  account  of  all  these  equalities.  The  actual  process  is  best 
shown  by  an  example :  say  we  require  the  product  3332 . 322,  which  is  of  the  deg. 
weight  6  . 18. 


3332 

322             -M2 

322 

e  6552      2 

1 

32  2 

12  6543      i 

1 

22  3 

e  5553      6 

3 

32 

2 

~u  65322     2 

2 

3  2 

2 

e  64332     2 

1 

2  3 

2 

6  55332     4 

2 

22 

3 

e  55332     4 

2 

2  2 

3 

e  54333     e 

3 

3 

22 

3  633222    12 

3 

3 

22 

i  533322   12 

') 

2 

32 

e  533322   12 

•( 

2 

32 

2  433332    24 

4 

322 

T  3333222  IM 

12 

73 

8.  Observe  first  that  {4,  3}  =  24  +  36  +  12  + 1,  =73.  In  placing  all  or  any  of  the 
numbers  of  the  322  under  those  of  the  3332,  we  do  this  in  all  the  really  distinct 
ways,  inserting  a  numerical  coefficient  for  the  frequency  of  each  way.  Thus  when  the 
whole  of  the  322  is  thus  placed,  the  3  may  be  under  a  3,  and  the  two  2's  may 
then  be  under  33  or  under  32:  or  else  the  3  may  be  under  a  2,  and  the  two  2's 
must  then  be  under  33 :  there  are  thus  three  ways,  and  these  have  the  frequencies 
6,  12,  6  respectively.  For  as  to  the  first  way,  the  3  may  be  under  any  one  of  the 
three  3's,  and  for  each  such  position  of  the  3,  the  22  can  be  placed  in  either  of  two 
orders  under  the  other  two  3's ;  the  frequency  is  thus  3.2,  =6.  And  similarly  the 
other  two  frequencies  are  12  and  6;  the  sum  6+12  +  6,  =24,  is,  the  first  term  of 
[4,  3}.  In  like  manner,  when  two  of  the  numbers  of  the  322  are  placed  under  the 
3332,  there  are  five  ways  having  the  frequencies  12,  6,  6,  6,  6  respectively,  the  sum 
of  these  frequencies  is  36,  which  is  the  second  term  of  {4,  3}.  And  so  when  one 
number  of  the  322  is  placed  under  the  3332,  there  are  four  ways  having  the 
frequencies  3,  1,  6,  2  respectively:  the  sum  of  these  frequencies  is  12,  which  is  the 

31—2 
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third  term  of  {4,  3}.  Finally,  when  no  number  of  the  322  is  placed  under  the  3332, 
there  is  a  single  way,  having  the  frequency  1,  which  is  the  last  term  of  {4,  3}.  These 
agreements  are  a  useful  verification  for  the  frequencies :  the  sum  of  all  the  frequencies 
is  of  course  =  73,  the  value  of  {4,  3}. 

9.  We   next   form   the   column  of  symmetric   functions   by  adding   to  each  line  the 
3332 :   to   avoid   accidental   errors   of  addition,   it   is   proper   to    verify   for   each   of  these 
that    the    weight    is    the    sum,    =18,   of    the   weights    11    and    7    of    the    two    factors 
respectively.     It  is  to   be   observed  that  the  same  symmetric  function  may  present  itself 
more  than    once :    thus  we   have   the   functions   55332,  and  533322,  each  of  them   twice. 
We  then  form  a  column  of  multiplicities :    in  6552,  the  two   o's   give   the  multiplicity   2  ; 
in  5553,  the  three  5's  give  6:   in  633222,  the   two  3's  and  the  three  2's  give  2.  6,  =12, 
and   so   on.     There   is   in   like  manner  for  the  factor  3332   a  multiplicity  6,  and  for  the 
factor   322   a   multiplicity   2 ;   and   these    combined   together  give  6.2,  =12,  viz.    this  is 
the  heading   -r- 12    of  the   column.     And  then  forming  the  products  6.2,  12.1,  6.6.  &c., 
of  the  corresponding  frequencies  and  multiplicities  and   dividing  in   each    case    by  12,  we 
have  the  right-hand  column  of  numerical  coefficients. 

10.  The  result  is  to  be  read 

3332 . 322  =  i . 6552 
+ i . 6543 
+  3 . 5553 

+  &c., 

the   coefficients    2,  2   and    1,    6   of  the   repeated  terms   being   of  course  united    together, 

so  that  we  have 

+  4 . 55332 

+  7 .  533322. 

With  a  little  practice,  the  operation  is  performed  without  difficulty  and  with  very 
small  risk  of  error. 

11.  We    may   apply   the    process    to    obtain    analytical    formulae    for    certain    forms 
of   products.     Consider,  for   instance,   the   product    2a .  2p,  where  a  >  or  =  ft :    and  in  the 
coefficients    write    for    shortness    a,    instead    of  [a]a    or    Ha,    to    denote    1 .  2 . 3 ...  a.     We 

have 

2*  I  2»       ~a./3 

a  +  /3  -  2  A 


a-A.j3-A' 


viz.  the  formula  is 


=  2      ?+A_  _  - 

a— A . ft— A 


where   A    has   any   integer  value    from  /3   to  0 ;   the   first   term   is   =1.4^  2a~P,   and   the 
last   term   is 
it  should  be. 


last   term   is    "--£  2a+P.     The  weight   of  any  term   is    44  +  2  (a  +/3-  24),  =  2a  +  2/3,   as 
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In  explanation  as  to  the  frequency,  observe  that  out  of  the  (3  2's  we  take  any 
A  2's  and  place  them  in  any  order  under  any  A  of  the  a  2's.  The  number  of  com- 

8  8 

binations    taken    is    -. — £ — .  ,    which    (in    A    orders)    gives    ^ j    sets    to    be    placed 

A  .  p  —  A  p  —  -fi 

under  sets    out    of    the    a    2's :     we    thus    have    the    foregoing    coefficient    of 

A  .a  — A 

a 

frequency   —. n r,    where    as    mentioned    above    a,    &c.   are   written    to    denote 

A  .a- A    8- A 

[a]-,  &c. 

12.  We  may  in  like  manner  find  a  formula  for  the  product  3a20 .  3*25.  Taking 
yy  =a  +  y  +  z,  any  partition  of  7,  and  8,  =p  +  q  +  r,  any  partition  of  8,  and  writing  also 
A=x,  B  =  y  +  p,  G  =  q,  we  have 

3«2*  !  3*2*  -=-  a  .  £  .     .  8 


i-a-tc  N 

where  for  the  frequency,  M,  we  have 

No.  of  terms  3*    =  — 1 —  ;  3»,  =  7-~—  , 

x .  7  — #  y  .  z 

8- 


p .  8 —p ' 
to  be  placed  under 

«  /3 


sets  of  terms  3a,  =  — 


+  p.a-x-p  y  +  q 

in  orders,  =  x  +p  ;  =  y  +  q, 

whence,  multiplying,  we  have  for  the  frequency 


x.y .  2  .p  .q  .r  .a  —  x  —  p  .  8  —  y  —  q: 
and  for  the  multiplicity,  N,  we  have 


13.     The  coefficient  is  thus 

M.N         ^B. 

a.8.<y.8'  y  ,z  .p  .r  .a.  —  x—p.  B —  y  — q      ' 


y.p.y-A-y.a-A-p.8-C-y.S-C-p' 
or,  putting  also 

D  =  a+y-2A-B, 

E  =  8+8  -B-2C, 
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2s  = 


B 


y  .p.y  —  A—y.a—  A  —p  .  /3  —  C  —  y .  ?>  -  C  —  p' 
or,  as  this  may  also  be  written, 

B  D  E 

y .  B  —  y  '  z  .  D  —  z  '  r .  E  —  r' 

so  that  the  coefficient  A  is  in  fact  the  product  of  three  binomial  coefficients :  it 
must,  however,  be  recollected  that  the  same  term  6^5B4C3D2B  may  occur  more  than 
once,  with  different  coefficients  A,  so  that  in  the  final  result,  when  these  terms  are 
united  together,  the  numerical  coefficients  are  not  each  of  them  of  the  form  in  question. 

14.     The  limits  of  the  summation  are  conveniently  defined  by  means  of  the  diagram 


A 

p 

a  —  A  —p 

y 

C 

0-C-y 

z 

r 

-B-2C, 


ut  supra, 


viz.  here  the  sums  of  the  first  and  second  lines  are  a  and  £  respectively,  and  the 
sums  of  the  first  and  second  columns  are  7  and  8  respectively;  we  have  B  =  y+p, 
a  partition  of  B;  but  the  values  of  y,  p  must  be  such  as  not  to  render  negative 
any  one  of  the  four  terms  z,  r,  a-A-p,  /3-C-y  of  the  diagram:  for  if  any  one 
of  these  numbers  were  negative,  the  corresponding  factorial  in  the  denominator  of  A 
would  be  infinite  and  we  should  have  A  =  0.  For  any  given  term  6A5B4>G3D2E  of 
the  proper  weight  3  (a  +  7)  +  2  (/3  +  8),  there  may  be  no  suitable  values  of  y,  p,  and 
the  coefficient  is  then  =0:  there  may  be  a  single  pair  of  values,  and  the  coefficient 
is  then  (as  remarked  above)  =  a  product  of  three  binomial  coefficients:  or  there  may 
be  more  than  a  single  pair  of  values,  and  the  entire  coefficient  of  the  term  has  not 
in  this  case  a  like  simple  form. 

15.  To  exhibit  the  working  of  the  formula,  I  apply  it  to  the  recalculation  of 
the  foregoing  product  3332 . 322  (a,  /3,  y,  B  =  3,  1,  1,  2).  Properly  the  whole  series  of 
symbols  666,  6642,  6633,  &c.,  of  the  symmetric  functions  of  the  weight  18  should  be 
written  down,  and  the  coefficient  be  calculated  for  each  of  them:  but  I  write  down 
only  those  which  have  coefficients  not  =0:  for  each  of  these,  I  take  aM  the  partitions 
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B  =  y  +  p,  several   of  these   giving,    as   will   be   seen,  zero   values,  and   the   others   giving 
the  values  already  obtained  for  the  coefficients  of  the  several  terms. 


s>     a, 

I       I 


I      I 


ABODE 

B     y    p 

n 

u    ^     a 

v     ' 
&   oa.     «o 

1     2     3 

6552 

12001 

2     0 

2     1     1 
0     2 

-2     2 
0-1     1 
0     0 

-1     2 
1     0     1 
1     0 

1     0     0 
2     0     1 
1     1     1 

6543 

11110 

1     0 
1 
0     1 

-1     2 

1 
0     1 

-1     1 
0 
0     0 

1     0     0 
1     1     1 

65322 

11012 

1     0 
1 
0     1 

-1     2 
1 
0     1 

0     2 
2 
1     1 

1     0     1 
1     1     2 

64332 

10121 

000 

202 

1     0     1 

1     1     1 

63323 

10023 

000 

202 

3     1     2 

1     1     3 

5553 

03010 

3     0 

2     1 
3 
1     2 

0     3 

-2     3 

-1     2 
1 
0     1 

1     0 

-2     2 

-1     1 
0 
0     0 

1  -1 

1     0     0 
300 

3     1     1 
1     1     0 

55332 

02021 

2     0 
2     1     1 

0     2 

-1     3 
202 
1     1 

-1     2 
1     0     1 
1     0 

1     0     0 
2     1     1 
1     2     1 

54333 

01130 

1     0 
1 
0     1 

0     3 
3 
1     2 

-1     1 
0 
0     0 

1     1     0 
1     3     1 

533322 

01032 

1     0 
1 
0     1 

0     3 
3 

1     2 

0     1 
2 

2     1 

1     1     1 
1     3     2 

433332 

00141 

000 

4     1     3 

1     0     1 

1     4     1 

33332:i 

00043 

000 

4     1     3 

3     1     2 

1     4     3 

1.6543 

2.6S322 
i . 64332 
3.63323 

3.  5553 


4.55332 


3.54333 
7.53S322 

4 . 433332 
12 .  33332s 
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It  is  quite  possible  that  abbreviations  and  verifications  might  be  introduced,  but 
the  process  as  it  stands  seems  to  be  at  once  less  expeditious  and  less  safe  than  the 
one  first  made  use  of. 

16.  Particular  cases  of  the  general  formula  are 

2*  .  2s  =  2  A4C  2£  ;   E  =  /3  +  8-2C,  and  thence  4(7  +  2E  =  2  (£  +  8), 

E 

A        _  J-J 

~P-C.8-C' 
which  agrees  with  a  result  before  obtained.     Again, 

3«2*.2«  =  2A.5JI4cr3I)2*;   D  =  a  -  B, 

E  =  /3  +  8-B-2C, 
and  thence 

5B  +  4>C  +  W  +  2E  =  3a  +  2/3  +  28, 

E 

-  P-C.S-B-C- 

17.  We  may,  in  like  manner  with  the  formula  for  3a23  .  3*2S,  obtain  the  following  : 

4«3«2f»  .  2s  =  2A  .  6^  5"  46'  3°  2E, 
where 


and  thence 

=4<6  +  3a  +  2/3  +  28, 


and  the  value  of  the  coefficient  A  is 

C  E 


A  = 


0-A.C-0  +  A.  0  +  /3-A-C.0  +  8-2A-B-C' 


viz.    A    is    the    product    of    two    binomial    coefficients :    and    since    here    a    given    term 
QA  ^B  40  gz>  2*  occurs  once  only,  each  numerical  coefficient  is  actually  of  this  form. 

In  the  particular  case  6  =  0,  we  must  have  A  =  0  (this  appears  a  posteriori  from 
the  denominator  factor  -  A,  a  factorial  which  is  infinite  for  any  positive  value  of  A}\ 
and  we  thus  obtain  the  first  given  formula  for  3a23  .  2s. 


Capitation  and  Decapitation.     Art.  Nos.  18  to  21. 

18.  I  explain  the  converse  processes  of  Decapitation  and  Capitation.  In  any 
symmetric  function,  for  instance  6552  of  the  degree  6,  the  whole  coefficient  of  a6  is 
552,  this  symbol  referring  in  the  first  instance  to  the  series  of  remaining  roots 
/3,  7,  8, . . . ;  but  as  the  series  of  roots  is  unlimited,  we  may  ultimately  replace  these  by 
a,  /3,  7,  ...,  and  so  use  552  in  its  original  sense.  Similarly,  in  6652,  the  whole  coefficient 
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of  a6  is  =  652,  the  only  difference  being  that,  while  in  the  former  case  the  degree  is 
reduced  to  5,  in  the  present  case  it  remains  =  6.  In  every  case  we  decapitate  the 
symbol  by  striking  out  the  highest  number — in  the  case  of  two  or  more  equal 
numbers,  one  only  of  these  being  struck  out.  Observe  that  by  decapitation  we  always 
diminish  the  weight,  but  we  do  or  do  not  diminish  the  degree.  In  a  product  such 
as  3332 . 322  we  obtain  in  like  manner  the  whole  coefficient  of  a6  by  the  decapitation 
of  each  factor,  viz.  the  coefficient  is  =  332 .  22 :  and  in  any  equation  such  as  that 
obtained  above  for  the  product  3332 . 322,  the  whole  coefficient  of  the  highest  power 
of  a  must  be  =  0,  viz.  we  can  by  decapitation  obtain  a  new  equation  of  lower 
weight:  thus  from  the  equation  in  question  of  weight  18,  we  obtain  the  new  equation 
of  weight  12, 

332  .  22  =      i  .  552 

+  i . 543 
+  2 . 5322 
+ i . 4332 
+  3 . 33222, 

where  observe  that  the  terms  of  a  degree  lower  than  6  in  the  original  equation  give 
no  term  in  the  new  equation.  The  new  equation  of  the  deg.  weight  5.12  might  of 
course  be  obtained  independently  in  like  manner  with  the  original  equation. 

19.  We    capitate   a   symbol    by   prefixing    to    it    a    number    which    is    not    less    than 
the   highest   number   contained   in   it:   thus   552   may  be  capitated  into  5552,  6552,  &c.  : 
and   so   a   product   332  . 22    may  be   capitated   into   3332 . 222,    3332  .  322,   &c. ;   moreover 
a    single    symbol    may    be    capitated    into    a    product,    552    into    5552 .  4 :    in    fact,    the 
capitation   may   be   any  operation   such    that    by   decapitation    we    reproduce    the    original 
symbol.     The    increase    of  weight    may  be    any  number   not  less    than    the    degree  of  the 
original    symbol :   but    it    is   usually  taken    to    be    a   given    number :    thus  for   any  symbol 
of  a   degree   not   exceeding   6,    we    may   capitate    so    as   to    increase    the   weight    by   6, 
The  capitation  does  or  does  not  increase  the  degree. 

20.  An   identical   equation   may  be   capitated   in   a   variety  of  ways,  but   instead  of 
an    identity    we    obtain   only    a   congruence,    that    is,   an    equation   which    requires    to    be 
completed   by  the   adjunction   to   it   of  proper   terms   of  lower   degrees.     Thus   from    the 
above  equation  of  the  deg.  weight  5  .  12  we  may  obtain 

3332  .  322  =      i .  6552 
+ i . 6543 
+  2 . 65322 
+ i . 64332 
+  3 . 633222. 

Imagine    here   all    the    terms    brought    to    the    same    side    so    that    the    form    is    0  =  0: 

!}   is   a   function   not   containing   a6,   for   the    whole   coefficient   of  a6  therein   is   precisely 

c.  xii.  32 
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that  function  which  by  the  equation  of  the  deg.  weight  5.12  is  expressed  to  be  =0: 
and  hence  O,  qua  symmetric  function  cannot  contain  /36,  7",  ...;  viz.  fl  is  a  symmetric 
function  of  the  degree  5  at  most :  the  congruence  H  =  0  thus  means,  O  =  a  properly 
determined  function  of  the  degree  5  at  most.  Obviously  by  development  of  the  term 
3332 . 322,  that  is,  by  substituting  for  this  term  its  value  as  given  by  the  equation  of 
the  deg.  weight  6 .  18,  the  function  of  the  degree  5  at  most  would  be  found  to  be 
=  the  sum  of  those  terms  in  the  expression  of  3332 . 322,  which  are  of  a  degree 
inferior  to  6 :  and  the  congruence  O  =  0  thus  completed  would  be  nothing  else  than 
the  equation  of  the  deg.  weight  6.18. 

21.     We  might  have  capitated   in  a  different  manner:    for  instance 

4332.222=      ..6552 
+ i . 6543 
+  2 . 65322 
+  . .  44332 . 2 
+  3 .  33222  .  3, 

there  being  here  three  products  requiring  to  be  developed :  on  replacing  them  by  their 
values,  there  would  be  found  for  H  a  value  which  would  be  a  determinate  function 
of  a  degree  less  than  6 :  and  putting  H  =  this  value,  the  congruence  O  =  0  would  be 
completed  into  an  equation. 


Seminvariants  of  a  given  Degree;   Perpetuants,  &c.     Art.  Nos.  22  to  38. 

22.  We  consider  now  seminvariants  according  to  their  degrees;  in  particular, 
those  of  the  degrees  2,  3,  4,  5  and  6,  or  say  quadric,  cubic,  quartic,  quintic  and  sextic 
seminvariants:  the  forms  of  these  are  2-+1,  3a+l  2*,  4«+1  3"  2?,  5«+14*3y25,  6-+1  5*  4* 3«  2«, 
where  each  exponent  a,  /9,  7,  8,  e  is  a  positive  integer  not  excluding  zero :  the 
exponent  of  the  highest  number  is  in  each  case  written  a  + 1,  and  has  thus  the 
value  1  at  least,  for  otherwise  the  form  would  not  be  of  the  proper  degree.  The 
several  weights  are  2  (a  +  1),  3  (a  +  1)  +  2/3,  4 (a  + 1)  +  3/3  +  2j,  &c.,  or,  what  is  the  same 
thing,  we  have  for  the  several  degrees  respectively 

w  —  2  =  2«, 

w  -  3  =  3«  +  2/3, 

w  -  4  =  4a  +  3/3  +  2y, 

w  -  5  =  5a  +  4/3  +  3y  +  28, 

w  -  6  =  6a  +  5/3  +  47  +  38  +  2e, 

and    we    have    for    a    given    degree    and    weight    as    many    seminvariants    as    there    are 
systems  of  exponents  satisfying  the  corresponding  equation. 
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23.  These  numbers  are  at  once  expressible  by  means  of  a  series  of  Generating 
Functions  (G.  F.),  viz.  writing  for  shortness  2,  3,  4,  5,  6  to  denote  1  —  #2,  1—  a?,  1  —  >%A, 
I  -  x\  1  -  of,  the  G.  F.'s  are 


a? 


2'    2.3'   2.3.4'    2.3.4.5'    2.3.4.5.6' 

In   fact,   the    number   of  seminvariants    of  a   given    weight    is   =  coefficient    of  x™   in    the 
corresponding    G.    F.  ;    for    the    quadric    seminvariants    (or    those    of    deg.    weight    2  .  w) 


/y» 

in    £  ;    for    the    cubic    seminvariants   (or    those    of  deg.    weight   3  .  w)  in    -^  —   ;   and  so  for 
^  £  .  o 

the  others. 

24.  A  seminvariant  of  a  given  degree  may  be  a  sum  of  products  (of  that  degree) 
of  seminvariants  of  lower  degrees,  and  of  seminvariants  of  lower  degrees  :  and  it  is  in 
this  case  said  to  be  reducible  :  a  seminvariant  which  is  not  reducible  is  said  to  be 
irreducible,  or  otherwise  to  be  a  perpetuant.  This  notion  of  a  perpetuant  is  due  to 
Sylvester,  see  his  Memoir  "On  Subin  variants,  i.e.  Semi-Invariants  to  Binary  Quantics 
of  an  Unlimited  Order,"  American  Journal  of  Mathematics,  vol.  v.  (1882—83),  pp. 
78  —  137  (§  4  Perpetuauts,  pp.  105  —  118).  In  speaking  of  the  number  of  perpetuants  of 
a  given  deg.  weight,  we  assume  throughout  that  these  are  independent  perpetuants, 
not  connected  by  any  linear  relation. 

2,5.  Since  the  seminvariants  used  for  the  reduction  of  a  given  reducible  semin 
variant  can  themselves  be  expressed  in  terms  of  perpetuants,  we  may  say  more 
definitely  that  a  seminvariant  of  a  given  degree,  which  is  a  sum  of  products  (of  that 
degree)  of  perpetuants  of  lower  degrees,  and  of  perpetuants  of  lower  degrees,  is 
reducible.  The  words  "  of  that  degree  "  are  essential  to  the  definition  :  a  seminvariant 
may  be  expressible  as  a  sum  of  products  (of  a  higher  degree)  of  perpetuants  of 
lower  degrees,  and  of  perpetuants  of  lower  degrees,  and  it  is  not  on  this  account 
reducible:  a  seminvariant  so  expressible  is  said  to  be  a  "syzygant":  but  as  to  this,  see 
No.  49. 

26.  Every    quadric   or   cubic    seminvariant    is    obviously    a   perpetuant:    the    quadric 

and  cubic  perpetuants  have  thus  the  before-mentioned  G.  F.'s  ^  and  £-=  respectively. 

2  2.3 

27.  A    reducible    quartic    seminvariant    can    only   be    a    sum    of    products    (2  .  2)   of 
two   quadric    perpetuants,   and   of  quadric    perpetuants,    and    it    is    clear    that    no    quartic 
seminvariant   the    symbol    of    which   contains   a    3   is   thus    expressible.     If    the    symbol 
does   not   contain    a    3,    viz.    when    the    form    is    4a+1  2*,    the    seminvariant    is    reducible  : 
we  have  for  instance 

4=    2.2-2.22, 
42  =  22  .  2  -  3  .  222,  &c. 

To   show    that    this    is    so    in    general,    observe    that    any    symmetric    function    2a+1  1>. 
qua   symmetric    function    can    be  expressed   as    a    rational    and    integral    function    of    the 

32—2 
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degree  2  («+!)+  7,  of  the  coefficients  1,  I'2,  I3,  &c.  :  instead  of  the  roots  considering 
their  squares,  we  have  thence  an  expression  for  the  quartic  seminvariant  4a+1  2*  in 
terms  of  the  quadric  perpetuants  2,  22,  2s,  &c.,  and  such  expression  will  be  of  the 
same  degree  4  («+!)  +  27,  as  the  quartic  seminvariant. 

It  thus  appears,  as  regards  the  quartic  seminvariants,  that  whenever  the  symbol 
contains  a  3,  and  in  this  case  only,  the  seminvariant  is  a  perpetuant  :  or,  what  is 
the  same  thing,  the  form  of  a  quartic  perpetuant  is  4a+1  3^+1  2?  :  for  the  weight  w, 
the  number  is  equal  to  that  of  the  sets  of  values  a,  j3,  7,  such  that  w  —  7  =  4cc  +  3/3  +  27  : 

x7 
or,  what  is  the  same  thing,  the  G.  F.  of  the  quartic  perpetuants  is  =  2~3~4 

28.  Sylvester,  in  the  memoir  referred  to,  obtained  this  result  in  a  different 
manner:  the  quartic  seminvariants  of  a  given  weight  are  the  quartic  perpetuants  of 
that  weight  and  also  the  products  (of  that  weight)  of  two  quadric  perpetuants,  the 
same  or  different:  say  (4)  is  the  G.  F.  for  the  perpetuants,  and  (2,  2)  for  the  products: 

yA 

then  the  G.  F.  for  the  quartic  seminvariants  being  as  already  mentioned  _  o  A  >  we 
have  his  equation 


He   deduces   (2,  2)   from   the    G.   F.  =^  of  the   quadric   perpetuants  and   thence  obtains 

<4),  =  2^74  >  **  above' 

a? 
29.     Write    for    a    moment    </>.«    to   represent   the   G.    F.    =^    of    the    quadric    per 

petuants,    and    A,   B,    C,...    to    represent    these    quadric    perpetuants:    we    have,    in    an 
algorithm  which  will  be  readily  understood, 


$x-  =  A2  +  &c., 

and  thence 

&c.  ; 


viz.  the  G.  F.  (2,  2),  is 


2.4  2.4     /'       2.4' 

and  we  thence  have 

/y*4  /j^4 

W  +  2T4  =  273T4' 

that  is,  (4)  =    — —  ,  the  same  result  as  was  found  above  by  independent  considerations. 
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30.     Sylvester   established   in   like  manner  (but  without   the   terms  8  which  will  be 
presently  explained)  the  equations 


(6)  +  (4,  2)  +  (3,  3)  +  (2,  2,  2)  =  37  37T75T6  +  8" 

viz.  here  (5)  is  the  G.  F.  for  the  quintic  perpetuants,  (2,  3)  that  for  the  products 
of  the  quadric  and  the  cubic  perpetuants  :  and  similarly  (6)  is  the  G.  F.  for  the 
sextic  perpetuants,  (4,  2)  that  for  the  products  of  the  quadric  and  the  quartic 
perpetuants,  (3,  3)  for  the  products  of  two  cubic  perpetuants,  the  same  or  different: 
and  (2,  2,  2)  for  the  products  of  three  quadric  perpetuants,  the  same  or  different.  We 
have  at  once  (3,  2)  =  (3)  .  (2)  ;  (4,  2)  =  (4)  .  (2)  ;  (3,  3)  is  found  by  the  same  process  as 

/vwJ  /-*»2 

was   used    for   finding  (2,  2),    substituting    only    -=    for    _  ;    and   (2,   2,   2)    is    found    by    a 

#2 
like  process,  viz.  the  G.  F.  for  A3  +  A2B+ABC  is  £  {(•£*)?  +  300  .  <j>a?  +  2<^},  where  $x  =  ^ 

iof  ^sf       2&'6) 

o~o~s  +  o  -~A  +  R  \  '•    Deducing    to    the    common    denominator 
2.  2.  «      •  .  4        D  j 

2.4.6,  the  numerator  is 

=  %&{(!  +  a?)  (l+o?  +^)+3(l-^)  +  2(l-^)(1-^4)}. 
viz.  this  is  =  of.     The  several  functions  thus  are 


2727  374' 


/ 

(3,  3)-^,        (2,  2,  2)  = 


3.6'  2.4.6' 

31.  Mr  Hammond,  in  regard  to  the  equation  for  the  quintic  perpetuants,  made  the 
very  important  observation — see  his  paper  "  On  the  Solution  of  the  Differential  Equation 
of  Sources,"  American  Journal  of  Mathematics,  t.  v.  (1882),  pp.  218 — 227 — that  the  products 
(3,  2)  of  a  cubic  perpetuant  and  a  quadric  perpetuant  are  not  independent :  we  have 
between  them  syzygies  such  as  32.2  —  3.22  =  0  (viz.  the  difference  of  the  two  products 
contains  no  term  of  the  degree  5  ;  the  actual  value  is  =  43  +  322  :  Hammond's  equation 
(12).  p.  222),  hence  the  necessity  in  the  equation  of  a  term  85  referring  to  these 

syzygies ;    and   he   moreover   obtained   the   expression,   85  =  _-— .    of    the    G.    F.    for    these 

a  .  4 

syzygies. 

The  equation  gives 

,y.7       I        ,f,W      I        ,v,12 

/K\  _  __^_JL^L_^L_ i  g 

where   of    course    the   first   term    is    the    value    of  (5)    which    would    be    given   by   the 
equation  without  the  term  $5;  and  substituting  herein  for  8S  the  foregoing  value,  viz. 

<?  =  —      -  x7  (l  ~  «?)  0- ~  a5) 
5~274'  2.3.4.5        ' 
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we  find 


~2.T7O' 

which  is  the  correct   value  of  the    G.  F.  for  the  quintic  perpetuants :  the  lowest  quintic 
perpetuant  is  thus  of  the  weight  15. 

32.     The  equation  for  the  sextic  perpetuants  gives 


/a\  -  0 

~2.3.4.5.6  ^ 

which  is  an  equation  connecting  (6)  and  *S'6,  the  G.  F.'s  for  the  sextic  perpetuants, 
and  the  sextic  syzygies  respectively.  I  have,  in  the  investigation  of  the  value  of  $6, 
met  with  a  difficulty  which  I  have  not  been  able  to  overcome :  but  I  find  that 

_  a*  +  a?3  -  2^6  -  a18  +  ft)  Q) 
~~2737475T6~ 

where  &>  (a?)  is  possibly  the  monomial  function  of1,  but  this  result  (which  Capt.  MacMahon 
believes  to  be  true)  is  not  yet  completely  established ;  it  is  a  function  containing  no 
term  lower  than  ic31.  We  have  therefore 

(6)  = "<*> 

2.3.4.5.6' 

and  there  is,  it  would  appear,  no  sextic  perpetuant  of  a  weight  lower  than  31. 

33.  But  before  entering  on  the  investigation,  it  is  proper  to  further  develops  the 
theory  of  the  quintic  perpetuants.  We  have  quintic  semin variants :  5  for  weight  5  : 
52  for  weight  7 ;  53  for  weight  8 ;  54,  522  for  weight  9 ;  55,  532  for  weight  10 ; 
542,  533,  5222  for  weight  11  ;  and  so  on.  These  are  reduced  by  means  of  the  products 
3.2  of  a  cubic  perpetuant  and  a  quadric  perpetuant ;  viz.  for  any  given  weight,  we 
have  all  the  products  3"  2*.  2*  of  that  weight.  Thus  for  weight  5  there  is  only 
the  product  3 .  2,  and  this  in  fact  serves  to  reduce  the  seminvariant  5  :  we  have 
3.2-5  +  32,  and  therefore  5=3.2-  32. 

For  the  weight  7 ;  there  is  only  the  seminvariant  52,  and  there  are  the  two 
products  32  . 2  and  3 .  22 :  either  of  these  would  serve  for  the  reduction :  we  have 

32.2=          52  ,  3.22=     52  , 

+      43  ,  +322, 

+  2  .  322, 

and  these  two  equations  imply  the  before-mentioned  syzygy,  32  .  2  —  3  .  22  =  0,  in  virtue 
of  which  the  two  reductions  become  equivalent ;  or  say  there  remains  a  single  equation 
serving  for  the  reduction  :  the  most  simple  form  is  52  =  3  .  22  —  322. 

Weight  8 :  there  is  only  the  seminvariant  53,  and  the  product  33 . 2 :  this  gives 
the  reduction. 

Weight  9 :  semin  variants  54,  522 :  products  322 .2,  32 . 22,  '3.2s;  there  is  between 
the  first  and  last  of  these  a  syzygy ;  and  this  being  satisfied,  there  remain  two 
equations  for  the  reductions. 
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Weight  10 :  seminvariants  55,  532  :  products  332  .  2,  33  .  22 :  these  give  the  reductions. 
Weight  11 :  seminvariants  533  ;  542,  5222  :  products  333 .  2  ;  323 .  2,  322 .  22,  32  .  23,  32'. 

34.  Observe    that   the    seminvariants,   and    in    like    manner   the    products,    form    two 
classes,  according   as  the   symbols  contain    three    odd    numbers   or  a    single    odd    number : 
these    correspond    separately    to    each    other,    for    the    development    of    any    product    will 
contain    only    seminvariants    having   each    of    them    as    many    odd    numbers   as    there    are 
odd   numbers    in    the    product.     Hence    for  the   weight   11  just   referred    to,   333.2  serves 
for  the  reduction  of  533  ;  32s .  2,  32- .  2-,  32  .  23,  3  . 24  are  connected  the  first  and  fourth 
of  them   by   a    syzygy,  and    the  second    and    third    by    a   syzygy ;   and   there    remain    two 
equations  serving  for   the   reduction  of  the   two  seminvariants   542,  5222. 

It  is  easy  to  show  in  this  manner  that  there  is  no  quintic  perpetuant  for  any 
weight  under  15;  and  that  there  is  a  single  quintic  perpetuant  for  the  weight  15. 

35.  Generally   the   syzygies   exist   only   for   an   odd    weight   w  =2/3  +  3    between  the 
products   32?-1 .  2,  32^~2 .  22, . . . ,  32  .  2*-1,  3.2";   viz.   there   is   a    syzygy  between    the   first 
and   la,st    terms :    a   syzygy    between   the    second    and    last   but    one    terms ;    and    so    on. 
The   existence   of    these   syzygies   at   once   appears   from    the    principle    of    decapitation  : 
decapitating   32^~J  .2-3.2*,    we   have    2**-1  -  2*-1,    which    is    identically   =  0,    hence    the 
function    contains   no    term    of  the    degree    5,    that    is,    32^~] .  2  —  3  .  2*  =  0  ;  and    similarly 
for  the  other  pairs  of  terms. 

There  are  ft  terms:  hence  in  the  case  /3  even,  we  have  ^/3  pairs  of  terms  and 
therefore  ^/3  syzygies :  in  the  case  /3  odd,  there  is  a  middle  term,  not  connected  by 
a  syzygy  with  any  other  term,  and  the  number  of  syzygies  is  thus  =  ^(/3  —  1) : 
writing  for  (3  its  value  £  (w  —  3),  the  number  is  =^(w—  3),  and  $^v—o)  in  the  two 

cases  respectively  :  and  it  thus  appears  that  the  G.  F.  is  =       -    as  already  mentioned. 

2i  .  4 

36.  In    the   case    w   an   odd   number,  we  have    seminvariants,   and    in    like    manner 
products,  containing   respectively  one  odd  number,  three  odd  numbers,  five    odd   numbers, 
and  so  on:    thus  w=l5,  we  have 

Seminvariants.  Products. 

555  3332*.  2  3  equations, 

5532  3332 . 2- 

5433  333 . 23 

53322 


5442  325 .2       £  6,  =  3  equations ; 

5423  324 .  2a 

525  323 .  23 

322 .  24 

32  .  25 

3.26 
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hence  the  seminvariants  555,  5532,  5433,  5332s  with  three  odd  numbers  are  not 
reducible,  but  they  can  be  linearly  expressed  in  terms  of  the  3  like  products  33322.  2, 
3332 .  22,  333  .  2s,  and  of  4-3,  =1  arbitrary  quantity  (observe,  however,  that  this  must 
not  be  the  seminvariant  5332s,  for  this  is  in  fact  reducible) :  the  seminvariants 
5442,  5422,  525,  with  one  odd  number,  are  reducible.  And  the  like  as  regards  any 
other  odd  value  of  w. 

37.  In  the  case  w  an  even  number,  we  have  seminvariants,  and  in  like  manner 
products,  containing  respectively  two  odd  numbers,  four  odd  numbers,  six  odd  numbers, 
and  so  on.  Thus  w—  16,  we  have 

Seminvariants.  Products. 

5533  '  33332 .  2       2  equations, 

53332  3333 . 22 


5542  3324 . 2          5  equations ; 

552s  332s .  2- 

5443  332- .  23 

54322  332  .  2* 

5324  33  .  25 

and  thus    the  seminvariants  with    four    odd    numbers,  and    those  with    two    odd    numbers, 
are  each  set  reducible. 

38.  I  give  in  the  case  w  =  19  the  following  results :  the  expression  for  the  G.  F. 
shows  that  there  are  2  quintic  perpetuants :  viz.  two  forms  X,  Y  such  that  every 
quintic  seminvariant  of  the  weight  19  is  expressible  as  a  linear  function  of  these,  of 
products  (3  .2)  of  a  cubic  and  a  quadric  perpetuaiit,  and  of  forms  of  a  degree  inferior 
to  5,  that  is,  quartic,  cubic  and  quadric  perpetuants.  Attending  only  to  the  terms  in 
X,  Y,  the  actual  values  are : 

5554      =     X, 

55522     =      Y, 

55432    =-X, 

55333    =      0, 

5532s     =  -  7, 

54442    -      0, 

54433    =     X, 

5442-     =      0, 

543322  =      Y, 

542r>       =      0, 

533332  =     0, 

53324     =     0, 

527         =     0, 
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viz.  of  the  13  quintic  seminvariants  of  the  weight  in  question  there  are  7,  which  as 
not  containing  either  X  or  Y  are  each  of  them  reducible ;  while  the  remaining  6 
can  only  be  expressed  as  linear  functions  of  X  and  F.  It  would  be  allowable  to 
select  5554  (=  X)-  and  55522(=F)  as  the  two  representative  perpetuants,  but  there  is 
no  particular  advantage  in  this. 


Sextic  Perpetuants  and  Sextic  Syzygies:   Syzygants.     Art.  Nos.  39  to  51. 

39..  Returning  now  to  the  sextic  seminvariants,  these  are  weight  6  ;  6  :  weight  8  ;  62  : 
weight  9  ;  63  :  weight  10  ;  64,  622  :  and  so  on.  And  they  are  reducible  by  means  of 
the  products  (4,  2),  (3,  3)  and  (2,  2,  2),  that  is,  of  a  quartic  perpetuant  and  a  quadric 
perpetuant,  of  two  cubic  perpetuants,  and  of  three  quadric  perpetuants:  this  last  form 
of  product  existing  only  in  the  case  of  an  even  weight. 

40.  For   weight  6,  we  have  seminvariant  6,  and   the  two  products  3  .  3  and  2.2.2; 
this   implies   a   syzygy   3.3-2.2.2  =  0;   and   there   then  remains  a  single   equation  for 
the  reduction  of  the  seminvariant.     The  formulae  are 

3.3=          6  2.2.2=          6 

+  2  .  33,  +  3  .  22  .  2 

-  3  •  222, 

so  that  the  complete  syzygy,  and  the  most  simple  reduction,  are 

3.3  6=         3.3 

-2.2.2  -  2  .  33, 

-2.33 
+  3  -  22  .  2 
-3.222=0, 

and  we  might  in  this  way  verify  that,  for  the  successive  weights  8,  9,  10,  &c.,  there 
are  no  sextic  perpetuants;  and  find  for  these  weights  respectively,  the  number  of  the 
sextic  syzygies.  But  such  direct  investigation  becomes  soon  impracticable. 

41.  I   endeavour   to   determine    the    number   of  sextic  syzygies   for   the    weight   w\ 
and  for  this  purpose  I  establish  the  following  relation: 

W  =  ((0))  +  ((2))'  +  ((3))'  +  ((2,  2))'  +  ((3,  2))'  +  (tf8)'  +  to)'  -  ((5))'  + 


where  (S6)  is  the  number  of  sextic  syzygies  for  the  weight  w,  or,  what  is  the  same 
thing,  it  is  the  coefficient  of  xw  in  the  function  S9,  which  is  the  G.  F.  for  these 
syzygies:  ((0))  has  the  value  1  for  w  =  6,  and  the  value  0  in  all  other  cases.  The 
accented  symbols  refer  to  the  weight  w-Q;  (S6)'  is  thus  the  number  of  sextic 
syzygies  for  this  weight  :  and  for  the  same  weight  w  -  6,  ((2))'  denotes  the  number 
of  quadric  perpetuants,  or  coefficient  of  xw~s  in  the  function  (2)  which  is  the  G.  F. 
for  these  perpetuants:  ((3))'  the  number  of  cubic  perpetuants,  ((2,  2))'  the  number  of 
c.  xii.  33 
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products  of  two  quadric  perpetuants,  the  same  or  different,  ((3,  2))'  the  number  of 
products  of  a  cubic  perpetuant  and  a  quadric  perpetuant,  (S5)'  the  number  of  quintic 
syzygies,  ((5))'  the  number  of  quintic  perpetuants,  and  ((#))'  a  term  of  unascertained 
form  which  will  be  explained  further  on.  Transposing  the  term  (S6)'  to  the  left-hand 
side,  and  passing  to  the  generating  functions,  we  have 

(1  -a?)S6  =  (0)  +  (2)'  +  (3)'  +  (2,  2)'  +  (3,  2)'  +  S5'  -  (5)'  +  (0)', 
or,  as  this  may  be  written, 

=  *•{!+ (2) +  (3) +  (2,  2) +  (3,  2)  +  (S5)-(5)  +  (0)}, 
where   (2),   (3),   &c.,    have   the    values    already   obtained    for   these    G.    F.'s   respectively: 

viz.  writing  xe(0)  =  s~o~~Z~  K  '  tne  ecluation  *s 
2! .  o  .  4  .  0 

/>t8  /yi9  rfA  .-fill  ,  •  i  •  /Y&l  /•, »   (     >  •   t 

4.  ~i  tJU  Iv  «V  t*>  w  w  UU  \  w  I 

£      .Cf    —  rf&    i _i_ | J J j 

^2^3^2.42.2.32.4     2. 3. 4.5^2.3.4. 5' 

42.     Reducing  on  the  right-hand  side  the  known  terms  to  the  common  denominator 
.2.3.4.5,  the  numerator  is 


a?. 

1 

—  T4 

I*/         • 

I 

-X5=X6-X?-X9- 

x10          +x1~+2xl3+xl* 

-  aP-dt—aP+d* 

X3. 

1 

-a*. 

1 

-0?           +X? 

—  x11  —  x12—  x13         +a 

M+     A-16  +  #17               -ft® 

1 

-x4. 

1 

—  Xs                     +X9 

—    X13  —  X14 

+  ^8 

1 

-X3. 

1 

-    /**)                                                  1      / 

^^    W                                                                                  |^     fc 

v10                   -   x™         -a 

.15                                 +tf« 

1 

+  a?. 

1 

-of 

~T"  3C                   "i      3C 

-    X*             -X18 

1 

-x3. 

1 

-X5 

+    X13 

-    X16              -X18            +X?1 

—  r21 

IV 

+  X11. 

-x>1. 

Xs  +  x13  -2#16         -xis  ; 

whence,  dividing  by  6,  we  have  the  before-mentioned  formula 

,,  _  x6  +  x13  -  2xls  -  x18  +  w  (x) 
2.3.4.5.6 

43.  We  have  to  prove  the  formula  for  (S6) :  this  symbol  denotes,  for  the  weight  w, 
the  number  of  syzygies  between  the  products  (4,  2),  (3,  3)  and  (2,  2,  2):  we  have  to 
consider  separately  the  cases  w  odd,  and  w  even.  First,  if  w  be  odd,  there  are  no 
products  (2,  2,  2)  and  the  only  forms  are  (4,  2)  and  (3,  3). 

I  consider  a  particular  value  of  w,  say  w  =  lo.  The  whole  series  of  semin variants 
weight  15  is 


663 

555 

4443 

33333 

654 

5532 

44322 

3332s 

6522 

5442 

43332 

326; 

6432 

5433 

4324, 

6333 

5423 

632s, 

53322 

52», 
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and  from  the  quartic  and  cubic  forms  we  obtain  the  forms  of  the  products  (4,  2} 
and  (3,  3),  viz.  these  are 

4432  .  2  3333  .  3 

443  .  22  333  .  33 

4333  .  2  332s .  3 

432s .  2  3322 .  32 

4322 .  2-  332  .  322 

432  .  2:i  33  .  323 ; 

43 . 24, 

and  (SK)  will  denote  the  number  of  syzygies  between  these  products.  Now  from  any  such 
syzygy,  we  obtain  by  decapitation,  it  may  be  an  identity,  but  if  not  an  identity,  then 
a  syzygy,  of  the  weight  15  —  6,  =9:  and  from  these  lower  identities  or  syzygies  we 
can  pass  back  to  the  syzygies  of  the  weight  15.  To  show  how  this  is,  I  decapitate 
the  several  products,  thus  obtaining  the  forms 

432  333     :  viz.  the  distinct                432     ;   and  of  these    333     occur  each  of 

43 . 2  33 . 3  forms  are                      43 .  2  323       them  twice. 

333  323  333  322.2 

323  322 .2  33 . 3     323  32 . 22 

322.2  32.  22  32-.  2  3  .  23 

32  .  22  3  .  23  32  .  22 

3  .  2s  3 . 23 

The  forms  occurring  each  twice  are  333,  32s,  viz.  these  are  the  forms  (3),  or  cubic 
perpetuants  of  the  weight  9 :  and  322 .2,  32 . 22,  3 .  23,  viz.  these  are  the  forms  (3,  2) 
or  products  of  a  cubic  perpetuant  and  a  quadric  perpetuant  for  the  weight  9 ;  and 
any  form  thus  occurring  twice  gives  a  syzygy  of  the  weight  15 :  thus  333,  we  capitate 
it  with  4.2  or  with  3 . 3,  and  so  obtain  the  syzygy  4333 .  2  —  3333 .3=0;  and  in  like 
manner  for  each  of  the  other  forms  32s,  322 .2,  32 . 22,  3 .  2s.  And  so  for  any  other 
odd  weight :  ($6)  contains  the  terms  ((3))'  and  ((3,  2))',  and  for  an  odd  value  of  w 
we  may  assume  that  S6  contains  also  the  terms  ((2))'  and  ((2,  2))':  for  these,  it  is 
clear,  vanish  for  any  odd  value  of  w. 

44.  When  w  is  even,  it  appears  by  a  similar  investigation  that  ($6)  contains  the 
terms  ((2))',  and  ((2,  2))',  which  in  this  case  do  not  vanish,  and  also  the  before- 
mentioned  terms  ((3))'  and  ((3,  2))':  so  that  whether  w  be  even  or  odd,  (S6)  contains 
the  terms  ((2))',  ((3))',  ((2,  2))',  ((3,  2))'. 

In  the  particular  case  w  =  6,  there  is  the  sextic  syzygy  3.3  —  2.2.2  =  0,  obtained 
by  capitation  from  the  identity  1  —  1  =  0;  and  by  reason  hereof,  we  introduce  into  the 
formula  the  term  ((0)),  =1  for  w  =  6,  and  =  0  in  every  other  case. 

In  what  immediately  follows,  I  revert  to  the  instance  w=l9,  but  this  now 
represents  indifferently  an  odd  or  an  even  value  of  w,  there  being  no  distinction 
between  the  two  cases. 

33—2 
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45.  Attending   next    to   the    remaining   distinct   terms,   these   are    333,   323   of    the 
degree    3 ;   432  of  the  degree   4 ;    32- .  2,  32  .  22,  3  .  23   of  the  degree    5  ;   and  43  .  2,  33 . 3 
of    the    degree    6.     For    the    degrees    3    and    4,    there    are    no    syzygies :    but    for    the 
degree   5    we    have   a   syzygy :    this,    written   as   a   congruence,   is    322 .  2  —  3  .  23  =  0,    arid 
qua   quintic   syzygy,   it   will,    when   completed,   not   contain   any    5 ;   the   completed   form 
in  fact  is 

322 .  2 

-  3 .  23 
432 

-  2  .  323  =  0. 

We  can  capitate  this,  each  term  with  4.2  or  else  3 .  3,  or  it  may  be  indifferently 
either  with  4.2  or  3.3;  and  so  obtain  therefrom  a  syzygy  of  the  weight  15;  such 
a  syzygy  (in  the  congruence  form)  is 

4322 .  22 

-  43  .  24 
4432  .  2 

-  2 .  4323 .2  =  0; 

and  it  is  to  be  observed  that  it  is  quite  indifferent  how  the  capitation  is  performed : 
if  for  instance  the  first  term  had  been  capitated  into  3322 . 32,  then  in  virtue  of  the 
before-obtained  syzygy  4322 .  22  —  3322 .  32  =  0,  the  new  form  would  be  equivalent  to  the 
old  one.  (It  is  I  think  convenient  to  capitate,  when  this  can  be  done,  with  4.2; 
and  only  the  other  terms  with  |3.3.)  Clearly  the  case  is  the  same  with  any  other 
odd  weight ;  and  we  thus  see  that  (S6)  contains  the  term  ($5)'. 

46.  But   further   we    have,    between    the    terms   43 .  2   and   33 . 3    of   the   degree    6, 
a   syzygy  43 . 2  —  33 . 3  =  0.     Completing   this,  there   will   be  a  term  containing   a   5,  viz. 
the  syzygy  is 

43.2 

-  33  .  3 
54 

-  432 

-  3  •  333  =  0 ; 

and  in  this  form  we  cannot  capitate  it,  for  the  quintic  term  54  is  not  to  be  capitated 
either  with  4 .  2  or  with  3 .  3.  But  54  is  not  a  perpetuant :  we  have 

54  =         32  .  22,    and  thence  the  syzygy  is  43  .  2 

-  2 .  3  .  23  -      33  .  3 

-  432  -      32. 22 

-  323  +  2 .  3 .  23 

+  3 • 333 
+      32s  =  0; 


828]  A    MEMOIR   ON    SEMIN VARIANTS.  261 

and  it  can  be  capitated,  for  instance,  into 

443 . 22 

-  333.33 

-  432 .  23 
+  2 .  43 .  24 
+  3  .  4333  .  2 

+      4323 .2  =  0, 

the  form  of  capitation  being  (for  the  reason  mentioned  above)  quite  immaterial. 
Observe  that  in  every  case  where  the  sextic  syzygy  contains  in  the  first  instance  any 
quintic  semin variants,  it  is  assumed  that  each  of  these  is  expressed  in  terms  of  quintic 
perpetuants,  as  shown  in  No.  38 ;  and  this  being  done,  the  sextic  syzygy  exhibits  itself 
as  a  syzygy  containing,  or  else  not  containing,  a  quintic  perpetuant  or  perpetuants. 

47.  The   conclusion    is    that    from    any   sextic   syzygy   of    the   weight   w  —  6,   which 
does   not   contain   a   quintic  perpetuant,  we    can   obtain   by  capitation   a   sextic   syzygy   of 
the    weight   w.     The   number   of  sextic   syzygies   of    the   weight    w  —  6    is   (86)',   and   the 
number    of    quintic   perpetuants   of    the    same    weight    is   ((5))' :    the    former   of  these    is 
(for   not    too   large  values   of  w)   the   greater;   and   at   first  sight   it    would   appear   that 
we    can,    by    elimination    of    the    quintic    perpetuants,    obtain    from    the    ($6)'    syzygies, 
(S6)'  -  ((5))'   syzygies   which    do    not    contain    a    quintic    perpetuant :    if    this    was   always 
the   case,  we   should   have   in   ($„)  the  term  ($6)'  —  ((5))',  completing  the   series  of  terms, 
and  the  formula  would  be 

(8.)  =  ((0))  +  ((2))'  +  ((3))'  +  ((2,  2))'  +  ((3,  2))'  +  (flf.y  +  ($)'  -  ((5))', 

leading  to 

„  _  a?  +  x13  -  2x16  -  x18 

~ljTOuT~ 

48.  But   this   result   is   on   the   face   of  it   wrong,  for   as  remarked  by  Sylvester  in 
the     memoir    referred     to,    from    the    mere    fact     that    the    sum     1  +  1  —  2  —  1    of    the 
numerator   coefficients   is   negative,   it   follows   that   the    coefficients    of    the   development 
ultimately  become    negative ;   and   the    actual    calculation   showing    when    this    happens  is 
given    by  him.     And    it   is    further   to    be    noticed    that    not  only  the    formula    cannot  be 
correct    beyond   the    point   at   which    the    coefficients   become   negative,  but   it    cannot  be 
correct   beyond   the   point   for   which   ($„)'  —  ((5))'   becomes   negative :    the  sextic  syzygies 
of  the    weight    w  —  6    may  add   nothing    to,  but    they    cannot    take    anything   away  from, 
the  number  of  the  sextic  syzygies  of  the  weight  w. 

49.  If  for  a   moment    we   further   consider   these  syzygies  of  the  weight  w  —  6;   so 
long   as    the    number   of  these    is    greater   than    the    number    of    quintic    perpetuants    of 
the   same   weight,  we   can   by   means   of  them   presumably  express    each   of  the    quintic 
perpetuants  in  terms  of  sextic  products,  viz.  in  the  language  of  Capt.  MacMahon,  express 
each   quintic   perpetuant   as   a   "  Sextic   Syzygant."     The   syzygy  of  the  weight  9,  above 
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obtained,  will  serve  as  an  example :  54  is  not  a  quintic  perpetnant,  but  ignoring  this, 
it  is  by  the  syzygy  in  question  expressible  in  the  form 

54  =         43 . 2 

-  33  .  3 

-  432 
-3-333, 

viz.  as  a  Sextic  Syzygant,  inasmuch  as  on  the  right-hand  side  we  have  terms  43 .  2 
and  33 . 3,  of  the  degree  6,  which  exceeds  the  degree  5  of  the  seminvariant  54  in 
question.  Referring  back  to  the  definition  of  reduction,  No.  25,  observe  that  this  is 
not  a  reduction  of  the  seminvariant  54.  It  may  be  remarked  that  for  the  weight  19 
we  have  15  sextic  syzygies :  the  number  of  quintic  perpetuants  is  =  3  :  so  that  while 
it  is  conceivable  that  the  15  equations  might  be  such  that  they  would  fail  to 
determine  the  3  perpetuants,  it  is  primd  facie  very  unlikely  that  this  should  be  so. 
I  have  in  fact  ascertained  that  the  equations  are  sufficient  for  the  determination ; 
that  is,  that  (weight  19)  each  of  the  three  quintic  perpetuants  is  a  sextic  syzygant. 
So  in  the  case  w  =  23,  the  number  of  the  sextic  syzygies  is  =  28,  and  that  of  the 
quintic  perpetuants  is  =  5 ;  here  also  the  28  equations  are  sufficient  to  determine  the 
5  perpetuants,  viz.  (weight  23)  each  of  the  5  quintic  perpetuants  is  a  sextic  syzygant. 

50.  Supposing   that   for   any  given    weight    w  —  6,  each    of  the   quintic   perpetuants 
is   a   sextic  syzygant :    this   implies  that   the   number   of  sextic   syzygies   ($6)'  is  at  least 
equal    to    the    number   ((5))'   of    quintic    perpetuants   (for    each    expression    of    a   quintic 
perpetuant   as   a   sextic   syzygant  is   in   fact    a   sextic   syzygy) :   and   not   only    so,  but  it 
further   implies   that   the   number  of  the  sextic  syzygies,  which  do  not  contain  a  quintic 
perpetuant,  is   precisely  equal   ($6)'  —  ((5))' :   for   if  besides   the    equations   which  serve   to 
express   the  perpetuants   as  syzygants,  we    have  any  other  sextic  syzygy,  then  either  this 
does    not    contain    a    quintic    perpetuant,    or   it    can    (by    substituting    therein    for    every 
quintic  perpetuant   its   value   as   a   sextic   syzygant)   be  reduced  to  a   syzygy  which  does 
not  contain  any  quintic  perpetuant. 

51.  In   the   general   case,  we  have   ($«)'   sextic   syzygies   of  the   weight   w  —  6,   and 
((5))'    quintic    perpetuants    of    this    weight :    but    it    may    happen    that    certain    of    the 
quintic   perpetuants   do    not    enter    into   any   of    the    sextic   syzygies ;    and   those   which 
enter,    may    do    so    in    definite    combinations  :    by    elimination    of    these    combinations    of 
perpetuants   we   obtain   (it    may  be)   a   sextic   syzygies   not   containing   any   quintic   per 
petuant  ;    and    the    remaining   ($„)'  —  a    equations    will    then    serve    to    express    each    of 
them   a   quintic  perpetuant,  or  combination  of  quintic  perpetuants,    as    a   sextic  syzygant. 
The   number   a   is   at    most   =((5))',  or   taking   it   to   be    =  ((5))'  —  ((#))',  the   number   of 
sextic    syzygies    not    containing    any   quintic    perpetuant    will    be    =  ($,)'  -  ((5))'  +  ({6})', 
that    is,    the    number    of    sextic    syzygies    not    containing    any   quintic    perpetuant    will 
be   equal   to   the   whole    number   ($6)'   of    sextic    syzygies    diminished    by   some    number 
((5))'  —  ((#))',    which    is    less    than    or    at    most    equal    to    the    whole    number    ((5))'   of 
quintic  perpetuants  of  the  weight  in  question  w  —  Q.     But  as  already  mentioned,  I  have 

not   been   able   to   obtain    the  expression   of  the   function   (0),  =  .  which  is   the 

G.  F.  of  the  number  (((9))'. 

Cambridge,  England,  Ylth  March,  1884. 
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829. 

TABLES  OF  THE  SYMMETRIC  FUNCTIONS  OF  THE  ROOTS,  TO 
THE  DEGREE  10,  FOR  THE  FORM 


[From  the  American  Journal  of  Mathematics,  t.  vn.  (1885),  pp.  47  —  56.] 

THE  tables  are  derived  from  the  tables  (b)  of  my  "Memoir  on  the  Symmetric 
Functions  of  the  Roots  of  an  Equation,"  Phil.  Trans.,  vol.  CXLVII.  (1857),  pp.  489—496, 
[147],  These  refer  in  effect  to  the  form  1  +bx  +  c#2+  ...,  and  we  have  consequently  to 

change   b,  c,  d,...    into   j/j^j.    l~~2~3'"'    resPectively-     Thus   in   the   heading  of  the 
original  table  V(6),  we  must  instead  of 

/  ,          be,        cd,        b*d,        be-,         b3c,  b5, 

write 

/  be         cd          b2d         be?          frc  6s 

120'        24'        12'         6  '         4  '          2  '  1 

=  ---(/*     obe,     Wed,     20&U     306c2,     6063c,     12065); 
120  w 

the  several  columns  of  the  original  table  are  then  multiplied  by  1,  5,  10,  20,  30,  60,  120, 
and  we  thus  obtain  the  new  table  with  the  heading 

~    (/,      be,        cd,        fcd,        be*,        63c,  65). 

In  the  original  tables,  there  is  a  remarkable  property  (very  easily  proved)  in  regard 
to  the  sums  of  the  numbers  in  a  column.  Thus  for  the  table  V(6)  these  sums  are 

-1,     +2,     +2,     -3,     -3,     +4,     -1, 

where  the  sign  is  +  or  —  according  as  the  heading  is  the  product  of  an  even  or 
an  odd  number  of  letters;  and  the  numerical  value  depends  only  on  the  indices  in 
the  heading  :  these  indices  are 

1,       11,      11,      21,       21,       31,       5, 
and  they  give  the  foregoing  values 

1,         2,        2,       3,        3,         4,        1, 

viz.  b3c,  =31  gives  the  value  114-=-  113.  Ill,  =4;  b-d,  be-,  each  =21,  give  the  value 
113  -rI12.nl,  =3;  and  so  in  other  cases. 
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In  the  new  tables  we  have  a  property  in  regard  to  the  sums  of  the  numbers 
in  a  line:  viz.  except  for  the  last  line  of  each  table,  where  there  is  only  a  single 
number  +1  or  -  1,  this  sum  is  always  =0.  I  have  given  in  the  several  tables  on 
the  right-hand  of  each  line,  the  sums  for  the  positive  and  the  negative  coefficients 
separately:  thus  V  (6),  line  1,  the  number  +375  means  that  these  sums  are  +375 
and  -375  respectively,  the  sum  of  all  the  coefficients  being  of  course  =0.  The 
property  is  an  important  verification  as  well  of  the  original  tables  (6)  as  of  the  new 
tables  derived  from  them ;  and  I  had  the  pleasure  of  thus  ascertaining  that  there  was 
not  a  single  inaccuracy  in  the  original  tables  (6). 

The  symbols  in  the  left-hand  outside  column  of  each  table  denote  symmetric 
functions  of  the  roots  a,  0,  y, . . .  ;  5  =  2a5,  41  =  2«4/3,  &c. :  and  the  tables  are  read 
according  to  the  lines:  thus  in  table  V(6), 

5  (=  2flt5   )  =  _^  (5y+  25be  +  50cd  -  10062d  -  loO&e2  +  30063c  -  12065), 

41  (=  2a4/3)  =  T£O  (5/-    5be  ~  5Qcd  +    2Qb'd  +    90ic2  ~    6063c)>  &c- 


I  (b) 


II  (b) 


=         b 


III  (6) 

H-  6 
=       d       be      b3 


2 


-2     +  2    ±2 


+  1     +1 


8 

21 
J." 


-3     +9     -6    ±9 


+3      -3    ±3 


-1     -1 


•4-  24 


IV  (b) 
bd        c2        b"c 


4 

-4 

+  16 

+  12 

-48 

+  24 

31 

+  4 

-    4 

-12 

+  12 

±16 

22 

+  2 

-    8 

+   6 

±  8 

i 

212 

-4 

+   4 

±   4 

I4 

+  1 

+    1 

±52 


-f-  120 

f        be 


cd 


V  (b) 
b*d         fee8 


5 

-5 

+  25     +50 

-100     -150     +3( 

)0     -  120     ±  375 

41 

+  5 

-   5     -50 

+   20     +90      -  ( 

>0     ±115 

32 

+  5 

-  25     +10 

+   40      -   30     ±   i 

5 

312 

-5 

+   5     +20 

-   20     ±25 

221 

-  5 

+  15     -  10 

±  15 

21s 

+  5 

-   5  j  ±  5 

15 

-1 

-    1 
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VI  (6) 
H-720 

g  bf        ce          We        cF~          bed          b3d          c3          62c2  64c  bG 


6 
51 
42 

32 
412 

321 

2s 

31s 

2212 

214 

I6 


±996 


±516 


_   6     +36  +90  -180  +60  -720  +720  -180     +1620     -2160     +720      ±3246 

+   6-6  -90  +   30  -60  +420  -120  +180      -   720     +   360 

+   6     -36  +30  +   60  -60  +240  -240  -180     +   180 

+  3     _is  -45  +90  +60  -180  0  +   90  \  ±  243 

_   6     +   6  +30  -   30  +60  -180  +120 

-12     +42  +60  -   90  -60  +   60 


-2     +12     -30 


0     +20 


±216 


±162 


±   32 


+   6     -    6     -30     +30 


±36 


+   9     -24     +15  I  ±  15 
-6+6 


+   1     ±   1 


+  5040 

h       bg        cf 

&y        de 

bee 

VII  (b) 
b3e         bd'2        c2d         b^r.d         b*d          be3        63c2           65c           b7 

1 

-   7 

+  49   +147 

-294   +245 

+  1470 

+  1470   -980   -1470   +8820   -5880   +4410   -17640  +17640   -5040 

61 

+  7 

-7-147 

+   42   -245 

+   840 

-   210   +560   +1470   -3780  +  840   -3150  +   6300   -   2520  ±1005fl 

52 

+   7 

-49   +   63 

+   84   -245 

+  420 

-   420   +980   -   630   -2520  +1680   +1890   -    1200    ±5124 

43 

+   7 

-49   -147 

+  294  +175 

+   210 

-    630   -700  +    210   +1260            0   -   C30    ±2156 

512 

-   7 

+   7   +   42 

-   42   +245 

-    315 

+  210   -560   -   420  +1680   -   840  ±2184 

421 

-14 

+  56  +  84 

-126  +   70 

-   840 

+   630  +140  +  420   -   420    ±1400 

321 

-   7 

+  28   +147 

-168   -175 

+   105 

0  +280   -   210    ±560 

32- 

-   7 

+  49   -   63 

-84+35 

+   210 

0   -140    ±294 

41s 

+   7 

-    7    -   42 

+   42    -105 

+   315 

-   210   ±364 

32P 

+  21 

-63   -126 

+  168  +105 

-    105 

±  294 

231 

+   7 

-35   +   63 

0-35 

±    70 

31" 

-   7 

+   7   +   42 

-   42  I  ±   49 

2-F 

-14 

+  35   -   21 

±  35 

215 

+   7 

-   7  |±     7 

I7 

-    1 

-  1 

±32781 


C.    XII. 


34 
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-=-  40320 


bh 


(Concluded  infra.} 
VIII  (b) 

df          bcf  b2f  <? 


bde 


Wee 


cd? 


8 

-8+64 

+  224 

_448     +448     -2688     +2688     +280     -4480     - 

3360     +20160     -13440     -4480 

71 

+   8     - 

8 

-224 

+   56     - 

-448     +1512     -   336     -280     +2520     +3360     -   8400     +   1680    +4480 

62 

+  8     - 

64 

+  112 

+  112     - 

-448     +   672     -    672     -280     +4480     - 

1680     -   5040     +  3360    +1120 

53 

+  8     - 

64 

-224 

+  448     +392     +   168     -1008     -280     +  280     +3360      -   7560     +   5040     -3920 

42 

+  4 

32 

-112 

+  224 

-224     +1344     -1344     +420     -2240 

1680     +   3360                0    +2240 

612 

-8-( 

-     8 

+   56 

-    56     +448     -   504     +   336     +280     -2520 

-   840     +   3360      -    1680     -2800 

521 

-16     +72 

+  112 

-168     +  56     -1354     +1008     +560     -2800 

1680     +  9240      -   5040    +2800 

431 

-16     +72 

+  448 

-504     +  56     -1680     +1344     -560     +2800 

0-840                0     -   560 

422 

-8+64 

-112 

-112     +448     -    672     +   672     -280              0     +1680      -   1680                0     -1120 

322 

-8+64 

+   56 

-280 

-392     +  840              0     +280     -   280     - 

•   840                0                0    +  560 

513 

+  8     - 

-     8 

-   56 

+   56 

-168     +   504     -   336     -280     +1120     i 

-   840     -   3360     +   1680     ±4208 

4212 

+  24     - 

-   80 

-168 

+  224 

-504     +1848     -1344     +280     -   280 

-   840     +     840     ±   3216 

3212 

+  12     - 

-  40 

-252 

+  280     +168     -   168              0     +140     -   560     - 

h  420     ±  1020 

3221 

+  24     - 

-136 

0 

+  280     +336      -   504              0     -280     +   280     = 

b  920 

24 

+  2 

-   16 

+   56 

0 

-112              0              0     +   70     ±   128 

41 

-    8      H 

-     8 

+   56 

56     +168      -   504     +  336     ±568 

3213 

32     -I 

-   88 

+  224 

-280 

-168     +   168     ±   480 

2312 

-16     -, 

-   72 

-112 

0 

f   56  j  ±   128 

315 

+  8     - 

-     8 

-   56 

+   56  j  ±  64 

2214 

+  20     - 

-   48 

+   28 

±  48 

216 

8     -i 

-     8 

±     8 

I8 

+  1     -" 

i-     1 

-r-  40320 

b*d?            bc'2d 

b3cd 

b°d              c*              6V            b*c- 

bsc              bs 

8 

+  13440     +40320 

-  107520 

+  53760     +   5040     -80640     +201600 

-161280     +  40320     ±377344 

71 

-   5600     -28560 

+   36960 

-   6720     -   5040     +45360     -   60480 

h   20160     ±116096 

62 

-  10080 

0 

+   26880 

-13440     +   5040     -20160     +   10080 

t  51864 

53 

+   3360     +10080 

-    10080 

0     -   5040     +   5040     ±   28176 

42 

+   2240     - 

6720 

0 

0     +   2520     ±12352 

612 

+   5600     - 

8400 

-    16800 

+   6720  !  ±25208 

521 

-    1120     - 

5040 

+     3360 

±  17208 

431 

-   2240     + 

680 

±     6400 

422 

+   112< 

)     ± 

3984 

±   1800 
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IX  (b) 


-f-  362880 
3         bi 

ch 

« 

dg 

beg 

b3g            ef 

bdf           c2/ 

b"cf 

* 

w 

9 

-9+81 

+  324 

-648 

+   756 

-4536 

+  4536     +1134 

-  9072     -  6804 

+  40824 

-  27216 

-5670 

81 

+   9            9 

-324 

+   72 

-   756 

+  2520 

-   504     -1134 

+  5040    +6804 

-  16632 

+  3024 

+  3150 

72 

+   9-81 

+  180 

+  144 

-    756 

+  1008 

-  1008     -  1134 

+  9072     -  3780 

-   9072 

+  6048 

+  5670 

63 

+   9-81 

-324 

+  648 

+   756 

0 

-  1512     -  1134 

0    +6804 

-  13608 

+   9072 

+  5670 

54 

+  9-81 

-324 

+  648 

-   756 

+  4536 

-  4536    +  1386 

-1008     -   756 

-  10584 

+  12096 

-6930 

71- 

-9     +     9 

+   72 

-   72 

+   756 

-   756 

+   504     +1134 

-  5040     -  1512 

+   6048 

-   3024 

-3150 

621 

-18     +90 

+  144 

-216 

0 

-2016 

+  1512    +2268 

-  5040     -  3024 

+  16632 

-   9072 

-8820 

531 

-18     +90 

+  648 

-720 

0 

-2520 

+  2016     -   252 

-  2520     -  6048 

+  22680 

-  12096 

+  3780 

4H 

-9+45 

+  324 

-360 

+   756 

-3528 

+  2520     -1386 

+  3024    +   756 

-    1512 

0 

+  3150 

52" 

-9+81 

-180 

-144 

+   756 

-1008 

+  1008     -    126 

-  4032             0 

+  9072 

-   6048 

+  630 

432 

-18     +162 

+  144 

-792 

0 

-1008 

+  2520    -   252 

+  1008    +4536 

-   7560 

0 

+  1260 

3a 

-3+27 

+  108 

-216 

-   504 

+   756 

0    +  378 

+  1512     -2268 

0 

0 

-1890 

613 

+   9            9 

-   72 

+   72 

-   252 

+   756 

-   504     -1124 

+  2016    +1512 

-   6048 

+  3024 

+  3150 

5212 

+  27      -   99 

-216 

+  288 

-   756 

+  2772 

-2016     -   882 

+  7560    +4536 

-  22680 

+  12096 

-   630 

4312 

+  27     -   99 

-720 

+  792 

-   756 

+  3276 

-  2520    +  1638 

-  2520             0 

+   1512 

0 

-3150 

4221 

+  27     -171 

+  36 

+  360 

-   756 

+  3024 

-2520    +   378 

-  1008     -  4536 

+  4536 

0 

+  630 

3221 

+  27     -171 

-468 

+  864 

+  1512 

-1764 

0     -   882 

-2016    +2268 

0 

0 

+  1890 

323 

+  9-81 

+  180 

+  144 

-   252 

-    504 

0    +   126 

+  1008             0 

0 

0 

-   630 

514 

-9     +     9 

+   72 

-   72 

+   252 

-   756 

+  504     +   504 

-  2016     -  1512 

+   6048 

-   3024 

±7389 

4213 

-36     +108 

+  288 

-360 

+  1008 

-  3528 

+  2520     -   504 

+   504     +1512 

-   1512 

±  5940 

3213 

-18     +54 

+  396 

-432 

-   252 

+   252 

0     -   252 

+  1008     -   756 

±   1710 

32212 

-54     +270 

+  180 

-648 

-    756 

+  1008 

0    +   504 

-   504  !  ±1962 

241 

-9+63 

-180 

0 

+  252 

0 

0     -    126 

±  315 

4F 

+  9            9 

-   72 

+   72 

-   252 

+   756 

-   504  j  ±   837 

3214 

+  45     -117 

-360 

+  432 

+   252 

-    252 

±  729 

2S13 

+  30     -126 

+  180 

0 

84 

±  210 

316  |    -   9     +     9 

+   72 

-   72 

±     81 

221S 

-27     +63 

-   36 

±   63 

• 

21" 

+  9-9 

±     9 

I9 

-   1            1 

(Continued  next  page.) 
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cde 


e2de 


bc-e 


(Concluded  infra.} 
IX  (b) 

Wee  bse  rf3  bed? 


c3d 


9 

-  22680 

+  68040 

+  102060 

-  272160 

+  136080 

-  5040 

+  136080  -181440  +68040  -816480 

81 

+  22680 

-  27720 

-  71820 

+  90720 

-  15120 

+  5040 

-  95760  +  60480  -68040  +453600 

72 

+  5040 

-  50400 

+  3780 

+  60480 

-  30240 

+  5040 

-  65520  +110880  +37800  +  75600 

63 

0 

-  22680 

-  34020 

+  90720 

-  45360 

-  10080 

+  90720  -  30240  -22680  -136080 

54 

-  2520 

+  32760 

+  11340 

-  30240 

0 

+  5040 

-  35280   -  20160  +  7560  +  60480 

712 

-  13860 

+  27720 

+  18900 

-  37800 

+  15120 

-  5040 

+  60480   -  60480  +15120  -136080 

621 

-  5040 

+  32760 

+  45360 

-  105840 

+  45360 

+  5040 

-  35280  +  10080   -15120  +  60480 

531 

+  2520 

-  12600 

7560 

+  7560 

0 

+  5040 

-  20160  +  20160  +15120   -  15120 

421 

+  2520 

-  12600 

+  3780 

0 

0 

-  5040 

+  15120       0   -  7560  ±  31995 

522 

+  7560 

0 

-  22680 

+  15120 

0 

-  5040 

+  15120   -  10080  ±29347 

432 

-  10080 

+  2520 

+  7560 

0 

0 

+  5040 

5040  ±  24750 

33 

+  3780 

0 

0 

0 

0 

-  1680 

±  6561 

613 

+  6300 

-  12600 

-  18900 

+  37800 

-  15120 

±54369 

5212 

-  6300 

+  2520 

+  11340 

7560 

±  41139 

4312 

+  1260 

+  5040 

3780 

±  13545 

4221 

+  2520 

-  2520 

±  11511 

3221 

-  1260 

±  6561 

±   1467 

H  40320 
b*cd 


be4 


9 
81 
72 
63 
54 
71a 

621 

+  1360800 
-  393120 
-  302400 
+  90720 
0 
+  181440 
30240 

-  544320 
+  60480 
+  120960 
0 
0 
-  60480 

-  204120 
+  158760 
-  113400 
+  68040 
-  22680 

+  1360800 
-  635040 
+  226800 
45360 

-  2449440  +  1632960 

-  362880  ±4912515 

+  635040   -  181440  : 

±  1507419 

90720  ±  668511 

±  363159 

±  135855 

1  ±327303 
1 

±219726 

79164 
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-+  3628800 
k        bj 


dh 


X(6) 


bch 


bdg 


1    10 

-10 

+  100 

+  450 

-  900 

+  1200 

-  7200 

+  7200 

+  2100 

-  16800 

-  12600 

+  75600 

-  50400 

2    91 

+  10 

-  10 

-  450 

+  90 

-1200 

+  3960 

-  720 

-2100 

+  9240 

+  12600 

-  30240 

+  5040 

3    82 

+  10 

-100 

+  270 

+  180 

-1200 

+  1440 

-1440 

-2100 

+  16800 

-  7560 

-  15120 

+  10080 

4    73 

+  10 

-100 

-  450 

+  900 

+  1320 

360 

-2160 

-2100 

840 

+  12600 

-  22680 

+  15120 

5    64 

+  10 

-100 

-  450 

+  900 

-1200 

+  7200 

-7200 

+  2940 

-  3360 

-  2520 

-  15120 

+  20160 

6     52 

+  5 

-  50 

-  225 

+  450 

-  600 

+  3600 

-3600 

-1050 

+  8400 

+  6300 

-  37800 

+  25200 

7    812 

-10 

+  10 

+  90 

90 

+  1200 

-  1080 

+  720 

+  2100 

-  9240 

-  2520 

+  10080 

-  5040 

8   721 

-20 

+  110 

+  180 

-  270 

-  120 

-  2880 

+  2160 

+  4200 

-  8400 

-  5040 

+  27720 

-  15120 

9   631 

-20 

+  110 

+  900 

-  990 

-  120 

-  3600 

+  2880 

-  840 

-  3360 

-  10080 

+  37800 

-  20160 

10   ,341 

-20 

+  110 

+  900 

-  990 

+  2400 

-  11160 

+  7920 

-  840 

-  5880 

-  10080 

+  45360 

-25200 

11    622 

-10 

+  100 

-  270 

-  180 

+  1200 

-  1440 

+  1440 

-  420 

-  6720 

+  15120 

-  10080 

12   532 

-20 

+  200 

+  180 

-1080 

-  120 

-  1080 

+  3600 

+  4200 

-  15960 

-  5040 

+  37800 

-  25200 

13    422 

-10 

+  100 

+  90 

-  540 

+  1200 

-  4320 

+  4320 

-2940 

+  3360 

+  12600 

-  15120 

14    432 

-10 

+  100 

+  450 

-  900 

-1320 

+  360 

+  2160 

-  420 

+  10920 

-  5040 

-  7560 

15    71s 

+  10 

-  10 

90 

+  90 

-  360 

+  1080 

-  720 

-2100 

+  3360 

+  2520 

-  10080 

+  5040 

16   6212 

+  30 

-120 

-  270 

+  360 

-1080 

+  3960 

-2880 

-1260 

+  12600 

+  7560 

-  37800 

+  20160 

17   5312 

+  30 

^120 

-  990 

+  1080 

-1080 

+  4680 

-3600 

-1260 

+  12600 

+  12600 

-  47880 

+  25200 

18   4212 

+  15 

-  60 

-  495 

+  540 

-1800 

+  6120 

-4320 

+  1890 

-  2520 

-  1260 

+  2520 

19   5221 

+  30 

-210 

+  90 

+  450 

-1080 

+  4320 

-3600 

-3780 

+  15120 

+  5040 

-  42840 

+  25200 

20  4321 

+  60 

-420 

-1260 

+  2340 

+  360 

+  7560 

-8640 

+  2520 

-  12600 

-10080 

+  17640 

21   3s! 

+  10 

-  70 

-  450 

+  630 

+  1320 

-  1440 

+  420 

-  5880 

+  5040 

22    423 

+  10 

-100 

+  270 

+  180 

-1200 

+  1440 

-1440 

+  2100 

-  5040 

+  5040 

23   3222 

+  15 

-150 

+  45 

+  630 

+  720 

-  2520 

-  1890 

+  2520 

+  2520 

24    614 

-10 

+  10 

+  90 

90 

+  360 

-  1080 

+  720 

+  840 

-  3360 

-  2520 

+  10080 

-  5040 

25   5213 

-40 

+  130 

+  360 

-  450 

+  1440 

-  5040 

+  3600 

+  3360 

-  15960 

-  10080 

+  47880 

-  25200 

26   431s 

-40 

+  130 

+  1080 

-1170 

+  1440 

-  5760 

+  4320 

-1680 

+  4200 

-  2520 

27   42212 

-60 

+  330 

+  180 

-  810 

+  2160 

-  8280 

+  6480 

-2520 

+  2520 

+  10080 

-  10080 

28   32212 

-60 

+  330 

+  1260 

-1890 

-2880 

+  3240 

+  5040 

-  5040 

29   32:il 

-40 

+  310 

-  360 

-  630 

-  240 

+  1800 

+  1680 

-  2520 

30     25 

-  2 

+  20 

-  90 

+  240 

• 

-  420 

• 

(Continued  next  page.) 
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bef 


cdf 


Wdf 


bc-f 


63c/ 


&r/ 


1    10 

+  1260 

-25200 

-  50400 

+  151200 

+  226800  -604800  +302400  -  31500 

+  94500 

-  42000 

2    91 

-1260 

+  13860 

+  50400 

-  60480 

-158760  +196560  -  30240  +  31500 

-  37800 

+  42000 

3    82 

-1260 

+  25200 

+  10080 

-  110880 

+  15120  +120960  -  60480  +  6300 

-  69300 

+  42000 

4    73 

-1260 

+  25200 

-  2520 

-  45360 

-  68040  +181440  -  90720  +  31500 

-  94500 

-  46200 

5    64 

-1260 

-  5040 

+  50400 

-  30240 

-136080  +241920  -120960  -  44100 

+  56700 

-  8400 

6     o2 

+  2520 

-18900 

-  37800 

+  50400 

+  75600  -  75600 

+  15750 

+  31500 

+  21000 

7    812 

+  1260 

-  13860 

-  30240 

+  60480 

+  37800   -  75600  +  30240  -  18900 

+  37800 

-  42000 

8   721 

+  2520 

-  39060 

-  7560 

+  65520 

+  90720  -211680  +  90720  -  37800 

+  107100 

+  4200 

9   631 

+  2520 

-  8820 

-  47880 

+  75600 

+  136080  -287280  +120960  +  12600 

-  18900 

+  54600 

10   541 

-3780 

+  28980 

+  25200 

-  60480 

-  7560  +  15120 

+  12600 

-  50400 

-  33600 

11    622 

+  1260 

-  10080 

-  10080 

+  50400 

+  30240  -120960  +  60480  +  31500 

-  6300 

-  16800 

12   532 

-3780 

+  12600 

+  42840 

-  20160 

-  98280  +  75600 

-  37800 

+  6300 

+  4200 

13   422 

+  1260 

+  5040 

-  30240 

+  10080 

+  15120 

+  6300 

-  18900 

+  8400 

14    432 

+  1260 

-  10080 

+  2520 

-  15120 

+  22680 

+  6300 

+  18900 

-  4200 

15    71s 

-1250 

+  13860 

+  12600 

-  25200 

-  37800  +  75600  -  30240  +  18900 

-  37800 

+  12600 

16   621'2 

-3780 

+  22680 

+  37800 

-  95760 

-128520  +287280  -120960  -  18900 

+  6300 

-  12600 

17   5312 

+  2520 

-  15120 

-  10080 

+  15120 

+  15120   -  15120 

+  6300 

+  12600 

-  12600 

18   4212 

+  1260 

-  10080 

+  2520 

+  10080 

7560 

-  9450 

+  18900 

+  12600 

19   5221 

+  2520 

-  1260 

-  32760 

+  10080 

+  68040  -  45360 

+  6300 

-  6300 

+  12600 

20  4321 

-1260 

+  12600 

+  20160 

-  22680 

+  12600 

-  18900 

-  12600 

21   331 

-  1260 

+  6300 

-  2520 

. 

-  6300 

+  4200 

22    423 

-1260 

+  10080 

-  10080 

. 

-  6300 

+  6300 

±25420 

23   3222 

+  1260 

-  1260 

-  5040 

. 

+  3150 

±  10860 

24    614 

+  1260 

-  6300 

-12600 

+  25200 

+  37800   -  75600  +  3 

0240  ±106600 

25   521s 

-1260 

+  1260 

+  12600 

-  5040 

-  22680  +  15120  ±  £ 

5750 

26   4313 

-1260 

+  6300 

-  2520 

-  10080 

+  7560  !  ±  25030 

1 

27   42212 

+  1260 

-  1260 

-  5040 

+  5040 

±  28050 

28   32212 

+  1260 

-  3780 

+  2520 

±  13650 

29   3231 

-1260 

+  1260 

±  5050 

30     25 

+  252 

±  512 
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X(b) 


bcde 


b*de 


bd? 


1    10 

+  756000 

-  1008000 

+  189000 

-  2268000 

+  3780000  -1512000  +168000 

+  378000 

-3024000  +2520000 

2    91 

-  529200 

+  327600 

-  189000 

+  1247400 

-1058400  +  151200  -117600 

-  378000 

+  1663200  -  705600 

3    32 

-  352800 

+  604800 

+  113400 

+  151200 

-  756000  +  302400  -168000 

+  25200 

+  1411200  +1310400 

4    73 

+  37  SOO 

+  302400 

-  189000 

+  680400 

-1134000  +  453600  +184800 

+  151200 

-1209600  +  302400 

5    64 

+  151200 

-  201600 

+  189000 

-  453600 

+  302400 

+  33600 

-  226800 

+  201600 

6     52 

-  63000 

-  126000 

-  94500 

+  189000 

-  84000 

+  126000 

+  252000 

7    813 

+  327600 

-  327600 

+  37800 

-  340200 

+  453600  -  151200  +117600 

+  176400 

-1058400  +  705600 

8   721 

+  264600 

-  403200 

+  75600 

-  869400 

+  1285200  -  453600  -  67200 

-  176400 

+  453600  -  100800 

9   631 

-  189000 

+  126000 

+  113400 

-  75600 

-  117600 

+  75600 

+  302400  -  201600 

10   541 

+  126000 

37800 

+  84000 

-  25200 

-  151200 

11    622 

-  100800 

-  75600 

+  302400 

-  151200 

+  67200 

+  50400 

-  201600  +  100800 

12   532 

+  63000 

-  25200 

+  75600 

-  75600 

-  16800 

-  50400 

+•  50400  ±  376520 

13   422 

+  50400 

• 

-  37800 

• 

• 

-  33600 

+  25200 

±  143470 

14    432 

-  37800 

+  16800 

±  82450 

15    7P 

-  151200 

+  151200 

-  37800 

+  340200 

-  453600  +  15 

1200  ±788260 

16   6212 

+  88200 

-  25200 

+  37800 

-  151200 

+  75600  ±  60 

0330 

17   5312 

+  50400 

-  50400 

-  37800 

+  37800 

±  196050 

18   4212 

-  37800 

+  18900 

±  75345 

19   52-1 

-  37800 

+  25200 

±  174990 

20  4321 

+  12600 

±  88440 

±   17920 
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X(6) 


bc3d 


tfcd 


b'd 


1  10 
2  91 
3  82 
4  73 
5  64 
6   52 
7  812 
8  721 
9  631 
10  541 

-  3024000 
+2343600 
-  604800 
-  151200 
+  604800 
-  378000 
-  529200 
+  378000 
-  226800 
+  75600 

+  15120000 
-  6955200 
-  1814400 
+  1814400 
604800 

+  2116800 
756000 
+  151200 

-18144000  +6048000  -  226800 
+  4536000  -  604800  +  226800 
+  3628800  -1209600  -  226800 
907200     .    +  226800 
-  226800 

+  5670000  -22680000  +31752000  -18144000  +  3628800  ±7087261 

-3628800  +  9072000  -  7257600  +  1814400  ±21747460 

+2041200  -  2721600  +  907200  ±  9433840 

-  907200  +  453600  ±  4875490 

+  226800  ±  2089630 

-  2116800  +  60 

+  113400 

±  921125 

4800  ±4721980 

+  302400  ±31£ 

4550 

±  1212650 

±  424190 

±   712540 


dh 


bch 


bsh 


bdg 


l-cg 


31        51s 
32      4214 
33       3-14 
34     32-13 
35      2412 
36        416 
37      3215 
38       2»14 
39        3F 
40       221« 
41        21» 
42          11CI 

+   10     -    10     -   90     +     90     -   360     +1080     -    720     -   840     +3360     +2520     -10080     +   5040 

+   50     -140     -450     +   540     -1800     +6120     -4320     +  840     -   840     -2520     +   2520     ±10070 

I 

+   25      -   70     -585     +   630     +   360      -   360                    +   420     -1680     +1260  j  ±  2695 

+  100     -460     -540     +1260     +1440     -1800        .            -   840     +   840     ±3640 

+   25     -160     +405        .             -   480          .             .            +   210     ±   640 

-10+10+90            90     +   360     -1080     +   720     ±1180 

-   60     +150     +540     -   630      -   360     +   360  j  ±1050 
-    50     +200     -270        .            +    120     ±   320 

+   10      -    10     -   90     +     90     ±100 

+   35      -    80     +45     ±     80 

-    10     +   10  j  ±   10 

+     1  |  +     1 

830] 


273 


830. 

NON-UNITARY    PARTITION    TABLES. 

[From  the  American  Journal  of  Mathematics,  t.  vn.  (1885),  pp.  57,  58.] 

IN  the  theory  of  Seminvariants  we  are  concerned  with  the  non-unitary  partitions 
of  a  number,  that  is,  the  number  of  ways  of  making  up  the  number  with  the  parts 
2,  3,  4,  . . .  ;  or  what  is  the  same  thing,  writing  2  =  1  —  a?,  3  =  1  —  x3,  &c.,  with  the 
Generating  Functions  having  in  their  denominators  the  factors  2,  3,  4,  &c.  In  the 
present  short  paper,  I  give  the  developments  up  to  #100  of  the  functions  1-^2,  2.3, 
2.3.4,  2.3.4.5,  2.3.4.5.6,  respectively :  and  also  of  the  function 

a*  +  a*  _  2^«  -  scls  +  a?1  -j-  2 . 3 . 4 .  5  .  6, 

which  function  is  (there  is  strong  reason  to  believe)  the  G.  F.  for  the  number  of 
sextic  syzygies  of  a  given  weight :  the  same  function  without  the  term  tf31  occurs 
(p.  115)  in  Professor  Sylvester's  paper  "On  Subinvariants,  i.e.  Seminvariants  to  Binary 
Quantics  of  an  Unlimited  Order,"  American  Journal  of  Mathematics,  t.  v.  (1882), 
pp.  79—136. 

In  the  tables,  X  is  written  to  denote  #6  +  a?*  —  2#16  —  xls  +  a?\ 
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[830 


ind.x 

1-H 

2.3 

2.3.4 

2.3.4.5 

2.3.4.5.6 

X-t- 

2.3.4.5.6 

[nd.  x 

1-r- 

2.3 

2.3.4 

2.3.4.5 

2.3.4.5.6 

A'-r 

2.3.4.5.6 

0 

1 

1 

1 

1 

50 

9 

65 

258 

750 

186 

1 

0 

0 

0 

0 

51 

9 

61 

268 

783 

226 

2 

1 

1 

1 

1 

52 

9 

70 

286 

854 

203 

3 

1 

1 

1 

1 

53 

9 

65 

297 

891 

248 

4 

1 

2 

2 

2 

54 

10 

75 

316 

972 

223 

5 

1 

1 

2 

2 

55 

9 

70 

328 

1010 

270 

6 

2 

3 

3 

4 

l 

56 

10 

80 

348 

1098 

242 

7 

1 

2 

3 

3 

0 

57 

10 

75 

361 

1144 

294 

8 

2 

4 

5 

6 

1 

58 

10 

85 

382 

1236 

262 

9 

2 

3 

5 

6 

1 

59 

10 

80 

396 

1287 

319 

10 

2 

5 

7 

9 

2 

60 

11 

91 

419 

1391 

284 

11 

2 

4 

7 

9 

2 

61 

10 

85 

433 

1443 

344 

12 

3 

7 

10 

14 

4 

62 

11 

96 

457 

1555 

306 

13 

2 

5 

10 

13 

4 

63 

11 

91 

473 

1617 

371 

14 

3 

8 

13 

19 

6 

64 

11 

102 

598 

1734 

328 

15 

3 

7 

14 

20 

7 

65 

11 

96 

515 

1802 

399 

16 

3 

10 

17 

26 

8 

66 

12 

108 

541 

1932 

353 

17 

3 

8 

18 

27 

11 

67 

11 

102 

559 

2002 

427 

18 

4 

12 

22 

36 

13 

68 

12 

114 

587 

2142 

377 

19 

3 

10 

23 

36 

15 

69 

12 

108 

606 

2223 

457 

20 

4 

14 

28 

47 

17 

70 

12 

120 

635 

2369 

402 

21 

4 

12 

29 

49 

21 

71 

12 

114 

655 

2457 

490 

22 

4 

16 

34 

60 

22 

72 

13 

127 

686 

2618 

429 

23 

4 

14 

36 

63 

28 

73 

12 

120 

707 

2709 

519 

24 

5 

19 

42 

78 

29 

74 

13 

133 

739 

2881 

456 

25 

4 

16 

44 

80 

35 

75 

13 

127 

762 

2985 

552 

26 

5 

21 

50 

97 

36 

76 

13 

140 

795 

3164 

483 

27 

5 

19 

53 

102 

44 

77 

13 

133 

819 

3276 

586 

28 

5 

24 

60 

120 

43 

78 

14 

147 

854 

3472 

513 

29 

5 

21 

63 

126 

54 

79 

13 

140 

879 

3588 

620 

30 

6 

27 

71 

149 

53 

80 

14 

154 

916 

3797 

542 

31 

5 

24 

74 

154 

64 

81 

14 

147 

942 

3927 

656 

32 

6 

30 

83 

180 

62 

82 

14 

161 

980 

4144 

572 

33 

6 

27 

87 

189 

78 

83 

14 

154 

1008 

4284 

693 

34 

6 

33 

96 

216 

72 

84 

15 

169 

1048 

4520 

604 

35 

6 

30 

101 

227 

89 

85 

14 

161 

1077 

4665 

730 

36 

7 

37 

111 

260 

84 

86 

15 

176 

1118 

4915 

636 

37 

6 

33 

116 

270 

102 

87 

15 

169 

1149 

5076 

769 

38 

7 

40 

127 

307 

96 

88 

15 

184 

1192 

5336 

568 

39 

7 

37 

133 

322 

117 

89 

15 

176 

1224 

5508 

809 

40 

7 

44 

145 

361 

108 

90 

16 

192 

1269 

5789 

703 

41 

7 

40 

151 

378 

133 

91 

15 

184 

1302 

5967 

849 

42 

8 

48 

164 

424 

123 

92 

16 

200 

1349 

6264 

736 

43 

7 

44 

171 

441 

149 

93 

16 

192 

1384 

6460 

891 

44 

8 

52 

185 

492 

137 

94 

16 

208 

1432 

6768 

772 

45 

8 

48 

193 

515 

167 

95 

16 

200 

1469 

6977 

934 

46 

8 

56 

207 

568 

152 

96 

17 

217 

1519 

7308 

809 

47 

8 

52 

216 

594 

186 

97 

16 

208 

1557 

7524 

977 

48 

9 

61 

232 

656 

169 

98 

17 

225 

1609 

7873 

846 

49 

8 

56 

241 

682 

205 

99 

17 

217 

1649 

8109 

1022 

100 

17 

234 

1883 

8651 

883 
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[From  the  American  Journal  of  Mathematics,  t.  vn.  (1885),  pp.  59 — 73.] 

THE  present  tables  are  not,  I  think,  superseded  by  the  tables  A,  pp.  149 — 163, 
contained  in  Capt.  MacMahon's  paper,  "  Seminvariants  and  Symmetric  Functions," 
American  Journal  of  Mathematics,  t.  vi.  (1883),  pp.  131 — 163.  His  order  of  the  terms, 
though  a  very  ingenious  one,  and  giving  rise  to  a  most  remarkable  symmetry  in  the 
form  of  the  tables,  seems  to  me  too  artificial — and  I  cannot  satisfy  myself  that  it 
ought  to  be  adopted  in  preference  to  the  more  simple  one  which  I  use:  I  attach 
also  considerable  importance  to  the  employment  of  the  simple  letters  6,  c,  d,  e,  &c. 
in  place  of  the  suffixed  ones  tt1;  a2,  a3,  a4,  &c.  There  is,  moreover,  the  question 
of  the  identification  of  the  seminvariants  with  their  expressions  as  non-unitary  symmetric 

CtX/^ 

functions    of    the    roots    of    the    equation    1  +  bx  +  — -=  +  &c.  =  0,   which    requires    to   be 

considered. 

As   to   the   form   in    which    the    tables    present    themselves,   I    remark    that    every 
seminvariant  is  a  rational  and  integral  function  of  the  fundamental  seminvariants 

c  =  (1,  6,  c$-  b,  I)2, 

d-(l,  ^  c,  d$-6,  I)3, 

e=(l,  b,  c,  d,  e&-b,  I)4,  &c., 
viz.  up  to  g,  these  are 


c  = 

d  - 

e  = 

£  = 

g  = 

ce  = 

d2  = 

C3  = 

c    +   1 

d    +  1 

e      +   1 

/      +     1 

9      +     1 

62  -  1 

be  -  3 

bd  -  4 

be     —     5 

bf          6 

b3    +  2 

c2 

cd 

ce 

+   1 

We  +  6 

b*d  +   10 

<P 

+    1 

64     -  3 

be2 

Ve    +   15           -  1 

bsc   -  10 

bed 

l 

-    6 

65     +     4 

<? 

+  1 

b3d  -  20 

+  4 

+    4 

62c2                    +  6 

+    9 

-  3 

64c    +  15 

-  9 

-  12 

+  3 

b6    -     5 

+  3          +4          -  1 
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and  if  to  the  value  of  g,  which  is  of  the  weight  6,  we  join  those  of  the  products 
ce,  d2,  c3  of  this  same  weight  6,  as  just  written  down,  we  have  what  is  in  effect  a 
table  of  the  asyzygetic  seminvariants  of  the  weight  6  and  which  I  call  the  Crude 
Table.  But  we  do  not,  in  this  way,  obtain  immediately  the  seminvariants  of  the 
lowest  degrees :  in  fact,  the  only  seminvariant  containing  g  is  given  by  the  first 
column  as  a  function  g  —  ...—5b6  of  the  degree  6,  whereas  there  is  the  seminvariant 
g  —  6bf+15ce—  10c£2  of  the  degree  2:  to  obtain  this,  we  have  to  form  a  linear 
combination  of  the  columns:  the  proper  combination  is  g+15ce  —  10d2,  giving  rise  to 
the  column  g  of  the  table  (p.  278,  g  =  6).  And  similarly  each  other  column  of  the  same 
table  is  a  linear  combination  of  columns  of  the  Crude  Table :  and  so  in  every  case. 
The  process  would  be  a  very  laborious  one,  and  the  tables  were  not,  in  fact,  thus 
calculated ;  but  we  see  very  clearly  in  this  manner  the  origin  and  meaning  of  the 
tables. 

The  mere  inspection  of  the  tables  gives  rise  to  several  remarks.  We  see  that 
each  column  begins  with  a  non-unitary  term  (term  without  the  letter  6),  and  that 
it  ends  with  a  power-ending  term  (product  wherein  the  last  letter  enters  as  a  power) — 
thus,  weight  8,  the  initial  terms  are 

i,      eg,       df,     e2,      tfe,     cd*,     c\ 
the  finals  are 

e\     cd-,     b-d\     c4,     ¥(?,     b*c2,     b8; 

and  it  will  be  observed  further  that  in  this  case  the  initial  terms  are  all  the  non- 
unitary  terms  taken  in  order,  and  the  corresponding  final  terms  are  all  the  power-ending 
terms  taken  also  in  order.  The  arrangement  of  the  columns  inter  se  is  of  course 
arbitrary,  and  they  are,  in  fact,  arranged  so  that  the  initial  terms  are  the  non-unitary 
terms  taken  in  order — and  this  being  so,  then  for  each  weight  up  to  the  weight  9 
the  final  terms  are  the  power-ending  terms  taken  in  order:  but  for  each  of  the 
weights  10  and  11,  there  is  a  single  deviation  from  this  order;  and  for  the  weight 
12,  there  are  a  great  many  deviations  from  the  order. 

The  initial  terms  being  in  order,  the  broken  line  which  bounds  the  tops  of  the 
columns  forms  a  series  of  continually  descending  steps;  and  when  the  final  terms  are 
also  in  order,  the  case  is  the  same  with  the  broken  line  bounding  the  bottom  of 
the  columns :  any  deviation  in  the  order  of  the  final  terms  is  shown  by  an  ascending 
step  or  steps  in  the  broken  line  bounding  the  bottom  of  the  columns :  thus  in  the 
table  (p.  281,  k  =•  10)  the  column  cdf  is  longer  than  the  next  following  one  ce2,  and 
there  is  an  ascending  step  accordingly. 

It  is  to  be  remarked  that  any  ascending  step  gives  rise  to  a  certain  indeterm- 
inateness  in  a  preceding  column  or  columns :  thus  in  the  case  just  referred  to, 
the  column  cdf  might  be  replaced  by  any  linear  combination  of  itself  with  the 
column  ce2,  it  would  still  have  the  original  initial  and  final  terms  cdf  and  b4d2 
respectively.  It  would  be  possible  to  fix  a  standard  form ;  we  might,  for  instance, 
say  that  the  column  cdf  should  be  that  combination  cdf+  2ce2,  which  does  not  contain 
the  leading  term  ce2  of  the  ce2-column :  but  I  have  not  thought  it  worth  while  to 
attend  to  this. 
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It  will  be  observed  that,  except  in  the  case  of  an  ascending  step  or  steps,  each 
column  is  completely  determinate  :  we  cannot  with  any  column  combine  a  preceding 
column,  for  this  would  give  it  a  higher  initial  term  :  nor  can  we  with  it  combine 
a  succeeding  column,  for  this  would  give  it  a  lower  final  term.  The  numbers  in  the 
column  may  be  taken  to  be  without  any  common  divisor,  for  any  such  divisor,  if  it 
existed,  might  be  divided  out  :  and  the  leading  coefficient  of  the  column  may  be 
taken  to  be  positive. 

I  add   certain   subsidiary  tables   to   enable   the  expression  of  any  column  in  terms  of 

cot? 
the    non-unitary  symmetric  functions    of  the    roots    of  the  equation  0  =  1  +  bso  +  ^  —  ^  +  &c. 

L    m    m 

These  consist  of  left-hand  tables  and  right-hand  tables  :  the  left-hand  table  for  any 
weight  is  the  original  table  for  that  weight,  writing  therein  6  =  0  and  converting  the 
columns  into  lines  :  thus  weight  =  6,  we  have 


col.  g  =  g  +  15ce- 

col.  ce  —  ce—  d2  —    c3, 

col.  d2  =  d2  +  4c3, 

col.  c3  =  c3  ; 

viz.  these  are  the  values  of  the  original  columns  writing  therein  6  =  0. 

The   right-hand   table   is    the    table    for    the    same    weight    taken    from    my   paper 

"Tables   of  the    Symmetric   Functions   of    the   Roots,   to   the   Degree    10,   for    the    form 

ca& 
1  +  bx  +  —  -  +  .  .  .  =  (1  —  ax)  (1  —  fix)  (1  —  yac).  .  .,"    [829],    writing   therein    6  =  0,    and    giving 

only  those  lines   of  the  table  which  relate  to  the  non-unitary  symmetric  functions.     Thus 
for  weight  6,  we  have 


6  (=2a6)  =  ^  (-  Qg  +  90ce  +  60d2  -  180c3), 
42  (=  2a4/32)  =  T^O  (  Qg  +  30ce  -  60d2  -  180c3), 
32  (=  2a3/33)  =  ^  (  3g  -  45ce  +  60d2  +  90c3), 
23  (=  2aa£y)  =  ^  (-  2#  -  30ce 


we  thus  have  on  the  one  side  col.  g,  col.  ce,  col.  d2  and  col.  c3,  and  on  the  other  side 
the  symmetric  functions  6,  42,  32  and  23,  each  of  them  expressed  as  a  linear  function 
of  g,  ce,  d2  and  c3.  It  follows  that  each  of  the  columns  can  be  expressed  as  a  linear 
function  of  the  symmetric  functions  :  and  conversely  each  of  the  symmetric  functions 
as  a  linear  function  of  the  columns  :  and  this  being  done,  each  of  the  columns  is  to 
be  regarded  as  having  its  complete  value  as  a  function  of  b  and  the  other  letters: 
for  the  columns  qua  semin  variants  are  linear  functions  of  the  symmetric  functions  : 
and  assuming  them  to  be  so,  they  can  only  be  the  linear  functions  determined  by 
the  foregoing  process  of  writing  b  =  0. 

The   left-hand   tables   are   carried   up   to   m  =  12;    the  right-hand  only  up  to  &=10, 
the  limit  of  the   tables  in  the  memoir  last   referred  to. 
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SEMINVARIANT  TABLES  UP  TO  (m  =  12). 


(1  =  0)                                     (6  =  1)                              (c  =  2)      c 

1 

+  1 

b 

c 

1 

|  

-1 

(/=5) 


e 

1 

M 

-4 

c2 

+  3 

1 

62c 

-2 

64 

+  1 

/ 

1 

be 

-5 

cd 

+  2      +1 

b*d 

+  8      -1 

bc- 

-6      -3 

b3c 

+  5 

65 

-2 

=  6) 


0 

+   1 

bf 

-   6 

ce 

+  15        +1 

cP 

-10        -1 

+  1 

b*e 

-1 

bed 

+  2 

-6 

c3 

-1 

+  4        +1 

b*d 

+  4 

b-c- 

-3        -3 

b*c 

+  3 

b6 

-1 

831] 


SEMINVARIANT    TABLES. 


279 


(h  =  7) 


cf        de       c*d 


(i  =  8) 


h 

+  1 

i 

+   1 

bg 

-   7 

bh 

-   8 

cf 

+  9+1 

eg 

+  28      +1 

de 

-5-1 

+   1 

df 

-56      -3      +3 

b*f 

+  12      -1 

e2 

+  35      +2       -2      +1 

bee 

-30      -2 

-    3 

tfg 

-1 

bd? 

+  20      +4 

-   4 

bcf 

+  3       -   9 

c*d 

-1 

+  3+1 

Me 

-1      +1      -   8 

We 

+  3 

+  2 

c*e 

-3      +18      +6      +1 

Vcd 

-6 

+  12      -2 

cd? 

+  2      -12                   -1+1 

be3 

+  3 

-9-3 

b»/ 

+   6 

Vd 

-8+1 

b-ce 

-15                   -2 

bW 

+   6+8 

bW 

+  10      +16      +1      -   1 

bsc 

-7 

bc*d 

-24      +2-6 

V 

+  2 

c4 

j   +  9      -1      +4      +1 

b*cd 

-2      +10 

bW 

+  1       -   7      -4 

b*d 

-   4 

6V 

+  3+6 

We 

-4 

b* 

+  1 
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(.7  =  9) 


ch 


dg          ef        c-f      cde 


bi 

+     1 
9 

ch 

+   20      +2 

dg 

ef 
tfh 
beg 
bdf 
be2 

-    28       -    7      +1 
+   14      +5       -    1      +1 
+    16       -    2 
-    56      +7       _    3 
+  112      +22       -    2       -   4 
-    70      -25      +5       -    5 

c*f 

-27      +9       -    9      +2 

cde 

+  45      -17      +32      -5      +1  1 

d* 

-20      +   8      -18      +3       -1      +1 

'Vg 

Vcf 
b'2de 

bed? 

+   2 
-   6      +24      -4 
+   2       -   2      +5      -1 
+   6      -51      +5      -3 
-   4      +34      -7      +5      -9 

bsce 

+  1      -1      +4      +1 
-12      +2 
+  30      -5      +5 
-20      -2      -2      +6 

bWd 

+  8      -6      +15       -   3 
-3      +3      -12      -   3 

We 
b*cd 

-2 
+  4      -24      +  3 

-2      +17      +11 

m 

+   8      -    1 
-   6      -15 

b7c 

+   9 
-    2 

(*  =  10) 


dh 


ep 


f2        c2r>        cdf        ce2        d?e      cse 


c2d2 


ft 

bj 
ci 
dlt 

f2 

b*i 

bch 

bdg 

bef 

cdf 
ce2 
d*e 


bcde 

bd3 

cse 


b3de 


bc'^d 
c5 


6V* 


Wed 


Wd 


b™ 


C.    XII, 


+  45       +1 

-120       -4       +4 


+  210       +8  -8+16 

-126       -5  +5  J-15      +   1 
-1 

+  4  -12 

-4  +4  -    64 

+  2  -    2  +54       -10 

-4  +32  +   48 


+1 


+  8       -64       -    60      +4      -3      +3 


+40 


+  16  +2       -   2      +1 
+    20-12  -1+1 

+   8 

-28  -2 

+  56      +144      +16  +3-3 

-35       -135      +9  -2      +2       -    1 

-108      -12  +3      -   9 

+  180      -76  -1      +1       -2      -6 
-    80      +48  +4      -   4 


+  48      -3      +18      +2      +4      +1 


-32      +2      -12      -   3      +3      -1      +   1 
+  1 

-3      +15 

+  1        -    1       +4      +4 
+  3       -33       -8       -3       -3 
-2      +22       -    8      +24      +2-2 
+  10       -34      +2       -    6 
-    3      +12-1       +4 
-    6 

+  3 

-16  -1  +1 
+  24  -  4  +16 
-9+2  -11 


+1 


+  15 
-10 


-1 

+  2       -14 
-1       +10 

+   4 


-   5 

+  10 

-10 
+  5 
—  1 


36 


282 


SEMINVARIANT    TABLES. 


[831 


I 


di 


eh 


fg 


c3f        de* 


cd3 


I 
bk 

fj 

di 

eh 

f9 

62J 

bci 

bdh 

beg 


edg 
cef 


b3i 


bcdf 
bcez 
bd?e 
*/ 

c2de 
cd3 


+     1 
-   11 


+  35      +2 


-   75      -  9      +1 


+     1 


+  90  +14  -   2  +1 

-42  -7  +1  -1 

+   20  -   2 

-   90  +9  -   3 

+  240  +16  -   4 

-420  -63  +9  -2      -     5 

+  252  +42  -   G  +6      -     6 


+     1 


-     6 


-30      +10      +3      -    16 

+  70      -26      -   2      +58 
-21      +7      -6      +5 


+     2+1 

-    35       -    3      +1 


-56      +24      +10      -100      -100      +6      -   3      +   1 


+  35      -15      -5      +60      +60      -4      +2      -1      +1 


+   2 

-    8  +32 

+   8      +20      -   48  +8       -    1 

-4-18+40  +3-1 

+   8-15-62  6-3 

-16      -24      +232  +408      -30      +14      -    6 

+  10      +45      -205  -405      +27      -11      +3      -   3 


-10      +20      +20      +2 


+   3      - 


+   1 


-  3 

-  8 


+  27      -   54      -270      +27      -   9      +4      -12 


-45      +90      +450      -45      +14      -   6      +36      +6      +1 
+  20       -    40      -200      +20       -6+2-18  -1+1 

16 


(Continued  next  page.) 
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fg        cdg        cef        d*f        c3f      de2       c*de      cd3      c*d 


b*cg 

+  56                  +5 

b*df 

-112-288+18      -   8      +4 

b*e* 

+   70+270-23      +9       -2+2 

6V/ 

+  216     -27      +6      -   3     +36 

tfcde 

-360     +51      -16      +6     -36     + 

96-2 

b2d3 

+  160     -24      +8       -   8     +34     + 

16      +1      -    1 

bc3e 

+   3       -    2      -48      - 

18-3 

bcW 

-    2      +6     +18      - 

24      +5      -   9 

c*d 

-    1     +3     + 

9      -1+4 

+   1 

vg 

-    2 

b*cf 

+   6                              -36 

b*de 

-   2                   -   4     +14     - 

L6      +   1 

Wc*e 

-   6                  +3     +72     + 

L2      +   8 

bscd? 

+   4                  +  8     -78     -< 

18      -7+15 

Wczd 

-10     +30     +r 

r2       -5+11 

-   4 

be5 

+  3    -  9    --; 

11      +3     -12 

-   3 

b6f 

+  12 

b5ce 

-30 

-   7 

b*d? 

+  20     +£ 

!2      +2      -   6 

b*c*d 

-4 

18      +  10     -  39 

+  6 

bsc* 

.                                               +] 

8       _    5     +29 

i  14 

T  J-^t 

Ve 

+   2 

b«cd 

-    4     +32 

-   4 

65c:! 

+   2      -23 

-26 

bsd 

-    8 

+   1 

V* 

+   6 

+  24 

6»c 

-11 

bn 

+   2 
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cd*e      d*        c*e 


m 
bl 
ck 


bcj 
bdi 
beh 

V9 

cH 

cdh 

ceg 

c/2 

d?g 

def 

e» 

b3j 

b*ci 

b*dh 

V-eg 

ft2/2 

bc*h 

bcdg 

beef 


bde* 

C3(J 


cd2e 

d* 

b*i 

b3ch 

b3dg 

b3ef 


+     1 
-    12 


+   66+3 


-220     -15  +15 

+  495     +40  -   40 

-792     -70  +70 

+  462     +42  -    42 
-    3 

+  15  -   45 

-25  +25 

+  30  -   30 

-14  +18 

-15  +150 

+  40  -400 

-70  +700 

+  42  -420 


+   1 


-4+25 


+   3-24     +     1 


-  4 

+  12     - 125 

-  8     +113-12 

+   3  +1 

-8+50  -4     + 

-22     +680     -    70     +8      - 


+  1 


+  24     -675     +100     -5     +     5     -1     +2 


+  2 


+  24  -570  +  80 
-36  +925  -200 
+  15  -  400  + 100 


-1+5 


+  2     -19     -    4     +18 

-1     +12     +2     -17     +     1 


+   30 
-135 

+  360 
-630 

+  378 


-2 

+  200  +4-4 

-525     +100     -8     +     8     -1 

+  336     -64     +5     -     5     +1  -2     -2 

-150  +4     -    12 

+  350     -200     -4     +     4     +2  -30 

-105     +20     +2     -     2     -2  +37     -   8     -   54 

-280     +320  -2  +46     +16     -   72 

+  175     -200  +2  -49     -    4     +114     -    12 

+  100     -4+32-1+20  +1 

-200+8-64+2-49-4+54  -3 

+  125     -5     +   40     +1  -32     +28     +162     -    18 

-3  +91     -44     -342     +54     +4 

+  1  -32     +18     +135     -   27     -   2 
+  1 


-2+1 
-2     +1-1     +1 


-4  +20 

+  4  4 

-2  +     2 

+  4  -   60 


+  20 

-18     +12     +36 

-15 
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SUBSIDIARY  TABLES  :   6  =  0. 


Left-hand:    up  to  (m=12). 
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Right-hand  :    up  to  (k  =  10). 
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NOTE  ON  AN  APPARENT  DIFFICULTY  IN  THE  THEORY  OF 
CURVES,  WHEN  THE  COORDINATES  OF  A  POINT  ARE 
GIVEN  AS  FUNCTIONS  OF  A  VARIABLE  PARAMETER. 

[From  the  Messenger  of  Mathematics,  vol.  xiv.  (1885),  pp.  12  —  14.] 

SUPPOSE   that   the   homogeneous   coordinates   x,   y,   z   are    given    as    proportional    to 
the   following  functions  of  a  parameter  X, 


x  :  y  :  z  =  u  + 

where   u,   v,   w   are   linear   functions,   fl   a   cubic    function,   of    the    parameter.      For    the 
intersections  of  the  curve  with  the  arbitrary  line  Ax  +  By  +  Cz  =  0,  we  have 

Au  +  Bv  +  Cw  +  (Aa+  B/3  +  Oy)  V(^)  =  0, 
that  is, 

(Au  +  Bv  +  Cw?  -  (A*  +  B0  +  <77)2  H  =  0, 

a    cubic    equation    in    X  ;    and    the    curve    is    thus   a   cubic.     For   the    value    X  =  oo    we 
have  x  :  y  :  z  =  a  :  /3  :  7,  or  the  point  (a,  /3,  7)  is  a  point  of  the  curve. 

Suppose  now  that  the  line  Ax  +  By  +  Gz  =  0  is  an  arbitrary  line  through  the 
point  (a,  /3,  7);  viz.  let  the  coefficients  A,  B,  C  satisfy  the  relation  Aa  +  B/3  +  Cy  =  0  : 
the  equation  for  the  determination  of  X  becomes 

(Au  +  Bv  +  Cw)-  =  0, 

which   equation   has   two   equal   roots,   suppose   X  =  X0  ;    and   the   meaning   of  this   is  not 
at  once  obvious. 

Observe  that  more  properly  there  is  a  root  X  =  oo  which  has  dropped  out,  and 
that  the  roots  are  X=oo,  X  =  X0,  X=A0-  The  root  X=oo  gives  the  point  (a,  /3,  7), 
which  is  of  course  one  of  the  intersections  of  the  line  with  the  curve.  The  two 
roots  Xo  give  not  the  same  intersection  but  two  different  intersections  of  the  line  with 
the  curve;  the  line  being  in  fact  a  line  through  the  point  (a,  ft,  7)  of  the  curve, 
and  which  besides  meets  the  curve  in  two  distinct  points. 
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To  see  how  this  is,  observe  that,  in  the  general  case  where  Aa  +  B@  +  Cy  is  not 
=  0,  we  have  X  determined  by  a  cubic  equation  as  above  ;  and  then  taking  X  equal 
to  any  root  of  this  equation,  we  have  further 

AU  +  BV  +  CW  +  (Aa  +  B/3+Cy)  V(^)  =  0, 

viz.  the  value  of  \/(n)  is  hereby  uniquely  determined  ;  and  to  each  of  the  three 
values  of  X,  <v/(H),  there  corresponds  a  determinate  point  (x,  y,  z). 

But  suppose  now  A<x  +  B/3  +  Cy  =  0,  and  X  determined  by  the  equation 

(Au  +  Bv  +  Cwf  =  0, 

giving  X=X0,  as  above.  There  is  no  longer  an  equation  for  the  unique  determination 
of  A/(^)>  and  to  the  value  X  =  X0,  there  correspond  the  two  values  V(^oX  ~V(^o)  of 
the  radical  :  and  thus  to  the  two  roots  X  =  X0,  X  =  X0  correspond  the  two  different  points 

x  :  y  :  z  =  u0  +  a  \/(no)  :  v0 
and 

x  :  y  :  z  =  ii0-a^(fl0)  :  w0 

It  is  to  be  added  that  the  point  (a,  /?,  7)  is  an  inflexion  on  the  curve.  Write 
for  a  moment 

u,  v,  w  =  aX  +f,  b\  +  g,  cX  +  h, 

and   let  A,  B,   G  be  determined  by  the  conditions 

Aa  +  B@  +  Cy  =  Q, 
Aa  +  Bb  +  Cc  =  0. 

Then  the  equation  for  the  determination  of  X  becomes  (Af+  Eg  +  Clif  =  0,  viz.  the 
left-hand  is  a  mere  constant,  or  there  are  the  three  equal  roots  X  =  oo  ;  the  intersections 
with  the  curve  are  thus  the  point  (a,  /3,  7)  three  times  ;  hence  this  point  is  an 
inflexion,  the  tangent  being  Ax  +  By  +  Cz  =  0.  The  second  of  the  two  equations  may 
be  written 

Au»  +  Bv»  +  Cw»  =  °- 

Let  Xj  be  one  of  the  roots  of  the  equation  O  =  0;  u1}  vlt  wl  the  corresponding- 
values  of  u,  v,  w,  and  let  A,  B,  G,  be  determined  by  the  conditions 

Aa  +  B/3  +  Cy   =  0, 
Aui  +  BVi  +  CW-L  =  0. 

The  equation  (Au  +  Bv+  CwJ*=  0  for  the  intersections  with  the  curve  has  the  two 
equal  roots  X  =  \  ;  and  to  each  of  these,  since  now  V^f^)  =  0,  there  corresponds  the 
same  point  x  :  y  :  z  =  u^  :  vl  :  w1  ;  hence  the  line  Ax  +  By  +  Gz  =  0,  or  say 


is  a  tangent  from  the  inflexion.  Similarly,  if  X2,  X3  are  the  other  two  roots  of  the 
equation  O  =  0,  we  have  A^c  -f  B2y  +  C^z  =  0,  A^K  +  B3y  +  C3z  =  0  for  the  other  two 
tangents  from  the  inflexion. 

It   would    have    been    to    some    extent    clearer   to    have   represented    the  parameter  X 
as  a  quotient,  say  X=j^/g;   the  equations  for  x,  y,  z  would  then  have  been 

x  :  y  :  z  =  (ap  +fq)  V(?)  +  «  V(H)  :   (bp  +  gq)  V(?)  +  /3  V(H)  :  (cp  +  kg)  *J(q)  +  y  V(H), 

where   fi  is   now  a  homogeneous  function  (p,  q)3. 
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ON    A    FORMULA    IN    ELLIPTIC    FUNCTIONS. 

[From  the  Messenger  of  Mathematics,  vol.  xiv.  (1885),  pp.  21,  22.] 

WRITING  s,  c,  d  for  the  sn,  en,  and  dn  of  an  argument  u,  and  so  in  other  cases: 
we  have  s,  c,  d  for  the  coordinates  of  a  point  on  the  quadriquadric  curve  #2  +  r/2=l, 
z2+k2a?=I.  Applying  Abel's  theorem  to  this  curve,  it  appears  that,  if  11^  +  u2  +  u3  +  u4  =  0, 
the  corresponding  points  are  in  a  plane;  that  is,  the  elliptic  functions  satisfy  the 

relation 

„      r      fj      1      _  o 

S1 ,      LI,      tti ,      1  -  V. 

7  -I 

O2,      C2;      f*2,      -*• 


4,    C4, 


This  may  be  written 


+  (Ca  -  Ci)  (d^t  -  d4S3)  +  (C4  -  Cs) 

+  (dy  -  dj  (53c4  -  «4c3)  +  (d4  -  d3)  (8jCa  -  *.&)  =  0  ; 

and  it  may  be  shown  that  each  of  the  three  lines  is,  in  fact,  separately  =0. 
This  appears  from  the  following  three  formula  : 

sn 


—  c2 


cn  (M!  +  u2)  —  dn  (MJ 

sn  (M!  +  M2) 
cn  (M!  + 


sn  ttj  + 


dn  (wj  +  MS)  +  1 


833]  ON   A    FORMULA    IN   ELLIPTIC   FUNCTIONS.  293 

which    are    themselves    at    once    deducible    from    formulae   given,    p.    63,   of   my   Elliptic 
Functions,  and  which  may  be  written 

Sn  (M!  +  Ma)  =  Sj2  -  S22  =  -  (Cj2  -  C22)  =  -  ^  (df  -  (L?\    -r-  foc^  -  S&dJ, 
Cn  (X  +  Uv)  =  SjCxd-j  -  S2C2d:  ,  4-  „ 

dn  (•{/•!  +  w2)  =  SiC^Ca  —  s2c£2C!  ,  -r-  „ 

In  fact,  the  numerators  of  en  (wj  +  w2)  —  dn  (u^  +  u2),  en  (u-^  +  u2)  +  1,  dn  (-^  +  w2)  +  1 
thus  become  =  (^  +  «2)  (dd2  —  c2c?j),  —  (^  +  c2)  (dj52  —  c?^),  (dl  +  d.2)  (s^  —  s2Cj)  respectively  : 
so  that,  taking  the  numerator  of  sn  (u^  +  u2)  successively  under  its  three  forms,  we 
have  by  division  the  formulae  in  question.  And  then,  if  MJ  +  uz  =  —  (us  +  w4),  the  functions 
on  the  left-hand  side  become,  with  only  a  change  of  sign,  the  like  functions  of 
and  we  thence  have  the  required  equations 
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ON    THE    ADDITION    OF    THE    ELLIPTIC    FUNCTIONS. 

[From  the  Messenger  of  Mathematics,  vol.  xiv.  (1885),  pp.  56  —  61.] 

MR  FORSYTH'S  Note  [1.  c.,  p.  23]  on  my  "  Formula  in  Elliptic  Functions  "  has  supplied 
a  missing  link,  and  I  am  now  able  to  obtain  the  addition  formulae  very  simply 
from  the  application  of  Abel's  theorem  to  the  Quadriquadric  Curve. 

I  remark  that,  instead  of  coplanar  points  1,  2,  3,  4,  it  is  advantageous  to  consider 
coresidual  points  1,  2  and  3,  4;  that  is,  pairs  1,  2  and  3,  4,  which  are  each  of 
them  coplanar  with  one  and  the  same  pair  of  points  5,  6.  The  difference  is  as  follows  : 
for  the  coplanar  points  1,  2,  3,  4,  we  have 

giving 

and   for   the   addition   theory   it   is   necessary   to   have   (7  =  0;    for   the   coresidual    points, 
we  have 

2  +  u5  +  us  =  C,     us  +  u4  +  u5  +  us  =  C  ; 


and  thence  M1  +  M2  =  ^3  +  M4,  irrespectively  of  the  value  of  C. 

As   to  the  general  theory  of  a  curve  in  space,  observe  that,  when  this  is  a  complete 
intersection  of  two  surfaces 

f(x,  y,  z,  w)  =  0,     g(x,  y,  z,  w)  =  0, 
then  at  the  point  (x,  y,  z,  w),  if 

{x  +  dx,  y  +  dy,  z  +  dz,  w  +  dw} 

are   the   coordinates   of  the   consecutive   point,   the   six   coordinates   of    the   tangent    line 
are 

ydz  —  z  dy,     z  dx  —  x  dz,     x  dy  —  y  dx,     x  dw  —  w  dx,     y  dw  —  w  dy,     z  div  —  w  dz. 
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But  considering  the  line  as  the  intersection  of  the  two  tangent  planes 

^X  +  d^Y  +  ^ 
ax          ay          dz 

and 

<^X  +  ^Y+^ 

dx          dy          dz         dw 

the  six  coordinates  are 


d(f,g)       d(f,ff)       d(f,j)       d(f.j)      d(/jr)       d(f,  g) 

d  (x,  w)  '      d  (y,  w)  '     d  (z,  w)  '     d  (y,  z)  '     d  (z,  x)  '     d  (x,  y)  ' 

so  that  the  six  quotients 

(ydz-zdy)l  *J£-&,  &c., 
y'  I  d  (x,  w) 

are  equal   to  each  other,  and  may  be  put  =  dot. 

Considering  any  two  quadric  surfaces,  there  is  in  general  a  system  of  four  con 
jugate  points,  or  points  such  that  in  regard  to  each  of  the  quadrics  the  polar  plane 
of  any  one  of  the  points  is  the  plane  through  the  other  three  points.  And  then 
taking  #  =  0,  y  =  0,  z  =  0,  w  =  0  -for  the  equations  of  the  faces  of  the  tetrahedron 
formed  by  the  four  points,  the  equations  of  the  quadric  surfaces  will  be  of  the  form 

a»2  +  by2  +  c^2  +  d**;2  =  0, 
aV  +  by  +  c  V  +  d  V  =  0  ; 
we  then  have  the  six  quotients 

(y  dz  —  z  dy)/(ad'  —  a'd)  osw,  &c., 

equal   to    each   other,    and    each    =  dw.      Here   dw   is    homogeneous    of    the    degree    zero 
in    the    coordinates    (x,   y,   z,   w),    or,    what    is    the    same     thing,    it    is    a    differential 

/  /yi  \  nn 

F  (  -  j  d  -  ,   say   it    is   =  du  ;    and   taking    the   integrals   always   from   one   and    the    same 

fixed   point   on   the   curve,   we   have   each  point  of  the  curve  corresponding  to  a  determ 
inate  value  of  a  parameter  u. 

Supposing  that  u1}  u.2,  us,  u6  are  the  values  of  u,  belonging  to  any  four  coplanar 
points  1,  2,  5,  6;  then,  by  Abel's  theorem,  du^  +  du.2  +  du&  +  du6  =  0  ;  that  is,  we  have 


as    the    condition    in    order   that    the    four    points    1,    2,  5,  6    may  be    coplanar;    similarly, 
we  have 

U3  +  U4  +  U-a  +  M6  =  C, 

as   the   condition   in   order   that   the   four   points   3,    4,   5,    6    may   be   coplanar;    and   we 
have  therefore 

M!  +U2  =  US  +  U4, 

as  the  condition  that  the  two  pairs  of  points  1,  2  and  3,  -4  may  be  coresidual. 
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The  points  1,  2,  5,  6  are  coplanar,  hence  the  line  56  meets  the  line  12,  say  in 
the  point  A  ;  and  the  points  3,  4,  5,  6  are  coplanar,  hence  the  line  56  meets  the 
line  34,  say  in  the  point  B.  We  can,  through  the  curve  and  any  arbitrary  point 
in  space,  draw  a  quadric  surface 

(a  +  Xa')  a?  +  (b  +  Xb')  ?/  +  (c  +  Xc')  ^  +  (d  +  Xd')  w2  =  0. 

Hence  we  have  such  a  quadric  surface  through  the  point  A  ;  and  this  surface,  passing 
through  5  and  6,  will  contain  the  line  56,  and  therefore  also  the  point  B]  hence, 
passing  through  3  and  4,  it  will  contain  the  line  34;  viz.  we  have  the  lines  12,  34 
as  generating  lines,  obviously  of  the  same  kind,  on  the  last-mentioned  quadric  surface. 
I  say  that  if,  on  such  a  surface,  that  is,  on  any  surface 


Aac2  +  Bf  +  Cz2  +  Div2  =  0, 
we  have 

(a,  b,  c,  f,  g,  h),     (a',  b',  c',  /',  g',  h'), 

the  coordinates  of  two  generating  lines  of  the  same  kind,  then 

a  _  a'        b  _b'        c  _  c' 
f=f"      9~9"      h~h" 

This   is   at   once   seen   to   be   the   case  ;    for,   taking    6    an    arbitrary   parameter,   we 
have  for  the  equations  of  a  generating  line 


[x  *J(A)  +  iy  V(£)}  +  e  {z  V(C)  +  iw  V(D)}  =  0, 
0  \x  V(4)  -  iy  V(5)}  -     [z  V(C)  -  iw  V(-D)}  =  0, 

and  the  coordinates  (a,  b,  c,  f,  g,  h)  of  this  line  are 

i  ^f(AD)  (1  -  6*),     *J(BD)  (-  1  -  0s),    i  V(C'D)  20, 


that   is,  the   quotients   -,,    -,    j   are   each   of    them   independent    of    0;    and   they   have 

/      9     'l 
consequently  their   values   unaltered   when   for  the  original  line  we  substitute  any  other 

generating   line    of  the    same    kind.     Or,  to  prove    the    statement    in    a  different  mannerr 
the  equation  of  the  quadric  surface  through  the  line  (a,  6,  c,  /,  g,  h)  is 

aghos-  +  bhfy-  +  cfgz-  +  abcw-  =  0  ; 
hence,  if  this  contains  the  line  (a',  b',  c',  f,  g',  h'),  we  must  have 

agh  :  bhf  :  cfg  :  abc  =  a'g'h'  :  b'h'f  :  c'f'g'  :  a'b'c', 
equations  which  give  either 

af  +  a'f  =  0,     bg'  +  b'g  =  0,     ch'  +  c'h  =  0, 
or  else 

af-a'f=0,     bg'  -b'g  =  0,     ch'  -  c'h  =  0. 

In   the    former   case,   the    two    lines    are    generating    lines    of    different    kinds  ;    in    the 
latter,  they  are  generating  lines  of  the  same  kind. 


^^TUBR^ 

f"^        OF   TH" 
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Now.  considering  (a,  b,  c,  f,  g,  h)  as  the  coordinates  of  the  line  12  and  (a',  b',  c',f,  g',  h') 
as  those  of  the  line  34,  the  equations  just  obtained  are 


Of  course   the   equations  hold   good   if,  instead    of  the    two   lines,  we   have  one  and 
the  same  line;   the  equations 


a«2  +  by-  +  cz2  +  dw2  =  0,     aV  +  by  +  cV  +  dV  =  0, 

considering  therein  a?,  y-,  z-,  w*  as  coordinates,  may  be  regarded  as  the  equations  of 
a  line  ;  and  thus  the  points  (x-f,  y^,  z*,  w^),  &c.,  will  be  four  points  on  a  line. 
And  we  have  thus 

m  2~  2  _  7/  2~  -I  „,  2~  2  _  ,.  2«.  2 

4  g3  o 

' 


equations  which  are,  by  means  of  the  foregoing  set,  converted  into 


If  for  x,  y,  z,  w  we  write  s,  c,  d,  1,  then  the  equations  are 


C3  +  C4  ^j  +  C2  rf3  +  d± 

where   slt   c1;   di   are   the   sn,   en   and    dn   of  ult   &c.  ;    and    where   the    relation    between 
the  arguments  is  u\  +  w2  =  us  +  M4- 

In  particular,  if  u4  =  0,  we  have  s4,  C4,  d4  =  0,  1,  1  ;  and  then  writing  M  for  u3, 
and  consequently  *,  c,  d  for  s3,  cs,  c?3,  the  relation  between  the  arguments  is  w  =  -z*1  +  wa;. 
and  we  have 

0^2  —  CadJj  _  c  —  d        diS.2  —  d^  _     s  Sid  —  52cx  _     s 

s1  —  s.2  s  GI  —  c2        1  —  c  '        d^  —  dz       d  —  1  ' 

C]dz  +  c2dt  _c  +  d        d^s2  +  d^  _     s  S&  +  s^  _     s 

Si  +  s2  s  Ci  +  c2        1  4-  c  '        dx  +  d.2       d  +  1  ' 

The  last  two  pairs  give 

I  +  c  _  (djS2  -  d^)  (d  +  C2)        d  +  1  _  (gtc2  —  &A)  (^  +  c^) 


1  -C       (d^,  +  dgSa)  (Cj  -  C2)  ' 

that  is, 


_  ,  _ 

SjCad-j  —  &AC?!  '  ^Caa  —  SaCjC! 

c.  xii.  38 
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These  last  values  give 

c-d  =  (*  +  *«) 


r»    ^_    yy  x»       l_    y-7 

and  then,  from  the  given  value  of  either  -  or  ---  ,  we  obtain 

s  s 


viz.   the  resulting  equations  thus  are 

s  = — -^ —      — - —  }     c  = 

which  are  one  of  the  four  sets  given  (p.  63)  of  my  Elliptic  Functions]  it  may  be 
noticed  that  they  have  the  advantage  of  not  containing  k  explicitly,  and  the  dis 
advantage  of  becoming  vanishing  fractions  for  u±  =  u2.  To  obtain  the  ordinary  forms, 
we  have  only  to  multiply  the  numerators  and  denominators  each  by  SjC.fl.,  +  s&di ;  the 
denominator  thus  becomes  =  (s?-  s.f)  (1  -  &Vs22),  and  each  of  the  numerators  has,  or 
acquires,  the  factor  sf  —  s22,  so  that  this  factor  divides  out. 


835] 


835. 

ON    CARDAN'S    SOLUTION    OF    A    CUBIC    EQUATION. 

[From  the  Messenger  of  Mathematics,  vol.  xiv.  (1885),  pp.  96,  97.] 

IT  is  interesting  to  see  how  the  solution  comes  out  when  one  root  of  the  equation 
is  known.     Say  the  equation  is  a;3  +  qx  —  r  =  0,  where  as  —  qa  —  r  =  0,  that  is,  r  =  a3  •+•  qa. 

Solving  in  the  usual  manner,  we  have 

X  =  y  +  z,     f  +  z3  -  r  +  (y  +  z)  (%yz  +  q)  =  0, 

whence 

7/3  _j_  zs  __  r^ 

y2  =  -& ; 

and  thence 

(2/3_23)2  =  r2  +  _^3j     =a'+2gtf  +  gW-^g»     =  (a2 

or  say 

7/3-^  =  (a2  +  ^)V(a3  +  ^); 
and  therefore 

8y*  =  4a3  +  4>qa  +  (4a2  +  f  9)  V(a2  +  &),     =  [a  +  V 

8z*  =  4a3  +  4ga  -  (4a2  + 1?)  V(a2  +  &),     =  {a  -  V 

where  observe  that  the  essential  step  is  the  expression  of  the  irrational  functions  as 
perfect  cubes :  that  the  functions  are  the  cubes  of  a  ±  \f(a?  +  f 5)  respectively  is  seen 
to  be  true ;  but  if  we  were  to  attempt  to  find  a  cube  root  a  +  ft  \/(a-  +  f  q)  by  an 
algebraical  process,  we  should  be  thrown  back  upon  the  original  cubic  equation. 

Writing  then  &>  for  an  imaginary  cube  root  of  unity,  we  have 

2y  =  (1,  w    or  a)2)  {a  +  V(«2  +  £?)}, 

2z  =  (1,  to2  or  to)  {a-  V(«2  +  f  ?)}  ; 
and  then 

ac  =  y  +  z  =  a,  or  =  -  $a  ±  |  (&>  -  &)2)  VO2  +  f  ?), 

where  &>  —  «o2  =  t  V3 ;  the  last  two  roots  are  of  course  the  roots  of  the  quadric  equation 
i*?  +  ax  +  a2  +  g  =  0,  which  is  obtained  by  throwing  out  the  factor  as  —  a  from  the  given 
equation  a?  +  qx  —  r  =  0. 

Cambridge,  Sep.  17,  1884. 

38—2 
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836. 

ON    THE    QUATERNION    EQUATION    qQ-Qq'  =  o. 

[From  the  Messenger  of  Mathematics,  vol.  xiv.  (1885),  pp.  108 — 112.] 

I  CONSIDER  the  equation  qQ  —  Qq  =  0,  where  q,  q  are  given  quaternions,  and  Q 
is  a  quaternion  to  be  determined.  Obviously  a  condition  must  be  satisfied  by  the 
given  quaternions;  for,  substituting  in  the  given  equation  for  q,  q',  Q  their  values,  say 
w  +  ix+jy  +  kz,  w  +  ix  +  jy  +  kz ,  and  W  +  iX+jY+kZ  respectively,  and  equating  to 
zero  the  scalar  part  and  the  coefficients  of  i,  j,  k,  we  have  four  equations  linear  in 
W,  X,  Y,  Z,  and  then  eliminating  these  quantities,  we  have  the  condition  in  question. 
Supposing  the  condition  satisfied,  the  ratios  of  W,  X,  Y,  Z  are  then  completely  determ 
ined,  and  the  required  quaternion  Q  is  thus  determinate  except  as  to  a  scalar  factor, 
or  say  Q  is  =  product  of  an  arbitrary  scalar  into  a  determinate  quaternion  expression. 

It  might,  at  first  sight,  appear  that  the  condition  is  that  the  given  quaternions 
shall  have  their  tensors  equal,  Tq  =  Tq  ;  for  the  equation  gives  Tq.TQ-TQ.  Tq'  =  0, 
that  is,  TQ(Tq-Tq')  =  0.  But  we  cannot  thence  infer,  and  it  is  not  true,  that  the 
condition  is  Tq-  Tq'  =  0;  the  formula  does  not  give  the  required  condition  at  all,  but 
the  conclusion  to  which  it  leads  is  that,  when  the  condition  is  satisfied,  then  in  general 
(that  is,  unless  Tq  -  Tq  =  0)  the  required  quaternion  is  an  imaginary  quaternion  (or, 
as  Hamilton  calls  it,  a  biquaternion)  having  its  tensor  TQ=0.  In  the  particular  case 
where  the  given  quaternions  are  such  that  Tq-Tq'=0,  then  the  required  quaternion 
Q  is  determined  less  definitely,  viz.  it  becomes  =  product  of  an  arbitrary  scalar  into 
a  not  completely  determined  quaternion  expression;  and  it  is  thus  in  general  such 
that  TQ  is  not  =0.  In  explanation,  observe  that,  for  the  particular  case  in  question, 
the  four  linear  equations  for  W,  X,  Y,  Z  reduce  themselves  to  two  independent  rela 
tions,  and  they  give  therefore  for  the  ratios  of  W,  X,  Y,  Z  expressions  involving  an 
arbitrary  parameter  A ;  these  expressions  cannot,  it  is  clear,  be  deduced  from  the 
determinate  expressions  which  belong  to  the  general  case. 
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Instead   of    directly    working   out   the   condition    in   the    manner    indicated   above,   I 
present  the  investigation  in  a  synthetic  form  as  follows  : 

Taking   v,  v    for   the  vector  parts  of  the    two   given    quaternions,  so   that  q  =  w  +  v, 
q'  =  w'  +  v',  I  write  for  shortness 

6  =         w  —  w'  , 

a  =          v2  +  v'2  ,      =  -a?-y2  —  zn-  —  x"2-y'2-  z'~, 
£  =         v2-v'2,      =  -  x2  -  y*  -  z-  -f-  x'n-  +  y'2  +  z'2, 
D  =  -0(a-  02), 
A  =        /3  -  6*  , 


so    that    0,  a,  /3,  D,   A,  B    are    all   of    them   scalars.      With  these   I   form  a  quaternion 
Q  =  (D+  Av)(D  +  Bv');    I   say   that   we    have   identically 


qQ-Qq'={D-v.  v'2  +  v  .  v2  +  w'  .  6}  (04  -  2ct&  +  fi2). 

It  of  course  follows  that,  if  <94  -  2«02  +  £2  =  0,  then  qQ  -  Qq  =  0,  viz.  0i  -  2a^  +  /?2  =  0 
is  the  condition  ft  =  0,  for  the  existence  of  the  required  quaternion  ;  and  this  condition 
being  satisfied,  then  (omitting  the  arbitrary  scalar  factor)  the  value  of  the  quaternion 
is  Q  =  (D  +  Av)  (D  +  Bv'\  a  value  giving  T(Q)  =  0,  that  is,  Tf2  +  X*  +  F2  +  Z2  =  0.  If 
0=0  (that  is,  w  =  w'),  then  the  condition  becomes  /3  =  0,  that  is,  as2  +  y1  +  z2  —  x"2  —  y"*  —  z'2  =  0  ; 
and  these  two  conditions  being  satisfied,  Q  ceases  to  have  the  determinate  value  given 
by  the  foregoing  formula  :  it  has  a  value  involving  an  arbitrary  parameter,  and  is 
no  longer  such  that  W  2  +  X2  +  F2  +  Z2  =  0. 

The  identical  equation  is  at  once  verified  ;   we  have 

qQ  -  Qq'  =  (w  +  v)Q-Q  (w'  -  v') 

=     0    (D2  +  DAv  +  DBv'  +  ABvv'} 
+  v    (D2  +  DAv  +  DBv'  +  ABvv) 
(D2  +  DAv  +  DBv  +  ABvv')  v 

6D*  +  DAv2  -  DBv'2 
+  v    (DA0  +  D2      -ABv'*-) 
+  v'   (DB6  +  ABv2  -  D2      ) 
+  w/(0AB  +  DB    -DA    ). 


The  first  line  is  here  =  D  [D0  +  Av2  +  Bv'2},  viz.  the  term  in  {     }  is 

-  (a  -  62)  02  +  (/3-  02)  v2-(/3  +  02)  v'2, 
=  -  a02 
=      0*- 


and  similarly  each  of  the  other  lines  contains  the  factor  0*  —  2CL02  +  ffi,  and  the  equation 
is  thus  seen  to  hold  good. 
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The  tensor  of  Q  is  =(D*-A2v2)  (D2-B2v'2);   and  we  have 

J)2  _  A*v*  =  (3  _  02)2  02  _  y2  (£  _  02); 

=  06  -  (2a  +  w2)  04  +  (a2 
which,  observing  that 

a2  +  2£a2  =  /32  +  2cra2     is     =  (6*  -  v2) 
and  similarly 

D2-W2  is     = 

hence  the  tensor  is 

TQ  =  (6-  -  v2)  (0s  -  v'2 

which,  in  virtue  of  64  -  2«02  +  /32  =  0,  is  =  0. 

The  particular  case  is  when  Tq  -  Tq'  =  0,  that  is,  w*  -v2-  w'2  +  v'-  =  0,  or  say 
w2  -  w'*  =  v'2-  v''2,  that  is,  0  (w  +  w'}  =  /3.  Combining  with  this  the  general  condition 
<94  -  2a<92  +  &  =  0,  we  find  0»  {&  -  2a  +  (w  +  w')2}  =  0,  or  in  the  second  factor,  for  6  and  a 
substituting  their  values,  we  have  202  (w2  -  v2  +  w'2  -  v'2)  =  0,  that  is,  20-  (Tq  +  Tq)  =  0. 
Attending  to  the  assumed  relation  Tq  -  Tq  =  0,  the  second  factor  can  only  vanish  if 
Tq  =  0,  Tq'  =  0  ;  hence,  disregarding  this  more  special  case,  the  factor  which  vanishes  must 
be  the  first  factor,  that  is,  6=0;  or  the  equations  Tq  -  Tq'  =  0  and  fr  -  2a#2  +  /S2  =  0 
give  /3=0  and  6  =  0,  that  is,  we  have  as  already  mentioned  w-w'  =  0,  and 
a?  +  y2  +  z-  =  oc'~  +  y-  +  z'~,  viz.  the  given  quaternions  have  their  scalars  equal,  and  the 
squares  of  their  vectors  also  equal.  The  equation  here  is  vQ  -  Qv'  =  0  ;  and  writing 
v*  =  v''2  =  —p-,  we  see  at  once  that  a  solution  is 

Q  =  (-  P*  +  W)  +  A  (v  +  v'), 

where   A    is   an   arbitrary   scalar;    in    fact,  with   this    value    of   Q,   we    have   at   once   vQ 
and    Qv'   each 

=  -  p"  (v  +  v')  +  A  (—p2  +  vv')  ; 

and    the    equation   vQ-Qv'=0   is    thus    satisfied.      The   value    of    the    tensor    is   easily 
found   to   be 


TQ  =  2  (A2  +  p2)  (p2  +  xx'  +  yy'  +  zsf\ 
which   is   not  =  0. 

In   accordance   with   a   remark   in   the   introductory   paragraphs,    the    solution 

Q  =  -  p2  +  vv'  +  A  (v  +  v') 

is   not   comprised   in   the   general    solution.     As   to   this,    observe    that,    in    the    case  .in 
question    0  =  0,   0  =  0,   we    have   from   the   general   theorem    the    form 


that  is, 
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in    the   condition    6*  —  2a&~  +  /32  =  0,    writing    6  =  0,  we    have    ^  =  2a,  or   for  a   writing  its 

&-  1  a26>2  ,    ad 

value   =  —  2p-,   we    have    a2  =  4p4,    ~2  =  —  —  ,   and    thence   -^-  =  —  p*,   and    -^-  =  Xp,   if  X 

denote  the  V(—  1)  of  ordinary  algebra.     The  resulting  formula  is  thus 

Q  =  —  jo2  +  vv'  —  \p(v  +  v'), 
which  corresponds  to  the  determinate  value  —  \p  of  the  constant  A. 

The  foregoing  solution  Q  =  —  p2  +  vv'  +  A  (v  +  v')  may  be  easily  identified  with  that 
given  pp.  124,  125  of  Tait's  Elementary  Treatise  on  Quaternions;  the  case  there 
considered  is  that  of  a  real  quaternion,  and  it  was  therefore  assumed  that  the  two 
conditions  w  =  w',  and  of  +  y2-  +  z*-  =  x'2  +  y''2  +  z'\  were  each  of  them  satisfied. 

The  theory  of  quaternions  is,  as  is  well  known,  identical  with  that  of  matrices 
of  the  second  order ;  the  identity  is,  in  effect,  established  by  the  remark  and  footnote 
"  Linear  Associative  Algebra,"  American  Journal  of  Mathematics,  t.  iv.  (1881),  p.  132. 
Writing  x,  y,  z,  w  for  Peirce's  imaginaries  i,  j,  k,  I,  these  have  the  multiplication  table 


X 

y 

z 

w 

X 

X 

y 

0 

0 

y 

0 

0 

X 

y 

z 

• 

w 

0 

0 

w 

0 

0 

z 

w 

Then    it    X,  =  A/(—  1),    be    the    imaginary    of  ordinary  algebra,  and    i,  j,  k   the    quaternion 
imaginaries,  the  relations  between  i,  j,  k  and  or,  y,  z,  w  are 

x  =  |-  (     1  —  Xt),     or  conversely     1  =       x  +  w  , 


1  +  \i), 


j=    (y-z\ 

k  =  X  (y  +  z)  ; 


and    we   can   thus   at   once   express   a  quaternion   as  a  linear  function  of  the   x,  y,  z,  w, 
or    a    linear    function    of    the    x,   y,   z,   ID    as    a    quaternion.      And    we    then    consider 
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+  by  +  cz  +  dw  as   denoting    the    matrix 


a,  b 
c,  d 


,   we    obtain    for    the    product    of    two 


matrices   the   ordinary   formula 


a,  b 
c,  d 


a,  b'    =  (a,  b) 


(a',  c'},   (b'}  d')  . 


c',  d' 


(c,  d) 


viz.  we  have 

(ax  +  by  +  cz  +  dw)  (a  a;  +  b'y  +  c'z  +  d'w)  —  aa'x2  +  bc'yz  +  &c., 

=  (aa'  +  be')  x  +  (abf  -f  bd')  y  +  (caf  +  dc')  z  +  (cb'  +  dd')  w, 

in    accordance    with    the    formula    for   the    product    of  the   two    matrices.     Observe   that, 
writing 

A  +  Bi  +  Gj  +  Dk  =  A(x  +  w)  +  B\(x-w)  +  C(y-z)  +  D\(y  +  z) 

=  acc  +  by  +  cz  +  dw, 
we  have 

a,  d,  b,  c  =  A  +  B\,    A-B\,     C  +  D\    -C  +  D\, 
and  thence 

ad  -  be  =  A2  +  B2  +  C-  +  D1, 

so  that  the  determinant  of  the  matrix  corresponds  to  the  tensor  of  the  quaternion. 
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837. 


ON    THE    SO-CALLED    D'ALEMBERT    CARNOT    GEOMETRICAL 

PARADOX. 

[From  the  Messenger  of  Mathematics,  vol.  xiv.  (1885),  pp.  113,  114.] 

THE  present  note  has  reference  to  Prof.  Sylvester's  paper  on  this  subject  [I.  c., 
pp.  92 — 96].  I  cannot  admit  that  D'Alembert  and  Carnot  raised  a  well-founded 
objection  "  to  the  then  and  even  now  too  prevalent  interpretation  of  the  meaning  of 
the  geometrical  positive  and  negative "  :  it  appears  to  me  that  the  objection  was  not  a 
well-founded  one. 

Consider  through  the  origin  K  an  indefinite  line  t'Kt,  and  measure  off  from  K 
in  the  sense  Kt  a  distance  equal  to  the  positive  quantity  a,  and  let  m  be  the  extremity 
of  the  distance  thus  measured  off.  There  is  not  in  the  ordinary  theory  any  reason 
why  the  distance  Km  should  be  =  +  a  rather  than  =  —  a ;  it  is  =  +  a,  if  Kt  be  the 
positive  sense  of  the  line  through  K,  and  it  is  =  —  a  if  Kt'  be  the  positive  sense 
of  the  line  through  K ;  if  it  be  undetermined  which  of  the  two  is  the  positive  sense, 
then  the  distance  Km  is  =  +  a,  the  sign  being  essentially  indeterminate. 

The  problem  is  from  a  point  K  outside  a  given  circle  to  draw  a  line  Kmm  such 
that  the  intercepted  portion  mm'  within  the  circle  has  a  given  value  c. 

Supposing  that  the  line  from  K  to  the  centre  meets  the  circle  in  the  points 
A,  B  at  the  distances  KA  =  a,  KB  =  b  :  then  if  Km  =  r,  we  have  ab  =  r  (c  +  r),  or 
r  =  -  \c  ±  V(ic2+  ab);  viz.  we  have  for  r,  not  simultaneously  but  alternatively,  the 
positive  value  —  \c  +  V(ic2  +  ab),  and  the  negative  value  —  \c—  \/(^c2  +  ab),  the  latter 
of  these  being  the  greatest  in  absolute  magnitude;  say  the  values  are  +  p1  and  —  p.2. 
We  may  with  either  of  these  values  construct  the  point  m ;  viz.  we  obtain  m  as  one 
of  the  intersections  of  the  given  circle  with  the  circle  centre  K  and  radius  pl}  or 
else  with  the  circle  centre  K  and  radius  —  p.,  (that  is,  radius  pz) ;  and  attending  to 
the  intersections  on  the  same  side  of  the  line  from  K  to  the  centre,  it  happens  that 
c.  xii.  39 
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the  two  points  m  thus  determined  are  on  one  and  the  same  line  t'Kt;  but  there  is 
no  a  priori  reason  why  the  positive  senses  should  be  the  same,  and  they  are  in  fact 
opposite  to  each  other,  in  the  two  cases  respectively  ;  in  the  one  case  we  measure 
off  the  distance  pl  in  the  sense  Kt,  in  the  other  case  the  distance  —  p»  in  the  sense 
Kt'  ;  that  is,  we  in  fact  measure  off  the  positive  distances  +  p1}  and  +  p.2,  in  one 
and  the  same  sense  Kt;  thus  obtaining  for  the  point  m  one  or  the  other  extremity 
of  a  determinate  secant  through  K. 

The  best  illustration  is  I  think  in  the  elementary  problem  of  finding  the 
perpendicular  distance  of  a  given  line  from  the  origin.  Let  Ax+By  +  C  —  0  be  the 
equation  of  the  given  line:  and  first  let  a  line  be  drawn  in  a  determinate  sense,  say 
at  the  inclination  6  to  the  positive  part  of  the  axis  of  x,  to  meet  the  given  line. 
Taking  r  for  the  distance  from  the  origin  of  the  point  of  intersection,  we  have,  for 
the  coordinates  of  the  point  of  intersection,  x,  y  =  rcos0,  rsin#;  and  thence 

r  (A  cos  0  +  B  sin  6)  +  0=  0, 
that  is, 

-G 
A  cos  B  +  B  sin  6  ' 

a  perfectly  determinate  value.  But  the  perpendicular  on  the  given  line  may  be 
considered  as  drawn  in  one  or  the  other  of  two  opposite  senses  ;  that  is,  we  have 
at  pleasure 

cosfl.  ™«-j(A?+p),     j(A,B+B,y 
or  else 

-A  -B 


—  C  +  C 

and   thence   r  =  _--___  ,   Or   else   r  =  ;    that   is,  the    perpendicular   distance 

+  C 
is  =  j(^z  ,  ffi\>  w*th  the  essentially  indeterminate  sign  +,  because  the  distance  may  be 

considered  as  drawn  from  the  origin  in  one  or  the  other  of  the  two  opposite  senses. 
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838. 

ON    THE    TWISTED    CUBICS    UPON    A    QUADRIC    SURFACE. 

[From  the  Messenger  of  Mathematics,  vol.  xiv.  (1885),  pp.  129 — 132.] 

A  CUBIC  (twisted  cubic)  on  a  quadric  surface  meets  each  generator  of  the  one 
land  twice,  and  each  generator  of  the  other  kind  once  (Salmon,  Solid  Geometry, 
Ed.  4,  p.  301).  There  are  thus  on  the  surface  two  kinds  of  cubics,  viz.  distinguishing 
for  convenience  the  generating  lines  as  generators  and  directors,  a  cubic  may  meet 
each  generator  twice  and  each  director  once;  or  it  may  meet  each  generator  once 
and  each  director  twice.  And  two  cubic  curves  are  accordingly  of  the  same  kind  or 
of  different  kinds. 

Consider  for  example  the  quadric  surface  acw  -  yz  =  0,  and  the  cubic 

x  :  y  :  z  :  w  —  1   :  <f>  :  <£2  :  <f>3. 

If  we  call  the  line  (x  =  ky,  kw  =  z}  a  generator,  and  the  line  (x  =  kz,  kw  =  y}  a  director, 
for  the  intersections  with  a  generator  we  have  1  =  &</>,  k<f>3  —  <£2 ;  equations  with  the 
common  root  k<fr  =  1,  or  there  is  a  single  intersection ;  for  the  intersections  with  a 
director,  I  =  k(j>2,  k(f>3  =  (f>,  equations  with  the  common  roots  k<f>2  =  l,  or  there  are  two 
intersections. 

Consider  on  the  same  quadric  surface  the  cubic 

x  :  y  :  z  :  w  =  6-a.  0-/3.  6-y  :  0-a.  0-e.0  -  f  :  0-  8.  0-0.  0-y  :  6-8  .  6-  e.  0-  f; 
or  as,  for  shortness,  I  write  these, 

x  :  y  :  z  :  w  =  a(3y  :  ae£  :  S@y  :  Se£, 

viz.  a  is  written  to  denote  6  —  ct,  and  so  in  other  cases ;  for  the  intersections  with 
a  generator,  we  have  cc/rty  =  kae£,  k&e£  =  8fiy,  equations  having  the  two  common  roots 

39—2 
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/?7  =  fce£";    or    there    are    two    intersections    with    the    generator.     And    in   like    manner 
there  is  one  intersection  with  the  director.     The  cubic 

x  :  y  :  z  :  w  =  afiy  :  ae£  :  8/3y  :  8e£ 
is  thus  a  cubic  of  different  kind  from 

x  :  y  :  z  :  w  =  1  :  <f>  :  </>2  :  <f>3. 
And  in  the  same  manner  it  appears  that  the  cubic 

x  :  y  :  z  :  w  =  afty  :  S/3y  :  cte£  '•  Se£ 
is  of  the  same  kind  with 

x  :  y  :  z  :  w  =    1      :     <f>     :    </>2    :   <f>3. 

The   two   cubics   of  different   kinds   intersect   in    5    points  ;    the    two    cubics    of    the 
same  kind  in  only  4  points.     In  fact,  for  the  intersections  with   the  cubic 

#  :  y  :  z  :  w  =  1  :  <£>  :  <£>2  :  <f)s, 
we  have  xz  —  yz  =  0,  yw  —  z*  =  0,  and  substituting  herein  the  0-values, 

x  :  y  :  z  :  w=a(3y  :  ae£  :  8/3y  :  &€%, 
we  find 

a2e2^2  =  0,     «Se2£2  -  S2£y  =  0, 


equations  with  the  common  five  roots  S/3272  —  ae2£2  =  0  ;  whereas  for  the  0-  values 
x  :  y  :  z  :  w  =  a(3y  :  S/3y  :  ae£  :  8e£,  we  have  a?/3ye£  -  S2/3272  =  0,  &*Pye%  -  a2e2£2  =  0, 
equations  with  the  common  four  roots  a2e£  —  &/3y  =  0. 

I  remark  in  passing  that  the  equations  just  obtained  have  each  of  them  a  root 
6  =  oc  ,  but  this  would  have  been  avoided  if  the  ^-equations  had  been  taken  in  the 
slightly  altered  form 

x  :  y  :  z  :  w  =  afty  :    6ae£  :  cSfiy  :  bc8e%, 
and 

x  :  y  :  z  :  w  =  afly  :  cSfiy  :    bae%  '•  bcSe£, 

b,  c  being  arbitrary  constants  ;   and  the   special   value  is  thus   of  no  importance. 

The  two  cubics  intersecting  in  5  points  constitute  the  complete  intersection  of  a 
quadric  surface  and  a  cubic  surface  ;  and  conversely  when  a  quadric  surface  and  a 
cubic  surface  intersect  in  two  cubics,  then  the  cubics  must  have  5  intersections,  and 
are  thus  by  what  precedes  cubics  of  different  kinds  in  regard  to  the  quadric  surface. 
In  fact,  considering  two  cubics  meeting  in  5  points,  we  can,  through  these  5  points, 
through  2  points  assumed  at  pleasure  on  the  first  cubic,  and  through  2  points  assumed 
at  pleasure  on  the  second  cubic,  draw  a  determinate  quadric  surface  :  this  meets  each 
of  the  two  cubics  in  5+2  points,  and  consequently  it  entirely  contains  the  cubic  ; 
viz.  we  have  through  the  two  cubics  a  determinate  quadric  surface.  Again,  through 
the  5  points,  through  5  points  at  pleasure  on  the  first  cubic  and  through  5  points 
at  pleasure  on  the  second  cubic,  we  may  draw  a  cubic  surface  ;  this  meets  each  cubic 
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in  5  +  5  points,  and  therefore  it  entirely  contains  the  cubic  ;  we  have  thus  a  cubic 
surface  through  the  two  cubics.  The  cubic  surface  has  been  subjected  only  to 
5  +  5  +  5=15  conditions,  and  the  equation  thus  contains  homogeneously  20  —  15,  =5 
constants;  viz.  if  @  =  0  be  the  quadric  surface  through  the  two  cubics  the  general 
form  is  (ax  +  /3y  +  yz  +  8w)  ©  +  \U=  0  ;  disregarding  the  term  in  ©,  we  have  thus,  in 
fact,  a  determinate  cubic  U=0. 

Taking  as  above  the  first  cubic  as  given  by  the  equations 

x  :  y  :  z  :   w  =    1     :    <f>     :    </>2    :  </>3, 
and  the  second  cubic  as  given  by  the  equations 

x  :  y  :  z  :  w  =  afty  :  ae£  :  S/?7  :  Sef, 

the  equation  of  the  cubic  surface  which  contains  the  two  cubics  will  be  of  the  form 
(Ax  +  By  +  Cz  +  Dw)  (yw  -  z*}  +  (A"x  +  E"y  +  C"z  +  D"w)  (xz  -  y"-)  =  0. 


Substituting    herein    the    0-values    and    omitting    the    common    factor    ae2£"  2  —  Sfi2^,   we 
have 

8  (AajSj  +  £ae£  +  CS/3y  +  DSe£)  -  a  (A'a/Sy  +  5"ae£+  C"8/3y  +  D"8e£)  =  0, 


which  is  of  the  fourth  order  in  6.  We  may  assume  G"  =  0,  and  D"  =  0  ;  in  fact,  the 
terms  in  C"  and  D"  might  be  got  rid  of  by  the  substitutions 

z  (xz  —  y2)  —  y  (xw  —  yz)  —  x  (yw  —  z2), 
w  (xz  —  7/2)  =  z  (xw  —  yz)  —  y  (yw  —  z2)  ; 

we  then  have  6  coefficients  A,  B,  C,  D,  A",  B",  and  equating  to  zero  the  terms  in 
6°,  0l,  6*,  63,  6\  the  ratios  of  these  are  determined  by  the  five  equations  :  and  we 
have  thus  the  required  cubic  surface. 

Starting  from  either  cubic  considered  as  a  curve  on  the  given  quadric  surface  ; 
if  through  the  centre  we  describe  a  cubic  surface,  this  meets  the  quadric  surface  in 
a  second  cubic  and  the  two  cubics  intersect  each  other  in  5  points.  In  particular,  if 
the  one  cubic  is  x  :  y  :  z  :  w  =  1  :  </>  :  </>-  :  03,  it  appears  by  what  precedes  that  the 
other  cubic  may  be  taken  to  be 

x  :  y  :  z  :  w  =  afty  :  ae£  :  Sfty  :  Sef  , 

intersecting  the  former  in  the  5  points  given  by  the  equation  S/3V  -  aeaf  2  =  0.  The 
five  points  are  of  course  points  of  contact  of  the  quadric  surface  and  the  cubic  surface. 

A  very  simple  instance  is  the  following.  The  quadric  surface  xw  —  yz  =  0  and  the 
cubic  surface 

y  (xz  —  y2)  +  z  (yw  —  z")  =  0 
intersect  in  the  two  cubics 

x  :  y  :  z  :  w  =  1   :  <£  :  </>2  :  0s    and    x  :  y  :  z  :  w  =  1   :  6*  :   6  :  6s. 
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The  two  cubics  meet  in  the  5  points 

0=(0,    oo,   1,   (a,   w2);     <£  =  (0,   oo  ,   1,    w2,    <y), 
or,  what  is  the  same  thing,  in  the  5  points 

(x,  y,  z:  w)  =  (l,  0,  0,  0),     (0,  0,  0,  1),     (1,   1,   1,  1),     (1,  o>,  o>2,   1),     (1,  «»,  »,  1), 
where  &>  is  an  imaginary  cube  root  of  unity. 

I  was  anxious  to  work  out  this  result  not  for  its  own  sake,  but  as  an  illustration 
of  a  point  which  first  arises  as  to  octics :  a  unicursal  octic  curve  is  not  in  general 
situate  on  any  surface  lower  than  a  quartic  surface ;  if  on  the  octic  we  take  at 
pleasure  33  points,  we  may  through  these  draw  two  quartic  surfaces  U=0,  V=  0, 
each  of  which  will  entirely  contain  the  curve :  the  two  surfaces  meet  in  a  second 
octic  also  unicursal,  and  the  two  curves  intersect  in  34  points,  which  are  points  of 
contact  of  the  two  quartic  surfaces.  We  cannot,  by  adjoining  to  the  given  octic  any 
curve  of  an  inferior  to  its  OAvn,  obtain  a  complete  intersection  of  two  surfaces :  the 
most  simple  case  is  when  we  adjoin  to  the  given  octic  as  above  another  unicursal 
octic,  and  thus  obtain  a  complete  intersection  of  two  quartic  surfaces.  It  is  to  be 
observed  that  the  second  curve  is  determined  completely  and  uniquely  by  the  given 
curve :  considering  the  former  curve  as  given  by  the  expressions  of  the  coordinates 
in  terms  of  a  parameter  <f>,  the  determination  of  the  like  expressions  for  the  latter 
curve  would  appear  to  be  a  problem  of  very  great  difficulty. 
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ON    THE    MATRICAL    EQUATION    qQ-Qq'  =  Q. 


[From  the  Messenger  of  Mathematics,  vol.  xiv.  (1885),  pp.  176 — 178.] 
I    CONSIDER    the    matrical    equation    qQ  —  Qq  =  0,   where    q,   q'   are    given    matrices 


a,  b 
c,  d 


a',  b' 
c',  d' 


and    Q,   — 


A,  B 
C,  D 


is    a    matrix    which    has    to    be    determined.      As 


remarked   in   the   paper   "  On   the  Quaternion   Equation   qQ  —  Qq  =  0,"  Messenger,   t.  xiv. 
(1885),  pp.  108  —  112,  [836]  the  question  for  matrices  is  equivalent  to  that  for  quaternions: 

a,  b 

for  a  matrix  may  be  regarded  as  a  quaternion 

c,  a 

\a  ( 
or  (omitting  the  factor 


-  \i}  +  %b  (j  +  \k)  +  \c  (-j  -  \k) 
£)  as  the  quaternion 
(a  +  d)  -  \  (a  —  d)  i  +  (b  -  c)  j  -  X  (b  +  c)  k, 


where    X,    =  V(—  1),   is    the   imaginary   of  ordinary   algebra.       Hence    considering   q,   q'   as 
denoting  the  quaternions 

(a  +d)  —  \(a  -  d  )  i  +  (b  -c)j-\(b  +  c)k, 
(a'  +  d')-\  (a'  -  d')  i  +  (b'  -  c')j  -\(b'  +  c')  k, 

we    can,   if  a   certain   condition    is   satisfied,   find   a    quaternion  Q  such  that  qQ  —  Qq'  =  0  ; 
say  this  is  Q=  W  +  iX  +  jY+  kZ;   putting  this 


we  find 


A,  B 

C,  D 


\X, 


W-\X 


for   the   required   matrix   Q  ;   this  being  an  indeterminate  matrix,  such  that  A  D  —  EC  =  0. 
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But  it  is  better  to  solve  directly  the  matrical  equation 


viz. 


a,   b 

A,  B 

A,  B 

a',  b' 

=  0, 

c,  d 

C,  D 

C,  D 

c',  d' 

(A,  C), 

(B,  D) 

(a,  c'),   (b',  d') 

(a,  b) 

„ 

„ 

(A,  B) 

„ 

(c,  d) 

„ 

„ 

"  (C,  D) 

»            » 

=  0, 


that  is, 


or,  what  is  the  same  thing, 

(a  —  a'. 


Aa+Cb  -  (Aa!  +  Bc')  =  0, 
Ba  +  Db  -  (Abf  +  Bd)  =  0, 
Ac  +  Cd  -  (Ca  +  DC')  =  0, 
Be  +  Dd-(Cb'  +  Dd')  =  0, 


-  c',  b        ,     0        ,  $4,  B,  C,  D)  = 

—  b',     a  —  d',  0        ,6         , 

c,  0,  d  —  a',        —  c', 

0,  c,        -  b',     d-  d, 

viz.  we  have  (A,  B,  G,  D)  connected  by  these  four  linear  equations:  viz.  the  necessary 
condition  is  that  the  determinant  formed  out  of  the  matrix  which  here  presents  itself 
shall  be  =0. 

After  some  reductions,  and  putting  for  shortness 

V=ad-bc,     V'  =  a'd'-b'c', 
this  is  found  to  be 

which  is  the  condition  for  the  existence  of  a  solution.  This  condition  being  satisfied, 
the  four  equations  will  be  equivalent  to  three  independent  equations,  which  serve  to 
determine  A,  B,  C,  D;  and,  assuming  the  absolute  value  of  A,  we  find 

A=  -(a'  +  d'-a-d), 

c'B  =  V  -  V  +  a'  (a'  +  d'  -  a  -  d), 

bc'D  =  (d'-a)V-(d-a')V-  aa' (a'  +  d'-a- d), 
values  which  give 

-bc'(AD-BC)  =  (V-Vy+{V(a'  +  d')-V'(a  +  d)}(a'  +  d'-a-d),  =  0, 

viz.  in  the  case  where  the  given  matrices  satisfy  the  above-mentioned  condition,  the 
components  A,  B,  C,  D  of  the  required  matrix  have  determinate  values  which  are 
such  that  AD-BC  =  0. 
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ON    THE    MATRICAL    EQUATION    qQ  —  Qq'  =  0. 
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If  we  have  V  —  V '  =  0,  that  is,  ad—bc=  ad'  —  b'c',  then  the  condition  becomes 
a  +  d'  =  a  +  d ;  and  these  two  conditions  being  satisfied,  the  four  equations  reduce 
themselves  to  two  independent  equations,  and  the  ratios  A  :  B  :  C  :  D  have  no  longer 
determinate  values ;  the  linear  equations  may  in  fact  be  written 

(0,  b,  -  c',  a -a'  $D,  0,  B,  A)  =  0, 

-b,  0,  -a  +  d',           V 

c',  a'  —  d,  0,         —c 

d-d',  -b',  c,            0 


which  are  of  the  form 


0, 
-h, 


C,B, 


h,  -  g,     a 

0,  f,     b 

g,     -  f,  0,     c 

—  a,     —  b,  —  c,     0  j 

where  the  coefficients  a,  b,  c,  f,  g,  h  are  such  that  af+bg+ch=0;  and  the  four 
equations  are  thus  equivalent  to  two  independent  equations.  To  obtain  a  symmetrical 
solution,  assume  a  relation 


with  arbitrary  coefficients   £,  rj,  £,  w  ;    we   then  find 

D  =  .  c?;  —  b£+  f<y, 
C  =  -  c£  .  +  a£+  go, 
B  =  b£  —  a.r)  .  +  hw, 


viz.  the  complete  theorem   is  that,  if  the   matrices 

a,  b  a',  b' 

,     q'  = 
c,  d  c',  d' 

are  such  that  ad— be  —  a'd'  —  b'c',  a  +  d  =  a'  +  d',  then  writing 

a  =      a  —  a',  =  —  d  +  d',      f  =  —  a  +  d',  =  —  a'  +  d, 

c  =  —  c,  h  =      b, 

values  which  satisfy 

af  +  bg  +  ch  =  0, 

and    taking    £,    77,    f,    &>    arbitrary,    we    have    for    the    matrix    Q,   which    is    such    that 
Qq  —  Qq'  =  0,  the  expression 

Q  = 

—  eg       .    +  a£  +  g&),  c?;  —  b£  +  fw 

depending   really    on    one    arbitrary    parameter,    viz.    we    may    without    loss    of    generality 
put  any   two  of  the  coefficients   £,  rj,  £,  w  equal  to   0. 

c.  xii.  40 
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840. 

ON    MASCHEEONI'S    GEOMETRY    OF    THE    COMPASS. 

[From  the  Messenger  of  Mathematics,  vol.  xiv.  (1885),  pp.  179—181.] 

I  HAVE  not  seen  the  original  of  Mascheroni's  work,  La  Geometria  del  Compasso, 
8°,  Pavia  (1797),  but  only  the  French  translation,  Geometrie  du  Compas,  par  L.  Mas- 
cheroni,  traduite  de  1'Italien  par  A.  M.  Carette,  2  ed.  8°  Paris,  1828  (Author's  Preface, 
pp.  5 — 24,  and  pp.  25 — 328,  with  14  plates  containing  108  figures).  The  title  expresses 
the  notion  of  the  work :  a  straight  line  is  given  by  means  of  two  points  thereof,  but 
is  not  allowed  to  be  actually  drawn ;  and  the  problem  is,  with  the  compass  alone  to 
perform  all  the  constructions  of  Geometry.  Observe  that,  for  the  purpose  of  demon 
stration,  any  lines  may  be  imagined  to  be  drawn,  and  such  lines  are  in  fact  shown 
as  dotted  lines  in  the  figures ;  but  this  does  not  in  any  wise  interfere  with  the 
fundamental  postulate  that  the  constructions  are  to  be  performed  with  the  compass 
only. 

Assuming,  then,  that  a  line  is  in  every  case  given  by  means  of  two  points  thereof, 
the  leading  questions  are  those  considered  Book  vii.  "  on  the  intersections  of  straight 
lines  with  circular  arcs  and  with  each  other,"  viz.  they  are  (1)  to  find  the  intersec 
tions  of  a  given  line  and  circle  ;  (2)  to  find  the  intersection  of  two  given  lines.  But 
in  the  first  problem  it  is  necessary  to  consider  two  cases;  (A)  the  general  case,  where 
the  line  does  not  pass  through  the  centre  of  the  circle,  and  (B)  the  particular,  but 
actually  more  difficult,  case,  where  the  line  passes  through  the  centre  of  the  circle. 
It  is  assumed  that  the  centre  of  the  circle  is  given:  if  it  is  not  given,  it  can  be 
found  as  afterwards  mentioned. 

It  will  be  convenient  to  establish  the  definition  of  counter-points  in  regard  to  a 
given  line :  two  points,  which  are  such  that  the  line  j  oining  them  is  bisected  at  right 
angles  by  the  given  line,  are  said  to  be  counter-points  in  regard  to  that  line. 

(1),  A.  Consider  a  line  given  by  means  of  two  points  P,  Q;  and  a  given  circle, 
centre  C.  With  centre  P  and  radius  PC  describe  a  circle,  and  with  centre  Q  and 
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radius  QG  a  circle ;  these  meet  in  G  and  in  a  second  point  D  which  will  be  the 
counter- point  of  G  in  regard  to  the  line  PQ ;  hence  with  centre  D  and  radius  =  that 
of  given  circle,  describing  a  circle,  this  meets  the  given  circle  in  two  points  which 
are  the  intersections  of  the  given  circle  by  the  line  PQ. 

The  construction  fails  if  the  line  PQ  passes  through  the  centre  of  the  given  circle, 
for  then  the  two  auxiliary  circles  touch  at  C,  or  we  have  D  coincident  with  C.  We 
have  therefore  considered  this  case;  Q  may  be  taken  to  be  the  centre  C  of  the  circle; 
so  that  we  have : — 

(1),  B.  The  problem  is,  given  a  point  P,  and  a  circle,  centre  G:  to  find  the 
intersections  of  the  circle  by  the  line  GP.  With  centre  P,  and  an  arbitrary  radius, 
describe  a  circle  meeting  the  given  circle  in  points  A,  B  (which  are  of  course  counter 
points  in  regard  to  line  OP) ;  the  circle  is  divided  into  two  arcs  AB  and  360°  —  AB> 
and  the  problem  is  to  bisect  each  of  these  two  arcs;  for  the  points  of  bisection  are 
obviously  the  required  intersections  of  GP  with  the  circle. 

Hence  we  have  : — 

(1),  G.  To  bisect  a  given  arc  AB  of  a  circle,  centre  G  (fig.  1).  With  centre  A 
and  radius  AG  describe  a  circle;  and  with  centre  B,  and  equal  radius  BG  describe 
a  circle;  and  on  these  circles  respectively,  find  the  points  D,  E  such  that  GD=CE=AB. 


With  centre  E  and  radius  EA,  describe  a  circle;  and  with  centre  D,  and  equal 
radius  DB,  describe  a  circle;  and  let  these  two  circles  meet  in  F;  then  with  centre 
E  (or  D)  and  radius  GF  describe  a  circle:  this  will  meet  the  given  circle  in  the 
required  middle  point  G  of  the  arc  AB. 

The  proof  depends  on  the  theorem  that  in  a  rhombus  the  sum  of  the  squares 
of  the  diagonals  is  =  sum  of  the  squares  of  the  four  side.  We  have  a  rhombus  AGEB, 
and  therefore 

(AE)2  +  (BG)2  =  2  (AB)2  +  2  (AC)2, 
that  is, 

(AE)2  =  2  (AB)2  +  rad.-. 

But  by  construction,  EF2  =  (AE)2 ;    therefore 

EF2  =  2  (AB)2  +  rad.2,   =  2  (CE)2  +  rad.-. 
Hence  in  the  right-angled  triangle  FCE,  we  have 

(CF)2  =  (EF)2  -  CE2,   =  (GEY  +  rad.2 ; 

40—2 
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and  by  construction,  (EG)2  =  (CF^f ;   that  is, 


[840 


viz.  GEG  is  a  right-angled  triangle;  that  is,  CG  is  at  right  angles  to  BCE,  or  the 
line  CGF  bisects  the  arc  AB  in  G. 

For  the  second  problem,  (2),  to  find  the  intersection  of  two  given  lines,  we  require 
the  solution  of  the  problem  to  find  a  fourth  proportional  to  three  given  distances,  and 
this  immediately  depends  on  the  following  problem. 

Problem.  In  two  concentric  circles  to  place  chords  subtending  equal  angles.  If  AB 
(fig.  2)  be  a  chord  of  the  one  circle,  then  with  centres  A  and  B  respectively,  and 

Fig.  2. 


an  arbitrary  radius  A  A'  =  BB',  describing  circles  to  cut  the  larger  circle  in  the  points 
A'  and  B'  (A'  is  either  of  the  two  intersections  and  B'  is  the  intersection  lying  in 
regard  to  CB  as  A'  lies  in  regard  to  CA)  then  clearly  ^ACB  =  Z  A'CB'.  And  hence 
also  we  have  the  following  problem. 

Problem.  To  find  a  fourth  proportional  to  three  given  distances.  We  have  only 
to  take  as  the  given  distances  the  two  radii  CA,  CA'  and  the  chord  AB;  and  then 
from  the  similar  triangles  ACB,  A'CB',  we  have  CA  :  CA'  : :  AB  :  A'B',  viz.  A'B'  is  a 
fourth  proportional  to  CA,  CA,  AB. 

We  have  now  the  solution  of 

(2)     To   construct   the    intersection   of  two   given   lines   AB   and   CD  (fig.  3).     Find 

Fig.  3. 


c   the   counter-point   of  C,   and  d   the   counter-point   of  D,   in   regard   to   the   line   AB 
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and  find  y  such  that  the  distances  Cy,  dy  are  =  Dd,  DC  respectively ;  y  is  in  a  line 
with  cC,  and  we  have  CydD  a  parallelogram.  Find  cS  a  fourth  proportional  to 
cy,  cd,  cC,  and  with  centres  c,  C  respectively  and  radii  each  =  cS  describe  circles  cutting 
in  the  point  $;  this  will  be  the  required  intersection  of  the  two  lines.  In  fact,  the 
required  point  S  will  be  the  intersection  of  the  two  lines  CD,  cd :  supposing  these 
lines  each  of  them  drawn,  and  also  the  lines  cCy  and  dy,  we  have  DC  parallel  to 
dy,  that  is,  the  triangles  cdy,  cSC  are  similar  to  each  other  or  cy  :  cd  : :  cC  :  cS :  viz. 
the  distance  cS  having  been  found  by  this  proportion,  and  the  point  S  found  as  the 
intersection  of  the  two  circles,  centres  c  and  C  respectively,  the  point  S  so  determined 
is  the  required  point  of  intersection  of  the  given  lines  AB  and  CD. 

If  a  circle  be  given  without  its  centre  being  known,  then  taking  any  three  points 
A,  B,  C  on  the  circle,  and  a  pair  of  counter-points  D,  E  of  the  line  AB,  and  also 
a  pair  of  counter-points  F,  G  of  the  line  AC,  we  have  obviously  the  centre  of  the 
given  circle  as  the  intersection  of  the  lines  DE  and  FG;  and  the  centre  can  thus  be 
found  with  the  compass  only. 

It  is  proper  to  remark  that  the  problems  considered  in  the  present  paper  are  those 
connecting  the  theory  with  ordinary  geometry,  not  the  problems  which  are  most  readily 
arid  elegantly  solved  with  the  compass  only :  a  large  collection  of  these  are  contained  in 
the  work,  and  in  particular  the  twelfth  book  contains  some  interesting  approximate  solu 
tions  of  the  problems  of  the  quadrature  of  the  circle,  the  duplication  of  the  cube,  and 
other  problems  not  solvable  by  ordinary  geometry. 


Cambridge,  March  19,  1885. 
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841. 

ON    A    DIFFERENTIAL    OPERATOR 

[From  the  Messenger  of  Mathematics,  vol.  xiv.  (1885),  pp.  190,  191.] 

WRITE  X  =  1  +bx  +  cx2+  ...,  =(1  -cu?)(l  -#»)(!  -7aO...;  then  by  Capt.  MacMahon's 
theorem,  any  non-unitary  function  of  the  roots  a,  ft,  7,  ...  is  reduced  to  zero  by  the 
operation 

A,  =db  +  bdc  +  cdd+  ...; 
for  instance,  if 

(2),  =  2a*  =  6»-2c, 
we  have 

A  (62  -  2c)  =  26  +  b  (-  2),  =  0. 
We  have 

AX  =  a?  +  hoc*  +  ca?  +  ...  =  xX  ; 

and  writing,  moreover,  X',  =  6  +  2c#  +  3dx*  +  &c.,  for  the  derived  function  of  X,  then 

.  .  .  =  (xX)'. 


/X' 
We  can  hence  shew  that  A  (  ^  —  b    =  0  ;   the  value  is,  in  fact, 


AX'     X'AX     A/  (tfX)'     X'tfX 

T    T  -  A6'  that  1S'  ~x~    TT  ~  i. 

which  is 

_  X  +  xX'     xX' 

~x~    "  x     l'  - 

X' 

This  is  right,  for  ^  is  a  sum   of  non-unitary  symmetric    functions  of  the   roots  ;    in 

fact, 


or  since  6  =  —  (1),  this  is 

^  -  6  =  -  (2)  a;  -  (3)  #2  -  &c., 

^A. 

a  sum  of  non-unitary  functions  of  the  roots. 
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842. 


ON    THE    VALUE    OF   tan  (sin  0)  -  sin  (tan  9). 

[From  the  Messenger  of  Mathematics,  vol.  xiv.  (1885),  pp.  191,  192.] 

THE  following  equation  is  given  p.  59  of  the  Lady's  and  Gentleman's  Diary  for  1853 
tan  (sin  0)  -  sin  tan  0  =  -^B7  +  £^0*  +  &c. 


Write  in  general 

X  =  6  +  A63  +  B65  +  Cffi  +  D09  +  ..., 

Y  =  0  +  A'03  +  B'0*  +  C'ffi  +  D'09  +  .... 
Then,  as  far  as  6s,  we  have 

X  +  A'X3  +  B'X*  +  C'X7  +  D'X* 

=  6  +  A    63+    B65+  Cffi+  DP 

+  A'  {6s  +  SAP*  +  3  (A-  +  B)ff  +  (A3  +  GAB  +  3C)  &>} 
+  B'{  65+  5A67+         (1(M2  +  55)  tf9} 


+  D'{  &>} 

=     +0 

+  6*(A+  A) 

+  65(B  +3AA'  +  B') 

+  &  (C  +  3A*A'  +  3A'B  +  5AB'  +  (?) 

+  &>  (D  +  A3  A'  +  6AA'B  +  3A'C+WA*&  -f  5BR  +  7AG+  D'\ 
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and  hence 


X  +  A'  Xs  +  B'X5  +  C'X? 
-  Y  -  A  Ys  -  BY*  -  GY7  -  DY» 
=  67  [ZAA  (A  -  A')  +  2  (AB1  -  A'B}} 
+  fr  [AA  (A°-  -  A*)  +  QAA'  (B  -  B')  +  4  (AC1  -  A'C)  +  10  (A*B'  -  A'*B)}. 

Now  let 

X  =  sin  (9  =  1^  +  ^^-50^0^+  ..-;     A  =-£,  B  =^,  C  =- 
Y  =  t^e  =  ^+^e^+^  &-...;    A'=     i   B'=^,C'= 

we  have  therefore 


Hence 

coeff.  ^  =  iV-io'  =3V> 

COeff.    P  =  ?h  +  T!l4-?S 

and  the  required  equation  is  thus  verified. 
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843. 


ON  THE  QUADRIQUADRIC    CURVE   IN    CONNEXION   WITH  THE 
THEORY   OF   ELLIPTIC   FUNCTIONS. 

[From  the  Mathematische  Annalen,  t.  xxv.  (1885),  pp.  152—156.] 

I   CALL   to   mind    that,  if  we    have  on  a  line  two  points  (a,  /3,  7,  8),  (a',  ft',  7',  £'), 
and  through  the  line  two  planes 

Ax  +  By  +  Cz  +  Dw  =  0,     A'x  +  B'y  +  C'z  +  D'w  =  0, 
then 

fiy'  —  £'7     '•    7a/  —  7/a     :    a/3'  ~  a//3    :     a^'  "~  a'&    :  @&  ~  ft'&    '•    7^'  ~  7^ 
=  AU-A'D  :  BD'-B'D  :  CD'-C'D  :  BC'-B'C  :  GA'-C'A  :  AB'-A'B- 

and  that,  putting  each  of  these  two  equal  sets  of  ratios 

=  a  :  b  :  c  :  f  :  g  :  h, 

then  the  quantities  (a,  b,  c,  f,  g,  h),  which  it  is  easy  to  see  satisfy  the  relation 
af+  ig  +  cfl==  Q  are  said  to  be  the  "  six  coordinates "  of  the  line :  as  only  the  ratios 
of  the  six  quantities  are  material,  and  as  the  last-mentioned  equation  establishes  a 
single  relation  between  these  ratios,  the  system  of  the  six  coordinates  contains  four 
arbitrary  ratios  or  parameters,  for  the  determination  of  the  particular  line.  See  my 
paper  "On  the  six  coordinates  of  a  line,"  Camb.  Phil.  Trans,  t.  XL  (1869),  pp.  290—323, 
[435]. 

I  consider  for  a  moment  the  quadric  surface 

x*  +  y-  +  z"  +  w-  =  0, 

and  I  proceed  to  show  that,  if  (a,  b,  c,  f,  g,  h)  are  the  coordinates  of  a  generating 
line  on  the  surface,  then  either  a=f,  b  =  y,  c  =  h,  or  else  a  =  —f,  b=—g,  c  =  —  h; 
the  one  or  other  system  of  equations  according  as  the  line  belongs  to  the  one  or 
other  system  of  generating  lines. 
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We  satisfy  the  equation  by 

x  +  iy  +  Qz  +  diw  =  0, 
.       1        1  . 

x  -  ly  -  -Q  z  +  -Q  iw  =  °> 

where    0   is   an  arbitrary  parameter:    hence  these   equations   determine   a  generating  line 
of  the  surface  :   and  the  coordinates  of  this  line  are 

a,  b,  c,  f,  g,  h 


viz.  these  values  give  a  =  —f,  b  =  —  g,  c  =  —  h. 
Similarly  we  satisfy  the  equation  by 

#  +  iy  +  fa  —  <f>iiv  =  0, 

®-iy  —  -^z—^iw  =  0, 
</>        0 

where   <f>   is   an   arbitrary   parameter:   hence   these  equations  also  determine  a  generating 
line  of  the  surface  :   and  the  coordinates  of  this  line  are 

a,  b,  c,  f,  g,  h 


viz.  these  values  give  a=f,  b  =  g,  c=k. 

If  for  x,   y,   z,   w   we   write   x  ^p,  y  *Jq,  z  Vr,  w  Vs  respectively,    then   we   have   the 
theorem  that,  for  the  quadric  surface 

pxz  +  qy2  +  rz2  +  sw"  =  0, 
the  coordinates  (a,  b,  c,  f,  g,  A)  of  a  generating  line  are  such  that 

d  /ps       b  /  qs       c  /  TS 

f=±V^~r'     g  =  ±V^p'     h=±V^q' 

the   signs   being   all   +   or  all    — ,   according    as    the    line    belongs    to    one    or    other    of 
the  systems  of  generating  lines. 

Take    (a',   b',   c',   f,  g',   h')   for    the    coordinates    of    an    arbitrary    line,    and    write 
p,  q,  r,  s  =  ag'h',  b'h'f,  c'f'g',  a'b'c':   the  quadric  surface  is 

a'tfh'a?  +  b'h'f 'if  +  c'f'g'z*  +  a'b'c'ufi  =  0, 
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which    is    a    surface    having    the    line    (of,   b',   c',  f,  g',   h')    for    a   generating  line.     To 
verify  this,  observe  that  for  the  line  in  question  we  have 

h'y  —  g'z  +  aiu  =  0, 
-  h'x      .     +f'z  +  b'w  =  0, 


—  a'x  —  b'y  —  c'z       .      =  0, 

equivalent  of  course  to  two  independent  equations  :  these  give  h'x  =  f'z  +  b'w, 
Ji'y  =  g'z  —  aw,  values  which  substituted  in  the  quadric  equation  satisfy  it  identically. 
And  for  the  last-mentioned  quadric  surface  we  have  the  theorem  that,  if  (a,  b,  c,  f,  g,  h) 
are  the  coordinates  of  a  generating  line,  then 

a         a'      b  _      b'       c         c 

—  /v  ?         *"~~   '      /  )      T"  ~~~  *   ~T~~/  > 

/       99       h     ~h' 

where  obviously  the  sign  +  belongs  to  a  generating  line  of  the  same  system  with 
the  line  (a,  b',  c',  f,  g',  h'),  and  the  sign  —  to  a  line  of  the  other  system. 

Taking  the  sign  -,  we  thus  see  that  if  (a,  b,  c,  f,  g,  h),  (a',  b',  c',  f,  g',  h')  are 
the  coordinates  of  lines  of  the  two  systems  respectively,  then 

af  +  off  =  0,     bg'  +  b'g  =  0,     ch'  +  c'h  =  0  ; 
where  observe  that  the  resulting  equation 

af  +  a'f+  bg'  +  b'g  +  ch'  +  c'h  =  0, 

is  the  condition  which  expresses  that  the  two  lines  meet  each  other. 
Consider  now  the  quadriquadric  curve 

Uj,  =  Ax-  +  By-  +  Cz-  +  Dw\  =  0, 
U,'  =  A'x*  +  By-  +  C'z*  +  D'w*  =  0  ; 

and  let  (a,  b,  c,  f,  g,  h)  and  (a',  b',  c,  f,  g',  h'}  be  the  coordinates  of  two  lines  meeting- 
each  other,  and  each  meeting  the  quadric  curve  twice  :  or,  again,  let  these  be  lines 
joining  in  pairs  the  four  intersections  of  the  curve  by  an  arbitrary  plane:  or,  again, 
let  them  be  the  nodal  lines  of  the  binodal  quartic  cone  having  an  arbitrary  vertex 
and  passing  through  the  curve.  The  two  lines  are  generating  lines,  belonging  to  the 
two  systems  respectively,  of  a  properly  determined  quadric  surface  U+\U'  =  0  passing 
through  the  curve  :  and  by  what  precedes,  we  have 

af  +  a'f=Q,     bg'  +  b'g  =  0,     ch'  +  c'h  =  0, 
the  fundamental  theorem  which  I  wished  to  establish. 

Writing  in  the  equations  w=l,  we  have  in  particular  the  quadriquadric  curve 
2/2=l  —  x2,  z-  =  1  —  k-x-,  equations  which  are  satisfied  by  x  =  sn  u,  y  =  en  u,  z  —  dn  u. 
Consider  on  the  curve  four  points  belonging  to  the  arguments  ult  u.2,  u3,  w4  respectively; 
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and  write  for  shortness  slt  d,  ch  for  the  sn,  en,  and  dn  of  M,  ;  and  similarly  for 
MS,  M3  and  w4.  It  appears  by  Abel's  theorem  that  the  condition  in  order  that  the 
four  points  may  be  in  a  plane  is  ur  +  u2  +  w3  +  w4  =  0  ;  viz.  when  this  equation  is 
satisfied  we  have 


or  writing 


c2, 


b, 


c, 


f, 


a, 


c, 


/',  #', 

s  —  s4,     c3  —  c4, 


A' 


this  equation  is 

«/'  +  «'/+  ^'  +  &'#  +  c^7  +  c'A  =  0  ; 

or  by  what  precedes,  it  appears  that  not  only  is  this  so,  but  that  we  have  separately 

af'  +  a'f=0,     bg'+b'g  =  0,     ch'  +  c'h  =  0, 

viz.  it  follows  from  Abel's  theorem  that,  when  the  arguments  MI,  u2,  u3,  u4  are  con 
nected  by  the  equation  MJ  +  us  +  u3  +  u4  =  0,  then  each  of  these  three  equations  holds 
good. 

I  assume  in  particular  ut  =  0,  u3  =  -  u,  so  that  u  =  u^  +  u.2  ;   we  have 
a,  b,  c,  f,  g,  h 

=  0^3—  Corfi,      diSt  —  d^S!,      SjCo  —  S2Ci,      Si  —  52,      Cj  —  C2,      di-dn, 

a,  b',  c,  f,  g',  h' 

=      c—d,  s,  —s,  —s,        c  —  l,d  —  l, 

and  the  three  equations  become 


c  —  d     Cidz—  c2c?! 


—  s 

C—I 


S  Sj  —  S2 

equations  which  may  also  be  written 

c  —  d     c—cdi      —  c  +  1  _     PI  —  c2 


—  1 


—  1 


s  5j  —  s2  *  1s2  —    2Si          s         «iC2  —  s2Ci 

so  that,  adding  these  three  equations,  we  must  have  an  identity. 

Representing  the  second  and  third  of  the  last-mentioned  equations  by 
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we  have 

c  =  1  -  Cs,    d  =  l  +  Ds, 

from  either  of  which  we  can  obtain  s  rationally;    viz.  the  first  equation  gives 


that  is,  s  =   —-  -~-n,  whence 


1  -  02       ,     1  +  <72  +  '2CD 

/-/  —  ___ , 

1  +  C"»  l  +  C* 


and  similarly  from  the  second  equation  s  =  —  —  -  =-,  whence  also 

K    -\~  ±J~ 


_ 


Substituting  for  C  its  value,  the  first-mentioned  value  of  s  becomes 

^       (c,  -  c.^)  (d,s.2  -  d.^) 
1  -  &Vs22  -  ^c,  -  chstdsSs  ' 

which  is  a  form  that  can  be  easily  verified  :   we  in  fact  have 

sl  =  sn  (u  +  u,)  =  sic-A  +  s-2Cid!      _  _  Si3  -  aa3  =  «i  CicL+goCoC^ 

-22  '  '     ~ 


see  my  Elliptic  Functions,  p.  63:    or  calling  these  values 


the  above  value  is 

_ 

which  is  right. 


Cambridge,  28  June,  1884. 
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844. 


ON    A    THEOREM    RELATING    TO    SEMINVARIANTS. 


[From    the    Quarterly    Journal    of   Pure    and    Applied    Mathematics,    vol.    xx.    (1885), 

pp.  212,  213.] 

I    FIND   among    my   papers   the  following  example  of  a  general  theorem  relating  to 
seminvariants. 

Write 

0  =  bda  +  cdb  +    ddc  +    edd  +  fde  +    ffd/  +    hdy+    idh, 

then  from  a  seminvariant  S  of  the  degree  8  and  weight  w,  operating  upon  it  with 
©  —  86  and  ft  —  2iub,  we  derive  two  seminvariants,  each  of  them  of  the  degree  8+1 
and  weight  w  + 1  ;  we  obtain  a  combination  of  these  by  operating  on  S  with 
<2W  (©  -  86)  -  8  (ft  -  2w6),  that  is,  with  2?v©  -  8ft,  and  this  combination  is  of  the  weight 
w+l,  but  only  of  the  degree  8;  viz.  operating  with  2w©  —  8ft,  we  obtain  a  new 
seminvariant  of  the  same  degree  but  of  a  weight  increased  by  unity. 

The   example   relates   to   the   under-mentioned   seminvariant    S  of  the  degree  3  and 
weight   7 : 


8  3= 

h 

+     1 

^ 

.    7 

cf 

+    9 

de 

5 

by- 

+  12 

bee 

-  30 

bd- 

' 

+  20 

+  42 
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QS 

-BbS 

Sum 

OS 

-UbS 

Sum 

140S 

-3QS 

*110 

i 

1 

1 

+   7 

+   7 

+  14 

21 

+   7 

0 

bh 

-  5 

3 

-   8 

42 

14 

-  56 

70 

+  126 

-  56 

0 

w 

+  2 

+   2 

+  38 

+  38 

+  28 

-  114 

+  196 

+  110 

+  1 

df 

+  4 

+   4 

2 

—   2 

+  56 

+   6 

-392 

-330 

-3 

e2 

-  5 

-   5 

15 

15 

70 

+  45 

+  245 

+  220 

+  2 

Vg 

+  5 

+  21 

+  26 

+  60 

+  98 

+  158 

+  70 

-  180 

-  110 

-  1 

bcf 

+  3 

27 

24 

96 

-  126 

-  222 

+  42 

+  288 

+  330 

+  3 

bde 

+  5 

+  15 

+  20 

+  60 

+  70 

+  130 

+  70 

-  180 

-  110 

-  1 

c2e 

-30 

-  30 

-  30 

30 

-420 

+  90 

-330 

-3 

ccP 

+  20 

+  20 

+  20 

+  20 

+  280 

60 

+  220 

+  2 

w 

36 

36 

-  168 

-  168 

bee 

+  90 

+  90 

+  420 

+  420 

b*d? 

60 

60 

-280 

-280 

+  40     +  126      +  163      +  185      +  588      +  773      +  560      +  555      +  448      +880      +8 

The  columns  show  @$  (where  observe  that,  to  operate  with  the  bda  of  ®,  we  restore 
the  proper  power  of  a,  reading  S  as  being  =  +  la*h-  7<%  +  &c.,  and  putting  ultimately 
a  =  l)  and  —BbS,  and  the  sum  of  these,  which  is  a  semin variant,  degree  4,  weight  8; 
also  O$  and  — 146$,  and  the  sum  of  these,  which  is  a  seminvariant,  degree  4,  weight 
8.  They  also  show  14®£  and  -  SflS,  the  sum  of  which  would  be  a  seminvariant, 
degree  3,  and  weight  8;  instead  of  giving  this  sum,  I  have  added  a  column  equal 
to  +7(i  —  8bh  +  2Scg—  56df+  35e2),  and  given  the  sum  of  the  three  columns  which  will 
of  course  be  a  seminvariant  of  the  same  degree  and  weight ;  the  coefficients  contain  all 
of  them  the  factor  110,  and,  throwing  this  out,  we  have  in  the  last  column  the 
seminvariant  cg-Zdf+ ...  +  2cd-  of  the  degree  3  and  weight  8,  derived  by  the  foregoing 
direct  process  from  the  given  seminvariant  S  of  the  degree  3  and  weight  7. 
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845. 


ON    THE    ORTHOMORPHOSIS    OF    THE    CIRCLE    INTO    THE 

PARABOLA. 


[From    the    Quarterly    Journal    of    Pure    and    Applied    Mathematics,    vol.    xx.    (1885), 

pp.  213—220.] 

IT  is  remarked  by  Schwarz  (see  his  Memoir  "  Ueber  einige  Abbildungsaufgaben," 
Crelle,t.  LXX.  (1869),  pp.  105—120;  p.  115),  that  the  circle  x'2  +  y'--l  =  0  can  be  ortho- 
morphosed  into  the  parabola  y-  =  4  (1  —  x)  by  the  equation 


\/(oc'  +  iy')  =  tan 


+  iy)  : 


viz.  this  equation  establishes  a  (1,  1)  relation  between  the  points  interior  to  the  circle 
and  those  interior  to  the  parabola,  which,  qua  relation  between  x'  +  iy'  and  x  +  iy,  will 
be  orthomorphic,  that  is,  infinitesimal  elements  of  the  one  area  will  correspond  to  similar 
infinitesimal  elements  of  the  other  area.  The  diameter  y'  =  0  of  the  circle  is  trans- 


Fig,  i. 


formed    into    the    axis   y  =  0   of    the    parabola,   and   figs.   1,    2   are    symmetrical    on   the 
two  sides  of  these  lines  respectively;   we  may  therefore  consider  only  the  transformation 
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of  the  upper  semicircle  into  the  upper  half  of  the  parabola ;  we  have  (see  figs.  1  and  2) 
A'  corresponding  to  the  vertex  A,  0'  to  the  focus  0,  and  B'  to  the  point  at  infinity 
(x  =  —  oo )  on  the  axis  of  the  parabola;  the  semicircular  arc  A'G'B'  corresponds  to  the 
infinite  half-arc  AGB  of  the  parabola,  the  highest  point  G'  corresponding  to  a  point 
G  between  the  vertex  and  the  semi-latus  rectum. 

Fig.  3. 


We  may  divide  the  circle  by  concentric  circles  and  by  radii ;  the  corresponding 
curves  for  the  parabola  will  be  ovals  and  radials  from  the  focus,  the  curves  of  each 
system  being  transcendental  curves.  Or  we  may  divide  the  parabola  by  means  of  two 
systems  of  confocal  parabolas;  the  corresponding  curves  for  the  circle  will  be  (see 
fig.  3)  two  systems  of  orthotomic  limaqons,  those  of  the  one  system  having  B'  for  a 
crunode,  and  those  of  the  other  system  having  B'  for  an  acnode. 

To  show  that  the  circle  thus  corresponds  to  the  parabola,  it  is  only  necessary  to 
write  \/(IK  +  iy)  =  1  +  qi,  that  is,  x  —  1  —  (f,  y  =  Zq,  implying  y*  =  4  (1  —  x),  or  (x,  y) 
is  a  point  on  the  parabola ;  and  we  then  obtain  for  x  +  iy'  a  value  of  the  form 
cos  &  +  i sin  &,  that  is,  (x,  y')  is  a  point  on  the  circle  x'2  +  y'n~  =  1 ;  but  in  reference 
to  what  follows,  I  give  the  proof  in  a  somewhat  more  artificial  form. 

Writing  log  tan  to  denote  the  hyperbolic  logarithm  of  the  tangent,  then  if  <f>,  (f>r 
are  such  that 

</>  =  log  tan  (%TT  +  % <£'), 

this  equation,  as  is  known,  may  also  be  presented  in  the  forms 

i<f>  =  log  tan  (\ir  +  ?i<f>), 

i  tan  ^<j>'  =  tan  ^i<f>, 
or,  what  is  the  same  thing, 

tan  ^  <£ '  =  tanh  ^  <J>, 

where    observe    that,  as    <£'    increases    from    0   to  \TT,  <f>  increases    from  0  to  oo ,  and    that 
always  <£  ></>'. 

C.    XII.  42 


330  ON   THE    ORTHOMORPHOSIS    OF  THE    CIRCLE    INTO    THE    PARABOLA.  [845 

We  can  now  establish  as  follows  the  three   correspondences  AO  with  A'O',  OB  with 
O'B',  and  AGB  with  A'C'B'. 

'  ' 


(1)  VO  +  i 


that  is, 


7T- 

=  0  gives  .4,  J.'  ;     </>'  =  £TT  gives  0,  0'. 


(2) 
that  is, 


7T" 

=  <£'  =  ()  gives  0,  0'; 
=  oo  ,  0'  =  i  TT  give  J5, 


(3)  \l(x  +  iy)  =  I 

\      J  '    \  i7  /  -_      '       •     -v  ix 

that  is, 

"^  '    y  =  ^r  ' 
and  therefore 

the  parabola ;    and 

x'  =  cos  20',   y  —  sin  20', 
and  therefore 


the  circle  ; 

0  =  </>'  =  0  gives  .4,  J.'  ;     </>  =  so  ,  ^>'  =  J  TT  give  5,  5'. 

Observe   that   for   points   in    O'^',    O'-S',    equidistant  from   0',   we   have  #'  =  tan2^</>', 
#'  =  —  tan2^^'  ;    and   corresponding   hereto   we   have   points   in    OA,   OB   on   the    axis   of 

4<f>'2  4<f>2 

the  parabola,  the  values  of  a;  being  x  =  -—•  ,  x  =  ---  -^-  ,  viz.  the  negative  value  is  always 

the  greater. 

Observe  further  that,  to  the  points  (x',  y'}  =  (cos  2</>',  sin  2$')  and  (x,  T//)  =  (—  tan2^',  0) 
on  the  circle,  and  on  the  radius  OB',  correspond  the  points 


on   the   parabola   and   on   the   axis    OB   respectively  ;    the    axial    distance    of    these    two 

(4<f>2\      4rf>2 
1  ---  ^"JH  —  T  =  1,  the  radius  of  the  circle,  or  the  distance  OA  of  the   vertex 
•7T2  /          7T2 

and  focus  of  the  parabola  ;   this  is  a  rather  curious  theorem. 
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The  function  log  tan  (45°  +  \  arg.)  is  tabulated,  Legendre,  Theorie  des  Fonctions 
Elliptiques,  t.  II.  table  iv.  pp.  256 — 259,  viz.  writing  as  above  <£'  for  the  argument,  we 
have  hereby  the  value  of  <£,  =  log  tan  (J  TT  +  £  </>'),  for  every  value  of  </>'  from  0°  to  90° 
at  intervals  of  30'  and  to  12  decimals,  and  with  fifth  differences.  Observe  that  <£'  is 
thus  given  in  degrees  and  minutes  as  a  circular  arc,  <f>  as  a  number;  it  is  convenient 
to  have  </>  and  </>'  each  as  arcs,  or  each  as  numbers,  the  conversion  being  of  course  at 
once  made  by  means  of  a  table  of  the  lengths  of  circular  arcs,  and  I  have  calculated 
the  Table  which  I  give  at  the  end  of  the  present  paper. 

I  had  previously  calculated  for  the  correspondence  of  A'O',  O'B'  and  A'C'B'  with 
AO,  OB  and  AGB,  the  following  values,  at  irregular  intervals  suited  to  the  construction 
of  a  figure. 


Circle 
/  A'O'P' 

Parabola 
Ordinate  PM 

0° 

0 

30 

•3372 

60 

•6994 

90 

1-1220 

120 

1-6768 

150 

2-5817 

160 

3-1018 

170 

3-9869 

172 

4-2713 

174 

4-6378 

176 

5-1542 

178 

6-0258 

179 

6-9195 

180° 

00 

Circle 
O'A'            O'B' 
x'  =                x'  = 

Parabola 
OA                    OB 

x  =                    x  = 

0 

0 

0 

0 

•1 

•1 

•152 

•173 

•2 

•2 

•287 

•375 

•3 

•3 

•407 

•611 

•4 

•4 

•515 

•943 

•5 

-    -5 

•615 

-  1-257 

•6 

•6 

•704 

-  1-724 

•7 

•7 

•787 

-  2-368 

•8 

•8 

•853 

-  3-386 

•9 

-    -9 

•935 

-  5-368 

1-0 

-  1-0 

1-000 

—  CO 

Write  in   general 


viz.   considering  x,  y   as   given,  find   thence    p,  q   by   the   equations 
and  then  writing   \irp  =  ty,  ^rrq  =  <f>,  we  have 

P  +  iQ 


v'  +  iy')  =  tan  |TT  (p  +  qi)  =  tan 


=  2pq 
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where 

P  =  tan    Tr,     =  tan    \r, 


Q  =  -  tan  \irqi,     =  tanh  \Trq,     =  -  tan  |</>i,     =  tanh  -J  0  ; 

%  1 

whence,   if  we   introduce    <£'   connected    with    <f>    by   the    equation    </>  =  log  tan  (^ 
as  before,  we  have   Q  =  tan  ^<£',  and  the  formula  is 


giving  the  values  of  #',   ?/'. 
It  is  clear  that  we  have 

and  thence 


Hence,  to  the  circle  a/2  +  y  -'  =  c'2,  corresponds  in  the  parabola  the  curve 


where  p  +  iq  =  \/(x  +  iy),  P  =  tan  ITT/),  Q  =  tanh  ^-Trg.  This  is  a  complicated  transcendental 
equation,  and  I  do  not  see  any  convenient  way  of  tracing  the  curve.  The  set  of 
curves  satisfy  the  differential  equation 

PdP  +  QdQ     PQ(QdP  +  PdQ) 

that  is, 


where  dP,  dQ  are  given  in  terms  of  dp,  dq  by  the  equations 

dP  j          dQ  , 

j^jTpo  =  t*  dp,     Y^>  =  **    q' 


We   have   y  —  2pq,   and   thence   at   the    highest   points,   or    summits    of    the    several 
curves,  q  dp  +  p  dq  =  0.     Combining  these  equations,  we  have 

dP  :  dQ  = 
and  thence 


as   an   equation   to   the   locus   of  the   summits  in  question.     If  p  and  q  are  small,  then 
putting  for  a  moment  |TT  =  m  for  shortness,   we  have 

P  =  mp  +  1  m3ps,     Q  =  mq  —  ^  m3qs, 
and  the  equation  becomes 

p-  (1  +  iw2p2)  (1  +  mY)  -  qz  (1  -  £my)  (1  -  m-jo2)  =  0, 
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that  is, 

P"  ~  9"  +  ¥m2  ( 
writing  this  in  the  form 


wo   find   x  +  ^  (a?  +  2y2)  =  0,  or  say  yz  =  --  -  oc,   as    the    locus    of    the    summits    in    the 

neighbourhood   of  the   focus    0,   viz.    the    summits   lie   all   of  them,  as   might  have  been 
expected,  on  the   left-hand  (or  negative  side)  of  the  focus. 

I  have  constructed  for  the  parabola,  to  the  scale  1  =  1^  inch,  as  accurately  as 
the  data  enable,  the  figure  corresponding  to  the  concentric  circles  and  the  radii  of 
the  circle. 

Resuming  the  equation  \/(x  +  iy)=p  +  iq,  that  is,  x=p-  —  qi  and  y  =  '2pq,  we  have 
(/>=  const.),  the  curves  y-  =  4>p*  (p2  —  x\  and  (q  =  const.),  y*  =  4<f  (q-  +  x),  which  are  two 
systems  of  confocal  parabolas,  cutting  each  other  at  right  angles;  the  curves  of  the 
former  set  all  of  them  interior  to  the  given  parabola,  those  of  the  latter  set  of  course 
cutting  it  at  right  angles. 

Corresponding  hereto  in  the  circle,  writing  for  a  moment 

V(X  +  iy')  =  p  +  iq, 
we  have 


whence 

p'  =  P(l-q'Q\     q=Q(l+p'P); 

whence  eliminating  P  and  Q  successively,  we  find 


say,  for  shortness,  these  are  p'*  +  q's  -  2mp'  +1  =  0,  and  p'2  +  q'*  -  2nq'  -1=0.     Introducing 
the  polar  coordinates  r',  0',  we  have 

x  +  iy'  =  r  (cos  ff  +  i  sin  9'}, 
and  thence 

/,  q'  =  V(r')  cos  \fft     x/(r'  )  sin  \&  ; 
the  equations  thus  become 

r'  -  1  -  2m  V(r')  cos  \ff  =  0, 
r'  +  1  -  2n  V(r')  sin  \&  =  0, 
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which   belong   to    two   limacons   having   each  of  them  B'  for  a  node  and  0  for  a  focus, 
and   which   of  course   cut   each    other    at    right    angles ;    see    fig.   4,    which    is    a    mere 

Fig.  4. 


diagram.     In    fact,   omitting   for   convenience   the   accents,   but    recollecting    always    that 
the  curves  belong  to  the  figure  of  the  circle,  the  first  equation  gives 


(r  —  1  )-  =  4im-r  cos'2  \&  ,     =  2m2r  (1  +  cos  0)  =  2  m2  (r  +  x), 


that  is, 


(r-  +  1  -  2m3a?)2  =  4  (m-  +  I)2  r2. 
Transforming  to  the  point  B'  as  origin,  we  must  write  x  +  1   for  ac,  and  then 


the  equation  thus  becomes 

[a?  +  f  -  2  (m2  +  1)  x  +  2  (m-  +  I)}2  =  4  (m-  +  I)2  (x-  +  y-  +  2x  +  1), 


that  is, 
or  say 


y*  —  2(ra2 


=  4m2  (m-  +  1)  (x2  +  y-), 


(of  +  y-}-  —  4  (in-  +  1)  (a?  +  y-)  x  +  4  (m2  +  1)  (x-  —  m-y-}  =  0, 

showing  that  the  point  B'  is  a  crunode,  the  tangents  there  being  x  =  ±  my. 
Writing  in  the  equation   ij  =  0,  we  have  a?  =  0,  the   crunode,  and 

x  =  2  V(w2  +  1)  {x/(ra2  +  1)  ±  m} ; 

1\- 


the    product   of  these   two  values   is   =4(w2+l),  that   is,   =(P  +  -p),  viz.  one   value  is 
greater,  the  other  less,  than  2.     We  see  also  that 

2  VO2  + 1)  {VO2  + 1)  -  w}, 


845]  ON    THE    ORTHOMORPHOSIS    OF    THE  CIRCLE    INTO    THE    PARABOLA.  335 

the  smaller  root,  is  greater  than  1.  The  curve  corresponding  to  a  parabola  y'2=^p-(p2—x) 
is  thus  a  crunodal  Iima9on,  the  crunode  at  B',  and  the  loop  lying  wholly  within  the 
circle.  Moreover,  the  loop  includes  within  itself  the  centre  0'  of  the  circle. 

The  other  curve  is  in  like  manner 

{r2  +1+  2n*a;}*  =  4  (n*  -  1)  r2, 
viz.  transforming   to   the  origin  B',  and  therefore   putting  x  —  1   for  x,  and 

r-  =  (x  -  I)-  +  y-, 
the  equation  is 

[^  +  f  +  2  (n-  -  1)  x  -  2  (n8  -  I)}2  =  4  (n-  -  I)2  (x-  +  f-2x  +  I), 
that  is, 

[a?  +  f  +  2  (n2  -  1  )  tf}2  =  4?i2  (n?  -  1  )  (a?  +  f\ 

or  say 

(a?  +  2,2)8  +  4  (n2  -  1)  (a?  +  ya)  «  -  4  O2  -  1)  (of1  +  ray)  =  0, 

viz.  the  point  5'  is  an  acnode  with   the  imaginary  tangents  x=±  iny. 

Writing  in  the  equation  y  =  0,  we  have  a?  =  0  the  acnode,  and 

x  =  -  V(w2  -  1)  y(n-  -  1)  ±  n}, 
where 

'        "  W-D- 

is  real  and  may  be  taken  to  be  positive  ;   there  is  thus  one  root 

-V(*'-1){V(«*-  !)'+»}> 

which  is  negative  ;   the  other  root,  say 


is  positive  and  less  than  1  ;  the  curve  is  thus  an  acnodal  limagon,  having  B'  for  the 
acnode  and  cutting  the  axis  outside  the  circle  on  the  negative  side  of  B',  and  inside 
the  circle  between  B'  and  0'. 

Taking   E    as   origin,   the   equation   of  the   circle    is   x-  +  y-  —  "2x  —  0,   and    we    hence 
find    for    the    intersection    of    the    Iima9on    with     the    circle    n2x  =  2  (n2  —  1),    that    is, 

/        ]\  4  /        1  \ 

#=2(1  --  -1  :    whence  also  w2  =  —     1  --  1.   values    which   belong   to  a  real  intersection; 
\        w2/  '  w2  V        n2/ 

for  q  =  0,  we  have  Q  =  0,  n  =  oo  ,  and  therefore  (x,  y)  =  (2,  0),  viz.  the  intersection  is 
at  B'  ;  for  ^  =  00,  we  have  Q=l,  n  =  I,  and  therefore  (a;,  y)  =  (0,  0),  viz.  the  intersection 
is  at  A',  results  which  are  obviously  right.  Observe  that  for  the  other  limacon  we 

(1  \  4   /         1  \ 

lH  --  1,  y  =  ---  (1  +  —  1  1  viz.  there  is  no  real  intersection  with  the  circle. 
TO*/  m2  V        in*/ 
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The  Table  above  referred  to. 
<t>  =  log  tan  (45°  +  £<£').  <£  =  log  tan  (45°  + 


\ 

o8 

•0 

•0 

0° 

46° 

•8028515 

•9062755  ;  51°55'-546 

1 

0174533 

0174542 

1  0'-003 

47 

•8203047 

•9316316 

53  22-714 

2 

0349066 

0349137 

2  0-024 

48 

•8377580 

•9574669 

54  51  -529 

3 

0523599 

0523838 

3  0-082 

49 

•8552113 

•9838079 

56  22  -082 

4 

0698132 

0698699 

4  0-195 

50 

•8726646 

1-0106832 

57  54  -473 

5 

0872665 

0873774 

5  0-381 

51 

•8901179 

1-0381235 

59  28-806 

6 

1047198 

1049117 

6  0-657 

52 

•9075712 

1-0661617 

61  5-194 

7 

1221730 

1224781 

7  1  -152 

53 

•9250245 

1-0948335 

62  43  -761 

8 

1396263 

1400822 

8  1  -568 

54 

•9424778 

1-1241772 

64  24  -637 

9 

1570796 

1577296 

9  2-269 

55 

•9509311 

1-1542346 

66  7-967 

10 

1745329 

1754258 

10  3-069 

56 

•9773844 

1-1850507 

67  53  -904 

11 

1919862 

1931766 

11  4-092 

57 

•9948377   1-2166748 

69  42  -620 

12 

2094395 

2109867 

12  5-323 

58 

1-0122910  |  1-2491606 

71  34-298 

13 

2268928 

2288650 

13  6-670 

59 

1-0297443   1-2825668 

73  29  -140 

14 

2443461 

2468145 

14  8  -486 

60 

1-0471976   1-3169579 

75  27  -368 

15 

2617994 

2648422 

15  10-460 

61 

1-0646508  ;  1-3524048 

77  29  -225 

16 

2792527 

2829545 

16  12-726 

62 

1-0821041  j  1-3889860 

79  34-639 

17 

2967060 

3011577 

17  15-304 

63 

1-0995574 

1-4267882 

81  44  -937 

18 

3141593 

3194583 

18  18-217 

64 

1-1170107 

1-4659083 

83  59  -421 

19 

3316126 

3378629 

19  21  -487 

65 

1-1344640 

1-5064542 

86  18-808 

20 

3490659 

3563785 

20  25-139 

66 

1-1519173 

1-5485472 

88  43  -513 

21 

3665191 

3750121 

21  29-197 

67 

1-1693706 

1-5923237 

91  14-006 

22 

3839724 

3937710 

22  33  -685 

68 

1-1868239 

1-6379387 

93  50-819 

23 

4014257 

4126626 

23  39  -630 

69 

1-2042772 

1-6855685 

96  34  -558 

24 

4188790 

4316947 

24  44  -057 

70 

1-2217305 

1-7354152 

99  25-918 

25 

4363323 

4508753 

25  49  -995 

71 

1-2391838 

1-7877120 

102  25-701 

26 

4537856 

4702127 

26  56  -472 

72 

1-2566371 

1-8427300 

105  34  -839 

27 

4712389 

4897154 

28  3-518 

73 

1-2740904 

1-9007867 

108  54  -423 

28 

4886922 

5093923 

29  11-162 

74 

1-2915436 

1-9622572 

112  25-744 

29 

5061455 

5292527 

30  19-437 

75 

1-3089969 

2-0275894 

116  10-339 

30 

5235988 

5493061 

31  28  -375 

76 

1-3264502 

2-0973240 

120  10-069 

31 

5410521 

5695627 

32  38-012 

77 

1-3439035 

2-1721218 

124  27  -205 

32 

5585054 

5900329 

33  48  -383 

78 

1-3613568 

2-2528027 

129  4-566 

33 

5759587 

6107275 

34  59  -527 

79 

1-3788101 

2-3404007 

134  5-705 

34 

5934119 

6316581 

36  11  -480 

80 

1-3962634 

2-4362460 

139  35-197 

35 

6108652 

6528366 

37  24  -287 

81 

1-4137167 

2-5420904 

145  39  -063 

36 

6283185 

6742755 

38  37  -988 

82 

1-4311700 

2-6603061 

152  25-459 

37 

6457718 

6959880 

39  52  -631 

83 

1-4486233 

2-7942190 

160  5-818 

38 

6632251 

7179880 

41  8-261 

84 

1-4660766 

2-9487002 

16856-885 

39 

6806784 

7402901 

42  24  -930 

85 

1-4835299 

3-1313013 

179  24-621 

40 

6981317 

7629095 

43  42  -690 

86 

1-5009832 

3-3546735 

192  12-518 

41 

7155850 

7858630 

45  1  -597 

87 

1-5184364 

3-6425334 

208  42  -107 

42 

7330383 

8091672 

46  21  -712 

88 

1-5358897 

4-0481254 

231  56  -416 

43 

7504916 

8328406 

47  43  -095 

89 

1-5533430 

4-7413488 

271  39  -557 

44 

7679449 

8569026 

49  5-814 

90 

1-5707963 

00 

CO 

45 

•7853982 

•8813736 

50  29  -939 
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A    VERIFICATION    IN    REGARD    TO    THE    LINEAR    TRANS 
FORMATION   OF   THE   THETA-FUNCTIONS. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  xxi.  (1886), 

pp.  77—84.] 

THE  notation  is  that  of  Smith's*  "Memoir  on  the  Theta  and  Omega  Functions," 
differing  from  Hermite's  only  in  a  factor,  S-W)7l  (Smith)  =imn^m,n  (Hermite);  and  it  is 
in  consequence  of  this  that  the  factor  i^v~mn  occurs  in  the  expression  presently  given 
for  8.  Hermite's  Memoir  "Sur  quelques  formules  relatives  a  la  transformation  des 
fonctions  elliptiques"  appeared  in  Liouville,  t.  ill.  (1858),  pp.  27  —  36. 

Writing 


~  a  +  6O  ' 
where  ad—bc=  I,  the  formula  of  transformation  is 


=  u  exp  4  — 

\  "•         )  ( 

where 

m  =  a/*  +  bv  +  ab, 

n  =  Cfj,  +  dv  +  cd. 
We  have,  according  as  b  is  positive  or  negative, 

^,  8H  n  SH 

,   or  <7  =  — -p- — 


^{_  i  (a  +  611)} 

where   for   each   case   the   square   root   is   to  be    taken   in   such    wise   that   the  real  part 
is  positive ;   8,  H  are  eighth  roots  of  unity ;   viz.  in  each  case 

8  =  exp  {—  ^TTI  (acfjL-  +  2bc/j,v  +  bdv2  +  2abc/j>  +  2abdv  +  ab'2c)}  i*v-*nn, 
[*  H.  J.  S.  Smith,  Collected  Mathematical  Papers,  vol.  n.,  pp.  415—621.] 
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and,  according  as  b  is  positive  or  negative, 


H  •*(-}*-*,  a  odd, 


odd, 


a  odd, 


odd, 


where    (^Y  &c.,  are   the  Legendrian   symbols   as   generalised   by  Jacobi  ;   if  a   and  b  are 

each    of    them    odd,   the    formulae    for    the    cases    a    odd    and    6    odd    respectively   are 
equivalent  to  each  other,  and  either  may  be  used  indifferently. 

To   fix    the    ideas,   I   assume   throughout    that   b    is   positive   and   odd;    the   proper 
formulae  thus  are 


as  above,  and 


H  =    -}  i- 

\b 


I  will  also,  for  greater  convenience,  assume  that  c  is  odd;  ad  is  consequently 
even,  viz.  the  numbers  a  and  d  are  each  of  them  even,  or  else  one  is  odd  and  the 
other  even. 

c  +  d£L  c  —  aw  ,    , 

The  equation  &>  =  ---  ^  gives  il  =  —  ,      ,     ,  and  thence 
a  +  bfl  c  -  d  +  bfo 


--d  +  bco- 

Comparing  the  expressions  for  o>,  H,  it  appears  that  we  may  interchange  w  and  fl, 
writing  also  -  d,  b,  c,  -a  for  a,  b,  c,  d;   and  changing  the  other  letters,  we  may  for 

a,  b,  c,      d,  <u,  fl,  /A,  v,  m,  n, 

write 

—  d,  b,  c,  —  a,  n,  w,  m,  n,  m',  n', 

where 

m'  =  —  dm  +  bn  —  bd, 

n'  =     cm  —  an  —  ac. 
The  formula  thus  becomes 


or,  for  x  writing  (a  +  6H)  x,  this  is 

,  4  =  C"  exp    «r  (a  +  6H)  ~  V  W'   (a  -H  6O) ,  fl , 


846]  TRANSFORMATION    OF   THE   THETA-FUNCTIONS.  339 

or,  observing  that  the  left-hand  side  is  =(— )mn^(y  ,  an,  we  have 

(/  i^™      n}         (-Tn  f  r^x^lcx  flfO>          \ 

^m'  n'  H&  +  t>il)  -T~ ,    "f  =      /^/       exp  K—  ITT  (a  +  Oil)  r=>  7M  n  [  ~T  >    <*  I  ) 

(.  A        J        0  (  h?)  \fi         J 

an  equation  which  is  of  the  same  form  as  the  original  equation  of  transformation,  and 
is  to  be  identified  with  it. 

We  have 

mf  =  —  dm  +  bn  —  bd  =  —  d  (a/j,  +  bv  +  ab)  =  —  /JL  +  bd  (—  a  +  c  —  1), 

+  6  (cfj,  +  dv  +  cd)  —  bd, 

n  =     cm  —  an  —  ac  =     c  (ap  +bv  +  ab)  =  —  v  +  ac  (    b  —  d  —  1)  ; 

—  a  (C/A  +  dv  +  cd)  —  ac, 
values  which  may  be  written 

m'  =  2P-/i,   where   P  =  %bd(-  a  +  c  -  1), 
ri=2Q-v,      „        Q=%ac(    b-d-l), 

P  and  Q  being  integers.  In  fact,  P  is  an  integer  if  b  or  d  is  even,  and  if  they 
are  each  of  them  odd,  then  from  the  equation  ad  —  be  =  1,  a  and  c  will  be  one  of 
them  odd,  the  other  even,  and  —  a  +  c  —  1  will  be  even ;  and  similarly  for  Q. 

The  left-hand  side  is 

(\ 
fri-i-hO\ Ov 
V  *^  L/iil  j  ,  mtl  f  m 

which  is 


and  the  equation  finally  is 

TTT          1        ( —\mn 

™    nUUT  exp 
j         i> 

Comparing  this  with  the  original  equation 


the  two  equations  will  be  identical  if  only 
We  have 


\\-here  the  square  roots  are  taken  in  such  wise  that  the  real  part  is  positive ;   hence 


43—2 
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where  V(+  1)  means 


V{-  i  (a 
the  last-mentioned  two  square  roots  being  as  just  explained  ;   and  we  have  moreover 

8  =  exp  {-  JiTT  (     actf  +  2bcpv  +  bdv2  +  2abc^  +  2abdv  +  ab'2c)}  &»-*"», 
{-  JiV  (-  dcm2  +  2bcmn  -  abn2  -  2dbcm  +  2abdn  -  db2c)}  i™*-m'n', 


viz.  the  value  of  8'  is  obtained  from  that  of  8  by  the   change  a,  b,  c,  d,  p,  v,  m,  n  into 
-  d,  b,  c,  —  a,  in,  n,  m',  n'. 

Representing  these  by 

8  =  exp  {-  £  (ITT)  A}  i^-mn,     8'  =  exp  {-  J  (MT)  A'}  i»»»-»»'«', 

we  have 

88'  =  exp  {-  iiV  (A  +  A')}  fr*-m'n>. 

But 

m'ri  =  (2P  -  fi)  (2Q  -  i/),   =  4PQ  -  2P,/  -  2Qya  +  M, 

that  is, 

^y  _  m'n'  =  -  4PQ  +  2Pi/ 


or,  omitting  the  term  divisible  by  4, 

inv-m'n'  —  i^Pv+ZQv.     —  (_\Pv+QiJL 

To  calculate  A  +  A',  we  have 

dm  —  bn=/j,  +  bd(     a  —  c), 

—  cm  +  an  =  v  +  ac(—  b  +  d), 
and  thence 

-  cdm?  +  (ad  +  be)  mn  -  abn2  =     i*v  +  fiac  (-b  +  d)+  vbd  (a  -  c)  +  abed  (d  -  b)  (a  -  c) 

(_  ad  -f  fo)  mn  =  —  ac/j.-  —  bdv2  —  (ad  +  be)  i^v  -  pac  (b  +  d)  —  vbd  (a  +  c)  —  abed, 

consequently 

-  cdm2  +  Zbcmn  -  abn2  =  -  ac/u-2  -  bdv2  -  Zbc/juv  -  2abcp  -  2bcdv  +  abed  (2bc  -  ab  -  cd)  ; 

also 

—  2bcdm  =  —  2abcdfM  —  2b2cdv  —  2ab2cd, 

2abdn  =  2abcdp  +  2abd2v  +  2abcd2, 

-  db2c  =  -  db2c; 

whence,  adding,  we  obtain 

A'  =  -  ac/j.2  -  2bcfjiv  -  bdv2  -  2abc/ji  +  (-  2bcd  -  2b2cd  +  2abd2)  v 

+  abed  (2bc  -  ab  -cd-2b  +  2d)  -  db-c, 

and,  adding  to  this  the  expression  of  A,  we  find 

A  +  A'  =  (2abd  -  2bcd  -  2b2cd  +  2abd2)  v  +  ab'2c  -  db*c  +  abed  (2bc  -  ab  -cd-2b  +  2d). 
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The   coefficient  of  v   is   =  2bd  (a-  c  —  bc  +  ad)  =  2bd(a  —  c  +  1),  which  is   =  —  4<Pv.     Hence 
writing 

0  =  \abcd  (2bc  -  ab  -  cd  -  26  +  2d)  +  %b-c  (a  -  d), 

where    observe    that    4©,    but    not    in    every    case    ©    itself,    is    an    integer,    we    have 
A  +  A'  =  —  4Pv  +  4@,  and  consequently 

gg'  =  /\ 

or,  omitting  the  even  number  2Pz/, 

Observe   that   (—  )®   denotes,   and   it  might   properly    have   been    written,   exp  tTr©.      The 
foregoing  equation 


becomes  thus 

ffff' 


that  is, 

JTTT' 


wh(;re  the  even  term  —  2Q//,  may  be  omitted.     We  have  moreover 

mn  =  ac/ji"  +  (ad  +  be)  /JLV  +  bdv2  +  ac  (b  +  d)  p  +  bd  (a  +  c)  v  +  abed, 
—  fjuv  =         (—  ad  +  be)  pv, 
and  thence 

mn  —  pv  —  ac  (/u,2  —  p)  +  2bc/j,v  +  bd  (v-  —  v)  +  ac  (b  4-  d  +  1)  /j,  +  bd  (a  +  c  +  1)  v  +  abed, 
where  each  term  is  even  ;    hence  mn  —  pv  is  even,  and  we  have  simply 


where 

B  =  $abcd  (ab  +  cd-  26c  +  26  -  2d)  -  $b-c  (a  -  d). 

I  write  M  =  \b  (a  —  d),  then 

®-M  =  labcd  (ab  +  cd-  2bc  +  26  -  2d)  -  %(bc  +  1)  b  (a  -  d), 
where  the  second  term  is  =  —  %abd  (a  —  d),  and  we  have  therefore 

©  -  M  =  labd  (abc  +  c-d  -  26c2  +  26c  -  2cd  -  a  +  d). 

I  assume,  as  above,  that  b  and  c  are  each  of  them  odd  ;  therefore  ad  is  even. 
I  suppose,  first,  that  ad  divides  by  4,  then  \abd  is  an  integer,  and  in  the  expression 
of  ©  —  M,  omitting  even  numbers,  we  have 

(abc  +  c~d  —  a  +  d), 
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which,  putting  therein  bc  =  ad—  1,  becomes 

=  \abd  (a?d  +  c*d  -  2a  +  d), 

=  labd  {a*d  +  (c2  -  c)  d  +  (c  +  1)  d  -  2a], 

where  inside  the  {     }  each  term  is  even ;   hence  ®  —  M  is  even. 

Next,  if  ad   is  even  but   not  divisible  by  4,  then  bc=ad  —  1,  which  is  =  1  (mod.  4), 

thus  b  and  c  are 

=  4<r  +  1    and    4r  +  1, 
or  else 

=  4o-  —  l    and    4r  —  1, 

and,  moreover,  be  =  40  +  1,  and  c2  =  4>(f>  +  1 ;    hence 


or,  omitting   even   numbers,  that  is,  inside  the    {    }    numbers  which  contain  the  factor  4, 

this  is 

(a  +  d  -  2b  +  2  -  a  +  d), 

-  b  +  1  -  cd), 


or,   since    each   term    within   the    {    }    is   even,    we   have   in   this    case   also   ®  -  M   even. 
And  this  being  so,  the  foregoing  equation  for  HH'  becomes 

ffff' 

'    '- — ',   or   say  =  i* 


The    values   of  H,  H',  refer   each    of  them   to   a   positive   odd  value   of  b,  and  they 
thus  are 


hence 

HH'=(™ 
or,  since 


and  2  (6  -  1)  divides  by  4,  this  is 

HE'  = 


fa\  fd\      fad\     ,  7      ,  ad  1 

Also      r      r    =    -7-   >    out    from    the    equation    ad  —  be  =  I,   or    -T~  —  <*+r,    we    have 

\bj  \bj      \  b  )  bo 


ad\      fl        -. 

-"lj  whence 


HH' -&*-«. 
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We  have  «o  =  x  +  iy,  where  y  is  positive  ;   hence 

+  iby  =  a  +  Zby,  if  a  =  —  d  +  bx; 


hence 

JiO  -     ~^     _ 
~a~T%~' 

—  i  (—  <2  —  bfl)  =  by  —  ia  =  R  (cos  0  +  i  sin  0), 
,•  (        4.  ;,0\  -  63/  +  *'«  _  R  (cos  6-  ism  0) 

-a2+/3y~       «2  +  /3y 

where  .B   is   positive  ;   and  cos  6   is   positive  since  y  is  positive,  and  thus  d  lies  between 
•TT  and  —    TT.     Hence 


V{-  i  (-  d  +  Wl)}  =  V-B  (cos  |0  +  i  sin 
being  positive, 


and  thus 


{-  *  (a 


that  is,  \/(+  1)  =  + 1>  and  we  thus  have,  as  we  should  do, 

HH' 


the  equation  which  was  to  be  verified. 
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847. 

ON   THE   THEORY   OF  SEMINVARIANTS. 

[From    the    Quarterly  Journal   of  Pure   and  Applied   Mathematics,  vol.    xxi.   (1886), 

pp.  92—107.] 

IN  my  "  Memoire  sur  les  Hyperde'terminants,"  Crelle,  t.  xxx.  (1846),  pp.  1  —  37, 
[13,  14,  16*],  I  gave  an  investigation  for  the  number  of  and  relations  between  the 
quartic  invariants  of  a  given  binary  quantic  :  the  very  same  formulae  apply  to  the  cubic 
covariants  of  a  given  binary  quantic,  or  what  is  the  same  thing  to  the  cubic  semin- 
variants  of  a  given  weight,  and  I  propose  at  present  (considering  the  formulae  in  this 
point  of  view)  to  further  develope  the  theory  in  regard  to  the  solution  of  the  systems 
of  linear  equations  obtained  in  the  memoir  in  question.  But  I  first  reproduce  the 
investigation  as  it  stands:  I  recall  that  the  notation  is  the  ordinary  hyperdeterminant 
notation  :  for  instance. 


=      a.c       —         2b.b         +       c.a 
=  2  (ac  -  b2)  ; 

and   that,  when  the  variables  do  not  disappear,  each  set  (xly  y^),  (x2,  yz),  ...  is  ultimately 
replaced  by  (x,  y),  so  that  these  are  the  variables  of  any  covariant. 

The  investigation*  is  as  follows: 

"...We  pass  to  the  derivatives  of  the  fourth  degree,  considering  the  forms  in 
which  all  the  differential  coefficients  are  of  the  same  order.  It  is  easy  to  see  that  we 
may  write 

a  UVWX  =  (12  .  34)"  (13  .  4iy  (14  .  23)>  UVWX 

or  Da. 


[*  This  Collection,  vol.  i.,  p.  104:   see  also,  vol.  i.,  p.  117.] 
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Writing  for  shortness 

12.34  =  21,  13.42  =  33,  14.23  =  6, 
we  have 


Suppose  U=V=W  =  X,  and  consider  the  derivatives  which  correspond  to  the  same 
value  f  of  a,  /3,  7:  we  have  to  find  how  many  of  these  derivatives  are  independent, 
and  to  express  the  others  in  terms  of  these.  Since  the  functions  are  equal  after  the 
differentiations,  we  may  before  the  differentiations  interchange  in  any  manner  the 
symbolic  numbers  1,  2,  3,  4  :  this  gives 


But  we  have  identically 

Multiplying  by  2la2366c,  and  applying  it  to  the  product   UVWX,  we  have 

-k'a+i,  b,  c  +  *'a,  6+1,  c  +  J^a,  b,  c+i  =  0, 

which,  putting  a  +  b  +  c=f—l,  gives  a  system  of  equations  between  the  derivatives 
Da>  pt  y  for  which  a  +  /3  +  7  =/.  Reducing  these  by  the  conditions  just  obtained,  suppose 
that  ®f  denotes  the  number  of  partitions  of  /  into  three  parts,  zero  included,  and 
the  permutations  of  the  parts  being  disregarded,  we  have  a  number  ®f  of  derivatives 
_D0>piY,  and  a  number  @  (/—  1)  of  linear  relations  between  these  derivatives.  There 
remains  therefore  a  number  ©/—  ®  (/—  1)  of  independent  derivatives:  but  when/  is  an 
even  number,  we  have  included  among  these  the  functions  Dft  0>  0,  that  is,  12^.34<^UVWX, 
which  evidently  reduces  itself  to 

12/CTF.34/FX,   or  Bf(U,  V).Bf(W,  X), 

that  is  to  say,  to  the  square  of  Bj>(U,  V).  We  must  therefore  dimmish  by  unity  this 
number  ©/"—  ®(f—  1),  when  f  is  even.  Let  E  (j-\  denote  the  integer  part  of  the 

fraction  T-  :   it  can  be  shown  that  the  required  number  is  equal  to 

•ffl-'ffl 

according  as  f  is  even  or  odd.     Giving  to  f  the  six  forms 

Gg,     60  +  1,     6^  +  2,     60+3,     60  +  4,     60  +  5, 

we  obtain  for  the  independent  derivatives  of  the  fourth  degree  the  corresponding 
n  limbers 

0,    0,     0,     0  +  1,     0,     0+1; 

there  is  for  example  a  single  derivative  for  each  of  the  orders  3,  5,  6,  7,  8,  10,  two 
for  each  of  the  orders  9,  11,  12,  13,  14,  16,  &c. 

C.   XII.  44 
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We  may  take  for  independent  derivatives,  when  /  is  even,  the  terms  of  the  series 
D/_3)3>0,  D/-«,  e,  o,  ••-,  and  when/  is  odd,  those  of  the  series  Df-lt  1>0,  D/_4)4)0,  D/_7i7,0---- 
continuing  each  series  until  the  last  term  in  which  the  first  suffix  exceeds  or  is  equal 
to  the  second  suffix.  We  have  in  each  case  the  right  number  of  terms  ;  for  example, 
in  the  case  /=9,  we  take  for  independent  derivatives  the  two  functions  Aio  and  DMO, 
and  we  form  the  equations 

1)900  +  Aio  +  A*  =  o,       D621  +  A3i  +  DM  =  o, 

Aio  +  DTSO  +  Dm  =  0,  D^  +  Aso  +  A4i  =  0, 

AM  +  Aso  +  De2i  =  0,  Dsai  +  An  +  A«  =  0, 

An  +  An  +  Aia  =  0,  A22  +  1)432  +  AB  =  0, 

DM  +  D540  +  Aa  =  0,         1)432  +  D^  +  D^  =  0, 
which  are  to  be  reduced  by  means  of  the  formulas 

DgOO  =  —  -^900  =  ",  -UglO  =         -^801  >     ®  C. 

We   will   presently   give   the   solution    of  these  equations:   but  beginning    with   the 

second   order   and   going   successively   to   the   ninth  order,  we   form  easily   the   following 
table : 

1)200=         B2\  Dm=          0,  1)^=         0, 

D  1  7?  2  7~)  D 

-L/iiO  —  ~~  2  •**>  '  610 ,  *HBH  > 

j)    — n  2)    = ^) 

A*  =       o,  Aii  =        o,  An  =       o, 

1)210  >  1)430  =  Deio  >  DBSO  =        2-^810        2  -^540, 

Aii=  0.  A2i=  0,  Am  =        i  Aio-!  AMD, 

DSSI  =  0,  1)540, 

1)400=         A2,  Aa=          0.  Dm  =  -kDm-lDHO, 

JJfjlQ   ==    —    o  -O4  ,  -^522    ==  "> 

D220  ==  2  1*4",  -^441    =:  ^' 

D211   =  0.  Dgoo   =  582,  1)430   =  !  AlO   +    2  D540, 

Dno  =  -   !  A2,  Dsss  =  0. 


-^320  —  -^-'410,                                      -^530, 

n  o                        7)     —  . 

*'«n  ~  u,                        -^521  — 

rv  i      75  0     i       1      7~J 

ii      ^-~         j-    tjo"  -»-    -1-  jr/KQ/\ 

D—  7?2                     D     =       2    g  2  i    4   T)  m 

-^600  —  -"6  ,                                     -^422                    15  -"8       •     TB  -^530, 

71  lf?2                              71                     1     R  2          2     7^ 

-^510   —  ~    2  -°6  ,                                    -^332   —      ~  T5  -°8             J^        530  • 

71       —  1   R  2         2    71 

J-/420  —  g  -t'6             $  -^330 , 

71      —  l  R2  _i_  2  71 

-*-^411    —  "3"  -^6       •     "3"  -*-^330, 
-^330, 

71       —  _iR2_i71 

-L/321   ~  $-"6             ^ -"^SSOJ 

71  1   R  2    i_  2   71 

-"-^222  —  ~S  •'-'6     T   "3  -^330' 
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For  any  value    of  f  except  /=  2,  3,  or  4,  the   table   commences,   for  /  even   and  / 
odd  respectively,  in  the  following  manner  : 

D/,0,6        =  Bf\  D/,0,0        =         0, 

-D/-1,  i,  o  =  -  \  B/,  D/_i,  i,  o  , 

-0/-S,  3,  0,  #/-2,  2,  0  =  -  -D/-1,  1,  0, 

D/_8,S1o,  £/-2,l,l  =         0, 

but  beyond  this  I  do  not  know  the  law  of  the  series." 

Before   going   further,   I    remark    that  if  SI,  S3,  @,  instead   of    the   foregoing    values, 
denote  respectively 

21  =  (09*.  +  30w)  23.  =  O 

33  =  08*2  +  y9yt)  31,  =  O 

(£  =  (00*.  +  2/9j/3)  12,        =  (a; 
then  identically 

51  +  33  +  g  =  0, 

and  the  same  theory  applies  to  the  cubic  derivatives  2l°230@>.  UVW,  that  is,  to  the 
cubic  covariants,  or,  attending  only  to  the  coefficients  of  the  highest  powers  of  x,  to 
the  cubic  semin  variants. 

Or,  we  may  use  the  Clebschian  notation,  for  instance 

(a,  b,  c$x,  7/)2  =  (oofl?  +  ajy)2  =  (b0ac  +  l^y)-  =  &c., 
that  is, 

«o2    =  &o2   =  •  •  •  =  a, 

a0di  =  b0bi  =  ...  =6, 

ttj2        =  &!2       =    ...    =  C, 

viz.  in  the  language  of  Prof.  Sylvester,  a0,  a1}  b0,b1}...  are  here  umbrae.     The  invariant  is 

-  (a06j  -  aA)2  =  oo^!2  -  200600,^  +  &02ai2, 
=  ac      —  26  .  b       +ac, 
=  2  (ac  -  62), 

and  so  in  other  cases.  To  apply  this  directly  to  the  theory  of  seminvariants,  it  is 
more  convenient  to  write 


(1,  6,  c$a?,  2/)2  =  ( 
that  is, 

a  =/3  =...=6, 


where  a,  &  .  .  .  are  umbrae. 
The  invariant  is 


(a  -  /3)2  =  a2  -  2a/3  +  /32 
=  c  -  26  .  b  +  c 


44—2 
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or,  to  take  the  case  of  a  cubic  function 

(1,  b,  c,  d)  =  (x  +  ay)3  =  (x  +  /3i/)3  =  (x  +  yy)3, 
that  is, 

a  =/3  =  7  =b, 
a2  =  /32  =  72  =  c, 

a3  =  /3s  =  T3  =  d, 
a  seminvariant  is 

(a  -  /3)2  (a  -  7)  =  a3  -  2a2/3  +  a/P  -  a27  +  2a/37  -  £27, 
=  d  -  26c    +  be    -be  +  2b3     -  be, 
=  d-3bc    +  263, 

and  so  in  other  cases.     Writing  here 


the  general  form  of  a  cubic  seminvariant  of  the  weight  to  is  now  2l^$5(£r,  or  say 
Dp,q,r,  where  ^  +  <?  +  r=&>  (the  new  letters  ^,  q,  r  being  used  for  the  exponents,  since 
a,  /3,  7  are  now  employed  in  a  different  sense  ;  and  since  /  will  be  required  as  a 
coefficient,  I  have  also  written  &>  instead  of  f  for  the  weight).  We  have,  as  before, 


and  we  again  see  that  the  theory  as  to  the  number  of  and  relations  between  the 
cubic  seminvariants  is  identical  with  that  of  the  quartic  invariants.  Observe  also  that 
for  &)  odd,  Dw,o,  o  is  =0,  while  for  &>  even,  DUt0i0,  =  SI",  is  a  quadric  seminvariant, 
which  is  of  course  not  to  be  reckoned  among  the  proper  cubic  seminvariants ;  this 
exactly  corresponds  to  the  B/  which  is  not  a  proper  quartic  invariant. 

The  choice  of  the  functions  Dft  Oi  0,  Df-s,3,  „,  ... ,  or  Z>/_lt  i,0,  D/-4,4,  o,  •••  ,  for  ex 
pressing  in  terms  of  them  the  other  functions  has  its  advantages,  but  also  its 
disadvantages;  in  what  follows,  I  in  effect  replace  them  by  Df,0,o,  Df-?,2,  o>  •••  and 
Df-lfl>0,  D/_3)3)o,...  respectively.  And  instead  of  considering  the  whole  series  of  the 
functions  Dpj  q>  r  for  a  given  weight  o>,  I  consider  only  those  of  the  form  DPt  q>  0 ;  these 
form  a  single  series  DU)0,o.  A>-i,  i,  o,  A,-2, 2)  0, ...  ;  and  for  shortness,  I  call  them 
A,  B,  C,  D,  &c.  respectively,  viz.  I  write 

Suppose  first  that  o>  is  odd  ;   we  have 

7)  —  f— V"  D 

J-'ia — q—r,  q,  r  —  V     )     •L^ia—q — r,  r,  q  > 

and,  in  particular, 

n  n 

•*-^w — 2O.  (?«  Q  j 


that  is, 

-'-'ta—zq,  q,  q     =  "  j 

that  is, 
Hence 


847] 
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B  +  C=  2l"-233  (21  +  8)  =  -  2l--2S(S  =  0  ; 
and  similarly  C  +  2D  +  E  =  0,  &c.  ;   that  is,  we  have 

A  =  0, 

B  +  C  =  0, 

(7  +  2D+    E  =  0, 

D  +  3E  +  3F  +  G  =  0, 

&c. 

The   readiest   way   of  solving   these   is   to   express   the   other   functions   in    terms   of 
B,  D,  F,  H,  &c.  ;  viz.  we  thus  have 


£ 
D 
F 
H 
J 
L 

01-1    0    1    0-3    0 

17 
-  28 
14 
-  4 

0 
0 
0 
0 

1 

-  155 
255 
-  126 
30 
-  5 

0 
0 
0 
0 
0 
1 

2073 
-  3410 
1683 
-  396 
55 
-  6 

1-2    0    5    0 

1-3    0 

1 

read  according  to  the  columns 


A  = 
B  = 
C  = 


0, 
B, 
B, 

D, 
B-2D, 


F, 


and,   by  way  of  verification   of  the   numbers,   observe   that   the  sum   of  the  numbers  in 
a  column  is  1  and  —  1  alternately. 

The  formulae  are  true  for  any  odd  value  of  &>  whatever ;  but  they  require  an 
explanation,  viz.  for  any  finite  value  of  to,  the  terms  B,  D,  F,...  are  not  all  of  them 
arbitrary.  For  any  given  value  of  «o  the  number  of  arbitrary  terms  is  in  fact  given 
by  what  precedes,  and  it  is  also  known  by  Captain  MacMahon's  theorem,  viz.  the 
number  of  cubic  seminvariants  is  =  that  of  the  non-unitary  symmetric  functions  3a23 
of  the  proper  weight  3a  +  2/3  =  to ;  thus  for  o>  =  9,  the  forms  are  3222  and  333 ;  so  that 
there  should  be  only  two  arbitrary  terms. 
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We    have     here,    writing    for    shortness    900,    810,    &c.,   instead    of    Dm,   Dm,    &c. 

respectively, 

900=         0, 

810  =         B, 

720  =  -     B, 

630  =  D, 

540=          B-  2D, 

450  =  F, 

360  =  -    3B  +   5D-    3F, 

270  =  H, 

180=     175-28D+14F-4ET, 

090  =  L. 

But    we    have    900  =  0,    810  +  180  =  0,    720+270  =  0,    630  +  360  =  0,    540  +  450  =  0; 

that    is, 

L  =  0, 


18B  -  28Z>  +  14^  -  4>H  =0, 

-  B  +    H  =0, 

-  35+    6D-    3F  =0, 

B-    2D+     F  =0, 

all  satisfied  by  F=—B+2D,  H=B,  L  —  Q.  The  proper  course  is  to  stop  at  the 
equation  for  540,  viz.  the  system  is 

900  =     0, 

810  =  B, 
720  =  -  B, 
630  =  D, 

540  =    B  -  W, 

equations  which  may  be  considered  as  expressing  the  several  functions  900,  810,  720, 
630,  540  in  terms  of  B  =  810  and  D  =  630.  They  agree,  as  they  should  do,  with  a 
foregoing  result, 

900,  =0, 

810, 

720,  =-   810, 

630,  =     1810-|540, 

540, 

and  it  would  of  course  be  possible  to  express  the  remaining  forms  711,  621,  522,  441, 
432,  and  333  in  terms  of  B  =  810  and  D  —  630.  But  observe  that  the  speciality  of 
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the  present  process  is  that,  instead  of  the  whole  series  of  forms  900,  810,  720,  711, 
630,  621,  540,  531,  522,  441,  432,  330,  we  work  only  with  the  forms  900,  810,  720,  630, 
540,  for  which  the  last  element  is  =  0. 

A   more   simple   solution   of    the   system   of    linear   equations   in   A,  B,  C,...    is   the 
following : 

ABCDEFGHT  J  K          L  M 


X 

0    1    -1    1    -1    1    -1    1      1 

1111 

y 

1-23-45      6 

7      8     9    -  10 

z 

1    -3    6    -  10 

15    -  21    28    -  36 

w 

1      4 

10    -  20    35    -  56 

t 

1      5    15    -  35 

u 

1      6 

read 

A=   0, 

B  =   an, 

C  =-x, 

D  =   x  +  y, 

F=      x+3y  +    z, 

G  =  —  x  —  4y  —  3z, 

where  x,  y,  z,  ...   are  arbitrary ;   the   numbers  in  the  table   are  the   binomial    coefficients 
with  the  signs  +  and  —  alternately. 

We  may,  it  is  clear,  express  x,  y,  z,  ...    in  terms  of  B,  D,  F,  ...,  viz.  we  thus  have 

as=        B, 
y  =  -    B+    D, 
z=     2B-W  +  F, 


and   substituting   these   values,   we   reproduce   the    foregoing   expressions   of   A,   B,    C,  ... 
in  terms  of  B,  D,  F,  .... 

For  a  given  finite  value  of  o>,  we  have  of  course  the  same  number  of  arbitrary 
coefficients  x,  y,  z, ...  as  there  were  of  arbitrary  coefficients  B,  D,  F,...\  thus  for  (0  =  9, 
only  x  and  y  are  arbitrary,  and  the  remaining  coefficients  z,  &c.,  are  determined  in 
terms  of  these.  Or,  what  is  the  same  thing,  we  stop  with  the  equation  E  =  —  x  —  2y, 
next  preceding  an  equation  with  the  non-arbitrary  coefficient  z. 
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For  the  case  &>  even,  I  write 

A+2B  =  A', 

B  +  2C  =  B', 

C  +  W  =  C', 
&c.; 

and   I   say   that   the   new   functions   A',  B',  C', ...    are   related   together   precisely  in    the 
same  manner  as   are   the  functions  A,  B,  C,...   belonging  to   an   odd  weight   o> ;    viz.    we 

have 

A'  =  0, 

B'  +  C'  =  0, 

C"  +  2D'  +  E'  =  0, 

which    being   so,  the   theory  is   included   in   what   precedes,  and   there   is  no   occasion  to 
consider  it  separately. 

To  prove  this,  observe  that  «  being  even,  we  have 

7)  _    T) 

J-'ia—q—r,q,r        J-'<a—q—r,r,qy 

that  is, 

2(<o-5-r  §g9gr  _  %u-q-rSQr($q^ 

whence,  in  particular, 

2l«-iS3  =  W*-1®,  2l--3«B2e  =  Sl-'-'W,  &c. ; 
we  thus  have 

A'  =  2(w  +  251--1 53,  =  21"  +  SI--1 55  +  21"-1  (5,  =  21—1  (21  +  33  +  (£), 
which  is  =0.     Similarly 

B'  +  C'  =  B  +  3(7+  W  =  SI--1  S3  +  32l<*-2232  +  22t<"-3333, 

=  2lw-333  (2l2  +  32153  +  2532),  =  2l<"-353  (2(  +  53)  (21  +  253), 
or,  since 

21  +  53  +  g  =  0, 
this  is 

=  -2 
which,  in  virtue  of 

Sl"-3 
is 

=  -2l< 
which  is  =  0.     And  similarly 

C'+W  +  E'=0,  &c. 

I    come    to    a    new    part    of    the    theory:    to    fix    the    ideas,   consider    the    weight 
<B  =  27  ;   and  write  also 

aQ,  alt  a2,  at, ...  =  1,  b,  c,  d,  e,  f,  g,  h,  i,  j,  k,  I,  m,  ..., 
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using,  if  we  please,  the  suffixed  a  for  the  higher  terms.  The  cubic  seminvariants  are 
3212,  3329,  3526,  3723,  39,  viz.  the  number  of  them  is  =  5  ;  we  have  thus  the  5  terms 
B,  D,  F,  H,  J.  Here  B  =  (&  -  y)26  (7  -  a)  =  (a  -  /3)26  (j3  -  7),  or,  interchanging  the  a  and  /3, 
=  (a  —  yS)26  (a  —  7),  there  is  an  initial  term  ot27  =  a27>  and  a  final  term  a]3/313  7  =  6n2,  or  we 
may  write 

B  =  (a  -  /3)26  (a  -  7)  =  a^  +  bn2  ; 

and  similarly  for  the  other  forms.     We  have  thus 

B  =  (a  -  yS)26  (a  -  7)1  =  <%  +  bn2  , 
D  =  (a  -  /3)24  (a  -  7)3  =  <%  +  dm2, 

F=(a-  /3r  («  -  7)5  =  <*>*  +fl2, 
H=(a-  B)w  (a  -  7)7  =  a^  +  Afc2, 
J  =  (a  -  /3)18  (a  -  7)9  =  a^  +  js, 

where  the  initial  term  a27  =  a27  has  in  each  case  the  coefficient  unity,  but  the  final 
terms  have  each  of  them  the  proper  numerical  coefficient. 

It  must  be  possible  to  form  linear  combinations 

B  =  £%  +  bn2, 

(B,  D}  =  «25  (c  +  62  )  +  dm3, 

(B,  D,  F)  =a2S(e  +  c*)  +fl2, 

(B,  D,  F,  H)      =  a21  (g  +  d2)  +  hk\ 
(B,  D,  F,  H,  J)  =  o1,(»  +e2)+j3, 
where  c  +  62,  e  +  c2,  g  +  d2,  i  +  e-  denote  the  seminvariants 

c-b",   e-46d  +  3c2,  g  -6bf+loce-lQd?, 
i  -  8bh  +  28cg  -  56df+  35e2, 


respectively.  The  expressions  indicated  by  their  initial  and  final  terms  a^+bny,  a^c  +  dm*,  &c., 
are  what  I  call  "  columns  ;"  see  my  paper  "  Seminvariant  Tables,"  American  Journal 
of  Mathematics,  t.  VH.  (1885),  pp.  59  —  73,  [831],  where,  however,  the  theory  is  not  by 
any  means  completely  developed. 

As  to  this,  observe  that  B,  D  are  each  of  them  of  the  form  a^  +  a<J)  +  a25  (c,  62)  +  .  .  .  , 
the  proper  combination  in  order  to  eliminate  a<#  is  obviously  B  —  D,  the  term  in  a^b 
will  then  disappear  of  itself,  and  the  terms  in  a25(c,  62)  will  combine  into  a  term 
«25  (c  —  &2),  viz.  in  the  function  qua  seminvariant  the  coefficient  of  the  highest  letter  035 
will  be  the  seminvariant  c  —  b2.  Similarly,  in  the  combination  B,  D,  F,  the  two 
coefficients  will  be  determinable  so  that  there  are  no  terms  in  £%,  ax,  a25  or  aM,  and 
this  being  so,  the  term  in  a^  will  be  aw  (e  —  4ibd  +  3c2),  viz.  in  the  function,  qua  semin 
variant,  the  coefficient  of  the  highest  letter  a^  will  be  the  seminvariant  e  — 
And  similarly  for  the  remaining  two  linear  combinations. 

C.   XII.  45 
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As  a  partial  verification,  I  write 

=  {«26  +  £26  _  26  (a25/?  +  a/325)  +  325  (a24^2  +  «2/324). . .}  (a  -  7), 
or,  retaining  only  the  terms  which  have  an  index  at  least  =  25,  this  is 
B  =       a27  +  a/326      -  26  (a26/?  +  «2/325)  +  325a25/32 
-  (a26  4 


-260*6  -    26a25c 


-    20*6  +   52a2562 

=      aw  -  270*6  +        a^  (299c  +  5262)  ; 
and  similarly 

jD  =  («-/S)24(a-7)3 

=  (a24  +  0"  -  24  (a23^  +  a/323)  +  276  (a22/?2  +  a2/322).  .  .  }  (a3  -  Scfy  +  3a72  - 

or,  retaining  only  the  terms  which  have  an  index  at  least  =  25,  this  is 
D=       a27    -  24a26/3    +  276a25/S2 
-  3a267  +  72a25/37 
+  Sa'-V 

+  276^250 
+    72a2562 


+       OSB  (279c  +  726s), 
and  thence 

B-D  =  aZ5  (20c  -  2062), 

viz.  the  coefficient  of  a^  is  =  20  (c  —  62). 

But   instead   of  the   foregoing   forms    B,  D,  F,  H,  J,  we   may  start    with   five   other 
forms  which  are  in  fact  linear  combinations  of  these,  viz.  these  are  the  forms 

X  =  (a  -  /3)26  (a  +  /3  -  27)  =  a.*  +  6ws, 

Y  =  (a  -  yS)24  (a  +  £  -  27)  (a  -  7)  (/3  -  7)  =  a26  (c  +  62)  +  dm', 
£    =  (a  _  £)«  (a  +  £  -  27)  (a  -  7)2  (/3  -  7)2  =  a,5  (c  +  Z>2)  +fl2, 
W  =  (a  -  /3)20  (a  +  /3  -  27)  (a  -  7)3  (/S  -  7)3  =  a*  (e  +  c2)  +  A^2, 
T  =  (a  -  /3)18  (a  +  /3  -  27)  (a  -  7)4  (/3  -  7)4  =  a2:!  (e  +  c2)  +  j3, 

where    as    well    the    initial    as    the    final    terms    should    have    their    proper    numerical 
coefficients. 
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As  to  this,  observe  that  in  Y  we  have  a  term  a26  (ft  -  7)  which  is  =  0,  and 
similarly  a  term  ^(z-y)  which  is  =0;  the  highest  powers  are  thus  a25  and  ft'25, 
giving  a  term  in  a*  which  can  only  be  0^(0  -1-).  In  Z  we  have  the  terms  a25  (^-7)*,. 
and  /325(a-7)2,  giving  the  term  a25(c-62);  in  W  we  have  the  terms  «24(/3-7)3  and 
£'-•4  (a  _  7)3  which  are  each  =0,  the  highest  powers  thus  are  a23,  /S23  giving  a  term  in 
Oa  which  can  only  be  a*  (e  -  4>bd  +  3c2)  ;  and  in  T  we  have  the  terms  a23  (ft  -  7)4  and 
/323(«-7)4,  which  give  the  term  a^  (e  -  4<bd  +  3c2). 

The  combinations  which  give  the  columns  thus  are 

X  =  0gr  +  bnz, 

(Y)  =  a,5  (c  +  62)  +  dm2, 

(Y,  Z)  =0 

(F,  Z,  W)      =  a2 

(Y,  Z,  W,  T)  =  al 
I  start  with  the  form 

«  =  (7,  £,  TF,  T)= 


We  know  that  it  is  possible  to  determine  the  coefficients  X,  /*,  i>,  in  suchwise  that 
the  linear  function  shall  be  of  the  proper  form  a19  (i  +  e2)  +  f  ;  or,  what  is  the  same 
thing,  that  there  shall  be  no  term  with  an  index  exceeding  19;  the  conditions  to  be 
satisfied  are  apparently  more  than  three,  but  of  course  the  number  of  independent 
conditions  must  be  =3.  We  have,  in  particular,  to  get  rid  of  all  the  terms  of  the 
second  degree  which  precede  awi,  viz.  the  coefficients  of  awc,  a24d,  a^e,  a&f,  a2i<7>  «ao^ 
must  all  of  them  vanish.  Now  the  terms  of  u  which  produce  terms  of  the  second 
degree  are  the  terms  containing  any  two  but  not  all  three  of  the  symbolic  letters 
«,  ft,  7,  say  the  biliteral  terms;  we  have  for  instance  «25/32,  a2572,  £25a2,  /32V  (there  are 
no  terms  725a2  or  725/32,  since  the  highest  power  of  7  is  y9),  each  of  which  is  =  a^c. 
But  in  the  development  of  u,  we  may  in  any  biliteral  term  by  an  interchange  of  the 
letters  a,  ft,  7  make  the  letter  of  highest  index  to  be  a,  and  the  other  letter  to 
be  ft-,  thus  the  several  terms  a25/32,  a2y,  ft*a*,  /32572  may  be  each  of  them  converted 
into  a25yS2,  and  so  in  other  cases.  Imagining  this  to  be  done,  the  term  in  a^c  is 
simply  the  term  in  a25/32,  and  in  like  manner  the  term  in  a^d  is  the  term  in  tf*/3s, 
and  so  in  other  cases  ;  the  condition  as  to  the  disappearance  of  the  terms  a^c,  .  .  .  ,  a.Ji 
is  the  condition  that  the  terms  in  a25/32,  «24/33,  a23^4,  «22/35,  «21/36,  a20^  shall  all  of  them 
disappear.  And  if,  in  the  function  u  transformed  in  the  foregoing  manner,  we  write 
for  convenience  o  =  l,  so  that  u  has  become  a  function  of  ft  only  (and  observe  that  u 
will  contain  the  factor  /S2),  then  the  condition  is  that  the  terms  in  ft*,  ft3,  ft4,  ft6,  ft8,  ft7 
shall  all  of  them  disappear.  The  conditions  may  in  fact  be  written  u  =  0  ;  viz.  it  is 
assumed  that  u  is  in  the  first  instance  transformed  into  a  function  of  ft  as  just 
explained,  and  the  equation  is  then  to  be  understood  as  denoting  that  the  coefficients 
of  u  are  to  be  so  determined  that  as  many  as  possible  of  the  terms  (beginning  with 
that  which  contains  the  lowest  power  of  ft)  shall  each  of  them  vanish. 

Consider  any  term  of  u,  for  instance  the  term 

F=  (a  -  /3)24  (a  +  ft  -  2?)  (a  -  7)  (P  ~  7>- 

45—2 
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To  obtain  the  biliteral  terms  in  the  proper  form  1°  we  write  therein  1=0,  2°  we 
write  y8  =  0,  changing  7  into  &  3°  we  write  a  =  0,  changing  (3,  7  into  a,  /3  ;  we  thus 

obtain 

(a-/3)24 

a24  («-  2/3)  («- 
a"  (a-  2/8)  (    - 

viz.  the  second  and  third  terms  are  identical  ;  the  first  term  requires,  however,  the 
factor  2  (for  any  term  apf3q  is  accompanied  by  a  corresponding  term  ofl^),  so  that, 
omitting  this  factor  throughout,  the  terms  are 


(a  -  /S)24  (a  +  0)  a/3  -  a24  (a  -  2/3)  (a  - 
or,  putting  therein  a  =  1,  the  terms  are 


Similarly  from 

£  =  (a  -  /S)22  (a  +  0  -  27)  (a  -  7)2  (/3  -  7)2, 
we  have 

-  2/3)  (1  -  /3)2  p, 


and  the  like  as  regards   W  and  T.     The  result  thus  is 

(1  +  /3)  /3  (1  -  £)24  +  \  (1  -  /S)22  /32  +  /i  (1  -  /3)20  /33  4-  v  (1  -  /3)18  /34 

-(1  -  2/3)  (1  -  /3)/3  {1  -  X/3(l  -  /3)  +  /*/32  (1  -  /3)2  -  *//33  (1  -  /3)3}  =  0, 
•or,  as  this  may  be  written, 


viz.    each    side    is    to    be    expanded    in    ascending    powers    of    /3,    and    the    coefficients 
\,  p,  v  are  then  to  be  determined  so  that  as  many  terms  as  possible  shall  vanish. 

Expanding,  we  have 

(1  -20/3  +  190/32-  1138/33  +  4808/34-  15178/35+  ...) 

x  {1  +  £\  +  /32  (2X  +  fi)  +  &  (3X  +  V  +  v)  +  /34  (4X  +  lO^t  +  61;)  +  yS5  (5\  +  20/A  +  21i/)  +  .  .  .  } 

-  1  +  £X  +  /32  (-  X  -  /A)  +  13s  (2/4  +  v)  +  /34  (-  3i/)  +  y85  .  3i/  +  .  .  .  =  0, 
or  finally,  as  far  as  /35,  the  equation  is 

0  =  0  +/3  (2X  -  20)  +  /S2(-19X  +  190)  +  /33(153\-  14^  +  2i/-1138) 

+  /34  (-  814X  +  119/tt  -  17y  +  4808)  +  /35  (3027X  -  558/t  +  94y  -  15178). 

We   have   in   the   first   place   X  =  10,  which  makes  the  coefficient   of  /32   to   be   =  0  ;   and 
we  then  have 

-    14/A+    2z/+      392  =  0,   or  say       7/*  -      i/  -    196  =  0, 

119/A-17i/-   3332  =  0,  119/A  -  17i/  -  3332  =  0, 

+  15092  =  0,  272/,t  -  47  v  -  7546  =  0, 
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where  the  second  equation  is  equivalent  to  the  first  :  the  three  equations  give  ft  =  -8^-, 
v  —  j^L.  I  have  since  found  that  proceeding  one  step  further,  that  is,  to  /36,  the 
coefficient  is  -  8310X  +  1791/*  -363*  +  36942,  viz.  putting  this  =0,  and  for  X  sub 
stituting  its  value  =10,  we  have  597//.  —  121z/  =  15386,  an  equation  which  is  in  fact 
satisfied  by  the  values  just  obtained  for  X  and  p.  For  the  function  (Y,  Z,  W)  we 
have  the  same  equations  with  v  =  0  ;  and  therefore  X  =  10,  fj,  =  28  ;  and  for  the  function 
(F,  Z)  the  same  equations  with  Ai  =  0,  v  =  0  ;  and  therefore  X=10.  The  linear  com 
binations  thus  are 

X  =  a.,?  +  bn?, 

Y  =  a.^  (c  +  b2  )  +  dm2, 

Y+    IOZ  =  ax(e  +  c*)+fl*, 

Y+    10Z  +    28W  =  a21(g  +  d*)  +  hk2, 

25  F  +  250^  +  823  Tf  +  93127  =  a19  (i  +  &  )  +  j3, 

where  remark  that  in  F+  IOZ,  by  means  of  the  coefficient  10,  we  make  to  disappear 
the  two  terms  a^c,  a^d;  in  the  next  function,  by  means  of  the  coefficients  10  and  28, 
the  four  terms  a^c,  a^d,  a^e,  a^f',  and  in  the  last  function,  by  means  of  the  three 
coefficients,  the  six  terms  a^c,  a.^d,  a^e.  a^f,  a21g  and  aji. 

It  is    possible    that   a   larger   number   of    terms    will   disappear;    but   if   this   is   so, 
the  general  form  shown  by  the  combinations  on  p.  353  will  require  modification. 

The   investigation   applies   without   alteration   to  any   odd   weight   &>   whatever;    the 
condition  for  the  determination  of  the  coefficients  X,  /JL,  v,  ...  is  obviously 


1-2/3 


For  the  case  of  an  even  weight  o>,  the  series  of  functions  is 

X  =  (a  -  /S)w, 

F  =  (a-/3)"-2(a-7)  (0  -  7), 
Z  =  (a  -  /3)*>-4  (a  -  7)2  (0  -  7)2, 

and   the   condition  for   the  determination  of  the  coefficients  X,  p,  v,...  is  in  like  manner 
found  to  be 


-  1  +  X(0  -  /32)  -  ft  (0  -  0*)»  +  v  (0  -/3a)3  +  . ..  =  0, 
which  is  to  be  understood  as  explained  above. 
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ON    THE    TRANSFORMATION    OF    THE    DOUBLE-THETA 

FUNCTIONS. 

[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  xxi.  (1886), 

pp.  142—178.] 

I  PROPOSE  to  reproduce  Hermite's  Memoir  "Sur  la  thdorie  de  la  transformation  des 
fonctions  Abeliennes,"  Comptes  Rendus,  t.  XL.  (1855),  pp.  249,...,  784,  with  some  changes 
of  notation  and  developments.  Hermite's  functions  are  even  or  odd  according  as  we 

have   UQ  +  VP   even   or   odd :    viz.    his    characteristic   is    (    '      ) ,    or   the    letters   p,   q,  are 

Vf  i  P* 

misplaced;   I   write,   therefore,  r   instead   of  p,   so   as   to   have   the  characteristic  f         J; 

and  then  for  symmetry  it  is  necessary  to  interchange  the  suffixes  2,  3  and  the  letters 
c,  d;  the  invariant  function  of  the  periods,  instead  of  being  as  with  him 

C00V3  —  (D3V0  +  0)^2  —  WjjVj, 

must  be  taken  to  be 

G)0U2  —  &>2V0  +  W1V3  —  <»-iVi. 

Moreover,  I  write  A,  B  for  his  G,  G,  so  as,  instead  of 

(G,  H,  G^x,  y)*, 

to  have  in  the  expressions  of  the  theta-functions  the  quadric  function  (A,  H,  BQx,  7/)5; 
and  I  alter  the  arrangement  of  the  memoir  so  as  to  separate  more  completely  the 
preliminary  theory  from  the  theory  of  the  transformation. 

GENERAL  THEORY.     Art.  Nos.  1  to  21  (several  sub-headings). 

The  functions  II  {K,  indef.  or  def.}. 
1.     Consider  a  function 

"W  y)(A,  H,  B){K,  indef.  or  def.}, 
»  •  * 
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having  :  the  characteristic  f         J  ,  where  the  characters  //,,  v,  q,  r  are  positive  or  negative 

\q,    T  / 

integers,  which  may  be  taken  to  have    each  of  them  only  the  values  (0,  1) 
at  pleasure,  so  that  the  number  of  functions  is  24,  =  16  ; 

the  arguments  (x,  y)  ; 

the  parameters,  or  conjoint  quarter-periods,  (A,  H,  B); 

and  the  potency  K,  a  positive  integer  ; 

and  which  is  either  indefinite  or  definite,  as  will  be  explained  ;  the  function,  moreover, 
contains  linearly  certain  arbitrary  constants,  the  number  of  them  depending  on  the 
value  of  K,  as  will  be  explained. 

The   function   may  be  written    H(x,  y)  or  in  any  other  less  abbreviated  form  which 
may  be  convenient. 

2.     The  function   II  (x,  y)  [K  indef.}  is  defined  by  the  following  four  equations: 

U(x+l,  y)          =  (-y-H(x,  y), 

Ilfcy  +  l)  =  (-rU(x,  y), 

U  (x  +  A,  y  +H)  =  (-)<?  n  (x,  y)  exp.  -  ZirK  (2a?  +  A), 

(-Y  II  (x,  y)  exp.  - 


and    the   function   H  (x,  y)  {K  def.}    by   the   same   equations,  together  with   the   following 
fifth  equation, 

!!(-*,  -y)        =  (-)«+«•  II  (a,  y); 


viz.  the  definite  function  is  an  even  function  or  else  an  odd  function  of  the  arguments 
according  as  pq  +  vr  is  even  or  odd.  We  may  call  pq  +  vr  the  index  ;  and  the  function 
is  then  even  or  odd  according  as  the  index  is  even  or  odd. 

It   is    perhaps    worth    noticing    that    it   would    be    allowable    to    define    a    function 
II  (x,  y)  {K,  skew  def.},  by  the  corresponding  relation 

H(-x,-y)        =-  (->«+•*  n  (x,  y), 
but  I  do  not  propose  here  to  develope  this  notion. 

3.     The  four  equations  give  rise  to  the  following  one, 

II  (x  +  «0  +  Aa2  +  Ha3,  y  +  ^  +  Ha2  +  Ba3) 

=  (_)M«o+"a1+3a2+m3  n  (X)  y)  x  exp.  -  2-TrK  {^x  +  2asy  +  (A,  H,  BQa.2,  a3)2}, 


where  a0,  aly  a2,  a3  are  any  positive   or   negative  integers  (zero  not  excluded),  and  which 
single  equation,  in  fact,  includes  the  preceding  four  equations. 

4.  In  regard  to  the  parameters  it  is  to  be  observed  that,  if  A,  H,  B  =  A0  +  ia, 
H0  +  irj,  B0  +  i@,  we  must  have  (a,  rj,  /3)  a  determinate  positive  quadratic  form;  viz. 
this  is  the  necessary  and  sufficient  condition  for  the  convergence  of  the  series  for  the 
development  of  the  function. 


360  ON    THE    TRANSFORMATION    OF   THE   DOUBLE-THETA   FUNCTIONS.  [848 

5.     The   number  of  arbitrary  constants  is  for   the  indefinite  function   =K2;   but  for 
the   definite   function   it   is,   when   K  is   odd,   =^(K-  +  l);   and   when    K  is   even,   it   is 


=  ^K2,  except  in  the  case  of  a  characteristic  [  '     J  ,  when  it  is  =  \  (K2  +  4). 

\(£,    T  J 

In  particular,  for  K=I,  there  is  only  a  single  arbitrary  constant,  which  is  a 
mere  factor  of  the  function;  taking  it  to  be  =1,  as  presently  explained,  we  have  the 
16  theta-functions. 

6.     The  function  II  (x,  y)  is  developed  in  a  series  of  exponentials,  in  the  form 
n  (a?,  y)  =  2  (-)mq+nrAmi  n  exp.  iir 


where  m  and  n  have  each  of  them  all  positive  and  negative  integer  values  (zero  not 
excluded)  from  -  oo  to  oo  .  In  fact,  substituting  this  series  in  the  four  equations,  they 
are  all  of  them  satisfied  if  only 

Am+K,  n  —  Am.t  n  j    -"-m,  n+K  =  -"-m,  n  • 

Consequently   the    following    K2    coefficients   remain    arbitrary,    viz.    those    with    the 
suffixes 

0,  L...JT-1; 


0 


and  we  have  for  II  (x,  y}  a  sum  of  K-  terms,  each  a  determinate  series  multiplied 
into  one  of  the  arbitrary  coefficients  A0i0i  A0fli  &c.  The  indefinite  function  thus  con 
tains,  as  already  mentioned,  Kz  arbitrary  constants. 

7.  Substituting    in     the    fifth    equation,    we    have    for    the    definite    function    the 

further  condition 

A  -A 

•"•—in—/*,  —n—v  —  •a-m,  ?i> 

which  it  is  clear  will  be  satisfied  generally  if  only  it  is  satisfied  by  the  coefficients 
in  the  foregoing  set  of  K-  coefficients. 

8.  In   the   case   K    odd,   we   thus   reduce   the    number   of    arbitrary   coefficients    to 
£(lfs+l);   the  mode   in    which  this  takes   place   is  best  seen  by  an   example.     Suppose 
K  =  3,   so    that   Am+s>n  =  Am>n;    Am>n+3  =  Amin.      For   the   coefficients   of    the    indefinite 
function,  the  suffixes  are 

00,     01,     02, 

10,     11,     12, 
20,     21,     22. 
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that    is, 


And  if  we  suppose  /u,  =  0,  v=l,  then  the  new  condition  is  A_m,t_n_1  =  Am>n,  viz. 
writing  down  only  the  suffixes,  we  thus  obtain 

2f\ t)  ^ 

,      \J  —  ~~  — ,      —  J. , 

2,     l  =  -2,     -2, 
2,     2  =  -  2,     -  3, 

2,  0  =  1,  2, 
2,  1  =  1,  1, 
2,  2=1,  0, 

viz.  one  of  these  equations  0,  1  =  0,  1  is  an  identity,  but  the  other  equations  occur 
each  twice ;  or  we  have  four  equations,  each  of  them  an  equality  between  two  out  of 
the  remaining  8  coefficients;  the  number  of  arbitrary  coefficients  is  thus  1  +£(9  —  1),  =5 ; 
and  so  in  general  the  number  is 


o, 

0  = 

o, 

- 

1 

1, 

0 

=  - 

-1, 

— 

1 

o, 

1  = 

o, 

- 

2 

1, 

1 

=  - 

-i, 

— 

2 

o, 

2  = 

o, 

-3 

1, 

2 

=  - 

-i. 

— 

3 

o, 

0 

=  0 

,     2 

1 

f 

0 

=  2, 

2 

o, 

1 

=  0 

,     1 

1 

i 

1 

=  2, 

1 

o, 

2 

=  0 

,   o 

1 

, 

2 

=  2, 

0 

9.  When  K  is  even,  it  is  necessary  to  distinguish  between  the  case  (p,  v)  =  (0,  0) 
and  the  remaining  three  cases  (JJL,  v)  =  (l,  0),  (0,  1)  or  (1,  1).  In  the  former  case,  the 
relation  between  the  coefficients  is  A_mt  -n  =  Am>  n  ;  there  are  four  identities,  0,  0  =  0,  0  ; 
0,  %K  =  0,  \K\  \K,  §=\K,  0;  \K,  \K  =  \K,  \K\  and  the  remaining  K2  -  4  equations 
occur  each  twice,  that  is,  we  have  \  (K2  —  4)  equations,  each  of  them  an  equality 
between  two  of  the  remaining  K2  —  4  coefficients  ;  the  number  of  arbitrary  coefficients 
is  thus  4 


In  the  latter  case,  there  are  no  identities  and  the  K2  equations  occur  each  twice, 
that  is,  we  have  \K-  equations,  each  of  them  an  equality  between  two  of  the  K2 
coefficients  ;  and  we  thus  have  \  K2  arbitrary  coefficients. 

10.  Recapitulating,  it  thus  appears  that 

for  an  indefinite  function,  the  number  of  coefficients  =  K2  ; 
for  a  definite  function,  the  number  =^(K*+1),  K  odd; 

=  ^K2,   K  even,  and 
(/*,  „)  =  (!,  0),  (0,  1)  or  (1,  1); 
=  \  (K2  +  4),  K  even,  and 
(/*,  *)  =  (<),  0). 

The  Theta-f  unctions, 

11.  In   the    particular   case    K—\,  the    distinction    between    the    indefinite    function 
and    the    definite    function    disappears,    and    we    have    instead    of    II  (x,    y),    the    theta- 
functions  ©(#,  y),  satisfying  the  four  equations 

0(0+1,  y)          =(-y®(x,  y\ 
®(ar,  y+1)          =(-)"©<>,  y\ 
®(as  +  A,  y+#)  =(-)«©  (a?,  y}  exp.  -ijr(2x+  A), 
0  (x  +  H,  y  +  B)  =  (-)»•  8  (x,  y}  exp.  -  iir  (2y  +  B), 
C.   XII.  46 
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and  the  fifth  equation 

©(-#,  -y)         =  (-yi+"-®(x,  y); 
as  before,  pq  +  vr  is  the  index  of  the  function. 

The  four  equations  are  all  of  them  included  in  the  following  one: 
®  (x  +  a0  +  Aa,  +  Ha3,   y  +  a,+  Ha.  +  J?a3)  =  (-y^+^+yh+ra,  @  (^  y) 

x  exp.  —  i-jr  {2a2#  +  2a32/  +  (J.,  H,  J3][a2,  a3)2}, 

where  a0,  c^,  a2,  a3  are  each  of  them  any  positive  or  negative  integer,  zero  not  excluded. 
Moreover,  we  take  A0t  „  =  1,  and  the  value  of  the  function  thus  is 
©  (x,  y)  =  2  (-)™i+nr  exp.  OTT  {(2m  +  /*)#  +  (2n  +  i>)  y  +  \(A,  H, 


12.     The   sum   of    two   characteristics   is   the   characteristic    obtained   by   taking   the 
sums  of  the  component  terms  or  characters, 

v\  +  />'>  v'\  _/>  +  /*'»  v+  v'\  . 
q,  r)      \q',  r)      \q  +  q',  r+r'J'' 

and   similarly   for   any   number   of  characteristics.     I   use   the  sign    =  ,  but  this   properly 
denotes  a  congruence,  mod.  2  ;   and  the  like  as  regards  the  indices. 

The   sum   of  two   identical  characteristics,  or   generally  of  any  number  of  character 

istics  taken  each  of  them  any  even  number  of  times,  is  =  f    '     j  .     And  this  characteristic 

\\j,  i// 

0, 


,  may  be  called  the  characteristic  0. 

v,    U/ 

It   should   be   observed,   that   the   index    of    the    sum    is    not    in    general    equal    to 
the  sum  of  the  indices.     To  make  it  so,  we  must  have,  for  two  characteristics, 

(/*  +  //)  (q  +  q')  +  (v  +  v'}  (r  +  r')  =  /j.q  +  vr+  p'q  +  vV, 
that   is, 

vr'  +  V'T  ~  Q  > 


a,nd  there  is  obviously  a  like  formula  for  the  case  of  more  than  two  characteristics. 

Two  or  more  characteristics,  such  that  they  have  the  sum  of  the  indices  equal  to 
the  index  of  the  sum,  are  said  to  be  "  in  direct  relation  "  or  "  directly  related  "  to 
each  other.  The  sum  of  the  indices  and  the  index  of  the  sum  may  differ  by  unity 
and  we  then  have  the  inverse  relation  ;  but  I  do  not  propose  to  consider  this. 

13.  Consider  any  number  K  of  theta-functions,  of  the  same  arguments  and 
parameters,  but  with  the  same  or  different  characteristics.  The  product  of  these 
functions  is  in  general  a  function  II  (x,  y)  [K  indef.},  having  a  characteristic  which  is 
=  the  sum  of  the  characteristics  of  the  theta-functions.  In  fact,  from  the  four 
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equations  of  the  theta-functions,  we  at  once  obtain  for  their  products  II  (x,  y)  the 
four  equations 

n(*+l,y)  =  (-y*U(x,y), 

II(*,  y+l)  =  (-)2"  U(x,  y\ 

U(x+A,  y  +  H)  =  (-)2?  II  (x,  y}  exp.  -  i-n-K  (2a?  +  A), 

n  (x  +  H,  y  +  B)  =  C-)^  n  (x,  y)  exp.  -  iirK (2ij  +  B), 

which  proves  the  theorem. 

14.  But  if  the  indices  are  in  direct  relation  to  each  other,  then  we  have  further 

n  (-  x,  -  y)         =  (-)**<***•  n  (x,  y\ 
and  the  product  is  thus  a  function  II  (x,  y}  [K,  def.}. 

15.  Take   the   square    of  a   theta-function,  the   characteristic   is   =('     J    or   0,  and 
we   have   also   twice   the   index    =  0 ;    viz.    the   theta-function    is    in   direct   relation   with 

itself.     Hence  the   squared   function   is   a   function    II  (   '  ft)(«,  y)  {2,  def.},   and   as    such 

\u,  uy 

it  contains  linearly  £  (22  +4),  =4  arbitrary  constants.  Hence,  taking  any  five  squares, 
since  each  of  them  is  a  function  of  the  form  in  question,  it  follows  that  the  squares 
of  the  5  theta-functions  are  connected  by  a  linear  relation. 

Gopel's  relation  between  4  theta-functions. 

16.  We   may   in    a    variety   of    ways    (in    fact,   in    60    ways,   as    will    presently   be 
shown)   select   four   theta-functions,   all   of    them    even,    or   else    two    of    them   even   and 
two   odd   (that   is,   having   the   sum   of    their   indices   =0),   such   that   the   sum   of  their 
characteristics  is  =  0 ;   for  instance,  the  functions  may  be 

p,  _  (0,  0\       p//  _  /O,  0\  _  /I,  1\       „„  _  /I,  1\ 

"U  J'    p  -(o,  oj'   8  -(o,  i)>         UoJ' 

indices 

0      ,  0      ,  1      ,  1      . 

The   functions   are   thus   in    direct   relation,   and   the   product   of    the    four   functions 
is   a    function    II  f    '     J  {4,  def.}.      But    obviously   any   one    of    the    functions    taken   four 

times,  or  any  two  of  them  taken  each  twice,  are  in  like  manner  four  functions 
in  direct  relation,  or  the  fourth  powers  P'4,  P"4,  $'4,  $"4,  and  the  squared  products 
P'lP"2,  S'*S"*,  P'°-S'2,  P'-S"\  P"*S">,  P"2S"2,  are  in  like  manner  each  of  them  a  function 

II '.(      A)  H>  def.},  viz.    we   have   thus   in   all   1+4  +  6,  =11   such  functions.     But  the  II 

function  contains  only  |  (42  +  4),  =  10  arbitrary  constants ;  hence  there  must  be  a  linear 
relation  between  the  11  powers  and  products,  and  this  is  Gopel's  relation. 

46—2 
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17.     Starting    with    any   two   characteristics    a,   b  at    pleasure,   the   remaining  charac 
teristics  form  seven  pairs,  such  that 


but  among  the  seven  pairs  we  have  only  three,  suppose  c  +  d,  e  +f,  g  +  h,  which  are 
such  that  (a,  6,  c,  d),  (a,  b,  e,  f),  (a,  b,  g,  h)  are  each  of  them  either  all  even  or 
else  two  even  and  two  odd  ;  that  is,  starting  with  any  pair  (a,  b),  we  have  these 
three  tetrads  having  each  of  them  the  required  property.  The  number  of  pairs  (a,  b) 
is  £16.15,  =120;  and  we  thence  derive  120x3,  =360  tetrads;  but  each  such  tetrad 
is  of  course  derivable  from  any  one  of  the  six  pairs  contained  in  it;  or  the  number 
of  distinct  tetrads  is  £360,  =  60,  viz.  we  have,  as  mentioned  above,  60  Gopel-tetrads. 


The  four  functions  no,  ITj,  TT2,  II3. 

18.  We  consider  four  theta-functions  00,  0lt  #._,,  03,  which  are  such  that  to  the 
modulus  2,  the  sum  of  the  characters  is  =  0,  and  also  the  sum  of  the  indices  is 
=  0 ;  taking  the  characters  to  be 


i,  v\        ///,  iA        ///,",  v"\        /p'",  v'"\ 
?,  rj  '     (qf,    r'J  '     (q",  r")  '     (q'",  r'")  ' 


and  writing  throughout  =  for  =  (mod.   2),  we  have 

ft  +  fJL    +  //'  +  //"  =  0, 

v  +  v  +  v"  +  v"  =  0, 
q+q'  +q"  +  q'"  =  0, 
r  +  r'  +  r"  +  r"  =  0, 
fj,'q  +  v'r'  +  fjf'q"  +  v"r"  +  pfq'"  +  v'"r"  =  0. 


Writing  for  shortness  (01  )  =  pq  +  p'q  +  vr  +  v  'r,  and  so  in  other  cases;  and  further 
(01)  +(02)  +  (12)  =  (012),  &c.,  then  substituting  for  p"  ,  v",  q'",  r'"  their  values  from 
the  first  four  equations,  we  deduce  (012)  =  0;  and  similarly  (013)  =  0,  (023)  =  0, 
(123)  =  0. 


19.     Consider    now    a    product    Q*6-f6<?6*,   where    a  +  b+c  +  d    is   =   a    given    odd 
number  k;   the  characteristic  is 

+  /i'b  +  p'c  +  fM'"d,     va  +  z/b  +  z/'c  +  i/' 
,  +  g'b  +  q"c  +  q'"6,     ra  +  r'b  +  r"c  +  r' 

and  it  hence  follows  that  the  index  is 

=  a  (fig  +  Vr}  +  b  (p'q'  +  v'r'}  +  c  (n"q"  +  v"r"}  +  d  (fi'"qm  +  v'"r'"}. 


In   fact,   forming    the    index    in    question,   we    have    first   terms    in    a2,   b2,    c2,   d2,   which 
upon    writing    therein    a,   b,   c,   d    for    these    values    respectively    (a2  =  a,  &c.)    give    the 
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required    value ;    we    have    therefore    only    to    show    that    the    sum    of    the    remaining 
terms  in  ab,  &c.,  is  =  0.     These  terms  are 

ab  (01)  +  ac  (02)  +  ad  (03)  +  be  (12)  +  bd  (13)  +  cd  (23), 

and    writing    herein    a  +  b  +  c  +  d  =  l,    and    thence    ad  =  a  (1  —  a  —  b  —  c),   =  ab  +  ac,    and 
similarly  bd  =  ab  +  be,  cd  =  ac  +  be,  the  terms  in  question  become 

=  ab  (013)  +  ac  (023)  +  be  (123), 
that  is,  they  become  =  0. 

20.     We    thus   see   that   the   function    0*01b0.,c0.f   has   an    index    which   is 
=  a  ind  00  +  b  ind  6l  +  c  ind  02  +  d  ind  0:!. 

Consider    separately   four    products    OfOfOfO^,   in    which    the    exponents    a,   b,   c,   d 
satisfy  successively  the  relations  (always  to  modulus  2) 

b  +  d  =  0,  c  +  d  =  0, 

b  +  d  =  1,  c  +  d  =  0, 

b  +  d  =  0,  c  +  d  =  1, 

b  +  d  =  1,  c  +  d  =  1. 

Combining  herewith  the  relation  a  +  b  +  c  +  d  =  l,  it  follows  that  the  exponents  a,  b,  c,  d 
are 

=  d  +  1,        d    ,        d    ,        d    , 

d    ,     d  +  1,        d    ,        d    , 
d    ,        d    ,     d  +  1,        d     , 
d    ,        d    ,        d    ,     d  +  1, 
in  the  four  cases  respectively.    Then  substituting  these  values,  the  characteristics  become 


//  // 


///  /// 


/Jb  ,        V 

q',    r' 

viz.   the    four   products   have   the   same   characters   as    00,  6l,  #,,  03   respectively;    and   in 
like  manner  recollecting  that 

ind  00  +  ind  0X  +  ind  6,  +  ind  03  =  0, 
we  see  that  the  four  products  have  the  same  indices  as  00,  Blt  0.,,  03  respectively. 

More    generally    write  II0,    ni}    II2,    II3  =  ?,B*B?6.?03A,    where    for    the    four    cases 

respectively   the   exponents  a,   b,    c,   d   satisfy   the    conditions    already  referred   to;    then 

no,    Hi,   H2,   US   have   the  same   characteristics,   and   the   same   indices,  as   00,  0lt   0n,  0S 
respectively. 


21.     It   can   be   shown    that   each    of  the    functions    II    contains  £(&2+l)   constants. 
It  will  be  recollected  that  we  have  between  00,  0lt  0,,  0,  an  equation  of  the  form 
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this  serves  to  express,  say  #34,  in  lower  powers  of  03;  and  by  successive  applications 
of  this  equation,  we  can  reduce  2#0a#1b0,c#3d  to  a  form  in  which  d  has  only  one  of 
the  values  0,  1,  2  or  3  ;  we  do  not  by  this  transformation  alter  the  suffix  of  II, 
viz.  a  term  originally  of  the  form  II0,  IIj,  II2  or  II3,  will  by  the  transformation  give 
rise  only  to  terms  which  are  of  the  same  form  II0,  Hlt  Ilj,  Ilg  (as  the  case  may  be). 
The  number  of  constants  in  no  is  thus 

=  number  of  partitions  of  k  into  four  parts  a,  b,  c,  d, 

under  the  conditions 

d  =  0  or  2  ;   a  odd  ,  b,  c  each  even, 

d  =  1  or  3 ;   a  even,  b,  c  each  odd, 

where,  in  reckoning  the  partitions,  the  order  of  the  parts  is  taken  into  account :  the 
partitions  are  thus  as  follows 

d  =  0,  (a  -  1)  +       b       +       c       =  k  -  1, 

d  =  1,  a       +  (b  -  1)  +  (c  -  1)  =  k  -  3, 

d  =  2,  (a  -  1)  +       b       +       c       =k-3, 

d  =  3,  a       +  (b  -  1)  +  (c  -  1)  =  k  -  5, 

where  the  parts  a  or  (a— 1),  b  or  (b— 1),  c  or  (c  — 1),  as  the  case  may  be,  are  all 
of  them  even;  hence,  writing  k'=^(k  —  1),  the  cases  are 

a'  +  b'  +  c'  =  k',  k'  —  1,  k'  —  1,  or  k'  —  2, 

where  the  a',  b',  c'  are  odd  or  even  (zero  not  excluded)  at  pleasure ;  as  already 
mentioned,  the  order  of  the  parts  is  taken  into  account :  thus  the  particulars  of  3 
would  be 

300,     210,     120,     030,     No.  is  10,  =£4 . 5. 

201,     111,     021, 

102,     012, 

033. 

Hence,  in  the  four  cases  respectively,  the  numbers  are 

i  (  tf*  +  W  +  2), 

*  ( #a  +  n 

\  (  k'2  +    k'), 

H  £'2  -    k'}, 
giving  a  total 

=  £  (4A/2  +  4>k'  +  2),  =  i  {(2kf  +  I)2  +  1}, 

that  is,  =  |-(&2  +  l).  And  similarly  the  number  is  =  |-(&2+l)  in  the  other  three  cases 
respectively. 
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PREPARATION  FOR  THE  TRANSFORMATION.     Art.  Nos.  22  to  44  (several  sub-headings). 

The  Hermitian  quartic  matrix. 
22.     Observing  that,  for  the  adopted  form  of  the  II-  or  ©-functions,  the  periods 

&>0,  v0  are    1,    0, 
a>i,  fi  0,    1, 

C02,    fa  A>   H, 

6t)3,    V3  J2,    JO, 

so  that  we  have 

we  have  to  consider  the  automorphic  transformation  of  the  bilinear  form 


23.     We  write 


(&>0, 


(t/o,  fl5  f,,  f3)  =  (  oo,    a,,    a,,    a,  JT,,  Tu  T§,  T,), 


and  the  coefficients  are  assumed  to  be  such  that  we  have  identically 

&>0Uj  —  a).2f0  +  G>if3  —  f^3vl  =  k  (O0T2  —  n2T0  +  HjTg  —  HgTj), 

where    k    is    in    the    sequel    taken    to    be    a    positive    integer.      We    obtain    by    direct 
substitution  the  value  of  <w0u,  —  <u2f0  +  &)if3  —  w3fi  in  the  following  form: 


a.2c0  -  c2a0  +  b.,d0  - 


—  coas  + 


<*3cs  —  csas  + 
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viz.  equating  this  to  its  value  fc  (fl,T§  —  fl>T»  +  fljT,  —  fl, T,)^  we  have  4  identities  and 
12  equations  which  are,  in  fact,  6  equations  occurring  each  twice.  We  have  thus  six 
equations,  which  are  the  conditions  in  order  that  the  matrix  may  be  the  matrix  of 
automorphic  transformation  of  the  bilinear  form  o>0i/2  —  a>2i/0  +  &>iU3—  o)3v1.  The  six 
equations  may  be  written 

(ac  +  bd)ol  =  0, 

(ac  +  &rf)o2  =  k, 
(ac  +  bd)03  =  0, 
(ac  +  bd)12  =  0, 
(ac  +  bd)l3  =  k, 
(ac  +  bd).23  =  0, 

viz.  the  first  of  these  equations  is  a0c1  —  a1c0  +  b0dl  —  b1d0  =  0,  and  so  in  other  cases. 
It  is  convenient  to  remark  that  each  interchange  of  two  letters  a  and  c,  b  and  d, 
also  interchange  of  the  suffixes  0  and  2,  produces  a  change  of  sign ;  thus  the  second 
equation  may  be  written  (ca  +  db)^  =  —  k,  or  (ca+  db).x  =  k. 

24.     The  inverse  matrix  is  found  to  be 


(    OQ, 


a.2,     a3 


b0,     blt     b,, 


d,,    d,,     d3 


d.2,  -a.2}  -  b2  ); 

d3,  -  a3,  -  b3 

(*0,  tt0)                    UQ 

—  d1}  al}         6X 


and  the  determinant  of  each  of  the  matrices  in  this  formula  is  =  k2. 
We  have  thus 

fi1}  H2,  fl.,)  =  (       ca,         rf2,     -  a2,     —  62  $.&>0,  coj, 


cl5     —dlt        a1}        6 
and  the  like  formula  for  the  T,  v.     Substituting  these  values  in  the  equation 
A;(r20T2  —  fl2T0  +  fijTg  —  n3T1)=  co0v.2—  «o2v0  +  toj^  —  cogi/!, 

we   obtain    6    new    equations,    which    are    in    a    different    form    the    conditions    for    the 
automorphic  transformation. 

The  6  new  equations  may  be  written 

(02  +  13)c,  =  0, 
(02  +  13)ac  =  k, 
(02  +  13)*  =  0, 


viz.  these  equations  are 


(02  +  13)M  =  k, 
(02  +  13)^=0, 


—  c3c?!  =  0,  &c. 
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25.     It   is   worth   while   to   show   how   the    foregoing  formula  for  the  inverse  matrix 
comes  out.     Take  for  instance  the  diagonal   minor 

bi,     b,,     b3 

C\  j       C%  3       C$ 

di,    d.,,     d3 
this  is 

—  f\    (fij\  i      _,l-.  f*    i // /i  i        I     f* 

—  t^i  \^*-'/'2o     i^  ^2  V^^/Sl     i^  ^3 

which  is 

=  G!  (ac)23  +  c2  {^  +  («c)31}  +  c3  (ac)i2, 


since  the   remaining  terms  destroy  each  other.     And  dividing  by  the  determinant,  which 
is  =  k2,  we  have  the  term  c2  •+•  k  of  the  inverse  matrix. 

The  Symmetrical  Hermitian  Matrix. 

26.     We  may  consider  a  symmetrical  Hermitian  matrix,  say  the  matrix 

(21,    £,     ©,    8     ), 

®,    8,    S,    91 
8  ,    9Jt,    91,    2) 


viz.  we  have 


216  -  ®3    + 


=  </>, 


+  ^  -  338  =0, 
2191-8®  +  £2)  -  8931  =  0, 
6£  -  g®  +  3391  -  «SWg  =  0, 


The   characteristic   property   is   that,  effecting   a   Hermitian   transformation,  we   have 
a  new  symmetrical  Hermitian  matrix 


(21, 


,     8 


©,    5,    6,    9? 
8  ,    3R,    9t,    2) 


£',    33',    87,    931' 
8',    93?',    9r,    2)' 


c.  xii. 
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In  fact,  the  new  matrix  is 

I     •  •  •  J  •  I     fl0 ,         OQ,        GO,        d(>     )     \ vl   •  •  • )  ^     do t         ("i )  do  j         U 

b0,     63 ,  b.2 ,     b 

a?,    02,     c2,    a.,                   c0)    GJ  ,  c2 ,    c 

d0,     di,  d%,    d 

where   the   first   factor,  qua   transposed   matrix,   is    Hermitian.  Hence   the   product   is   a 
symmetrical  &2<£  matrix. 

27.     Write 

A0=#02-,lOJB0-(772-a/3),   0  =  a/S-T,2, 


,    -7jB0  +0H0  Jar,  y,  z,  w)- 
,     —  ^Ho  +  «J50 


and  consider  the  following  matrix 


-r, 

a. 


—  r)A0  + 

+  aA0  - 


=  (p,  —  77,  a$x  +  AOZ  +  fioWiy  +  a-oZ -t x>0w)2  —  (772  —  a/3) (az-  +  fyz 

it   is   easily  sho\vn   that   this   is  a  symmetrical    ^-matrix.     In   fact,  representing  it   for  a 

moment  by 

(  21,    £,    ©,    2    ), 


D 


©,    8, 

8  ,    3R, 
so  that  2l  =  /3,  33  =  a,  £  =  —  17,  &c.,  we  have 

Sl(S  -  ®2  +  ^  -  £$  =  £  («A0  -  BA0)  -  (-  T? 

-  17  (- 
which  is 

=  a/3A0  -  /88^1o  -  ^o2  +  2/3r)A0H0  -  j&A<?  +  r,BH0  -  r72A0  -  ^A0B0  +  rjaB.H,  +  rj{3A0H0-  a/ 
or,  for  the  two  terms  —  /38A0+  t]&HQ,  =(r)HQ  —  ftA^S,  substituting  the  value 


the  whole  is  found  to  be' 

=  (a/3  -^XAo-tfo  +  ^o),  that   is,   =  («£  -  tf-)2  =  #. 

And,  similarly,  JQ^l  —  S3  +  332)  -  S3J12  is  found   to   be    =#2;   and   the   remaining  four   com 
binations  of  terms  to  be  each  of  them  =  0  ;    the  matrix  is  thus  a  symmetrical  ^-matrix. 

28.     It  is  to  be  added  that  the  diagonal  minors  and  the  determinant 
21,    2133  -£2,    21236  +  &c.,    215363)  +  &c., 


have   respectively  the   values   @,  6,  a#2,  #4;    viz.   if  a,  /3,    6   are   positive,   then    these   are 
all  positive  ;    or  the  last-mentioned  quadric  function  is  a  definite  positive  form. 
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The  general  matrix  resumed  :   Arithmetical  theory. 

29.  The    matrix    containing,  as   before,  the   parameter  k,  may  be  called  a  ^-matrix  ; 
if  k  be  =  1,  it  is  a  unit-matrix.     From  the  fundamental  equation 

k  (noT2  —  floT0  +  HiTa  -  n3Tj)  =  6)0v2  —  co2v0  +  co^  —  G^, 

it  at  once  follows  that,  compounding  a  ^-matrix  with  a  ^'-matrix,  we  have  a  ^'-matrix  ; 
and  in  particular,  compounding  a  ^-matrix  with  a  unit-matrix,  we  have  a  ^-matrix. 

30.  The  symbols   a0,  a^   b0,   &c.,  and   k,  have   thus   far  been   arbitrary   magnitudes, 
but   we   now   take   them   to   be   integers  ;   and   we    consider   in  particular  the  case  where 
&  is   a   positive    odd    prime.     The    number    of    ^-matrices   is    of    course   infinite,   but   if 
we   regard    as    equivalent    any   two    such    matrices    which   are   derivable   one    from    the 
other  by  post-multiplication   by  a   unit-matrix   (viz.   U  being  a  unit-matrix,  the  matrices 
M   and   M  .  U  are   regarded   as   equivalent),   then   the   number   of   distinct   ^-matrices   is 
finite,  and  =  1  +  k  +  k2  +  k3. 

The  first  step  is  to  show  that  we  can  by  post-multiplication,  by  a  properly 
determined  unit-matrix,  reduce  the  ^-matrix  to  the  form 

(   OB,     aI}     02,     a3  ), 

0    ,         &!  ,         &s  ,         &3 

0  ,     0  ,     cg  ,     0 
0,    0,    da,    d3 

these   values   being   such   as    to  satisfy   identically   two   out    of    the   six    conditions  ;    the 
remaining  conditions  present  themselves  under  the  two  equivalent  forms 

a0c2  =  k,   bid3  =  k,   a062  +  a-J)3  —  a3&i  =  0,   a0d^  +  a^dz  =  0, 
and 

a0c2  =  &,   b1d3  =  k,   a^-f&idj  =  0,   —  a3c2  +  b2d3  —  b3d2  =  0. 

Hence  a0,  C2  =  1,  k,  or  k,  1;  and  blt  d3—l,  k,  or  k,  1;  so  that,  combining  these 
pairs  of  values,  we  have  four  different  types  of  matrix,  each  type  depending  on  the 
coefficients  a^,  d2,  a2,  b.2>  a3,  b3,  connected  together  by  two  equations.  But  the  forms  of 
the  same  type  are  not  distinct  from  each  other,  and  we  have  to  determine  for  each 
of  the  four  types  a  system  of  non-equivalent  forms  comprised  therein,  and  such  that 
from  these,  by  post-multiplication  by  a  unit-matrix  as  before,  the  other  forms  of  the 
type  can  be  obtained.  This  final  system  is:  — 


I. 


III. 


1, 

o, 

o, 

0 

> 

o, 

1, 

o, 

0 

o, 

o, 

k, 

0 

o, 

o, 

o, 

k 

*, 

*l 

i',     0 

o, 

1, 

1,     0 

o, 

o, 

i,   o 

o, 

o, 

— 

i,     k 

II. 


1, 

o, 


IV. 


0,     0, 
k,     0, 

0,     0, 

0,     0, 

o, 


*, 

o, 
o, 


k 

o, 


0,     0, 


&> 

1, 
o, 


0 
t 

0 

i 
» 
»* 

0 

1 
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where  i,  i',  i"  are  integers,  having  each  of  them  any  one  of  the  values  0,  1,  2,...,  k—l, 
viz.  there  are  in  the  four  types  1,  k,  k2,  If  forms  respectively,  and  the  number  of 
forms  is  thus  =  1  +  k  +  k'1  +  k?,  as  already  mentioned.  I  abstain  from  the  further  details 
of  the  proof. 

There  is  obviously  a  like  theory  for  which,  in  place  of  post-multiplication,  we  have 
pre-multiplication ;  viz.  here  the  matrices  M  and  U .  M  are  regarded  as  equivalent. 

31.  Any  two  ^-matrices  are  reducible  one  to  the  other  by  a  combined  pre-  and 
post-multiplication;  viz.  we  have  always  M'  =  U.M.U',  where  M,  M'  are  any  two 
^-matrices,  and  U,  U'  properly  determined  unit-matrices;  and  in  particular,  M'  being 
any  given  ^-matrix,  this  is  expressible  in  the  foregoing  form,  where  M  denotes  the 
principal  matrix 

(  1,     0,     0,     0  ). 

0,  1,  0,  0 
0,  0,  k,  0 
0,  0,  0,  k 


Congruence  theorems,  k  an  odd  number. 

32.     Taking   k   an    odd  number,  and   using  throughout  =  instead   of  =  (mod.  2),  we 
have  the  following  congruences  : 


or,  conversely, 


d0, 


C2, 

~~  £o> 
-Cj,      - 


&2,     b3 

C2  ,      C3 

d2,     ds 


61 


where   observe   that   on   the   right-hand   side   the   signs   —   may  be   changed   into   +;   in 
fact,  to  the  modulus  2,  we  have  for  any  integer  value  whatever  —  p  =  +p. 


33.     The  first  congruence  is 
=  a0  (a2c2  + 


a.2  (a0c0 


^),  say  X  =  Y, 
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and  to   verify  this,  I    see   no   other   method   than   that   of  considering   separately  all  the 
combinations  of  even  and  odd  values  of  «„,  a1,  a2,  a3  ;   viz.  we  have  the  16  cases 


Case 

«o,       4,        4,        a, 

x, 

F 

1 

0 

0 

0 

0       does 

not  exist 

2 

0 

0 

0 

1          0 

0 

3 

0 

0 

1 

0          0 

0 

4 

0 

0 

1 

1 

I 

1 

5 

0 

1 

0 

0         0 

0 

6 

0 

1 

0 

1 

0 

0 

7 

0 

1 

1 

0 

0 

0 

8 

0 

1 

1 

1 

1 

1 

9 

1 

0 

0 

0 

0 

0 

10 

1 

0 

0 

1 

0 

0 

11 

1 

0 

1 

0 

0 

0 

12 

1 

0 

1 

1 

1 

1 

13 

1 

1 

0 

0 

1 

1 

14 

1 

1 

0 

1 

1 

1 

15 

1 

1 

1 

0 

1 

1 

16 

1 

1 

1 

1 

0 

0 

viz.   the   X   column  gives   in  each   case   the   value   of  X,  =  a0a2  +  a1a3,  and   then   it   has 
to  be  shown  that  Y  has  the  same  value.     The  coefficients  satisfy  the  conditions 


«0c2  —  a2c0 
b0d.2  —  b.2dQ 


—  62c0 


=  0, 

=  0, 
=  0, 
=  0, 


so  that  from  the  first  equation  we  cannot  have  a0,  al}  a2,  a3  each  =  0,  or  the  first 
case  does  not  exist.  As  to  the  remaining  cases,  it  is  easy  to  see  that  they  group 
themselves  as  follows:  2,  3,  5,  9:  4,  13  :  6,  7,  10,  11:  8,  12,  14,  15:  16:  the  proof 
being  substantially  the  same  for  the  several  cases  in  the  same  group. 
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34.  Case   2.     We  have  Y=bld1  which  should  be  =0,  and  in  fact,  the  six  equations 
give  6j  =  0,  dl  =  0,  whence   Y  =  0. 

Case  4.  We  have  Y=  d  +  cs  +  b1d1  +  bsd3  which  should  =1,  and  in  fact,  the  six 
equations  give  cs-Ci=l,  63-^  =  0,  ds  -  dl  =  0  ;  whence  d  +  <*=!,  bld1  +  bsd3  =  0,  and 
therefore  Y=  1. 

Case  6.  Here  Y=b0d0  +  bldl  which  should  =0;  and  in  fact,  the  six  equations 
give  &0  +  &!  =  0,  d0  +  d^  =  0,  whence  Y  =  0. 

Case  16.  Here  Y=  c0  +  d  +  c2  +  c3  +  Mo  +  Mi  +  M2  +  Ms,  which  should  be  =  0  ; 
the  six  equations  give 

-  c0  -  d  +  c2  +  c3  =  1,   -  b0  -  &!  +  6.2  +  &3  =  0, 

—  c?0  —  rfi  +  d2  +  d3  =  0,   and   M2  —  &2c?o  +  &i^3  —  63c?i  =  1. 
Writing 

b0  +  b2  =  &!  +  63   and  ^  +  ^2  =  ^  +  ^3, 
we  find 

b0d0  +  M2  +  b0d2  +  b.2d0  =  b^  -f  bsd-A  +  b^  +  b3dlf 
that  is, 

b0d0  +  M!  +  62^2  +  ^3^3  =  M2  +  &2^0  +  ^1^3  +  &3^  ,  =  1  ; 
and  C0  +  c1  +  c2+  c3=  1,  whence   F=0. 

35.  Case  8.     This  is  the  only  case  of  any  difficulty  :   we  have 


which  should  be  =  1.     The  six  equations  give 


or,  say 

C0  =  -l-c1  +  c3,   60  =  -&i  +  &3,   ^0=- 

or,  substituting  these  values  and  omitting  even  terms 

F=  d  +  c3  -  Ms  -  Mi- 
The  remaining  three  of  the  six  equations  are 

M2  -  Mo  +  M3  -  Mi  =  1,   M2  -  ^2^0  +  M3  -  M!  =  0,   c^d-t  -  c2dQ  +  dds-  csc?i  =  0  ; 
or,  substituting  for  b0,  c0,  d0  their  values,  these  become 

(1+  C,  -  C,)  62  +  (63  -  61)  C2  =      -  M,  +  6a  Cx  , 

(di  -  d3)  b2  +  (b3  -  6j)  ds  =  1  -  Ms  +  Mi, 

(c?a  -  d3)  c2  +  (-  1  -  d  +  Cg)  c?2  =     -  dd3  +  c^  ; 

we  can  from  these  equations  eliminate  62,  c2,  ^2;   viz.  from  the   first  and  third  equations 
eliminating  c2,  we  have 

^)  62  +  (6X  -  6,)  c?2}  =  (c?3  -  rfj)  (-  Ms  +  68  d)  +  (bs  -  6j)  (-  M3  +  csdi), 
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and  this,  by  means  of  the  second  equation,  becomes 

(1  +  d  -  c:1)  (-  1  +  Ma  -  MO  =  (da  -  d,)  (-  6^3  +  63Ci)  +  (63  -  6,)  (-  c,d,  +  c,di), 
viz.  reducing,  this  is 


-  d  +  c:!  -  1  +  Ms  -  63  d1  =  0  ; 
and  in  virtue  of  it  we  have  Y=cl  +  c3  —  Ms  —  fr^  =  1. 

It  can  be  further  shown  that,  to  the  modulus  2  (&  being,  as  before,  odd),  we  have 
(a0a.2  +  OjOs)  (c0c2  +  ^03)  +  (b0b2  +  b^)  (d0d2  +  d^)  =  0, 
(a0cfl  4-  Mo)  (a2c2+  M2)  +  («iCx  +  MO  (a3cs  +  Ms)  =  0. 
To  prove  the  first  equation,  write  for  a  moment 


X  =  (a0C!  -  ajCo)  (o^c3  -  a3c2),     Jf'  =  (Mi  -  Mo) 
then  in  virtue  of  the  equations 


we  have  X  =  X'.     But  we  have  identically 

ft  -  X  =  (a0C2  +  ttjCa)  (OaCo  + 

and  from  the  equation 

a0c2  —  a2 


that  is,  a2Co  +  a3c1  =  —  1  +  a0c2  +  «iC3,  we  have  fl  —  JT  =  0;  and  similarly  IV  —  ^'  =  0,  that 
is,  fl  —  fl'  =  X  —  ^T'  =  0  ;  we  have  thus  the  required  equation  H  +  fl'  =  0.  In  a  similar 
manner  the  second  equation  may  be  verified. 

36.     Write 

p  =  ju,a0  +  vol+  5«2  +  ras  +  a0a2  +  0^03, 

v  =  /i&0  +  i/fcj  +  g62  +  r63  +  b0b2  +  6j63  , 
q  =  pc0  +  vc1  +  <7C2  +  rc3  +  C0c2  +  c^a  , 
r'  =  /irf0  +  vdl  +  qdz  +  rd3  +  d0dy  +  d^. 

It  is  to  be  shown  that  to  the  modulus  2  we  have 

pq  +  v'r'  =  /j,q  +  vr. 

In   fact,    forming    the    value    of    p!q'  +  v'r',   we    have    first    a    constant    term    (term 
without  //.,  v,  q,  r)  which  vanishes  ;   next  writing  /t2  =  /i,  the  whole  term  in  ^  is 


CiCs)  +  b0  (d0dz  +  dM  +  c0  (a0a2  +  a^)  +  d0  (b0b.,  +  6t  63), 

which   also    vanishes  ;    and   similarly   the   terms   in   v,   q,  r   each   of  them    vanish  ;   there 
remain   only  the   terms   in   pv,   pq,   &c.     The   coefficient   of  nq   is   a0c»  +  a.jC0+  b0d.2  +  b.,d0, 
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which  (always  to  the  modulus  2)  is  =  a0c2  —  a.2c0  +  b0d.2—b.2d0,  that  is,  it  is  =1;  and 
similarly  the  coefficient  of  vr  is  =  1 ;  and  in  like  manner  the  coefficients  of  the  other 
terms  are  each  =  0 ;  we  have  thus  the  required  congruence  /jfq'  +  vr'  =  pq  +  vr. 

The  quintic  matrix. 

37.     I  consider  a  quintic  matrix  composed  of  the  foregoing  coefficients  (a,  b,  c,  d\  Zi  2, 3, 
viz.  the  matrix  contained  in  a  linear  transformation  which  I  write  as  follows: 


01     21     2.02     03     32 


(T,  P,  Q',  R,  S')  =  ab  I    . 
cb 
ac 
ad 
dc 


read 


*"~  A. 


(T,  P,  Q,  R,  S), 


T'  =  (ab)ol  T  +  (ab)2l  P  +  2  (ab)m  Q  +  (ab\3  R  +  (a6)32  S, 

where  as  before  (a&)0i  =  a^  —  a^,  &c.,  and  so  in  other  cases;  in  particular,  observe 
that,  in  the  expression  of  Q',  the  term  involving  Q  is  {—  k  +  2  (ac)^}  Q  which,  in  virtue 
of  the  relation  (ac  +  bd)^  —  k,  may  also  be  written  {(ac\2  —  (bd)^}  Q.  I  notice  that  in 
Hermite's  paper,  p.  366,  the  term  is  in  effect  written  without  the  —  k,  =2  (ac)^  Q : 
the  correction  of  this  erratum  and  of  a  corresponding  one,  p.  366,  is  made  p.  787  at 
the  conclusion  of  the  memoir. 

38.  The  matrix  is  automorphic  for  the  form  T2  —  PR  —  TS,  viz.  we  have  identically 

Q'2  _  P'  7?'  _  T'.Q'  —  Jf-  (Cft  —  P  7?      TR\ 
—  -L     -It    —  J.O    —  "^    \  <fc    —  -i   -ft  —  J.  O^. 

As    a    partial    verification,   consider    in    Q'-  —  PR  —  T'S'    the    term    containing    Q-.     The 

coefficient  of  Q-  is 

{-  k  +  2  (ac)02}2  -  4  (06)02  (ad\2  -  4  (ab)m  (dc)^, 

where  the  first  term  is 
Hence,  observing  that  we  have 

the  whole  coefficient  is  =  k2,  as  it  should  be ;  and  in  like  manner  the  verification  may 
be  effected  for  any  other  term. 

39.  We  require  the  following  formulae : 

(  -Co,  oo,  60  }(T',  F,  Q')  =  k(   .  ,  bl}  -  b0,    .  ,  -63  )(T,  P,  Q,  R,  S), 

-  Ci,  al5  61  .  ,   .  ,    615  —  b0,  —  b 

-  c.2,  a2,  b2  —&!,.,—  h>,  —  b3, 

_  />    /7    /)  7)    7)       A 

^3  >    ^3  >    V3  V0  3    ^2 )       V3  3       •  >        < 
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that  is, 

-  c0T  +  a0P'  +  b0Q'  =  k  (b,P  -  bnQ  -  b3S),  &c., 
arid 

(  -do,     oo,     60  )(T',  Q',  R)  =  k(        .,     -a,,         oo,      .,         a3  )(T,  P,  Q,  R,  8}. 


—  d2,     ctz,     bo 

—  d3,     a3,     b3 


.  ,     —  an     r/0,     — 
ttj.          .  ,         a,,     as, 
-  a0,     —  a2,     —  a:j,      .  , 


From  the  first  set,  multiplying  the  first,  third  and  fourth  equations  by  T,  P,  Q 
respectively  and  adding,  and  again  multiplying  the  second,  third  and  fourth  equations 
by  T,  Q,  R,  and  adding,  we  obtain 


-  (c0T 


c3Q)  T'  +  (aQT+a,P  +  a3Q)  P' 


b,P  +  b3Q)  Q'  =     kb3  (Q2  -PR-  TS), 
b2Q  +  b3R)  Q'  =  -  kb,  (Q2  -PR-TS); 

and  similarly,  from  the  second  set  of  equations,  we  obtain 

-  (d0T  +  d2P  +  d3Q)  T  +  (oo  T  +  a2P  +  a3Q)  Q'  +  (b0  T  +  b,P  +  b3Q)  R  =  -  ka3  (Q2  -  PR  -  TS), 
-(d\T+  d2Q  +  d3R)  T'+(a1T  +  a2Q  +  a3R)  Q'  +  (b,T  +  b.2Q  +  b3R)  R=     ka2(Q2-PR-  TS). 

40.     We  have  the  inverse  system 

dc     ad     %bd     cb     ab 

(T,  P,  Q,  R,  S)  =  32 (T7',  P',  Q',  R,  S'), 

03 

13      .       .       -k     . 

21 

01 


read 


T=  (dc)^  T'  +  (ad)3,  P'+2  (bd)3,  Q'  +  (cb)^  R  +  (ab)*  S' ; 


and  in  particular  observe  that,  in  the  expression  for  Q,  the  term  containing  Q'  is 
{-  k  +  2  (bd)13\  Q',  where,  in  virtue  of  (ac  +  bd\s  =  k,  the  coefficient  of  Q'  is  also 
-  (ac)13. 


41.     These  equations  give 

(  OQ,     a2,     a3  $r,  P,  Q)  =  k  (      d3,  .  ,  -  as,     -  bs, 

bo,     b2,     63  —  c3,  a3,         b3, 

co>     c2)     c3  .  ,  ds,  —  c3,         . ,         63 

a/0,    ct2)     ff>3  •  ,  • ,        d3,     —  c3,     —  ots 
C.    XII. 


,  P',  Q',  R,  S'), 
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and 

(  Oi,     «2,     a3QT,  Q,  R)  =  k(-d2,         .,        a2,     b2, 

c2,     —  «2,     —  b2,     .  , 


[848 


,      C2, 


C2, 


From  the  first  set  of  equations,  multiplying  the  first,  third  and  fourth  equations 
by  _£'f  -R'}  +Q'  respectively,  and  adding,  and  again  multiplying  the  second,  third 
and  fourth  equations  by  -  8',  Q',  -  P  respectively,  and  adding,  we  deduce 

T(-  a0S'  -  c0R  +  eW)  +  P  (-  a-2S'  -  c.2R  +  d.2Q') 

+  Q(-  as8'  -  c3R  +  d3Q')  =  -  kc3  (Q'2  -  PR  -  T'S'), 

T(-  b0S'  +  c0Q'  -  d0P)  +  P  (-  b2S'  +  c,Q'  -  d,P) 

+  Q(-  b3S'  +  c3Q'-  d3P')  =     kd3  ($*  -  PR  -  T'S')  • 

and  in  like  manner,  from  the  second  set  of  equations, 

T(-  0,8'  -  C.R  +  d1$)  +  Q(-  a.2S'  -  c,R  +  d,Q'} 

+  R(-  a3S'  -  c3R  +  d3Q')  =  -  kd,  (Q'2  -  PR  -  T'S'), 

T  (-  b,S'  +c1Q'-dlP)  +  Q  (-  b.2S'  +  c,Q'  -  d,P) 

+  R(-  b3S'  +  c3Q'  -  d3P)  =     kc2  (Q/2  -  PR'  -  T'S'). 

42.  Assume  that  T,  P,  Q,  R,  S  and  T',  P',  Q',  R,  8'  are  linearly  connected 
as  above ;  and  write 

T    :  P    :  Q    :  R    :  S  =1  :  A    :  H    :  B    :  H*  -   AB, 
T'  :  P'  :  Q'  :  R  :  8'  =  1  :  A'  :  H'  :  #  :  H'*-A'B', 

equations     which     establish    a    like     relation     between     1,     A,    H,    B,    H2  —  AB,    and 
1,   A',   H',   B',   H'Z  —  A'E.     Observe   that   these   forms   are   admissible   since,   if 


then  also 


T2  -PR  -  QS   =  0, 
Q'*-P'R-T'S'  =  0. 

The  quantities  A,  H,  B  were  taken  as  the  parameters  of  a  theta-function  ;   viz.  taking 

A,  H,  B  =  An+m,  H0+ir),  B0  +  i/3, 

then  (a,  77,  f3~§x,  y)2  must  be  a  positive  form  (or  what  is  the  same  thing,  a  and 
aft  —  if  must  be  positive).  If  A',  H',  B'  are  also  the  parameters  of  a  theta-function, 
then  writing 

A',  H',  R^A 


(a,  v)',  fi'\x,  yf  must  also  be  a  positive  form.  It  can  be  shown  that,  A',  H',  B' 
being  determined  as  above,  the  former  condition  implies  the  latter  one;  viz.  if  the 
form  (a,  77,  /3$#,  yf  be  positive,  then  also  the  form  (a',  T/»  /3'][#,  yf  will  be  positive. 
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Write 

A  =  A0  +  ia,     A!  =  A0'  +  m, 

B  =B0  +  ijB,    E1  =  B0'  +  i&, 
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A0  =  H02  -  AQBQ-  (T;2  -  a/3), 
8   =2H0<rj-B0a-A0/3, 

and  let  the  quintic  matrix  in  the  foregoing  transformation 

(T',  P',  Q',  R',  S')  =  (M^T,  P,  Q,  R,  S) 

be  represented  by 

t     p     q     r     s 


0 
1 
2 
3 

4 

43.     It  is  to  be  shown  that  a'a?  +  1-rjxy  +  /3'y2  is  definite  and  positive. 
We  require  a',  0',  77'  ';    we  have 


At  •     t  \  t'l  i     AM  i     Wl 

A  +*«=/.„    ? 


,  rlf 


'  PO  >   (?o  >   n  >   *o/  v 


and  thence 

Now 


a.  = 


M0N1-M1N0= 


(A00  -  B0a) 

(A08  -  A0a) 


(T*    o         fv*    o     i     |    /%     f\        _    /\      A\  I  * 
'0"i    —  '  i"0/    \J-'o<-'  ^"•r*/  ' 
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and   so   for   77',  /3'   with    only   the   change    of  £,,  ply   ql}  rl,  sl   into   £2,  p.2,  g,,   r2,   s2   and 

k 
tz,  PS,  (h,  7*3 >  #3  respectively  ;   we  find,  omitting  a  factor  -      throughout, 


a  = 


77  = 


a 

to 

-«*• 

a*, 

I 

60*, 

—  a0b0, 

«o2, 

B 

-(6A  +  6A), 

|  (a062  +  a260  +  dib3  +  a36] 

),     —  (a0a2  4-  a^s), 

A0r)  -  H0a 

-26,6,, 

aA  +  aA, 

-  2aia2, 

H0/3  -  Bnr) 

+  26063, 

—  (a063  +  a360), 

+  2a0a3, 

An/3  -  B0a 

606.2-  6,63, 

-  £  (a062  +  a.,b0  —  aj63  —  a36 

)y                         ^02   ^^    ^1^*3) 

A0B  -  A0a 

-622, 

a262, 

a  2 

H0B  —  AO?; 

-  26263, 

+  a263  -\-  a36.,, 

-  2a2a3, 

B0B   -A0# 

-to, 

('363, 

-  «32, 

a, 


and  hence 


D 

—    7^}  >A,  '/^"^O        I        >»•"•( 

-rjB0+l3H0,   -1 

The   right-hand  is   here   definite   and   positive  (supra   No.    28),  hence   also   the   left-hand 
is  definite  and  positive. 

44.     As  a  specimen  of  the  work,  observe  that  we  have 
t0pi  -  ttpo  =  (ab)Ql  (c6)21  -  (a6)21  (c6)01 

—  A    1 A    t  n  f*\       I    hi    i  ri  f*  \       I    A    /  fi  (*  \    ' 

—   "l    I'-'O  V^^/Sl   T^  U2  ^***'/H  T^  fj   VvU'l'yo2J 

=  6j  [—  60  (6rf)21  —  62  (bd) 


since    the    remaining    terms    destroy    each    other.      Dividing    by    D,   and   then   omitting 

k 
the  factor  ^  ,  we  have  thus  the  term  a6j2  in  the  foregoing  expression  for  a'. 

THE  TRANSFORMATION.    Art.  Nos.  45  to  53. 

45.  Consider  (a,  6,  c,  rf)0jli2,  3)  the  components  of  a  quartic  matrix  as  above,  and 
also  T,  P,  Q,  R,  S;  T',  P',  Q',  R',  8'  connected  as  already  mentioned;  and  write  for 
shortness 


b3y, 
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and  consider  the  function 

FI  (x,  y)  =  ©  (z0  +  Az.2  +  Hz3 ,  zl  +  Hz2  +  Bz3)  exp.  iir  { (z0z2  +  z1z3)  +  (A,  H, 

where  ©  denotes  the  function 

/..    ,.\ 

A,  H,  B). 


',  H',  B' 


\q, 
It  is  to  be  shown  that  II  is  a  function 


where   the   new   parameters   A',   H',   B'   are   given   in    terms   of  the   original   parameters 
A.  H,  B  by  the  equations 

1  :  A    :  H    :  B    :  H*  -AB   =T   :  P    :  Q    :  R    :  S, 
I  :  A'  :  H'  :  B'  :  H'*-  A'B'  =  T'  :  P'  :  Q'  :  R'  :  Sr, 
and  where  p,  v,  q',  r'  have  the  values 

fjf  =  fji,a0  +  i/ttj  +  qa.2  +  ra3  +  a0a2  -I-  Oi^s,       » 

r'  =  fj,d0  +  vdl  +  qd.2  +  rd3  +  d0d2  +  d^3 ; 

viz.   it   is   to  be  shown  that  the  function  II,  as  above  defined,  satisfies  the  fundamental 
equations 

n  (x  +  A',  y+  H'}  =  (-X  n  (x,  y)  exp.  -  Zvk  (2a?  +  A'), 

n  (x  +  H',  y  +  B')  =  (-YU  O,  y)  exp.  -  2irk  (2y  +  B'), 
and 

T  (r    <?/> 

1  \^>  y)' 


46.     It    is    proper    in    the    first    place    to    show    how    it    is    that    A',   H',   B'    are 
capable  of  being  the  parameters  of  the  new  function. 

Write  for  shortness 

X  =  z0  +  Az<2  +  Hz3, 

Y=z1  +  Hz2+  Bz3, 

and  suppose  a;  changed  into  x+l:  we  have  z0>  z1}  z2,  z3  increased  by  a0,  alt  az>  as 
respectively;  and  thence  X,  Y  increased  by  a0  +  Aa.2  +  Has,  a1  +  Ha2  +  Ba3;  the  theta- 
function  is  thus  changed  into 

®  (X  +  a0  +  Aa2  +  Has>     Y  +  ax  +  Ha2  +  Ba^), 

viz.  the  arguments  are  increased  by  multiples  of  the  quarter-periods  (1,  0,  A,  H)  and 
(0,  1,  H,  B). 
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And,  similarly,  by  the  change  of  y  into  y+1,  the  theta-function  is  changed  into 

@  (X  +  60  +  Ab2  +  Hb3,     Y+b,+  Hb,  +  Bba), 
or  the  arguments  are  increased  by  integer  multiples  of  the  quarter-periods. 

47.  But  suppose  next  that  x,  y  are  changed  into  x+A',  y  +  B':  we  have  z0,  z1}  z2,  Z3 

increased  by 

A'a0  +  H'b0,     Aa.  +  H'b,,     A'a2  +  H'b.2,     A'a3  +  H'b3, 
and  thence 

X  increased  by  A'  (a0  +  Aa2  +  Ha3)  +  H'  (b0  +  Ab,  +  Hb3),  =c0  +  Ac*  -I-  Hc3, 
Y          „         „     A'  (a,  +  Ha,  +  Ba3)  +  H'  (b,  +  Hb,  +  Bb3),  =  c,+  He,  +  Bc3, 

since  these  equalities  are  the  before-mentioned  equations 

P'  (TaQ  +  Pa2  +  Qa3)  +  Q'  (Tb0  +  Pb2  +  Qb3)  -  T'  (TcQ  +  Pc2  +  Qc3)  =  0, 
P'  (Ta,  +  Qa2  +  Ea3)  +  Q'  (Tb,  +  Qb,  +  Rb3)  -  T'  (Tc,  +  Qc2  +  Rc3)  =  0. 

It  thus  appears  that,  by  the   change   of  x,  y  into  x  +  A',   y  +  H' ,  the  theta-function 

is  changed  into 

0  (X  +  c0  +  Ac,  +  Hc3,     Y  +  d  +  He,  +  Bc3), 

viz.  we  have  again  the  arguments  increased  by  integer  multiples  of  the  quarter- 
periods  ;  and  in  like  manner,  by  the  change  of  x,  y  into  x  +  H',  y  +  B',  the  theta- 
function  is  changed  into 

©  (X  -f  d0  +  Ad,  +  Hd3,     Y+d,  +  Hd,  +  Bd3), 
or  the  arguments  are  again  increased  by  integer  multiples  of  the  quarter-periods. 

48.  We  have  to  complete  the  verifications,  first  for  the  equation 

n^  +  1,  y)  =  (-y'U(x,  y). 
Reverting  to  the  definition  of  FT,  we  have 

(-XII(tf  +  l,  y}  +  U(x,  y} 
=  (-)~^-va^-^-r^  exp.  -  ITT  {a002  +  a^s} ; 
®(X  +  a0  +  Aa.2  +  Ha3,   Y  +  a,  +  Ha.2  +  Ba3)  -=-  @  (X,  Y) 
=  exp.  ITT  [a0z2  +  a2z0  +  a^3  +  a^  +  a0a.2  +  a^}  x 
exp.  ITT  (2  (Aa2  +  Ha3)  z2  +  2  (Ha,  +  Ba3)  z3  +  (A,  H,  B)  (a,,  a3)2} ; 

the  second  line  of  this  is 

=  (_)M«o+^i+<?«2+™3  exp.  iir  {-  2a2X  -  2a3Y- (A,  H,  B)(a2,  as)2}, 

and  the  right-hand  side  of  the  equation  will  thus  be  =1  if  only  the  whole  argument 
of  the  exponential  be  =  0 ;  that  is,  omitting  the  terms  which  destroy  each  other 
and  the  common  factor  ITT,  if  only 

-2a2Z-2a3F 

+  a0z,  +  a,z0  +  a^a  +  a3zl 

+  2  (Aa,2  +  Ha3)  z,  +  2  (Ha.2  +  Ba3)  z3  =  0. 
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Substituting  herein  for  X,  Y  their  values 


the  equation  becomes 

a0z2  —  a2z0  +  a-iZ3  —  a3z:  =  0, 


and    finally    substituting    herein    for   z0,   z1}   zzt   zs   their    values,   the    coefficient   of   x   is 
identically  =  0,  and  the  coefficient  of  y  is 

aj)2  —  a2b0  +  a1b3  —  a3bl} 
which  is  (02  +  13)a&,  and  is  thus  =  0.     This  completes  the  proof  of  the  equation 

11(0+1,  y)  =  (-yn(x,  y); 
and  we  have  of  course  a  precisely  similar  proof  for  the  equation 

!!(*,  y+l)  =  (-/II(*,  y). 
49.     For    the    next    equation,    writing    for    shortness    a0,  o1(   a2,   as   for    A'a0  +  H'b0, 


'bz,   A'a3  +  H'b3,   so   that   ZQ)  z1}  z2,  z3   are   increased    by    GCO,  a1;  «2,  as 
respectively,  we  have 

K(x,  y} 


@  (X  +  c0  +  ^c2  +  ^Tc3;   7+  d  +  f?Ca  +  5c3)  -f-  ©  (a;,  y) 
=  exp.  i-jr  {«0^2  +  "s^o  +  ai^s  +  as^i  +  «0«2  +  aias]  x 

exp.  ZTT  {2  (Aa2  +  Ha3)  z2  +  2  (Ha2  +  Sa3)  z3  +  (^,  H,  B)  (a2,  a3)2}. 

The  second  line  is  here 


t-7r{_2c2Z-2c3F-(^,  H,  J9£c2,  c3)2}, 
and  the  whole  expression  should  be 

=  exp.  iir  {—  2kx  —  kA'}. 

Hence  bringing  these  terms  over  to  the  left-hand  side,  the  equation  will  be  satisfied 
if  only  the  whole  argument  of  the  exponential  be  =  0  ;  viz.  omitting  the  factor  ITT, 
the  equation  will  be  satisfied  if  only 


a^g  +  a3zl  +  a0a2  +  Zi^s  —C0c2—  c^ 
+  2  (A,  H,  £)(«2,  a3)(z2,  z3)  +  (A,  H,  5)  (a,,  «3)2 
-  2c2Z  -  2c3  Y  -(A,  H,  B)  (c2)  cs)2  +  k  (2x  +  A')  =  0. 

Substituting  here  for  X,  Y  their  values 

z0  +  Az2  +  Hz3,    z1  +  Hz2  +  Bz3, 
and  attending  to  the  values 

MO®  +  b0y,     a-^x  +  hy,     a2oc  +  b2y,     a3x  +  b3y 

of  z0  ,  zlt  z2,  z3)  the   equation   contains   a   term   in   x,  a  term  in  y,  and  a  constant  term  ; 
and  we  may  consider  these  terms  separately. 
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50.     The  term  in  x  will  vanish  if 

a2a0  +  a3«i  +  a^  +  2  (Aa2  +  Ha3)  a2  +  2  (Ha,  +  Ba3)  a3 


and  substituting  herein  for  «0,  alt  a.,,  a3  their  values 

A'a0  +  H'b0,     A'a.  +  H'b,,     A'a2+  H'b,,     A'a,  +  H'b3, 
the  equation  becomes 

A'  [2a0a2  +  2a1a3  +  2  (  Aa2  +  Ha3)  a2+2  (Ha2  +  Bas)  a3] 
+  H'  [a062  +  a260  +  a1b3  +  a3b1  +  2  (Aa.,  +  Ha3)  b.2  +  2  (Ha2  +  Ba3)  b3] 

-  2c,  (a0  +  Aa2  +  Ha3)  -  2c3  (al  +  Ha2  +  Ba3)  +  2k  =  0, 
or  observing  that  the  first  and  second  lines  may  be  expressed  in  the  form 

A'  [2a2  (a0  +  Aa2  +  Ha3)  +  2a3  (aa  +  Ha2  +  Ba3)] 
+  H'  [2b.2  (a0  +  Aa.  +  Ha3}  +  263  (a^  +  Ha2  +  Ba3)]  -  (a0b.2  -  a2b0  +  aa&3  -  a 


where   the   term    a0b.2  —  azb0  +  a^—  a3bl}   that   is,   (02  +  13)a6,   is    =0,   and   may   therefore 
be  omitted,  the  whole  equation,  omitting  the  factor  2,  which  divides  out,  is 

(A'  at  +  H'b,  -  c2)  (a0  +  Aa,  +  Hax)  +  (A'aa  +  H'b3  -  c3)  (aj  +  Ha2  +  Ba3)  +  k  =  0, 
an  equation  which,  in  the  form 

(-  c,T'  +  a2P'  +  b,Q')  (a0T+  a,P  +  a3Q)  +  (-  c3T'  +  a3P'  +  b3Q')  (a,  T  +  a2Q  +  a3R)  +  kTT  =  0, 
has  been  above  shown  to  be  true.     The  term  in  x  thus  vanishes. 

51.     The  term  in  y  will  vanish  if 

Oo&2  +  ot260  +  otj  b3  +  a3b,  +  2  (Aa^  +  Ha.,)  62  +  2  (Ha*.  +  Ba3)  bs 

-  2c.2  (60  +  Ab2  +  Hb3)  -  2c3  (b,  +  Hb,  +  Bb3)  =  0  ; 
and  this  is  in  a  similar  manner  reduced  to 

(A'az  +  H'b,  -  c2)  (60  +  Ab.2  +  Hb3)  +  (A'a3  +  H'b3  -  c,)  (6,  +  Hb2  +  Bb3)  =  0, 
an  equation  which,  in  the  form 


has  been  above  shown  to  be  true.     The  term  in  y  thus  vanishes. 

52.     It   only   remains   to   show   that   the   constant   term   also    vanishes,  viz.   that   we 
have 

,  H,  B)(a2>  «3)2 


-  c0c2  -  clcs-(A,  H,  B)  (c2,  c3)2  +  kA'  =  0. 
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Substituting  here  for  or0,  alt  <x2,  «3,  their  values 

=  A'a0  +  H'b0,     A'a.  +  H'b^     A'a2  +  H'b2,     A'a3  +  H'b3, 
the  equation  becomes 

A'2  (a0a2  +  a^j)  4-  A'H'  (a0b.2  +  a2b0  +  aA  +  «A)  +  H'2  (b0b2  +  b,b3) 
+     A[A'*a?   +  2A'H'a2b2  +  H'2bS  ] 

+  2H  [A'-a2a3  +   A'H'  (a2b3  +  0,6,)         +  H'2b2b3] 
+     B[A'2a32    +2A'H'a3b,  +  H'*b?  ] 

-  c0  c2  -  Ci  c3-(A,  H,  BQc2,  c3)2  +  kA'  =  0. 
This  may  be  written 

A'2  {a2  (OQ  +  Aa2  +  Ha3)  +  a3  (a^  +  Ha.,  +  Ba3)} 
+  A'H'  {b2  (ao  +  Aa2  +  Ha3)  +  bs  (^  +  Ha2  +  Ba3) 

+  a,  (b0  +  Ab,  +  ^63)  +  a3  (6,  +  Hba  +  Bb3)} 
+     H'2  162  (b0  +  Abz+  Hbs  )  +  b,  (b,  +  Hb2  +  Bb3)\ 

-  c.2  (c0  +  Ac2  +  Hc3)  -  c;j  (cj  +  Hc2  +  Bc3)  +  kA'  =  0. 
Writing  herein 

c0  +  Ac2  +  Hc3  =  (a0  +  Ao*  +  Ha3)  A'  +  (b0  +  Ab2  +  Hb3)  H', 
d  +  Hc2  +  Bc3  =  (a,  +  Ha2  +  Ba3  )  A'  +  (b,  +  Hb,  +  Bba  )  H', 
equations  which  are  true  in  virtue  of 


the  equation  becomes 

(a0  +  Aa2  +  Ha3)  A'  (A'a2  +  H'b2  -  c2) 
+  (d  +  Ha2  +  Ba3  )  A'  (A'a3  +  H'b3  -  cs) 
+  (b0  +Ab2+  Hb,)  H'  (A'a2  +  H'b2  -  c2) 

+  (b,  +  Hb2  +  Bb3)  H'  (A'a3  +  H'b3  -c3)  +  kA'  =  0, 
that  is, 

A'  [(oo  +  Aa2  +  Has)  (-  c2  +  A'a2  +  H'b2)  +  (ax  +  Ha2  +  Ba3)  (-  c:i  +  A'a3  +  H'b3)  +  k] 
+  H'  [(&„  +  Ab2  +  Hb,)  (-  c2  +  Aa2  +  H'b2)  +  (b,  +  Hb2  +  Bb3)  (-  c3  +  A'a3  +  H'b3)]  =  0  ; 
and  we  have  the  coefficients  of  A'  and  H'  each  =0,  in  virtue  of 

a3Q)  (-  czT  +  a2P'  +  b2Q')  +  (a,T+  a2Q  +  a3R)  (-  c3T'  +  a3P'  +  b3Q')  +  kTT'  =  U, 

b3Q)(-c2T'  +  a2P'+b2Q')  +  (blT  +  b2Q  +b3R)(-c3T'  +asP'  +  63Q/)  =0. 

c.  xii.  49 
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53.     This  completes  the  proof  of  the  equation 

n  (as  +  A',  y  +  H'}  =  (~X  U  (x,  y}  exp.  -  iirk  (2x  +  A')  ; 
the  proof  of  the  remaining  equation 

n  (as  +  H',  y  +  R)  =  (-)*  II  (x,  y)  exp.  -  iirk  (2y  +  B'), 
is  of  course  precisely  similar. 

It  has  already  been  seen  that  p'q'  +  v'r  =  fj,q  +  vr  ;    we  have 

®(-X,  -  F)  =  (-)*«+•*•  @  (X,  Y), 


and  thence 

U(-x,  -y)  =  (-y^U(x,  y), 
that   is, 

H(-x,  -y)  =  (-y*+>"fn(xi  y\ 


hich  is  the  last  of  the  equations  which  should  be  satisfied  by  the  function  II  (x,  y). 


RECAPITULATION,  AND  FINAL  FORM.    Art.  Nos.  54  to  58. 
54.     Recapitulating,  we  have  a  Hermitian  ^-matrix  (k  an  odd  prime) 

(  Oo,     a,,     02,     a3  ), 
b0,     b1}     bz,     b 

CQ  ,        GI  ,         Co  ,        G 

d0,    di,     dz,     d 

susceptible  of  (1  +  k  +  k2  +  k3)  forms;    further,  writing  for  shortness 

z0=a0z+  b0y, 


and  then 

and  assuming 

*>  V 


b2y, 
bsy, 


(X,  Y)(A,  H,  B)exp.i7r{(z0z2  +  z1z3)  +  (A,  H,  B)(z.2, 
j  »/ 

then  II  (x,  y)  satisfies  the  equations 

n(*+l,     y     )       =(-yK(xt  y), 

H(    x    ,  y+l)      =(-YTl(x,  y), 

Tl(x  +  A',  y  +  H')  =  (-)«'  n  (as,  y)  exp.  -  i-jrk  (2x  +  A'), 

H(a;  +  H',y  +  B')  =  (~Y  II  (x,  y)  exp.  -  iirk  (2y  +  .B7), 

nC-a;,  -y)  =(-y>WIl(x,  y), 
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and  it  is  consequently  a  function 


and  as  such,  contains  linearly  \  (&2  +  1 )  constants. 

55.  The   values   of  the   new   parameters   are   given   as  above,  viz.  T',  P',  Q',  R,  8r 
being   linear  functions   of  T,  P,  Q,  R,  S   (the    coefficients  in   these  relations  being  given 
functions  of  the  coefficients  (a,  b,  c,  d\  1)2)3  of  the  Hermitian  matrix),  then 

1  :  A    :  H   :  B   :  H2  -  AB   =  T   :  P    :  Q   :  R   :  S, 
1   :  A'  :  H'  :  B'  :  H'*-A'B'  =  T'  :  P'  :  Q'  :  R  :  S', 
which  represent  the  required  relations. 

56.  We    consider   four    such    functions    II  (x,   y},   derived   from    ©-functions    having 
respectively  the  characteristics 

Ho> 

being  a  (0123)  system;   and  having  consequently  the  characteristics 
fHo, 


which  also  form  a  (0123)  system;   say  the  four  are  no,  Hi,  II2,  II3. 

This  being  so,  consider  four  theta-functions 

0(0!,  y)(A',  H',  B'\ 
having  respectively  the  characteristics 

>/, 


^s  ,  r3 
which  as  already  mentioned  form  a  (0123)  system;    form  with  these  the  four  sums 


3c/3  d 

72  C/3   , 


where  in  each  case  a  +  b+c  +  d  =  &,  but  in  the  first  sum  a,  in  the  second  sum  b,  in 
the  third  sum  c,  and  in  the  fourth  sum  d  is  of  contrary  parity  to  the  other  three 
letters  (even,  if  they  are  odd;  odd,  if  they  are  even),  say  the  four  sums  are  20,  2a,  22,  2S 
respectively  ;  each  sum  depends  linearly  on  ^  (&2  +  1)  constants. 

The  general  transformation  theorem  then  is 

20  =  n0,  ^  =  11,,  2a  =  na,  S3  =  n3; 

49—2 
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each  of  which  equations  in  fact  represents  £(&2  +  l)  equations;  viz.  on  the  left-hand 
side  we  assign  to  the  constants  £(&2  +  l)  systems  of  values  at  pleasure,  then  to  each 
such  system  there  corresponds  on  the  right-hand  side  a  determinate  system  of  values 
of  the  \  (&2  -1-1)  constants. 


57.     The  results  may  be  presented  in  a  more  symmetrical    form.     Writing  £  77,  £,  w 
for  the  foregoing  x,  y,  z,  w,  we  may  consider 


',  H',  B'} 
as  a  function  of  the  four  arguments  £,  17,  £,  &>,  arid  express  it  by 


Writing  then 


x  =  f  +  A'%  +  H'a>, 


X,  Y,  Z,  W=(  a0,     bQ,     c0,     d0  $(-,  17,  f,  w), 


we  have 


b0y  +  A 


=  (a0 


Bb,  +  Hb3 


'%  +  H'a>) 
'co), 


and  also  X  +  AZ+HW  = 


+  A 

+  H  (a£  +  bsr)  +  c£  + 


(a0  +  Aa«  +  Ha3)  £ 
+  (b0  +  Ab2  +  Hb3)  rj 
+  (c0  +  Ac3  +  Hc3  )  f 


H'  (b0  +  Ab2  +  Hb3)  =  c0  +  Ac*  +  Hc3 
B'  (b0  +  Ab2  +  Hb3)  =  d0+  Ad2  +  Hd3 


or  since,  as  above, 

A'  (oo  +  Aa.2 

H'  (a0  +  Aa2 
we  find 


and  in  like  manner  another  equation,  viz.  we  have 

ZQ  +  Az2  +  Hz3  =  X  +  AZ  +  HW, 
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Moreover 

z0z.2  +  z^s  +  (A,  H,  B\zz>  z.^f 

=       *2  (z0  +  Az2  +  Hz3)  =  (a^c  +  b.2y)  (X  +  AZ  +  HW) 

+  z3  (z,  +  Hz,  +  Bz3)  +  (a,x  +  b,y)  (Y  +  HZ  +  BW) 

HW) 


+  a,  (|  +  A'S  +  H'u)  (Y  +  HZ+  BW) 


which  qua  function  of  X,  Y,  Z,   W  may  be  called  x- 

58.     And  we  then  have  the  final  result  in  the  following  form,  viz. 

.iirx.W'*'  V(X,  Y,  Z,   W)(A,  H,  B), 


,    T 


in   each   of   the   four   forms,   is   a   homogeneous   function   of    the   order   k   of    the   corre 
sponding  four  forms 


r,,i;,a>)(A',H',  B'). 

}    '  ' 
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849. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  xxi.  (1886), 

pp.  257—261.] 

CONSIDER  the  equation  of  the  second  order 

d*u      ,    dy 


if  we   effect   a   transformation   of  the   dependent  variable   y,  say  y  =/.  Y,  where  /  is  an 
arbitrary  function  of  x,  we  obtain  a  new  equation 


dx 
where 

/  ' 

f    f" 

(the  accents  denoting  differentiation  in  regard  to  #);  and  we  thence  establish  the 
identity 

0  —  P2  —  P'  =  a  —  rp  —  f>' 

viz.  we  have  q—p2—p'  a  function  possessing  this  invariantive  property,  but,  as  remarked 
by  Mr  Harley,  it  is  the  analogue  rather  of  a  seminvariant  than  of  an  invariant ;  I 
will  call  it  an  a-seminvariant  of  the  differential  equation.  The  class  of  function  was 
considered  long  ago  by  Sir  James  Cockle,  and  more  recently  by  Mr  Malet ;  see 
Mr  Harley's  paper  "  Professor  Malet's  Classes  of  Invariants  identified  with  Sir  James 
Cockle's  Criticoids,"  Proc.  E.  Soc.,  vol.  xxxvm.  (1884),  pp.  45 — 57. 
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Effecting   for   the   same   equation   a   transformation  of  the   independent  variable,  say 
x  =  <f>,  an  arbitrary  function  of  X,  we  obtain  a  new  equation 


where 


(the  subscript  numbers  denoting  differentiation  in  regard  to  X).  There  is  not  in  the 
present  case  any  function  possessing  a  like  invariantive  property,  say  there  is  not  any 
/3-seminvariant ;  but  such  functions  exist  for  differential  equations  of  the  third  and 
higher  orders,  and  have  been  considered  by  Sir  James  Cockle  and  Mr  Malet.  It  is 
to  be  noticed  that,  attempting  to  obtain  a  /3-seminvariant,  we  are  led  to  the  equation 


which   but   for   the   last    term    would    be    invariantive.     It    is    curious   to   find   this   last 
term  presenting  itself  in  the  form  of  a  Schwarzian  derivative. 

Passing  to  the  differential  equation  of  the  third  order 


here  the  transformation  y=f-  Y  of  the  dependent  variable  gives  the  new  equation 


where 


and  we   thence   derive   as   well   the   before-mentioned    a-seminvariant   q  —  p-  —  p',   as   also 
a  new  a-seminvariant  r  —  3pq  +  2p3  —  p". 

Again,  effecting  the  transformation  x  =  (f>   of  the   independent    variable,  we  have   the 
new  equation 


s 
dX  3 

where 


R  =  rfa3. 


392  ON    THE   INVARIANTS    OF    A    LINEAR    DIFFERENTIAL    EQUATION.  [849 

We  thence  obtain  the  identities 

Pl  +  2P-  -  3Q  _  p' 
& 

R  +  3PR 


so    that     we    have    ^        ^  ~  '  g    and    -  —  j^    as    /3-semin  variants    of    the    differential 

^•3  i^*3 

equation  of  the  third  order. 

But  these  are  by  no  means  the  best  conclusions;  it  is  shown  by  M.  Halphen  in 
his  great  Memoir,  "  Memoire  sur  la  reduction  des  equations  diffe'rentielles  line'aires  aux 
formes  inte'grables,"  Sav.  Etrang.  t.  xxvm.  (1884),  pp.  1—297,  see  p.  127,  that  there 
is  a  function  invariantive  in  regard  to  each  of  the  two  transformations,  and  which  is 
thus  an  invariant,  viz.  this  is  the  function 


p"  -  3  (q'  - 
this  is  for  the  first  transformation  unaltered,  viz.  it  is 

=  P"  -  3  (Qf  -  2PP')  +  2  (R  -  3PQ  +  2P3), 
and  for  the  second  transformation  it  is  only  altered  by  the  factor  9\~3,  viz.  it  is 

=  9r3  (P2  -  3  (Q,  -  2PPO  +  2  (R  -  3PQ  +  2P3)}. 

It   is   interesting   to   directly  verify  this   last  result.     Performing  the   differentiations 
in  regard  to  X,  we  find  without  difficulty 


* 


12  -  3PQ  +  2Q3  =  (r  - 
and  thence 
P2  -  3  (Q,  -  2PPO  +  2  (12  -  3PQ  +  2Q3)  =p^  -  3  (q,  -  2PPl)  9l2  +  2  (r  - 

But,  introducing  herein  the  derived  functions  in  regard  to  x,  we  have 


whence 

and  the  right-hand  side  becomes 

=  9l*  {p" 
which  is  the  required  result. 
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We  have  thus 

p"  -  3  (q1  -  2pp)  +  2(r-3pq  +  2p3) 

as  an  "invariant"  of  the  differential  equation 


It  is  to  be  remarked  that  this  is  not  what  M.  Halphen  calls  a  "  differential 
invariant;"  he  uses  this  expression  not  in  regard  to  a  differential  equation,  but  in 
regard  to  a  curve  defined  by  an  equation  between  the  coordinates  (x,  y},  and  the 
differential  invariant  is  a  function  of  the  derivatives  y",  y", . . .  which  is  either  =  0 
in  virtue  of  the  equation  of  the  curve,  or  else,  being  put  =  0,  it  determines  certain 
singularities  of  the  curve.  Thus  y"  is  a  differential  invariant ;  the  equation  y"  =  0 
determines  the  points  of  inflexion.  Again 

is    a   differential   invariant,   vanishing   identically   if    the    variables   (x,   y)   are   connected 
by  any  quadric  equation  whatever;   it  is  thus  the  differential  invariant  of  a  conic. 

This  last  differential  invariant  is  intimately  connected  with  the  above-mentioned 
invariant 

p"  —  3  (q  —  2pp')  +  2  (r  -  3pq  +  2p3), 

viz.  writing  with  M.  Halphen 

i  y" 

we  have 

p"  -  3  (q'  -  2pp')  +  2(r-  3pq  +  2p3)  =  p"  +  Qpp  +  4>p3 

-LfCC-ifnL 


It  is  moreover  noticed  by  him   that,  writing 

y">  y'">  y""'  y"'"=2a,  66,  24c, 
respectively,  the  function  in  {    }  becomes 

20 


the  form  under  which  he  had  previously  obtained  the  differential  invariant  of  the 
conic.  As  remarked  by  Sylvester,  it  is  mentioned  pp.  19  and  20  in  Boole's  Differential 
Equations  (Cambridge,  1859),  that  the  general  differential  equation  of  a  conic  was 
obtained  by  Monge  in  the  form 


yy"'  +  40  (y"J  =  0, 

which  (representing  the  differential  coefficients  as  just  mentioned)  becomes  a*d-3abc  +  2b3=0, 
but  putting  them  =a,  b,  c,  d  respectively,  it  becomes  9a2d  -  45a6c  +  4063  =  0  ;  the  last- 
mentioned  form  presented  itself  to  Sylvester  in  his  theory  of  Reciprocants. 

C.   XII.  50 
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850. 

ON    LINEAR    DIFFERENTIAL    EQUATIONS. 

[From    the    Quarterly   Journal   of  Pure   and    Applied   Mathematics,   vol.    xxi.    (1886), 

pp.  321—331.] 

1.  THE  researches  of  Fuchs,  Thome,  Frobenius,  Tannery,  Floquet,  and  others,  relate 
to  linear  differential  equations  of  the  form 

dmy         dm~ly 

P*d£+*d*£+:''+**y=°> 

or  say 

(p0,  Pi,—,  P«&fa>    VFy  =  Q> 

where  p0,  plt  ...,  pm  are  rational  and  integral  functions  of  the  independent  variable  x; 
any  common  factor  of  all  the  functions  could  of  course  be  thrown  out,  and  it  is 
therefore  assumed  that  the  functions  have  no  common  factor.  It  is  to  be  throughout 
understood  that  x  and  y  denote  complex  magnitudes,  which  may  be  regarded  as  points 
in  the  infinite  plane ;  viz.  x,  =  £  +  irj,  is  the  point  the  coordinates  whereof  are  £,  rj : 
and  similarly  for  y. 

2.  Suppose   x  —  a   is   not   a   factor    of  p0,   the   point   x  =  a   is   in    this   case   said    to 
be   an   ordinary  point   in   regard  to  the  differential  equation;   and  let  y0,  yl}  y.2,  ...,  ym-i 

dii    d2ii  dm~1/u 

be  arbitrary  constants  denoting   the  values   of  y,  -g,  ~,  ...,    ,  m4  for  the  point  a?=a. 

We  can  from  the  differential  equation,  and  the  equations  derived  therefrom  by  successive 
differentiations  in  regard  to  x,  obtain  the  values  for  x  =  a  of  the  subsequent  differential 

dmy     dm^ii  v       r 

coefficients      -^ ,    T— ^ ,  ...,    say   these    are    ym,    ym+1,...;    viz.    the    value    of   each    of 

these  quantities  will  be  determined  as  a  linear  function  of  y0,  ylt  ...,  ym-i',  and  we 
thus  have  a  development  of  y  in  positive  integer  powers  of  x  —  a,  viz.  this  is 

/ =  /o +  2/i  (#-«)  +   -    ^2  (*  -  a)2  +  —i 
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which  will  in  fact  be  a  sum  of  ra  determinate  series  multiplied  by  y0,  ylf  y2,  ...,  y,w_, 
respectively  ;  say  the  form  is 

y  =  y0X0  +  3/jZj  +  .  .  .  +  y,n-i-3T«-i  . 

where  X0,  Xl}  ...,  Xm^  are  each  of  them  a  series  of  positive  integer  powers  of  x  —  a. 
Each  of  these  series  will  be  convergent  for  values  of  x  sufficiently  near  to  a,  or  say 
for  points  x  within  the  domain  of  the  point  a  ;  and  since  y0,  yl}  ...,  ym_l  are  arbitrary, 
each  series  separately  will  satisfy  the  differential  equation;  and  we  have  thus  m 
particular  integrals  of  the  differential  equation. 

3.     Suppose   next   that   x  —  a   is   a   factor    of  pQ,   the    point    x=a  is    in    this    case 
said    to   be    a   singular   point  in    regard  to  the   differential  equation.     The   foregoing  pro- 


dmif 
cess   of    development   fails,   as   leading    to    infinite    values    of   -«-*j  ,   -y-—^  ,  •  •  •  ;    and    we 

have  to  consider  the  developments  of  y  which  belong  to  the  neighbourhood  of  the 
point  x  =  a,  or  say  to  the  domain  of  the  singular  point  x  =  a.  This  has  to  be  done 
separately  in  regard  to  each  of  the  singular  points,  and  among  these  we  have,  it  may 
be,  the  point  oo  .  To  decide  whether  oo  is  or  is  not  a  singular  point,  we  may  in  the 
differential  equation  write  x  =  l/£  ;  and  then  transforming  to  this  new  variable,  and 
throwing  out  any  common  factor,  the  coefficients  of  the  transformed  equation  will  be 
rational  and  integral  functions  of  t,  without  any  common  factor;  say  these  are 
P0,  PI,  ...,  Pw;  if  t  is  not  a  factor  of  P0,  then  oo  will  be  an  ordinary  point  of  the 
original  equation;  but  if  t  is  a  factor  of  P0,  then  oo  will  be  a  singular  point  of  the 
original  equation. 

4.  In  considering  the  singular  point  x  =  a,  we  may,  it  is  clear,  transform  the 
equation  to  this  point  as  origin,  and  it  is  convenient  to  do  this  ;  supposing  it  done, 
we  have  an  equation  wherein  x  =  0  is  a  singular  point,  viz.  p0  contains  x  as  a  factor, 
and  we  have  to  consider  the  developments  of  y  which  belong  to  the  domain  of  this 
singular  point  x  —  0. 

It  is  convenient  to  change  the  form  of  the  differential  equation  by  dividing  the 
whole  equation  by  the  first  coefficient  pQ,  and  then  expanding  each  of  the  quotients 


in  a  series  of  ascending  powers  of  x.     The  new  form  is 
PQ          Po 


-1      —         ,  — 

Po 

d 

3 

or  say 


where  p1}  p2,  ...,  pm   now   denote   each    of   them    a   series   (finite   or   infinite)   of  integer 
powers  of  x,  but  containing  only  a  finite  number  of  negative  powers  of  x. 

5.  Such  an  equation  frequently  admits  of  a  "  regular  integral  "  of  the  form 
y  =  x?E(x),  where  E(x)  is  a  series  of  positive  integer  powers  E0  +  E±x  +  E2x*  +  ...  , 
(E0  not  =  0,  for  this  would  imply  a  different  value  of  p)*.  To  determine  whether 

*  The  expression  regular  integral  is  afterwards  used  in  a  more  general  sense,  see  post,  No.  10. 

50—2 
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this    is    so,   we    substitute    in    the    differential    equation    for    y    the    value    in    question 
a?E(x),   thus   obtaining   a   series 


(where  6  is  a  determinate  positive  integer  depending  on  the  negative  powers  of  x  in 
the  equation);  the  coefficients  fl0,  ni;  ...  are  functions  of  p  of  an  order  not  exceeding 
m,  and  contain  also  the  coefficients  E0,  E1}  E2>...  linearly;  in  particular,  O0  contains 
E0  as  a  factor,  say  its  value  is  =  E0T10.  The  series  should  vanish  identically.  Supposing 
that  LT0  contains  p,  then  we  have  IT0  =  0,  an  equation  of  an  order  not  exceeding  m 
for  the  determination  of  p.  For  any  root  p  =  p0  of  this  equation,  E0  remains  arbitrary 
and  may  be  taken  =  1  ;  the  equations  Iix  =  0,  fi2  =  0,  .  .  .  then  serve  to  determine  the 
ratios  to  E0  of  the  remaining  coefficients  Elt  E2,  ...;  and  we  thus  have  the  solution 
y  =  xp°  (1  +  E1ac  +  E2x*  +  ...),  where  pn  and  the  coefficients  have  determinate  values. 

6.  I    stop   to    notice    a   curious    form    of    illusory   solution  ;    the    assumed    form    of 
solution   is 

y  =  &(...+  E_2x~2  +  E^ar1  +  E0  +  E^x  +...), 

the  series  being  a  double  series  extending  both  ways  to  infinity,  or  say  a  back-and- 
forward  series  ;  we  have  here  a  series  of  equations 

...n_,  =  o,   fl_,  =  o,    n0  =  o,   n1==o,  ..., 

which  leave  p  undetermined,  but  determine  the  ratios  of  the  several  coefficients  to  one 
of  these  coefficients,  say  E0;  or  taking  this  =1,  we  have  a  solution 

y  =  &(...+  E_.2cc-~  +  E^ar1  +  1  +  E^x  +  Eza?  +  .  .  .) 

where  the  coefficients  are  determinate  functions  of  the  arbitrary  symbol  p.  Such  a 
series  is  in  general  divergent  for  all  values  of  the  variable,  and  thus  is  altogether 

without    meaning.     As    a    simple    instance,   take     the    differential    equation    ~  —  y  =  0, 

CLX 

which  is  satisfied  by 

(  o?+1  ) 

y=  j...  (p  -  1)  pa?-*  +  par-*  +  x»  +  —  +  ...I  ; 

see  my  paper,  Cayley,  Note  on  Riemann's  paper,  "  Versuch  einer  allgemeinen  Auffassung 
der  Integration  und  Differentiation,"  Werke,  pp.  331  —  344  ;  Math.  Ann.  t.  xvi.  (1880), 
pp.  81,  82),  [751]. 

7.  A    more    general    form    of    integral   is    Thome's    "  normal    elementary   integral," 

c  c 

y  =  ewxftE  (x)t   where   w   is  =  a   finite   series   —^  +...  +  -   of  negative  powers   of  x   (a  a 

%AJ  CO 

positive  integer,  =  2  at  least).  To  discover  whether  such  a  form  exists,  observe  that, 
writing  for  a  moment  ^  =  y',  and  so  for  the  other  symbols,  we  have  *  =w'  +  -+  i^W, 

Cve//  fj  OC  /X    (  X  I 
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E' (x) 
where   the    last    term  may   be   expanded   as    a   series    of  positive    integer    powers 

V    / 

y' 
of  #,  so  that,  writing  —  ™  *,  we  have 

u 

n>    — *    ^_     ^ ^_  I      •_       [       /Jt         |       f^.     m      I  • 

xa  x1-     x 

we   can,  by  introducing   into  the  differential  equation  the  new  variable  z  (=  — )  in  place 

V    y) 

of  y,  obtain  for  z  a  differential  equation  (not  a  linear  one)  of  the  order  ra  —  1,  and 
this  should  be  satisfied  by  the  series  in  question,  viz.  a  series  containing  a  finite 

number  of  negative  powers  of  x\  we  endeavour  to  determine  the  first  term  7L>a~  -*-)c«-i 

x" 

or  say  —  ,  where  the  exponent  a  is  a  positive  integer  which  is  to  be  determined,  and 
A  is  not  =  0 ;  this  is  done  by  a  well-known  process ;  we  write  in  the  equation 
z  =  —  ,  and  (if  possible  to  do  so)  determine  a  (a  positive  integer  =  2  at  least)  by 

the  condition  that  two  or  more  of  the  terms  shall  have  the  same  negative  index  —  p 
preceding  in  order  all  the  other  indices,  viz.  the  absolute  value  of  p  must  be  greater 
than  the  absolute  value  of  any  other  negative  index ;  we  then  equate  to  zero  the 
whole  coefficient  of  the  term  in  question  X~P,  and  thus  obtain  a  value  not  =0  of  A. 

A 

And  having  thus  obtained  the  first  term  — ,  we  can,  by  assuming  the  form 


with   indeterminate   coefficients,   and    substituting    in    the    equation,   find    the    remaining 
coefficients  B,  .  .  .  ,  K,  L  ;   we  then  have 

-A 


c  c 

giving  the    value     ^  +...+-  of  w\   instead   of  determining   the   subsequent  coefficients 

from  the  ^-equation,  we  may,  from  the  original  equation,  writing  therein  y  =  ew  Y,  obtain 
an  equation  for  Y(=  e~wy)  which  will  be  linear  of  the  order  m,  and  will  admit  of  a 
regular  integral  Y=x<>E(x).  Or  we  may,  going  on  a  step  further  with  the  ^-equation, 
find  therefrom  the  coefficient  L  which  is  =  p. 

8.     As  an  example,  take  the  equation 

**  +  (?_  1^+1         0 
efc^U     *}<&'   a?y 

which  has  the  elementary  normal  integral 

-ii 
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To  investigate  this,  writing  -  =z,  we  have  —  =  /  +  z2,  and  thence  the  ^-equation 

y  " 


x- 


Substituting  herein  the  value  z  =  —  ,  we  obtain  the  function 


Ou 

Aa       A-      A 


A2  —  A 

and   here   the   value   a  =  2   gives   the    two    terms    '       and   -    r  ,   each    with    a    negative 

SCr  X> 

index  —  4,  the  absolute  value  whereof  is   greater  than  the  absolute  values  of  the  other 
indices;   we   then   have   A2-A=0,    giving   a   value    A=l,   which   is   not   =0;    and   we 

have   thus   a  first   term  z  =  -n',   the   complete   value   is,   as   it   happens,    the   finite   series 

QC~ 

z  =  ---  ;   and  z  being  =  —  ,  we  thence  obtain  the  integral  in  question,  y  =  e  *  -  . 
ac2     x  y  x 

9.     Returning    to    the    question     of    the    regular    integrals,    we    may   consider    the 
function 


say  this  is  the  so-called  "  determinirende  Function,"  but  I  will  call  it  the  Indicial 
function  ;  this  is  a  function  of  (x,  p}  ;  we  have  therein  terms  arising  from 

d  \m          id  Y"-1 

T  }  x  >    b~      &"••> 

dx)  \dx.l 

viz.  these  are  equal  to  \_p\mx't~m,  \^p]m~lx<>~m~'i,  ...  respectively,  but  these  will  be  multiplied 
by  powers  of  x  contained  in  the  coefficients  p1}  p2,  .  ..  ,  pm  respectively;  the  function 
is  thus  of  the  degree  m  as  regards  p,  but  the  coefficient  of  any  power  of  x  is  of 
the  degree  m,  or  of  some  inferior  degree,  according  to  the  terms  [p]m,  [p]m~l,  •••  which 
enter  into  the  coefficient.  The  coefficient  of  the  lowest  power  of  x  in  the  indicial 
function  may  be  termed  the  indicial  coefficient,  or  simply  the  indicial;  and  the 
equation  obtained  by  equating  this  coefficient  to  zero  the  indicial  equation.  By  what 
precedes,  the  indicial  is  a  function  of  p,  which  is  of  the  degree  m  at  most,  but  which 
may  be  of  any  inferior  degree,  or  even  be  an  absolute  constant.  Hence,  considering 
a  regular  integral  x*E  (x),  the  index  p  is  determined  by  the  indicial  equation,  and 
to  each  root  of  this  equation  there  corresponds  in  general  a  regular  integral  x?E(x}\ 
the  number  of  regular  integrals  is  thus  at  most  =  m. 

10.  Suppose,  first,  that  the  indicial  equation  is  of  the  degree  m,  and  that  the 
roots  of  this  equation  are  all  unequal;  there  are,  in  this  case,  m  values,  say  p1}  p2,  ...,  pm 
of  p,  and  each  of  these  gives  rise  to  a  regular  integral  x<>E  (x),  viz.  there  will  be  corre 
sponding  to  each  value  of  p  a  series  of  positive  integer  powers  E  (x),  which  will  be 
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a  convergent  series  for  sufficiently  small  values  of  x.  Some  of  these  series  may  be 
finite  series,  viz.  this  will  be  the  case  if  the  indicial  equation  has  roots  differing  from 
each  other  by  integer  values  (but  a  finite  series  may  of  course  be  regarded  as  con 
vergent)  ;  and  in  the  case  of  two  or  more  equal  roots,  it  is  necessary  to  extend  the 
notion  of  a  regular  integral  by  including  under  it  series  multiplied  into  positive 
integer  powers  of  log  x ;  but,  with  this  modification,  the  conclusion  holds  good ;  if  the 
indicial  equation  be  of  the  degree  m,  the  number  of  regular  integrals  will  always  be 
—  m,  viz.  there  will  be  m  integrals  involving  series  E (x),  or,  it  may  be,  E  (x)  (log  x)k, 
where  each  series  E(x)  is  a  convergent  series  for  sufficiently  small  values  of  x. 

11.  But   suppose   the   indicial  equation   is  of  an  order  m  —  j  inferior  to   m,  and  to 
fix   the   ideas   suppose   that   the   roots   are    all   unequal.     There    are   in   this   case    ra  — 7 
values,   say   p1}  p2,  ...,  pm_y   of   p,   and    each    of    these   will    apparently    give    rise    to    a 
regular   integral   xpE(x);   but   it   may   be    that   in   any  such   case   the   series   E(x)   is   a 
series   divergent   for    all    values,    however    small,   of   the    variable    as,   and    that    we    thus 

O  * 

have  in  appearance  only,  but  not  in  reality,  a  regular  integral;  or  say  the  integral  is 
illusory.  The  conclusion  is  that  the  indicial  equation  being  of  a  degree  m  —  7  inferior 
to  m,  the  number  of  regular  integrals  is  at  most  =  TO  —  7 ;  but  it  may  have  any  less 
value  than  m  —  7,  or  even  there  may  be  no  regular  integral.  It  is  hardly  necessary 
to  remark  that,  if  the  indicial  be  an  absolute  constant,  or  say  if  the  degree  of  the 
indicial  equation  be  =  0,  then  there  is  no  value  of  p,  and  consequently  no  regular 
integral. 

12.  By  way  of  illustration,  consider  first  the  differential  equation 

d2y     1  dy      1 

-r-  +  -    i    +  ~  V  =  0, 
dx-     x  dx      x 

for  which  the  degree  of  the  indicial  equation  is  equal  to  the  order  of  the  equation 
(=  2)  ;  viz.  the  indicial  function  is 


and   the   indicial  equation   is   thus    p(p-l)  +  p  =  0,   that   is,   /?2=0,   viz.    there   are    here 
two  roots,  each  =  0. 

It   is   convenient  not   in   the   first   instance   to  write  p  =  0,  but  to  substitute   in  the 

equation  the  value 

y  =  Ax"  +  Bx<>+1  +  Cx?+z  +  .... 
We  thus  find 

Q  =  p.p-l.A,    p  +  l.p.B,    p  +  2.p  +  l.C 
+        PA,     +  p  +  l.B,  +p  +  2.C 

+  A,  +  B, 

viz.  we  have  the  equations 

p*A         =  0, 


400  ON    LINEAR    DIFFERENTIAL    EQUATIONS.  [850 

where  observe  that  in  each  equation  the  function  of  p,  which  multiplies  the  posterior 
coefficient,  is  of  a  degree  superior  to  that  which  multiplies  the  other  coefficient.  The 
first  equation  gives  p  =  0  ;  A  arbitrary,  but  say  A  =  1 ;  the  values  of  B,  G,  ...  are  then 


(p  +  1)2' 

giving  rise  to  a  series  which  in  this  form,  and  when  p  is  put  equal  to  its  value, 
p  =  0,  is  at  once  seen  to  be  convergent  (even  for  indefinitely  large  values  of  x,  but 
this  is  an  accident ;  it  would  have  been  enough  if  the  series  had  been  convergent 
for  sufficiently  small  values),  viz.  the  series  is 

x         x2  a? 

*i  _  i _j 

*  ^ 


I2     I2 .  22     I2 .  22 .  32 

There  is  another  integral 


involving  log.v  arid  a  second  series  which  is  also  convergent. 
13.     But  consider  next  the  before-mentioned  equation 

3      l\  dy      1 

___  I  _j£  j_        7  /  =  0 

+     * 


for  which  the  degree  of  the  indicial  equation  is  equal  to  order  —  1  (=  1)  ;  in  fact,  here 
the  indicial  function  is 

=  p  (p  -  1)  xf>-°  +  Spx?-"  -  px<>-3  +  x?--, 

and  the  indicial  is  thus  =  —  p,  giving  the  index  p  =  0.  There  is  thus  at  most  one 
regular  integral  E(x),  but  this  is  in  fact  an  illusory  one.  Substituting  in  the  equation 
the  value 

y  =  Ax*  +  Bof+1  +  Cat**  +  ..., 
we  find 


0=  p(p-l)A,  (p 

-PA,    -(p  +  i)B,     -     0  +  2)  (7,      - 


+     A,  +  B,      +  G, 

and  we  thus  have  the  equations 

pA  =0, 

(p  +  iy-A-(p+I)B  =  0, 
(p  +  2)*B-(P  +  2)C  =0, 
(p  +  3)2  C  -  (p  +  3)  D  =  0, 

where   observe   that   in  each  equation  the  function   of  p,   which  multiplies  the   posterior 
coefficient,  is   of  a   degree   inferior   to   that   which   multiplies  the   other   coefficient.     The 
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first  equation   then   gives   p=Q',   A   arbitrary,  or  say  =1:   the  other  coefficients  B,  C,  ... 
are  then  found  to  be 


p  +    ,      p 
or  substituting  for  p  its  value  =  0,  the  series  is 

l  +  lx  +  l  .2.  a2  +  1.2.  3^  +  ..., 

which  is   divergent   for   any  value  whatever,  however  small,  of  x;   or   the    integral  is   as 
mentioned   an  illusory  one. 

14.     The  last-mentioned  differential  equation  is  reducible,  viz.  we  have 
d-      /3      l\  d       l  /  d      2\     d      1      1 


say  = 

where  of  course  the  order  of  the  factors  Q,  D  is  material. 

It  is  a  general  theorem  that  the  indicial,  belonging  to  the  product  P,  is  of  a 
degree  equal  to  the  sum  of  the  degrees  of  the  indicials,  belonging  to  the  factors 
Q,  D  respectively  ;  and,  in  fact,  the  indicial  of  P  is  (as  was  seen)  of  the  degree  1  ; 
arid  the  indicials  of  Q,  D  are  of  the  degrees  1,  0  respectively.  But,  moreover,  if  the 
indicial  of  P  is  of  a  degree  m  —  y,  less  than  m  the  order  of  the  equation  (in  the 
present  case  ??^  =  2,  m  —  7=!),  then,  in  order  that  the  equation  may  have  m  —  y  regular 
integrals,  it  is  a  necessary  and  sufficient  condition  that  P  shall  be  decomposable  into 
a  product  QD,  where  the  factors  Q,  D  (being  functions  of  the  same  form  as  P)  are 
of  the  orders  y  and  m  —  y  respectively,  and  where,  moreover,  the  second  factor  D  shall 
have  an  indicial  of  the  degree  m  —  y,  and  consequently  the  first  factor  Q  an  indicial 
of  the  degree  zero.  In  the  present  case,  it  is  the  second  factor  which  has  an  indicial 
of  degree  zero  ;  and  thus  the  condition  is  not  satisfied.  And  accordingly  the  equation 
ought  not  to  have  (m  —  y  =)  1  regular  integral  ;  and  we  have  seen  that  there  is  in 
fact  no  regular  integral.  The  investigation  serves  to  show  in  what  sense  it  is  that 
there  is  no  regular  integral,  or  generally  in  what  sense  it  is  that  the  number  of 
regular  integrals  may  be  less  than  m  —  y. 

15.  The  theorem  may,  it  appears  to  me,  be  stated  in  the  more  general  form  :  the 
necessary  and  sufficient  condition  that  the  differential  equation  P  (y}  =  0  of  the  order 
m,  but  having  an  indicial  of  the  degree  m  —  y,  shall  have  m  —  y  —  8  regular  integrals 
is  that  the  function  P  shall  be  a  product  of  the  form  P  =  QMD,  where  the  orders 
of  Q,  M,  D  are  y  +  B  —  0,  6,  m  —  y  —  8  respectively,  and  the  degrees  of  their  indicials 
S,  0,  m  —  y  —  8  respectively  ;  or,  to  denote  this  in  a  compendious  manner,  say 

m  y+S-9       6          m-y-S 

P  =      Q      M       D    • 

m-y  8  0          m-y-S 

d   is    an    integer  which   is    not  =  0,  and  which  is  at  most  =  y,  for  otherwise  the  function 
c.  xii.  51 
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Q  of  the  order  7  +  8  —  6  could  not  have  an  indicial  of  the  degree  8.  If  there  is  no 
regular  integral,  then  m  =  7  +  8,  D  is  a  mere  constant  or  say  unity,  and  the  formula  is 

m         m-9    6 

P  =  Q  M, 

m—y        m  —  y    0 

where  0  is  not  =0,  and  is  at  most  =m  —  y. 

16.     For  differential   equations  of  the  form  P  (y)  =  0  above  considered,  Floquet  gave 
a  theorem,   which   as   afterwards   remarked   by   him   is   not   generally   true,  viz.  this   was 

P  =  ABC...,  a   product   of  linear   factors   of  the  form   -Y-  +  2-aoC^  (i  an   integer).     The 

question  of  decomposition  is  considered  in  my  next  following  paper  "On  Linear  Differ 
ential  Equations  (the  Theory  of  Decomposition),"  [851],  and  by  means  of  the  formulae 
there  given  (and  by  the  process  indicated  ante  No.  7),  it  could  be  decided  whether  any 
particular  differential  equation  admits  of  a  decomposition  P  =  ABC. . . ,  where  the  linear 

factors   are    functions  not   of  the   form  just   referred   to,    but   of  the   form  -=-  +  SC^a;*,  in 

which  the  series  contains  only  a  finite  number  of  negative  powers,  say  this  is  a 
decomposition  into  linear  regular  factors. 


851] 
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ON     LINEAR     DIFFERENTIAL     EQUATIONS     (THE     THEORY     OF 

DECOMPOSITION). 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  xxi.  (1886), 

pp.  331—335.] 

1.     IN   the   theory   of  linear  differential  equations  the  question  arises,  to  decompose 

(Y  d       \n 
*  0~|-  ,  l)    in^°  linear  factors  :   we  have,  for  instance,  a  differential  equation 
/\ax      J 


which  is  to  be  expressed  in  the  form 


7g  3 

or   say   we   have   to   express    -v-0  +  p  -r~  +  q   as   a   product   of  linear   factors 


The  problem  is  analogous  to,  but  wholly  distinct  from,  that  of  the  resolution  of  an 
algebraic  equation  :  using  accents  to  denote  differentiation  in  regard  to  x,  the  relation 
(in  the  simple  case  just  referred  to)  between  the  coefficients  (p,  q)  and  the  roots 
(a,  /3)  is  (not  p  =  a  +  /3,  q  =  a/3,  but  in  place  thereof)  p  =  a  +  fi,  q  =  ct/3  +  /3'  ;  and  it 
thus  appears  that  there  is  the  important  distinction  that,  in  the  present  problem,  the 
order  of  the  factors  is  not  indifferent. 

'1.     The    problem    may    be    solved    when    the    general    solution    of    the    differential 
equation    is   known,    or,    what    is    the    same    thing,   by    means    of    n   particular   solutions 

51—2 
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of  the  equation;  it  is  not  here  considered  in  this  point  of  view,  but  the  intention 
is  to  treat  it  directly  by  means  of  the  relations  between  the  coefficients  and  the 
roots:  thus  in  the  above  case,  p  =  a+/3,  q  =  a/3+/3',  we  may  (1)  find  first  /3  and 
then  a,  viz.  eliminating  a  we  have  /3'  +  /3  (p  -  /3)  —  q  =  0,  ft  determined  by  a  differential 
equation  (not  linear)  of  the  first  order;  and  then  a=p  —  ft;  or  we  may  (2)  find 
first  a  and  then  /3,  viz.  eliminating  /3,  we  have  a'  —  p'  +  a  (a.  —  p)  +  q  =  0,  a  determined 
by  a  differential  equation  (not  linear)  of  the  first  order,  and  then  /3  =  p  —  a. 

In  the  case  of  a  product 

d 


of  more  than  two  factors,  the  roots  might  be  determined  in  any  order;  but  the  two 
orders  which  naturally  present  themselves  and  which  will  be  alone  considered  are, 
say,  the  reverse  order  (...,  7,  /3,  a)  and  the  direct  order  (a,  &,  7,  ...). 

3.  The  Reverse  Order.     Writing  D  for  -r-  ,  we  assume 

CwC 

£  +  «  =(1,  p&D,  1), 

(D  +  a)(D  +  /8)  =  (l,p2,  q&D,  I)2, 

(D  +  a)  (D  +  /3)  (D  +  7)  =  (1,  p»  q»  r,$D,  I)3, 

and  so  on.     Then  using  accents  to  denote  differentiation,  we  find 

(1)  Pl=    a. 

(2)  p,=    /3    +   Pl, 
q2  =    ff   +   pJ3. 

(3)  p3=    7     +   p2, 

q3  =  27'     +    p.2y  +  q.2, 
»'3=    7"   +    PtJ+qsV- 

(4)  p4=    8     +  p3, 

q4  =  33'    +   psS    +  qs, 

r4  =  3S"  +2p3S'  +'hS  +r3, 

s*=    8'"  +  paB"  +  q38'  +  r3S, 

where  the  law  is  obvious  :  thus  in  the  last  set  of  equations,  the  several  columns 
(after  the  first)  contain  the  factors  p3,  q3,  r3,  s3  respectively;  and  there  is  in  each 
column  a  head  term  with  the  coefficient  unity:  omitting  these  head  terms,  we  have 
in  the  several  columns  the  sets  (8,  '38',  38",  8"'),  (8,  28',  8"),  (8,  8'),  8,  of  derivatives 
of  the  root  8. 

4.  We    may    from    each    set    of   equations    determine    in   order    the    coefficients   of 
lower   rank   contained    in   the   equations,   and   the   last   equation   of  each   set   then   gives 
an  equation  independent  of  these  coefficients  of  lower  rank.     Thus  set  (2)  gives 

^  =  -/3      0=     p-p 
+p.2;          +p.2/3 
-p-2- 


851] 
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c\      I     ,          ft  A  "  O  '     i          1 

q2  =  —  Zy  +  7-       0  =     7  —  077  +  7J 
—  ^s7  "I"  Ps  (7'  —  72) 


Set  (4)  gives 


-#48 


0  =     3'"  -  488"  +  6828'  -  38'3  -  84 


and  so  on. 

5.  Thus  suppose  (p4,  q4,  r4,  s4)  are  given,  we  have  8  determined  by  a  differential 
equation  (not  linear)  of  the  third  order ;  and  8  being  known,  p3,  q3,  r3  are  also 
known ;  then  7  is  determined  by  a  differential  equation  (not  linear)  of  the  second 
order,  and  7  being  known,  p^,  q.2  are  also  known ;  then  @  is  determined  by  a 
differential  equation  (not  linear)  of  the  first  order,  and  /3  being  known,  plt  that  is,  a 
is  also  known. 

Comparing  the  last  equations  of  each  set,  that  is,  the  equations  for  the  determ 
ination  of  /3,  7,  8,  ...  respectively,  it  will  be  observed  that  they  depend  on  the 
single  series  of  derivatives 

-1, 


where,  calling  the  successive  terms  A,  B,  C,  D,  E,  ...,  we  have 
6.     Direct  Order.     Considering  the  product 
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of  four  factors,  and  assuming 

D  +  8  =(l,p&D,  1), 

(D  +  y)(D  +  S)  =  (I,p»  q&D,  I)2, 
(D  +  {3)(D  +  7)  (D  +  8)  =  (1,  p»  qs,  r,5A  I)3, 
(D  +  a)  (D  +  /S)  (D  +  7)  (D  +  B)  =  (I,  p4,  q4,  r4,  s&D,  I)4, 

we  have  the  sets  of  equations 

(1)  Pl  =  S. 

(2)  pi= 


(3)  ps 
q3= 

rs  = 

(4)  p4  =  a 


§4  —  ft7*3  T  ^*3  • 

7.     I   stop   to   remark   that   there    would    have    been    a    convenience    in    considering 
the  product 

d 


for  the  first,  second,  third,  &c.,  sets  of  equations  would  then  have  contained  a,  /3,  7, 
&c.,  respectively;  but  for  better  comparison  with  the  equations  of  the  reverse  order, 
I  have  preferred  not  to  make  this  change  of  notation. 

8.     The  set  (1)  gives 

S-PI  =  O. 

Set  (2)  gives 


Set  (3)  gives 

q,=     /3'+/32      0=     /3"  +  3^' 

-P3P  -  ps'        -p3  (P  +  /S2)  -  ^/3  -p3 


-r,. 
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Set  (4)  gives 

p3  =  -a+p,,     q3=     a.'  +  a2     r3  =  -  (a"  +  3aa'  +  a3) 

-p^a-p'  +  p,  (a2  +  a')  +  2p/a  +  p" 


0  =      a'"  +  4aa"  +  6a2a'  +  3a'2  +  a4 

-  p4  (a"  +  3aa'  +  a3)  -  pt'  (3ax  +  3a2)  -  3p4"a  -  p™ 

+  qt  (OL  +  a2)  +  2q,'a  +  q" 

-r4a-r4' 


wliich   differ   in    form    from    the   equations   belonging   to   the   reverse  order  in  containing 

the  derived  functions  p4',  p^',  p"',  qj,  ...  of  the  coefficients. 
i 

9.  Taking  p^,  q4,  rt,  54  as  known,  we  have  a  determined  by  a  differential  equation 
(not  linear)  of  the  third  order;  and  a  being  known,  we  know  p3,  q3,  r3.  We  then 
ha.ve  /3  determined  by  a  differential  equation  (not  linear)  of  the  second  order;  and 
/3  being  known,  we  know  pz,  q2.  We  then  have  7  determined  by  a  differential 
equation  (not  linear)  of  the  first  order;  and  7  being  known,  we  know  p1}  that  is,  8. 
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NOTE  SUR  LE  MEMOIRS  DE  M.  PICARD  "SUR  LES  INTEGRALES 
DE  DIFFERENTIELLES  TOTALES  ALGEBRIQUES  DE  PREMIERE 
ESPECE." 


[From  the  Bulletin  des  Sciences  Mathematiques,  2me  Sdr.,  t.  x.  (1886),  pp.  75—78.] 

ON   peut   presenter   1'analyse    sur    laquelle    est   fonde    le    Memoire    sous    une   forme 
plus  symetrique  en  introduisant  des  le  commencement  les  fonctions  homogenes. 

Soit  f=  (*)  (x,  y,  z,  t)m   une   fonction  du  degre  m  des  variables   x,  y,  z,  t,  lesquelles 

seront   touiours   liees   par   1'equation   f=0:   ecrivons  aussi   -4-  ,  -4- ,  -4- ,  -4;  =  X,   Y,  Z,  T, 

dx     dy     dz    dt 

de  maniere  que  X,  Y,  Z,  T  sont  des  fonctions  du  degre'  m  —  1  :  et  soient  A,  B,  C,  D 
des  fonctions  chacune  du  degre  m  —  3  et  Q  une  fonction  du  degre  m  —  4,  telles  que 
AX  +  BY  +  CZ  +  DT  =  Qf  identiquement ;  done,  en  supposant  f=  0,  on  aura 

AX  +  BY+CZ  +  DT=0. 
On  verifie  sans  peine  que  1'expression 

X  ,    fj,  ,    v  ,    p 
A,    B,    C,    D 
x  ,    y  ,    z  ,    t 
dx,    dy,    dz,    dt 

est  independante  des  valeurs  de  X,  /LI,  v,  p,  et  ainsi  egale  a  chacune  des  quatre 
expressions  d£L~,  d£lu,  d£lz,  d£lt, 

\_  *t*  y  7  &  > 


1 

X 

B, 

G  , 

D 

1 
~Y 

c, 

D, 

A 

y  . 

z  , 

t 

z  , 

t  , 

x 

dy, 

dz, 

dt 

dz, 

dt, 

dx 
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1 
z 

D, 

A  , 

B 

1 
T 

A, 

B  , 

a 

t  , 

x  , 

y 

x  , 

y  > 

z 

dt, 

dx, 

dy 

dx, 

dy, 

dz 

respectivement. 

Cela  etant,  soit 

dCLt  =  -  jp  \  A  ,    B  ,    G    I  =  une  diffe'rentielle  totale ; 

nf*  m  & 

•*  >   y  >   z 
dx,    dy,    dz 

en  ecrivant  pour  un  moment  x,  y,  z  =  x't,  y't,  z't,  et  en  ddnotant  par  /'  la  fonction 
(*)(>',  y',  z',  l)m,  et  de  meme  par  X',  Y',  Z',  T',  A',  B',  G'  les  valeurs  correspondantes 
de  X,  Y,  Z,  T,  A,  B,  G,  les  variables  x',  y',  z  seront  lie'es  par  1'dquation  /'  =  0,  ce  qui 
donne 

X'dx  +  Y'dy'  +Z'dz'  =  0; 

et  Ton  voit  sans  peine  que  1'expression  de  d£lt  se  rdduit  a 

1 


T 


A'  ,  F  ,  a 

x    ,    y    ,    z 
dx,    dy',    dz 


fonction  de  la  forme 


F'dx+G'dy'+H'dz', 


qui    ne    contient   que    les    variables    x  ,   y  ,   z.      Done,    en    omettant    les    accents,   il    est 
permis  de  prendre  t  =  const.,  ce  qui  donne 

Xdx+  Ydy  +  Zdz=0; 

et  avec  cette  relation  entre  les  differentielles  dx,  dy,  dz,  de  faire  que  d£lt=Fdx+  Gdy  +  Hdz 
soit  une  diffeVentielle  totale  :    cela  donne  la  condition 


ou  enfin 


idG     dH\         (dH     dF}         idF    dG\ 

A      _,     —    7  -  1  +  i  I  -j-    —   -f-  I  +  Zi  {  -=  ---  —    =  0 
\dz       dy  J          \dx       dz  J         \dy      dx) 

d   Gx  —  Az      d   Ay  —  Bx 
"  ~~    ~        ~  ~ 


dz 


dy 


v  fd_  Ay  -Ex  _  d   Bz  -  Gy  \ 
(dx        Y~    ~d*~     T      ) 

L  7  (  d  Bz  -Gy      d   Gx  -  Az\  _  n 
+     (dy        f^   ~dx         T      )~:()' 
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On  a  d'abord  un  terme  21  -4-  T,  ou 

(dA  ,  dB     dC\      (    dA        dA        dA\~\ 

-T  -  -  +  -T-  +  -T-    -    a?  j-  +  y  -j-  +  2  -T- 

\dx      dy      dzj      \    dx      y  dy         dz  )  \ 

(dA     dB     dC\      /    dB  t     dB        dB\] 
(j—  +  -j-  +-r)-  (x-j-  +y  -,  —  h^-^- 
\da;      dy      dz)      \    dx      y  dy         dz)  \ 

/dA     dB     dC\      (   dC        dC        dC\] 

+  Z    -  2C  +  z  {  -j  --  h  j—  -I-  -j-  I  —  (  «  j  --  hV7     +  *  T-  I 

\dx      dy      dz)      \    dx  ^  u  dy         dz  )]  ' 

ou,  en  reduisant, 

21  =  -  2(AX  +  BY+CZ) 


_ 
dt  dt         dt 


=     (m-l)DT 


puis  un  terme  53  -r-  T2,  ou 


dA+dB  +  dC     <W\ 

dx      dy      dz      dt  ) 

<*£  +  YdB  +  zM 

dt  dt          dt          dt  J 


ou,  en  reauisant, 


-  B 

dT 


BY+  CZ}z-C  (xX  +  yY+  zZ)] 


nTf     dT        dTA      dT\ 

VI         X    j l-V     — -  -f  2    __ 

\     dx       1   dy         dz) 


dx         dy 
(m-l)DT* 
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33 
Done,  en  reunissant  les  deux  parties,  0  =  51  +  ^  ,  c'est-a-dire, 

idA     dB     dC     dD 

\J 4  i  \    -j (-  -= \-  -j 1 =— 

\dx      ay      dz      at 


,dx       dy      dz       dt 
+  tQT, 
on,  en  omettant  le  facteur  tT,  on  obtient  enfin 

Q  =  0_fdA     dB     dC     dD\ 
\dx       dy      dz      dt  / 

c'est-a-dire  que  les  fonctions  A,  B,  C,  D  sont  telles  que 


~ 

dx       dy      dz       dt)J 

et,    cela    e'tant,    1'expression    gdn^rale    rfO,   et   de    meme    chacune    des    expressions    d£l 
d£ly,  dflz,  dflt,  sera  e'gale  a  une  differentielle  totale. 

Cambridge,  le  8  Janvier  1886. 
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NOTE  ON  A  FOEMULA  FOR  *"<)>*  WHEN  n,  i  ARE  VERY 

LARGE  NUMBERS. 

[From  the  Proceedings  of  the  Royal  Society  of  Edinburgh,  t.  xiv.  (1887),  pp.  149  —  153.] 

THE  following  formula 

AW0*          nJi       /i+l-2n\        fn  +  i+2\    ,1  _(i,1)/n 

IT  =  ^l1  +  (—  ST-J  *  ~  I"  1—  J  «'  J  '  ?  =  e  '   "*• 

is  given  by  Laplace  (Theorie  Analytique  des  Probabilites,  2nd  ed.,  Paris,  1814,  p.  195) 
as  an  approximate  value  of  AnOY<  when  n  and  i  are  very  large  numbers,  and  is 
applied  immediately  afterwards  to  the  case  where  i  is  of  the  order  n  log  n.  As 
remarked  by  Professor  Tait,  it  is  certainly  not  applicable  to  the  case  where  i  is 
of  the  order  n;  for  taking  i  =  An,  where  A  is  a  given  number  however  large,  then 
q  is  indefinitely  near  to  the  very  small  value  e~A,  but  nevertheless  the  last  term 
_  i  (n  _|_  i  +  2)  g2,  by  taking  n.  sufficiently  large,  may  be  made  as  large  as  we  please, 
and  the  value  would  thus  come  out  negative.  It  is  thus  necessary  that  i  should  be 
at  least  of  the  order  n  log  n  ;  but  it  may  be  of  any  higher  order. 

Writing    for    greater    convenience    r  =  ne~iln    (where    r    is     not    very    large),    then 
nq  =  re~1!n  =  r  (1  —  X),  if  X  =  1  —  e~lln  ;   and  the  formula  becomes 


- 

2n  n  2 

ill  11  riXi 

Here   X  =  -  -  ~  ~,  +  i—  «—  o  ~»  +  &c"   and    the    exponential   e»*  =  1  +  rX  +  =—  ^  +  .  .  . 
n     1  .  2  /i2     1  .  2  .  3  n3  *-  •  L 

is  thus  also  expansible  in  negative  powers  of  n  ;    the  formula  becomes 
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viz.  putting  for  X  its  value, 


9w 


&c.    ; 


or    finally,   expanding    e~lln    and    taking    the    whole    result   as    far    as  —  ,    the    coefficient 
of  r  is 


n 
the  coefficient  of  r2  is 


-1  +  il-iVi-- 

o  I    I    -1  /'I  I       c\      n    I  •       f\      2 


whence  the  formula  becomes 


+  ii       r2 

^-a-  +-—--4.  — — - 


It  seems  to  me  that  the  correct  result  up  to  this  order  of  approximation  is 


AW0*       _(           Ji       r2   /    1     -*> 

-1"r ««"*"!. 2l  w+  n2;r 


My  investigation  is  as  follows  :   we  have 


the   series   being   a   finite   one;    but   the   number   of   terms   is   very   large.     But   observe 

that,   however    large   n    is,   we    can    take   i    so    large    that    the    second    term   n  (l  -  -Y 

V        nj 
may    be    as    small    as    we    please;    taking    this    term    to    be    of   moderate   amount,   say 

=  ri,    the    subsequent    terms    will    be    not    very    different    from    —  ,    —  —  .  ,  ...,    and 

1*2      ±.2.3 

r  2 
the    approximate    value    is    1-^+     l--&c.,   which    is    a    convergent    series    having    its 
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sum     =  e~r\      To     work     this  properly     out,     I     represent     the     successive     terms     by 

IV*  /V* 

i\ ,   ^-^ ,   r — ~ ^ ,  •••,   so   that  the   series   is 


Taking  r  a  value  at  pleasure  not  very  different  from  rlt  and  multiplying  by 

(1  =)  <rr.er=e-r  .  (l  +  r  +  -^  +  ...V 

=  e~r  .  \  1  +  (r  -  n)  +  —  r  (r2  -  2rrT  +  r2) 
I  i  .  z 


the  sum  is 


Assuming  now  r  =  ne~iln,  we  have 


,         1\*  i 

1  =  nl--}=ne 

ft/ 


_.     ___ 
where  ^  =  e  ^  n2  ^w3  -"j   an(i  similarly 


_  _ 

where  Z2  =  e  ««»"3»«'-.    also 


___ 

where  Z3  =  e  2"2  3»3  "  ,  and  so  on.  It  is  now  easy  to  calculate  the  successive  terms 
r-i\,  ?---2rr1  +  r2,  &c. ;  and  it  is  to  be  observed  that,  in  the  parts  independent  of 
the  X's,  we  have  only  terms  divided  by  n,  n2,  or  higher  powers  of  n:  thus  in 
r*— 4rV1  +  6f«rt— 4f*r,+r4l  we  have  r4  multiplied  by 
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We  thus  obtain  the  formula 

— r-  =  e-*  jl 


r 

r>_ 

r.  2    i  n        ~"> '   r   n 

r3 


^  -rr  I  ,  1   \    -rr 

i I  A. 


1 . 2 . 3    (     n-  \        n/  \        n/  \        n 

r4 


1.2.3.4       n2     n 


where    r  =  ne~iln    as    above,     and    Xlt    Xz,  ...     have    the    above-mentioned    values,     the 
exponentials  being  expanded  in  negative  powers  of  n. 

Writing 


we  have 

A"0(' 


which  is  the  foregoing  approximate  value. 
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AN    ALGEBRAICAL    TRANSFORMATION. 

[From  the  Messenger  of  Mathematics,  vol.  XV.  (1886),  pp.  58,  59.] 

THE   following    algebraical    transformation   occurs   in   a  paper   by   Hermite   "  On    the 
theory  of  the  Modular  Equations,"  Comptes  Rendus,  t.  XLVHI.  (1859),  p.  1100. 

Writing   q  =  1  —  2us,   1  =  1  —  2V8,   then   in    the    transformation   of  the    fifth    order,  the 
modular  equation  was  expressed  by  Jacobi  in  the  form 

H,  =  (q  -  O6  -  256  (1  -  q-)  (1  -  I3)  [Wql  (9  -  qlf  +  9  (45  -  ql)  (q  -  I)*},  =  0  ; 

CC  ~4*  1 

and    if    we   write    herein    q  =  1  —  2x,   1=  -    —  ,   or,    what    is   the    same    thing,    establish 

00  ~~  -L 

between  q,  I  the  relation  q  —  1  =  3  +  ql,  that  is,  between  u,  v  the  relation  vs  =  1  -=-  (1  —  w8), 
then  the  function  H  becomes 


(1  —  x) 


-  x 


(a?  —  x  +  I)3 
or,  what  is  the   same   thing,  the   equation   H  =  0   gives   for    —  •  ^--  -  —  -    the   values   —  27 

\vC    ^~  OOl" 

and  -  27  .  3s. 

We,  in  fact,  have 

.       .        7      2(^-^+1) 
q-l  =3  +  ^  =  -'       _         ', 


and  therefore 


854]  AN    ALGEBRAICAL   TRANSFORMATION.  417 

Hence 

64 

ft  =  7|—  -y  [(x2  -  x  +  I)6  +  64  (1  -  xf  x  ^2  {16^  (9  -  qlf  +  9  (45  -  ql)  (3  +  ql)2}] ; 

and,  putting  for  a  moment  ql  =  6  —  3,  the  term  in  {    }  is  found  to  be 

=  7<93  +  34560  -6912; 
viz.  this  is 


-?-^  {7  (of  -  x  +  I)3  +  864  (x  -  I)2  (x2  -x  +  l)  +  864  (x  -  I)3}, 


Hence 


64 
O  =      -^6  [(^2  -  «  +  I)6  +  512  O2  -  <r)2  [7  (a?  -  ar  +  I)3  +  864  (x2  -  x)2}], 


which  is 

64 

=  .6  {O2  -  a;  +  I)3  +  27  (a?  -  #)2}  {(«2  -  ar  +  I)3  +  27  .  33  (x2  -  x)2}. 
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855. 

SOLUTION    OF    (a,  b,  c,  d)  =  (a\  b\  c\  d2). 

[From  the  Messenger  of  Mathematics,  vol.  xv.  (1886),  pp.  59  —  61.] 

IT   is   required   to   find   four   quantities   (no   one   of  them   zero)  which   are   in   some 
order  or  other  equal  to  their  squares,  say 

(a,  b,  c,  d)  =  (a2,  b2,  c2,  d-}. 

Supposing   that   the   required  quantities  (a,  b,  c,  d)  are  the  roots  of  the  biquadratic 
equation 

a?  +  pa?  +  qx?  +  rx  +  s  =  0, 
{s  not  =  0),  then  the  function 

(#*  +  qx2  +  s)2  —  (poc?  +  rxf   must  be    =  of1  +  px6  +  qo£  +  rx2  +  s  ; 
and  we  have  thus  the  conditions 

<2q  —  p2=p,     2s  +  q2—2pr  =  q,     2qs  —  r2  =  r,     s2  =  s, 

the  last  of  which  (since  s  is  not  =  0)  gives  s  =  1,  and  the  others  then  become 
2q=p2+p,     2(pr-l)  =  q2-q,     2q  =  r2  +  r; 

viz.   regarding  p,   q,   r   as    the  coordinates   of    a   point    in   space,   this   is   determined   as 
the  intersection  of  three  quadric  surfaces,  and  the  number  of  solutions  is  thus  =  8. 

We,  in  fact,  have  2q  =p2  +  p  =  r2  -f  r  ;   that  is,  p2  +  p  =  r2  +  r,  or  (p  —  r)  (p  +  r  +  1)  =  0  ; 
hence  r=p  or  r  =  —  1—  p. 

First,  if  r-p\   here  2q=p2+p,  2  (p2-  1)  =  q2  -  q:   the   last  equation   multiplied   by 
4  gives 


that  is,  p2  -  1  =  0  or  p*+  2p  -  8  =  0. 


855]  SOLUTION  OF  (a,  b,  c,  d)  =  (a\  l\  c2,  d~). 

If  p*  —  1  =  0,  then  either  p  =  1,  giving  <?  =  1,  r  =  1,  and  hence  the  equation  is 
a?  +  a"  +  a2  +  x  +  I  =  0  ;  or  else  p  =  —  1,  giving  g  =  0,  r  =  —  1,  and  hence  the  equation  is 
a4  -  *?  -  x  +  1  =  0,  that  is,  (x  -  I)2  (x2  +  x  +  1)  =  0. 

If  p-  +  2p  —  8  =  0,  then  either  p  =  2,  giving  q  =  3,  r  =  2,  and  hence  the  equation  is 
x*  +  2#3  +  3*2  +  2«  +  1,  that  is, 


or  else  £>  =  —  4,  giving  <?  =  6,  r  =  —  4,  and  hence  the  equation  is  #4  —  4>x3  +  6«2  —  4#  +  1  =  0, 
that  is,  (i»-l)4=0. 

Secondly,  if  r  =  —  1  —  p  ;   here 


the  last  equation  multiplied  by  4  gives 

8(-_p2-jp-l)  =  ( 
that  is, 

p4  +  2p3  +  7p2  +  6p  +  8  =  0,  or  (p2  +p  +  4>)(p*+p  +  2)  =  0. 

Ifp*+p  +  4s  =  0,  then  p  =  ^  {-  1  ±i  V(l-5)},  whence 

r  =  ^--[-l  ±i'V(15)},    2^  =  p2+^,    =-4,    or   g-  =  -2; 
and  the  equation  is 

^  +  i{-l±^V(15)}«3-2«2+|  {-1  ±iV(15)}a?  +  l=0. 
If  pn-  +  p  +  2  =  0,  then  p  =  ^{-l±i  V(<0}  5    whence 

r  =  l{-l  ±tV(7)},    2q=p2+p,    =-2,    or   ?  =  -  1  ; 
and  the  equation  is 

XA  +  \  {-  I  ±  i  V(7)}  xs  -  x"'  +  1  {-  1  +  i  V(T)}  a;  +  1  =  0, 


that  is, 

(«  -  1)  [a?  +  i  {1  +  t  V(7)}  «2  +  i  {-  1  ±  i  VCO}  *  -  1  ]  =  0. 


We  thus  see  that  the  eight  equations  are 


2     (as  -  I)  {a? 

2     ar«  +  |(_  l  +  i  ^15)  ^  _  2^  +  l  (_  1  +  ^15)  x  +  1  =  0, 

8 
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and   it    hence   appears   that,   writing   y,   e,    6   to   denote   respectively   an   imaginary   cube 
root,  fifth   root,  and  seventh  root  of  unity,  then  the  values  of  (a,  b,  c,  d)  are 

i,     1,     i,     i; 

7>       7,       72>       725 

i,     i,     7,     72; 

e,       e2,        e3,       e4  ; 

e7  '    ^T2'     e47  >    e372  1 
e27,    eV,     e3?,     ey2  ; 

i,     0,     e\     0*-, 

1,        03,       66,       05; 

viz.  for  each  of  these  systems  we  have  the  required  relation 

(a,  6,  c,  d)  =  (a2,  b2,  c2,  d2). 

It   may  be   noticed   that   out   of  the   eight   equations   we   have    the    following    three 
which  are  irreducible  :  — 


XA  +  $  (-  1  +  i  Vlo)  a?  -  -2x?  +  1  (-  1  -  i  ^15)  x  +  1  =  0, 
a?4  +  i  (-  1  -  i  Vlo)  tf  -  2«2  +  %  (-  I  +  z  Vlo)  a;  +  1  =  0. 
Each  of  these  is  an  Abelian  equation,  viz.  the  roots  are  of  the  form 
a,  0(d),  &-(a\  03(a},  (=  a,  a2,  a4,  a8), 

where  0*  (a)  =  a,  not  identically  but  in  virtue  of  the  value  of  a,  viz.  we  have  04  (a)  =  a16  =  a, 
in  virtue  of  a15  =  1  :  (in  the  first  equation  a5=l,  and  therefore  a15=l;  in  each  of 
the  other  two,  a15  is  the  lowest  power  which  is  =1). 

In  the  first  equation,  we  have  evidently 

a?  +  x3  +  x2  +  x  +  1 
as  the  irreducible  factor  of  a?  —  1. 

The  second  and  third  equations  combined  together  give 

(a*  -  \a?  -  2x*  -  \x  +  I  )3  +  ^  (a?  -  xj  =  0  ; 


that  is, 

a?  -  a?  +  x'a  -  ac4  +  a?  -  x  +  1  =  0, 

where  the  left-hand  side  is  the  irreducible  factor  of  x15  -  1. 
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856. 

NOTE   ON   A    CUBIC   EQUATION. 

[From  the  Messenger  of  Mathematics,  vol.  xv.  (1886),  pp.  62  —  64.] 

CONSIDER  the  cubic  equation 

a?  +  3c#  +  d  =  0  ; 

then  effecting  upon  this  the  Tschirnhausen-Hermite  transformation 

y  =  xTl  +  (a?  +  2c)T.2, 
the  resulting  equation  in  y  is 

f  +  3y(cT^  +  dT,T.2-c^) 

+  dT,3  -  GczT*T2  -  Scd^T.2  -  (d?  +  2c3)  T3  =  0, 


and  this  will  be 
if  only 

d  =  dT3  -  Qc*T*T,  -  Scd^T,*  -  (d2  +  2c3)  T.3, 

equations  which  give 

(d2  +  4c3)  =  (d2  +  4c3)  (T3  +  Sc^TS  +  dT/)\ 

viz.  assuming  that  d2  +  4c3  not  =  0,  this  is 

1  =  T,3  +  ZcTJ?.?  +  dT.3. 


Hence  the  coefficients  Tlt  T2  being  such  as  to  satisfy  these  relations,  the  equation 
in  2  is  identical  with  the  equation  in  x;  or,  what  is  the  same  thing,  if  a,  ft,  y  are 
the  roots  of  the  equation  in  as,  then  we  have  between  these  roots  the  relations 

ft  =  oiT,  +  (a2  +  2c)  T,, 
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viz.  the  general  cubic  equation  a?  +  3cx  +  d  =  0,  adjoining  thereto  the  radicals  Tlt  T.2 
may  be  regarded  as  an  Abelian  equation. 

In  particular,  if  c,  d  =  —  l,  1,  then  we  may  write  Tl  =  0,  T.,=  \\  the  cubic  equation 
is  here 

x3  +  3.x-  -1  =  0, 

and  the  roots  a,  @,  7  are  such  that  ft  =  a2  —  2,  7  =  /32  —  2,  a  =  7-  —  2  ;  in  fact,  taking  6 
a  primitive  ninth  root  of  unity,  06  +  03  +  1  =  0  ;  we  have  a,  £,  7  =  0  +  08,  02  +  07,  04+65; 
values  which  satisfy  a?  +  3#  —  1  =  0,  and  the  relations  in  question. 

The   same    question   may  be   considered    from   a   different   point   of   view.     Take   the 
transforming  equation  to  be 

y  =  A  +  Bx  +  Co?, 

then  assuming  that  the  values  of  y  corresponding  to  the  values  x  =  a,  ft,  7  are 
ft,  7,  a  respectively,  we  have 

ft  =  A  +  Ba  +  Co?  , 

C/3*, 


a.  =  A  +  By  +  Cy-, 
and  the  transforming  equation  thus  is 

y,     1,     x,     x2  j  =0. 
ft,     1,     a,     a2 

7.     1.      A     #2 
a>     1,      7>     72 
This  may  also  be  written 

(ft  ~  7)(7  -  «)  («  -  ft)  {y  ~  i  («  +  ft  +  7  + 


We  have 


{  a3  +  ft3  +    73  -  l  (/327  +  yS72  +  72a  +  7«2  +  of/3  +  ay 
a/8  -  (a2  +  /32  +  72)}. 

-27 


-  7)2  (7  -  a)2  («  -  fty  =  — r  (a*d2  +  4ac3  +  ^*d  -  362c2  -  Qabcd), 

-27  . 


or,  say 


if  A  be  the  discriminant,  and  «o  an  imaginary  cube  root  of  unity,  {(&>  —  «o2)2  =  —  3}. 
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The   remaining   functions   of  a,   /3,   7   are   of  course   expressible   rationally  in   terms 
of  the  coefficients  :   we  have 

=  ~a  (-  Md  +  9c2), 

CL 

=  -8  (-  Sdbd  -  18oc2  +  2762c), 

CL 

=  -  (-  3a2d 
a3 

=  \  (3ad  -  96c), 


V/o 

2/37    =  —  , 

a 

2a2     =  -,  (962  -  6ac), 

a2 

and  the  final  result  is 

i  (to  -  co2)  V(A)  {2a  (y  +  (K)  +  36}  =         -  a6d  +  4ac2  - 

+  x  (-  aad  +  7o6c  - 
+  «2(    2a2c-2a62); 

viz.  we  have  thus  an  automorphic  transformation  of  the  equation 

ax3  +  36«2  +  3c«  +  d  =  0. 
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857. 


ANALYTICAL    GEOMETRICAL    NOTE    ON    THE    CONIC. 


[From  the  Messenger  of  Mathematics,  vol.  xv.  (1886),  p.  192.] 

TAKE  (X,  Y,  Z)  the  coordinates  of  a  point  on  the  conic  yz  +  zx  +  xy  =  0,  so  that 
YZ  +  ZX  +  XY  =  0;  clearly  (Y,  Z,  X)  and  (Z,  X,  Y)  are  the  coordinates  of  two  other 
points  on  the  same  conic;  I  say  that  the  three  points  are  the  vertices  of  a  triangle 
circumscribed  about  the  conic 

=  0. 


=  0, 


x*  +  y 

In  fact,  the  equation  of  one  of  the  sides  is 

x  ,  y ,    z 

X,  Y,    Z 

Y,  Z,    X 


say  this   is  AX  +  BY+  CZ=0,   where   A,   B,    C  =  X7-Z-,    YZ  -  X2,    XZ-Y*;    and   the 
condition  in  order  that  this  side  may  touch  the  conic 


is 


y?  +  y-  +  z2  —  2yz  —  2zx  —  2xy  =  0 
EC  +  CA  +  AB  =  0. 


But  we  have 
BC+  CA 


X3)-  Z  (Xs  +  Y3) 
Xn-YZ  +  XY2Z  +  X  YZ* 


and  similarly  for  the  other  two  sides.  The  point  (X,  Y,  Z}  is  an  arbitrary  point  on 
the  conic  yz  +  zx  +  xy  =  0  ;  and  we  thus  see  that  we  have  a  singly  infinite  series  of 
triangles  each  inscribed  in  this  conic  and  circumscribed  about  the  conic 

y?  +  7/2  +  z-  -  2yz  -  2zx  -  2xy  =  0. 
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858. 


COMPARISON   OF   THE   WEIERSTRASSIAN   AND   JACOBIAN 

ELLIPTIC  FUNCTIONS. 

[From  the  Messenger  of  Mathematics,  vol.  xvi.  (1887),  pp.  129 — 132.] 

THE   Weierstrassian   function    a-  (u)   corresponds   of    course   with    Jacobi's    H  (u),   but 
it  is  worth  while  to  establish  the  actual  formulas  of  transformation. 

Writing,  for  a  moment, 

G)'  =  et>2  +  iv%, 
it  is  convenient  to  assume  (O1v2  —  o)2v1  positive;    we  then  have 

2  (rjci)'  —  77 'ft))  =  +  TTI  ; 

in  particular,  this  will  be  the  case  if  &>  =  ft)1}  a)'  =  iv2,  where  o>1}  v2  are  each  positive. 
To  reduce  the  periods  into  the  Jacobian  form,  we  may  assume 

ft)  =\K, 
w'  =  \iK', 

(where   observe   that,  if  as   usual  k,  K,  K'   are   each   real  and  positive,  and  if  as  above 
ft)  =  ft)1;  a)'  =  iv2,  («!  and  u2  positive,  then  also  X  will  be  real  and  positive).     We  have 

•  rr  I             i                                               nK'  iiria' 

l-ft  ft)  ^r- 

^  =  — ,  or  say  q  =  e     *•  =  e  "•  , 
which   determines   first  q,  and   thence  k,  K,  K',  as   functions   of   — ,   and   we   then  have 

X  =  -jr  =  -~7>>    ,    either   of  which    equations   gives   X   as   a  function  of  w,  w ' .     Conversely, 

starting  with  k,  X,  the  original  equations  give   the   values   of  w,  w  ;    those   of  77,  77'  will 
be  determined  presently. 
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The  form  of  relation  is  at  once  seen  to  be 


and    observing    that,   for    u    small,    we    have   JET («)=./(—       -In    and    a-(\,u)  =  \u,    we 
have   A  =-./(-       -  ) ;    I   first   write  down   and  afterwards  verify  the  value  of  B,  viz. 

A.'V     \       7T        / 

this  is  =  —  i  — -  ;  and  the  formula  thus  is 
2   w 

#(w)  =  !      /(%kk'K\  fl-iy*8  jft^A 

\V    V       7T       / 

In  fact,  for  u  writing  successively  u  +  2K,  and  u  +  2iK',  we  obtain 


H  (u  +  2Jf)  _    -ZK(u+K)      a-  (\u 


H(u]  a  (Xtt)      ' 

-^  VK>  (»+iK>)  o-  (\u 


H(u) 
which  should  be  satisfied  in  virtue  of 


_ 


H(u)  <r(\u) 

_      p-|(«+«0       <r(XM  +  2a,')_  ^^  . 

- 


viz.  we  ought  to  have 

•\2^ 

IK    (u+  K  )  +  2?;  (Xw 


-  F  («  +  OTO  =  -  —  2tf"  («  + 1£")  +  2V 

The  first  of  these  is 

«o  \        X/ 

that  is, 

and  the  second  is 


viz.  for  tV  writing  2  (770)'  —  ?/ft>),  this  is 

„        /riui'  —  ri'd)      riw          ,\   ,          . 

0  =  (-!• '- -!—  +  ij'  )(u  +  i 

\       &)  &)          / 

and  the  two  equations  are  thus  each  of  them  an  identity. 
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The  Weierstrassian  function  $  (u)  is  denned  as 

d* 

or,  what  is  the  same  thing,  we  have 

d   o-'(w) 

tf>  (u)  =  — j-   — 7—,  . 
du  o-  (u) 

Hence 

,.    ,          Id  a'(\u) 
v  (\u)  «=_-—-     ;     ' . 
X  du  a-  (\u) 

But 

H. '  (u)          \2r)U      \a'  (\M) 

H  (u)  «o          o-(Xw) 

or 

r,       Id  H'  (u} 


But  from  the  equation  ^k  sn  u  =          *  ,  we  obtain 

vy  (u) 

d  H'(u)_  1  _i_^_ 

duH(u)=  ~$tfii  K 

and  consequently 


where,  on  the  right-hand  side,  expanding  in  ascending  powers  of  u,  the  constant  term  is 


But  in  the  function  $>  (Xw)  this  constant  term  is  =  0,  and  we  thus  have 
and  then,  since 

?7         ?7          •jTT'i 
ft)        ft)'         ft)ft) 

we  have 

# 

l+A^-l  +  ^j, 


or,  as  these  equations  may  also  be  written, 


which  are  the  values  of  17,  17'.     And  we  then  have 


the  equation  connecting  g)  (Xw)  and  sn  w. 

54—2 
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859. 


ON    THE    COMPLEX    OF    LINES    WHICH    MEET    A    UNICURSAL 

QUARTIC    CURVE. 

[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  xvn.  (1886), 

pp.  232—238.] 

THE  curve  is  taken  to  be  that  determined  by  the  equations 

x  :  y  :  z  :  w  =  1   :  6  :  6s  :  0\ 

viz.  it  is  the  common  intersection  of  the  quadric  surface  @  =  0,  and  the  cubic  surfaces 
P  =  0,  Q  =  0,  R  =  0,  where 

®  =  xw—yz,     P  =  x-z  —  y3,     Q  =  xz2  —  y*w,     R  —2s  —  yw2. 
Writing  (a,  b,  c,  f,  g,  h)  as  the  six  coordinates  of  a  line,  viz. 

(a,  b,  c,  f,  g,  h)  =  ($z  —  jy,  jx  -OLZ,  ay-  fix,  aw  -  Sx,  fiw  -  8y,  yw  -  82), 

if  (a,  $,  7,  8),  (x,  y,  z,  w}  are  the  coordinates  of  any  two  points  on  the  line  ;  then,  if 
the  line  meet  the  curve,  we  have 

.  hff  -  g6*  +  a6*  =  0, 
-  h  .  +f&  +b8*=0, 

g-fd  .  +  c0*  =  0, 
-a-be-cd3  .  =0, 

from  which  four  equations  (equivalent,  in  virtue  of  the  identity  af+bg  +  ch—0,  to  two 
independent  equations),  eliminating  6,  we  have  the  equation  of  the  complex.  The  form 
may,  of  course,  be  modified  at  pleasure  by  means  of  the  identity  just  referred  to,  but  one 
form  is 

n,  =  a4  -  b3h  +  bf*g  +  cgs  -  acfh  +  2c2A2  -  4a<2cA  +  a/3  -  asf=  0, 

as  may  be  verified  by  substituting  therein  the  values  a  =  —  W  —  cO3,  g  =f@  —  c6*. 
h  =f63  +  bd*.  The  last-mentioned  equation  is  thus  the  equation  of  the  complex  in 
question,  in  terms  of  the  six  coordinates  (a,  b,  c,  f,  g,  h). 
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If  for  the  six  coordinates  we  substitute  their  values,  @z  —  yy,  &c.,  we  obtain 
0,  =  (x,  y,  z,  w)*  (a,  /3,  7,  S)4  =  0,  which,  regarded  as  an  equation  in  (x,  y,  z,  w),  is 
the  equation  of  the  cone,  vertex  (a,  /3,  7,  8),  passing  through  the  quartic  curve ; 
this  equation  should  evidently  be  satisfied  if  only  ©,  P,  Q,  R  are  each  =  0,  viz.  O 
must  be  a  linear  function  of  (S,  P,  Q,  R) ;  and  by  symmetry,  it  must  be  also  a 
linear  function  of  (®0,  P0,  Q0,  R0),  where 

®0  =  aS-/37,     P0  =  a27-/33,     Q<,  =  ay*- j32S,     R«=r-l3&, 

viz.  the  form  is  H,  =  (®,  P,  Q,  R)  (@0,  P0,  Q0,  R0),  an  expression  with  coefficients  which 
are  of  the  first  or  second  degree  in  (x,  y,  z,  w)  and  also  of  the  first  or  second  degree 
in  (a,  /3,  7,  8). 

To  work  this  out,  I  first  arrange  in  powers  and  products  of  (a,  S),  (@,  7),  ex 
pressing  the  quartic  functions  of  (x,  y,  z,  w}  in  terms  of  (B,  P,  Q,  R),  as  follows  : 

0= 


«4 

-63fe 

+  bf2o 

w 

-  acfh 

+  2cW 

-Wch 

+  af3 

-a3/ 

a4 

0 

a:;5 

-     Z4 

+   yziv- 

-    z*  +  yzw2 

-   zR 

a252 

-  2xyzw 

+  2y-z- 

-  2xyziv  +  2ysz2 

-2yzQ 

a5:i 

+   xzyz 

-    y* 

+   x*yz-y* 

+  yP 

54 

0 

a8£ 

-   zw3 

+   zw3 

0 

a2j3S 

+  2xzw2 

+  yz2w 

-  3xzw'2 

-    xzio2  +  yz-w 

-   zwQ 

a/382 

-   x*zw 

+  3y3w 

-   xyz2 

—  4xyz2 

+  3x2zw 

+  2x2zw  +  3ysiv  -  oxyz'2 

+  2xzQ  -3yQ 

£5:i 

+   xy3 

-     X3Z 

+   xy3  —  x3z 

-   xP 

w'y 

+     23M7 

—   yw3 

+  z3w  —  yw3 

+  ivR 

aV 

+  3X23 

-   xyw2 

-    y-zio 

—  ty-zw 

+  3xyiv2 

+  3xz3  +  2xyiv2-5y2zw 

+  2yivG  +  3zQ 

ay  8- 

+  2x^yiv 

+  xyz2 

-  3x2yw 

-   x^yw  +  xyz2 

-   xyQ 

y^ 

-  x*y 

+   xs<J 

0 

a2/32 

0 

a2/37 

+  xw3 

-   yzw'2 

+   xw3  -  yzw- 

+   iv'2Q 

aV 

-  3xz-w 

+   y'2w2 

+  2(/2w2 

-3a;22M?  +  37/2w2 

-3wQ 

a/325 

-  3y*w2 

-     XZ2W 

+  4yz3 

-  3y2w2  -  xz^w  +  4J/23 

—  4z2Q  +  3wQ 

aftd 

-  2.T2102 

+  2xyzw 

+  8xyziv 

-  8yV 

-  2a;2i<;2+  Wxyziv  —  8y2z'2 

+  (-  2xw  +  8yz)  9 

ay25 

-  3x2z2 

-   xy2w 

+  4?/32 

-  3x*zz  -  xy2io  +  4y3z 

-  4(/26  -  3xQ 

|82S2 

-  3xy*ic 

+    X2Z2 

+  2x2z2 

-  3xy^v  +  3x2z2 

+  3xQ 

/37S2 

+     X3IV 

-    x*yz 

+  x3w  —  x2yz 

+  x-e 

725- 

0 

a£3 

+  yw3 

-     Z3W 

+   yw3  —  z^w 

-    wR 

a.p*y 

+  xzw2 

-  tyz'ho 

+  3yz2w 

+  xzw2  -  yz2w 

+   zwQ 

aft2 

—   xyw- 

-  kxyw'2 

+  8y'2zw 

-  3y~zw 

—  5xyic2  +  oy^zio 

-  5-ywB 

+  3x2zw 

-  4?y3K) 

+   y3w 

+  3x*zw  -  3y3w 

+  3wP 

S3S 

+  3xywz 

-4a;23 

+   xz3 

+  3xyw2  -  3xz3 

-3xR 

/3275 

-   x*zw 

-  4x2zw 

+  8xyz2 

-  3xyz2 

-  5x2zw  +  5xyz* 

-  oxzQ 

8y'*$ 

+   xhjw 

-  4xy2z 

+  3xy*z 

+  x^yw  —  xy2z 

+  xyQ 

*y**5 

+    X3Z 

-  xy* 

+   xrz  —  xy 

+   xP 

^ 

+  *4 

-   xw3 

+  z*  —  xw3 

h   zR-w*Q 

<sv 

;%i 

+  2xW 

-  8xyziv 

+  2x'2w2  —  8xyziv  +  6y-z- 

+  (2xw-6yz)Q 

^ 

+   2/4 

*  yt~^ 

"   "P-^6 
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Collecting  the  terms  multiplied  by  P,  Q,  R,  @,  respectively,  we  have 

n  =     P  {ya83  -  x/383  +  Sway3  +  xy38  -  yy*} 

+  Q  {—  Sya/382  +  Sza2y8  —  Swa2y2  +  3wa/328  —  Sxay28  +  S 
\—  za38  +  wa.3y  —  wa/33  —  3 


-f  w2a2/3y  —  4>z2a{3'28  +  (—  2xw  +  8yz)  a/3y8  —  4 
+  zwoLft2y  —  5ywa/3y8  —  5%zf32y8  +  xy/3y28 

which  may  be  written  as  follows : — 

O  =      P  {y  (a83  —  y4)  +  x  (y38  —  /383)}  +  P  (Sway3) 

+  Q  [Sx  (/3282  —  ay"&)  +  3w  (a/82S  —  «y)}  +  Q  (Sza2y8 
+  R{—  z  (a38  —  /34)  +  w  (asy  —  a/33)}          +  R  (— 
+  0  [zw  (-  a*/38  +  aQ-y) 

+  ®(- 
+  ®(- 


2  (-  0/878  +  /3272) 
yz  (-2a2 


in     which    all    the    terms    contained    in    the     {     }     admit    of    expression    in    terms    of 
PQ,  Qo>  RQ>  ®oi   the  remaining  six  terms  not  included  within  {    }  may  be  written 


(/33  -  a27)  +  3  (-  xR  +  zQ)  a278  -  3 

which,  observing  that  wP  —  yQ  =  xz%,  and  —xR  +  zQ=  yw®,  are 

-  SwPa  (y3  -  £S2)  +  3^@  (ay882  -  /3V), 

(a2y&  -  a/3yn-). 
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The  expression  thus  becomes 

n  =    p .     x  (ys  —  /38s)  = 


+  Q  .- 
+ 

+  R  .  -  3x8  (/3s  -  a27) 
-    z(a.sS-/3*) 
+    w  (a37  —  a/33) 

+  ©  .        zw(-  a2 

a/3S2  -  /3V) 
«V  —  a/372) 


/3V) 
yz  (-  2a282  +  8a/3j8  -  6/3272) 


+    w2  (a*/3y  -  /34) 
and  we  thus  finally  obtain 

n  =  PR0  (3aw  -  72/  +  S«) 
+  .RP0  (38«  -  ^  +  aw) 
+  P@0  .  S2?/ 


•  -  3  (aw 


viz.  H  =  0  is  the  equation  of  the  cone,  vertex  (a,  /3,  7,  8),  which  passes  through  the 
quartic  curve  x  :  y  :  z  :  w  =  1  :  6  :  63  :  6*.  As  regards  the  symmetry  of  this  expression, 
it  is  to  be  remarked  that,  changing  (x,  y,  z,  w)  and  (a,  /3,  7,  8)  into  (w,  z,  y,  a)  and 
(8,  7,  /3,  a)  respectively,  we  change  (0,  P,  Q,  R)  and  (®0,  P0,  Q0,  R0)  into  (@,  -R}-Q}-py 
and  (®0,  —  R0,  —  Q0,  —  P0),  respectively,  and  so  leave  fl  unaltered.  Again,  interchanging 
(a;,  y,  z,  w)  and  (a,  /3,  7,  8),  we  interchange  (@,  P,  Q,  R)  and  (®0,  P0,  QQ,  R0),  and 
so  leave  fl  unaltered. 
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860. 


ON    BRIOT    AND    BOUQUET'S    THEORY    OF    THE   DIFFERENTIAL 

EQUATION   F(U,  ^)  =  0, 


[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  xvni.  (1887), 

pp.  314—324.] 

I  CONSIDER  the  theory  of  a  differential  equation  of  the  first  order  as  developed 
in  Briot  and  Bouquet's  Theorie  des  fonctions  doublement  periodiques  et  en  particulier 
des  fonctions  elliptiques  (8°,  1st  ed.,  Paris,  1859),  but  I  make  some  substantial  variations 
in  the  mode  of  treatment. 

I  remark  that,  writing  u  =  x,  j~  =  2/>  I  make  the  theory  to  depend  altogether 
upon  that  of  the  curve  F(x,  2/)  =  0;  viz.  the  form  of  my  result  is,  in  order  that  a 
differential  equation  of  the  first  order  F(u,  j-}—Q  may  have  a  monotropic  integral, 


the  curve  F  (x,  y)  =  0  must  satisfy  certain  conditions.  Briot  and  Bouquet  give  their 
result  (Theorem  iv.,  p.  296)  under  a  somewhat  different  form,  as  follows;  viz.  changing 
only  the  word  "  monodrome  "  into  "  monotrope,"  their  theorem  is  : — 

"  Pour  qu'une  equation  differentielle  du  premier  ordre  de  la  forme 

fj-J      +/i(M)(j~)          + +/m(w)=0 

\dz)  \dz/ 

admette  une  integrate  monotrope:  1°  les  coefficients  /i(w),  /2(w),  ...,/m  (u)  doivent  etre 
des  polynomes  entiers  en  u  et,  au  plus,  le  premier  du  second  degre,  le  second  du 
quatrieme  degre,  ...,  le  dernier  du  degre  2m;  2°  quand  pour  une  certaine  valeur  de 

u  I'e'quation  a  une  racine  multiple  differente  de  zero,  -7-  doit  rester  monotrope  par 
rapport  a  u ;  3°  quand  pour  une  certaine  valeur  ut  de  u,  1'^quation  a  une  racine 
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multiple  egale  a  zero,  le  premier  terme  du  deVeloppement  de  j-  suivant  les  puis- 

\AjZ 

sauces    croissantes    de    (u  —  u-i)lln    doit    avoir    1'exposant    1  — ,   si   cet   exposant   est   plus 

IV 

petit  que  1'unite;  4°  enfin  liquation  differentielle,  que  Ton  deduit  de  la  premiere  en 
posant  w  =  -,  doit  offrir  pour  v=Q  les  memes  caracteres. — Ces  conditions  sont  suffisantes." 

I  notice  that  this  may  be  regarded  as  a  statement  referring  to  the  curve 

F (x,  y),  =  ym  +/,  (x)  2T-1  +  ...+/„  (x)  =  0, 
but  that  in  2°  a  notion  of  monotropy  is  assumed,  for  y   must   be   a   monotropic   function 

of  x ;   and  that  4°  in  effect  introduces  the  new  curve  F  ( - ,  —  —^ }  =  0. 

\as        a?) 

1.  We   have    between   the   variables   u   and   z   a   differential    equation    of    the    first 

order   F  (u,  -  - }  =  0,   F  a   rational   and   integral    function    of  u   and  The   equation 

V      dz)  dz 

determines  u  as  a  function  of  z,  and  we  wish  to  know  whether  u  is  a  monotropic 
function  of  z.  It  will  not  be  so  if  we  have  a  tropical  point,  viz.  a  point  z  =  c,  such 
that,  in  the  neighbourhood  thereof,  the  value  of  u  is  given  by  a  series  u—a=B(z—cf  +  ..., 
in  ascending  powers  of  z  —  c,  involving  fractional  powers  of  z  —  c.  Conversely,  if  there 
is  no  tropical  point,  then  u  will  be  a  monotropic  function  of  z;  but  we  must 
consider  and  exclude  not  only  tropical  points  at  a  finite  distance,  but  also  the  point 
at  infinity,  viz.  there  must  not  be  any  development  u  =  BzP  +  . . . ,  in  descending 
powers,  involving  fractional  powers  of  z. 

2.  A     one-valued    function     (eindeutige    Function,     or    fonction     uniforms     or     lien 
determines)   is   monotropic ;    since   there   is   only   one    value,   the    function    must,   after   a 
circuit     described    by    the    point    z,    recover    its     original     value.      But,     conversely,     a 
monotropic    function    is    one-valued,   that    is,   no    two   or   more    valued    function    can   be 
monotropic.     For,  suppose  a  two- valued  function  of  z,   having  the   values   Z^  and   Z.,,   is 
monotropic ;    there   is    by    hypothesis    no    tropical    point,   that    is,   no    point    z  =  c,   such 
that   the   function   Z-^,   after   a   circuit   described   by   the    point   z,   instead    of    recovering 
its   original   value,   assumes   the   value  Zz ;    and   the   like   as   to  Z.,.     But,    this   being  so, 
it    is    meaningless    to    regard    Zl    and    Z.2    as    two    values    of    the    same    function;    they 
must   be   considered   as   two  distinct  and  separate  functions,  each  of  them   a   one-valued 
monotropic   function.     And   it   thus  appears   that   the   two   notions,  monotropic   and   one- 
valued,  are  in  fact  equivalent. 

3.  In   what    precedes,   u    and   z    are    regarded    as    complex    variables    geometrically 
represented   by   means   of  two   real    points    in   their    own    planes    respectively.      But   we 

now   write    -7-  =  y,   u  =  x,   whence    F  (x,   y}  =  0,   regarding   x,   y   as    the    coordinates,   real 

or   imaginary,    of  a    point    of  the   curve    represented    by    this    equation.      And    this  curve 

has,   moreover,   to    be    considered    from    a    non-projective    point    of    view;    we    have    to 

distinguish    between,   and    separately    consider,   finite    points    (x    and    y    each    of    them 

c.  xii.  55 
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finite),  and  the  points  at  infinity  (x  and  y  either  or  each  of  them  infinite).  And  it 
is  moreover  necessary  to  distinguish  between,  and  separately  consider,  points  on  the 
axis  of  as  (or  say  axial  points),  and  points  off  the  axis  of  x  (say  non-axial  points). 
Taking,  for  convenience,  a  to  denote  a  finite  value  which  may  be  =0,  b  a  finite 
value  which  is  not  =0  (or  say,  a  not  =  oo ,  b  not  =  oo  or  0),  we  have  thus  the 
six  cases,  1°  (a,  b);  2°  (a,  0);  3°  (a,  QO);  4°  (oo ,  b);  5°  (oo ,  0);  6°  (oo,  oo ).  I 
regard  also  the  axes  of  as  and  y  as  horizontal  and  vertical  respectively,  and  speak  of 
the  tangent  or  element  of  the  curve  as  horizontal,  vertical,  or  inclined,  accordingly. 

4.  In   the    neighbourhood   of  any   given   point   of  the   curve,   we   have   y  =  a   series 
of  powers   of  x,   the   form   of  the   series   being   different   for   different   classes   of   points. 
I    write   P  (x)   to    denote    a    series    (finite   or   infinite)    A  +  Ex  +  6V  +  . . . ,    in    ascending 
powers   of  x]    it    is    to    be    throughout    understood    that    the    leading    coefficient   A    is 
not    =0.      Of    course,   P  (x  —  o)t    P(x-ajin,    P  (x~l),    &c.,   will    denote    the    like    series 
A  +B(x -  a)  +  . . . ,   A+B(x-  a)1/n  +  . . . ,   A+  Bx~l  +  . . . ,   &c.      The    coefficients    after   the 
leading    coefficient   A    may    any    or    all    of    them    vanish;    thus   P  (x  -  a)lln    extends    to 
denote   the    series   P  (x  -  a)   of    integer    powers,    but    naturally    the    former    notation    is 
not    used    unless    the    series    contains    fractional    powers.      We    can,    by    means    of    the 
symbol   P,   express   for   any   given   point    of    the   curve    the    form    of    the    expansion   in 
the   neighbourhood   thereof;    and,   attaching   to  the   point   the    expansion    which    belongs 
to   it,   we   may,    for   instance,   speak    of  a   point   y  =  P(x—a)\    viz.    if  b   is  the  constant 
term   of  the   series,   then   this   is   a  non-axial   point   (a,   &),   which   is   an   ordinary   (non- 
singular)   point   of  the   curve,  and   for  which  the    element  is  not  vertical;    a   like  point 
with   the    element    vertical   would    be   a    point   y  =  b  +  (x  -  a)*  P  (x  -  a)*.      Observe   that, 
in    the    case    of    a    multiple    point,    there    is    a    separate     expansion     for    each    branch 
through    the   point,    and   in   thus   attaching   an    expansion    to    the   point   we   regard   the 
point   as   belonging   to   one   of  these   branches;    in   dealing   with   a   multiple  point,  it  is 
necessary   to   consider   separately   all   the   different    expansions,   that   is,   all   the   branches 
through   the   point.     It   is  clear  that  for  a  point  (a,  b),  (a,  0),  or  (a,  GO)  the  expression 
for    y   depends    on    P  (x  -  a),    or    P(x-  a)1/" ;    while,    for    a    point    (oo ,    b\    (oo ,    0),    or 
(oc ,    oc),   it    depends    on   P  (x~1}    or   P(x'lln);    viz.    in    the    two    cases    respectively,    we 
have  a  series  in  ascending  powers  of  x  —  a,  or  in  descending  powers  of  x. 

5.  In   regard   to   any   given   point   of  the   curve,  substituting   for  y,  x  their  values 
•p,    u,   and   thence   forming   the   reciprocal   of  -^,  we   obtain    ^  =  a    series    in    u;    viz. 

this  is  a  series  in  ascending  powers  of  (u-a),  or  in  descending  powers  of  u. 
Integrating,  we  have  z  —  c  =  a  series  in  u,  which  series '  may  or  may  not  contain  a 
logarithmic  term  logu  or  log  (u-a);  and,  reverting  the  series,  we  obtain  w  =  a  series 
in  (z-c).  This  result,  applicable  to  the  neighbourhood  of  the  point  u  =  a,  may 
contain  only  integer  powers  of  z-c,  and  be  accordingly  of  the  form  w  =  a  one-valued 
series  in  z\  and  we  then  say  that  the  point  on  the  curve  is  a  "permissive"  point. 
Or  it  may  contain  fractional  powers  of  z-c,  and  be  accordingly  of  the  form  w  =  a 
more-than-one-valued  series  in  z\  and  we  then  say  that  the  point  on  the  curve  is  a 
"prohibitive"  point.  The  necessary  and  sufficient  condition  in  order  that  u  may  be 
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a  monotropic  function  of  z  is: — the  points  of  the  curve  must  be  all  of  them 
permissive  points;  or,  what  is  the  same  thing,  there  must  not  be  any  prohibitive  point. 

6.  I  form  a  complete  table  of  permissive  points,  as  follows : — 

n  a  positive  integer  =2  at  least. 

e  =  0,  1,  or   -1, 
(a,  b),     y  =  P(x-a), 

(a,  0),     y  =  (x-a)P(x-a}  or  (x  -  of  P  (as  -  a),         y  =  (x-  c^+"n  P  (x  -  a)1/n, 
(a,  oo  ), 

(oc  ,  6),     y  =  P  (ar-i), 
(«>  ,  0), 
(oo ,  oo  ),     y  =  xP  (or')  or  0P  (ar1),  y  =  ^+eln 

viz.  it  is  only  a  point  (a,  6),  (a,  0),  (x ,  6)  or  (oo ,  x  )  which  may  be  permissive ; 
a  point  (a,  x  )  or  (oo ,  0)  is  prohibitive. 

7.  A  point  y  —  P(x  —  a}  is  permissive.     We  have 

d>U         rt  /  \ 

s -?<•-•* 

dz      -n  ,          , 

55-r<"-°>' 

z  —  c=(u  —  a)P(u  —  a), 

u  —  a  —  (z  —  c)P  (z  —  c), 

the  required  result.  The  several  steps  will  be  readily  understood;  the  reciprocal  of 
a  series  P(u  —  a)  is  a  series  of  the  like  form  P(u-d);  integrating  this  in  regard 
to  u  as  a  series  in  u  —  a  (no  constant  being  added  on  the  right-hand  side),  we 
obtain  a  series  (u-a) P (u-a);  and  finally,  z-c  being  equal  to  this  expression,  we 
obtain,  by  reversion,  a  like  expression  u  —  a  =  (z  —  c)  P  (z  —  c). 

We    might,   for    convenience,   have   written   on,    u,   z   in    place   of    x  —  a,   u  —  a,   z  —  c, 
respectively.     The  proof  would  have  run 

y  =  P(x),  ^  =  F(u),  J,  =  P(M>>   *  =  «Pfa),   u  =  zP(z\ 

meaning  u  —  a  =  (z  —  c)  P  (z  —  c),  as  above  ;   and,  in  what  follows,  this  is  done  accordingly. 
It     is     worth     while     to     make     an    instance    in    which    the    integration    can    be 

J  _1_  $  _|_  y& 

performed — say   we   consider   the   point   (0,    1)   of   the   curve   y  -  ,   which   point 

is  y  =  — _ — 9~     =  P  (x).     We  have 

du     1  +  u  +  u*     dz        1+  2% 


dz        1  +  2u     '    du      I  +u  +  u- ' 
z  =  log  (1  +  u  +  it2),  or  u  +  u-  =  (e2  —  1 ), 


55—2 
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giving  a  series  u  =  zP(z)',  or  the  point  is  a  permissive  point,  as  in  the  general  case. 
We  have  here  u  +  u?  =  (&  —  1),  viz.  u  is  not  a  monotropic  function  of  z\  but  this  is 
by  reason  of  a  prohibitive  point  (—  •£,  oo  ). 

8.     A  point  y  <=  (x  —  a)  P  (x  —  a)  is  permissive. 

Writing  as  above  u,  z  in  place  of  u  —  a,  z  —  c,  we  have 

du  dz      1  „  ,  .  (2*      1      n 

-T-  =  uP(tt),    j-  =  -  P  (u),  or  say  m  -j-  =  -  +  Pu, 
dz  du     u  du     u 

whence 

mz  =  log  u  +  uPu, 

that  is, 

ueuPu  =  emz,  or  say  uP(u)  =  emz, 

whence 

u  =  emzP  (emz),  a  one-valued  series. 

SG  ~~  —  iZ/^ 

I  take  a  particular  instance,  the  point  (0,  0)  for  the  curve  y  =         %  ;  here 

J.      ~~    M?" 

du     u  —  ±us          dz       1  —  w2 

_    -  O  QJ>        _     -    _  _ 

dz       1  —  tt2  '        rfw     w  —  ^u3' 
2  =  log  (u  —  ^u3},  or  w  —  •Jws  =  e2; 

the  point  is  permissive.  The  equation  just  obtained  shows  that  u  is  not  a  monotropic 
function  of  z\  but  this  is  by  reason  of  the  prohibitive  points  (±1,  x  ). 


9.     A  point  y  =  (x-  a)2  P  (as  —  a)  is  permissive.     Here 

du       nr.  .  .     dz      ITO/N        •^,-^ 

-j-  =  u?P  (u),   -j-  =  —  P  (u),   =—+  — 
dz  du     u-  u2      u 


whence 


A 

z  =  ---  h  B  log  u  +  uP  (M), 


where    the    logarithmic    term    occurs    or    does    not    occur,   according   as   B   is   not    or   is 
=  0.     In  the  former  case,  we  have 

eZlB  =  ue 

in  the  latter  case, 

z= 

u 

and   in   each   case   we   can,   by   reversion,   express   u   as   a    one-valued    series    in   z.      We 

x2  x2 

may    take    as    examples    the    two    curves    y  =  —          and   y  =  ,  -     —  ;    in    each    case    the 

y      1  —  x  1  —  a? 

point   (0,   0)   is   a   permissive   point,   but,   by   reason    of    the    prohibitive    points    (1,    oo  ) 
and  (±  1,  oo'),  u  is  not  a  monotropic  function  of  z. 
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10.     As   to   the   other   forms   of   permissive    points,   the    proofs    depend    upon    those 
for  the  forms  already  considered.     Thus  for 

(]  ?/ 

y  =  (x-  a)l+flnP  (x  -  a)1/",  or  ~  =  wi+«/«P  (ul'n), 

writing  v  =  ulln,  we  find 

dv 

U(i+t)lnp  (uiin)}    =  vi+ep^ 

that  is, 

/77J 

™z  =  P(v\  vP(v),  or  v*P(v); 

in  each  case  v  =  one-valued  series  in  z,  and  thence  u  =  vn  =  one-valued  series  in  z. 

Similarly  for 

y  =  P(x~1},   y  =  xP(x~l\   y=x*P(x-1), 
or  say 

y  =  x1+*P  (x-1) ; 
here 

du 

5-*"'<*^ 

or,  writing  v  =  u~l,  we  have 

/•/?? 

—  =  u'~lP  (u-1),  =  vl~<P  (v) ; 
viz.  this  is 

nt) 

^  =  P(v),  vP(v\  and  v*P(v); 

in  each  case  v  =  one-valued  series  in  z,  and  thence  u  =  v~*  =  one-valued  series  in  z. 
And  finally,  for 

»i  —  rl+e/ 

y-x 


here 

_  —  j.i+tinpl     ~_ 

dz~  '" 

\Aj4i 

or,  writing  v  =  u~e/n,  we  have 


that  is, 

CM  1) 

,  or 


as  before;   v  =  one-valued  series  in  z,  and  thence  u  =  v~n  =  one-valued  series  in  z. 

11.  There  is  no  difficulty  in  showing  that  every  point  of  the  curve,  not  being 
a  permissive  point  as  above,  is  a  prohibitive  point.  Thus  for  a  point  (a,  b),  if  the 
series  for  y  -  b  contain  any  fractional  power,  say,  if  we  have  y  =  b  +  (x  -  a)°,  then 


du     ,  dz      1      1 


u 


whence,  reverting,  u  =  bz  +  series  containing  the  fractional  power  za+1. 
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Again,  a  point  y  =  (x  —  a)m  P(x  —  a),  ra  =  3  or  any  higher  integer  value,  is  pro 
hibitive.  Attending  only  to  the  leading  term,  we  have  -j-  =  um,  whence  -=-  =  u~*n  or 

cLz  du 

z  =  u1~m,  whence,  reverting,  u  =  zll(1~m),  which  is  a  fractional  power;  and  this  is  also 
the  case  if  m  be  a  negative  integer.  And  similarly,  in  other  cases,  the  series  for  u 
will  always  contain  fractional  powers  of  z. 

12.  In   order   that   u   may  be   a   monotropic  function  of  z,  the  points  of  the  curve 
must    be    all    of    them    permissive,   or,    what    is    the    same    thing,   there    must    be    no 
prohibitive   point ;    we   have   to   consider   the   geometrical   signification    of  this   condition. 
If    we    attend   first   to   the   ordinary   (or  non-singular)   points   of  the   curve,   a   non-axial 
point   (a,   6)   must   be   a   point   y  =  P(x—  a),   viz.   there   must   be   no   such   point  with  a 
vertical  element. 

An  axial  point  (a,  0)  may  be  y  =  (x  —  a)  P  (x  —  a),  viz.  the  element  may  be 
inclined  ;  or  the  point  may  be  y  =  (x  —  a)-  P  (x  —  a),  viz.  the  element  may  be  horizontal 
(but  in  this  case  there  must  be  an  ordinary  or  two-pointic  contact  only) ;  or  the 
point  may  be  y  =  (x  —  a)*  P  (x  —  a)*,  viz.  the  element  may  be  vertical. 

The  point  must  not  be  (a,  x ),  viz.  there  must  be  no  asymptote  parallel  to  (or 
coincident  with)  the  axis  of  y. 

The  point  may  be  (x ,  6),  y  =  P(x~l),  that  is,  there  may  be  an  ordinary,  or 
osculating,  asymptote  parallel  to  the  axis  of  x.  But  there  is  no  point  (x  ,  0),  that 
is,  there  must  be  no  asymptote  coincident  with  the  axis  of  x. 

There  may  be  points  (x ,  x  ),  y  =  xP(x~l),  that  is,  ordinary  or  osculating  asymptotes 
inclined  to  the  axes;  and  there  may  also  be  points  (x ,  x ),  y  =  x2P(x~l),  that  is, 
asymptotic  parabolas  of  vertical  axis. 

13.  We   have,    moreover,   conditions   as    to    the    singular    points ;    thus,   every   non- 
axial  multiple  point  (a,  b)  must  be  a  point  with  each  branch  of  the  form  y  =  P(x—a), 
that   is,   each   branch   must   be    an    ordinary   (non-cuspidal)   branch,   and    must    be    non- 
vertical.     The   axial  multiple  or   singular  points  (a,  0)  may  have   ordinary  (non-cuspidal) 
branches    y  =  (x-a)P(x  —  a}    and    y  =  (x  —  of  P  (x  —  a),    inclined    or    horizontal,    or    else 
y=(x—a)^P(x—a)^y  vertical;  and  there  may  also  be  cuspidal  branches  y=(x—a)P(x—a)1/n, 
y=(x—a)l+llnP(x—a)lln,  and  y=(x—a)l~llnP(x—a)l/n,  inclined,  horizontal,  or  vertical. 

There  must  be  no  singular  points  (a,  x ) ;  any  such  point  is,  in  fact,  excluded 
by  the  condition,  no  asymptote  parallel  to  or  coincident  with  the  axis  of  y. 

There  may  be  multiple  points  (x ,  b},  but  not  (x ,  0) ;  viz.  as  above,  there  may 
be  asymptotes  parallel  to,  but  not  coincident  with,  the  axis  of  x;  but  in  this  case, 
the  several  branches  must  be  each  of  them  an  ordinary  branch  y  =  P  (x~l). 

Finally,  there  may  be  multiple  or  singular  points  (x ,  x ),  but  each  branch  must 
be  either  an  ordinary  branch  y  =  xP  (x~1}  or  y  =  x*P  (x~l),  or  a  cuspidal  branch 
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14.  The   enumeration   seems   long   and   difficult.     But   for   a   given   curve   we   have, 
in    fact,   only    to    see    that    there    are    no    ordinary    non-axial    points    (a,   b)   of  vertical 
element,  and   to   further   examine   the   finite   singular   points   (a,  b)   and   (a,  0),   and  also 
the   several   infinite   branches  as  giving  ordinary  or   else  singular  points   (a,  oc  ),   (oo  ,  b}, 
(oo  ,  0),   or   (oo  ,  oo  ),  viz.  it  has  to  be  seen  for  each  infinite  branch   that   the   expansion 
is  of  the  proper  form. 

15.  Writing  the  equation  of  the  curve  in  the  form 

/„  (a)  ym  +/i  (*)  ym~l  +  •  •  •  +  /«  (*)  =  °> 

where  /0,  /i,  ...,/m  denote  rational  and  integral  functions  of  x,  then,  if  a  be  a  root 
of  the  equation  /„  (#)  =  0,  there  will  be  on  the  curve  a  point  (a,  oo  ),  which  is 
prohibitive;  fo(%)  is  therefore  a  constant,  or,  taking  it  to  be  =1,  the  form  must  be 

ym  +/x  (x)  I/™-1  *•.*<+/.»(*)-  0, 
where  /i,  /2-  •••>fm  denote  rational  and  integral  functions  of  x. 

It  is  to  be  shown  that  the  degrees  of  these  functions  are  equal  respectively  to 
2,  4,  ...,m  at  most.  Supposing  that  the  degrees  are  2,  4,  ...,m;  then  for  the  points 
at  infinity  we  find  an  expansion  y  =  Ax"  +  .  .  .  ,  in  descending  powers  of  x,  by  substitution 
in  an  equation 

ym  +  a^y1"1  +  a2#y«-2  +  .  .  .  +  «n^m  =  0  ; 

whence  &>  =  2,  and  A  is  determined  by  an  equation  of  the  order  m  ;  there  are  thus 
m  branches  y  =  a?P  (x~1},  corresponding  to  permissive  points.  If,  however,  any  one  of 
the  functions  y  be  of  a  higher  degree,  then  it  may  be  shown  (but  the  formal  proof 
is  not  easily  given)  that  there  will  be  at  any  rate  a  branch  y  =  Ax™  +  &c.,  where  w 
has  a  value  >  2,  and  we  have  thus  a  prohibitive  point  ;  hence  the  degrees  must  be 
as  stated. 


16. 


As  an  example  of  a  differential  equation  with  a  monotropic  solution,  take 


we  have  here  the  curve 


which   is  a  nodal  cubic,  as  shown  in  the  annexed  figure.     To  put  the  node  in  evidence, 
the   equation    may   be   written   in   the   form   (y  +  2)2  (y  —  1)  +  27#'-  =  0 ;    viz.    the   node   is 
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the  point  (0,  -  2),  and  the  equation  of  the  tangents  is  (y  +  2)2  -  27#2  =  0.  The  curve 
besides  meets  the  line  £c  =  Q  in  the  point  y  =  l,  where  the  tangent  is  horizontal,  and 

2 
it   meets   the   axis   y  =  0   in   the   points   x  =  ±      -.-=,   at   each    of    which    the    tangent    is 

vertical ;  these  two  points,  as  lying  on  the  axis  y  =  0,  are  thus  each  of  them 
permissive;  and  they  are  the  only  points  where  the  tangent  is  vertical  (in  fact,  the 

2 
tangents   from    the    point   at    infinity   on   the    line   x  =  Q    are   the   two   lines   x=±^-j^, 

and  the  line  infinity  counting  twice,  as  a  tangent  at  an  inflexion). 

For    the    points    at    infinity,   we    have    y  =  -  3#3  -  1  -  ^x~%  +  &c.,   which   is    of  the 

form    y=x*p(— ),    included    in    y  =  xl-llnP  I -iln ) ,    and    the    point    is    thus    permissive; 
\x3/  \x    / 

there  is  no  prohibitive  point,  and  the  differential  equation  has  a  monotropic  solution. 
This  is,  in  fact,  the  rational  solution  u  =  (z-c)-(z-  c)3,  or  say  u  =  z  -  z3 ;  the  curve 
is  thus  given  by  the  two  equations  x=  z  —  z3,  y  =  1  —  3z°. 

17.     As  a  second  example,  take  the  differential  equation 


We  have  here  the  curve 


=  0, 


which   is   a   trinodal   quartic   curve,   as   shown   in   the   figure.      There   is   a   node   at   the 
origin  with  the  tangents  y-  —  ka?  =  0,  and,  writing  the  equation  in  the  form 

(3y  +  1)  (3y  -  2)2  -  (27s8  -  2)2  =  0, 


we   have   for   the   other   two   nodes  x  =  ±  «j— TX  ,   y  =  f .     The   lowest   points   are   given  by 

o  Y  o 

2 
x  =  ±  q~/o  >   y—~^>   yiz-   the    line    y  =  —  ±   is   a    horizontal    tangent.     Writing    x  =  0,   we 

have   y3  —  y2  =  0,  that  is,  y2  =  0,   the   node   at   the   origin,   and   y=l,   the   height   of  the 
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loop  ;    and,   writing  y  =  0,  we  have  4#2  —  27«4  ==  0,  that  is,  x-  =  0,  the  node  at  the  origin, 

9 

and   x  =  ±    -"-.  ,  the   other  two  intersections  with  the  axis  of  x.     The  tangents  at  these 
3  v  3 

two  points  are  vertical  ;  as  being  on  the  axis,  they  are  thus  permissive  points.  And 
they  are  the  only  points  with  a  vertical  tangent  ;  in  fact,  the  point  (x  =  0,  y  =  oo  ) 
is  a  point  of  the  curve,  with  the  line  oo  as  an  osculating  tangent  (4-pointic  inter 
section)  ;  hence  the  tangents  from  the  point  x  =  0,  y  =  oo  are  the  line  oo  counting 

2  /       2         \ 

four    times,    and    the    lines    x  -  ±  -5—7*    touching    at    the   points    (  +  ^—  ._  ,  0  )    as   above. 

o  \/o  \     o  YO        / 

For     the     infinite     branches,    we     have     y  =  3#  +  .  .  .  ,     which     is     of     the     right     form 

y  =  #i+]''»P  (  -,n  j  .     We  thus  see    that   there   is  no  prohibitive  point;    and  the  differential 

\x    J 

equation  has  a  monotropic  solution  accordingly. 

Writing  z  in  place  of  z  —  c,  the  solution  in  fact  is 


_ 
~ 


ez  +  e~z 

—  e~z 

~      the  curve  is     iven 

& 


tf  —  e~z 
hence,  putting  0=  ----  ~z,  the  curve  is  given  by  the  two  equations 

~ 


x  =  6-0s,     y  =  (l-3 
the  monotropic  function  u  satisfies  the  differential  equation. 

18.     F  (  u,    j-  )  =  0   must   be   either   a  rational    function,   a   singly   periodic   function, 
V      dzj 

or  a  doubly  periodic  function  of  z  ;   say  the  forms  are 

u=P(z\     u  =  P(e°z), 
and 

u  =  P  {sn  (gz,  k)}  +  en  (gz,  k)  dn  (gz,  k)  Q  {sn  (gz,  k)}, 

where  P,  Q  denote  rational  functions.  I  do  not  at  present  consider  the  criteria 
(such  as  are  given  in  Briot  and  Bouquet's  Theorem  v.,  p.  301)  for  determining  by 
means  of  the  curve  which  is  the  form  of  the  integral.  I  remark,  however,  that  in 
the  first  and  second  cases  the  curve  is  unicursal,  while  in  the  third  case  it  is 
bicursal  ;  or  say  that,  according  as  the  deficiency  is  =0  or  1,  the  integral  is  rational 
or  simply  periodic,  or  else  it  is  doubly  periodic.  Moreover,  the  curve  being  unicursal, 
we  can  express  the  coordinates  as  equal  to  rational  functions  P  (0),  Q  (6}  of  a  parameter 
0  ;  and,  being  bicursal,  we  can  express  them  as  functions  of  the  form 


P (6)  +  P, (6}  Vl  -fr .  1  -kW,     Q (6)  +  Q, (6)  vT- ~ffi .  1  - kW, 

u/u 

of  the   parameter   6;    and    supposing    the    coordinates   (x,   y),   that    is,   u    and    -,    ,   thus 

dz 

expressed,   it   should   be   easy   to    establish    the    relation    of    0   with   z,   e°z   or   sn  (gz,   k) 
in  the  three  cases  respectively. 

c.  xn.  56 
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861. 

NOTE   ON   A   FORMULA  RELATING  TO   THE   ZERO-VALUE   OF  A 

THETA-FUNCTION. 

[From  Grelle's  Journal  der  Mathem.,  t.  c.  (1887),  pp.  87,  88.] 

I  HAD  some  difficulty  in  verifying  for  the  case  of  a  single  theta-function,  a 
formula  given  in  Herr  Thomae's  paper  "  Beitrag  zur  Theorie  der  ^-Functionen,"  Grelle's 
Journal,  vol.  LXXI.  (1870),  pp.  201—222.  The  formula  in  question  (see  p.  216)  is 
given  as  follows  :  _  __  _ 

(11)         MO,  0,  ...  0)  =  y^^  V/Discr.  (0,  0,  ...  0)  Discr.  (0,  0....0), 

but    the   denominator   factor   should   I   think   be   (iriY    instead   of    (2m)*>.     Making   this 
alteration,   then   in   the   case  of  a   single  theta-function,  p  =  l,  and  the  function   belongs 

to  the  radical  _____  __ 

^Ix  —  k-i.x  —  k^.x  —  k^.x  —  k^ 

where 

(h,  fc,  k3,  *4>-(-p   -1,   +1.   +%)' 
The  determinant  \A^'}\  is  a  single  term  =A,  and  the  formula  becomes 


~T 


_  — 
(0)  =  ^    -,  \/(k,  -  kj  (k4  -  k,), 


where  k^-k^,  k4-k2  are  each  =1  +T,  and  we  have  therefore 


T 


also  A  denotes  the  integral 

rk,2  1  Icdx 


/t/   \A/Jj  •  7     ~fT  t 

=  ikK  , 


, 
Vl  -  x2  .  1  - 
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and  the  formula  thus  is 


But  observe  that,  in  the  theta-function  as  defined  by  the  equation 

S-  (x)  =  Sea 


a  is  used  to  denote  the  value 

a  =  ct/i  B,     =  — j-  B, 

where  A  is  the  above-mentioned  integral,  and  B  is  the  integral 

Jk.2  Vx  —  &j .  x  —  k2 .  x  —  ks . x  —  k4 '        J-i  Vl  —  a? .  \  —tea? 

which    value    must   however   be    taken    negatively,   viz.    we   must   write   B  =  -  2kK,   and 
we  then  have 


viz.  writing  as  usual 

_irK' 

K 


the   ea   of    the   theta-function   is  not   =  q,   but   it   is    =  r2;    and    the    zero-value   ^(0)   is 

=  1  +  2r2  +  2r«  +  2r18  +  .  .  .  .     The  equation  thus  is 


2r 


7T 


which   is   right;   in   fact,  writing   k'   in   place  of  k,   and    consequently  K,   q   in   place   of 
K',  r  respectively,  the  equation  becomes 


7T 

we  have 

V      7T    ' 

and   changing   q  into   q\  then  (Fund.   Nova,  p.    92)   K  is   changed   into        ^1+^\  and 

z 

we    have   the   formula    in   question.     As    a    verification    for    small    values    of    q,   observe 
that  we  have 

2K 


and  thence 


,  J 
=  1  -f  42  or 


7T  V  7T 


/ 
A  / 

V 


Cambridge,  12  February,  1886. 
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862. 

NOTE  ON  THE  THEORY  OF  LINEAR  DIFFERENTIAL  EQUATIONS. 

[From  Crelles  Journal  der  Mathem.,  t.  c.  (1887),  pp.  286—295.] 
1.     I  CONSIDER  a  linear  differential  equation 


where  p0,  pi,  ...  ,  pm  are  rational  and  integral  functions  of  on,  having  no  common  factor: 
as  usual,  a;  is  a  complex  magnitude  represented  by  a  point,  and  we  consider  the 
integrals  belonging  to  a  singular  point  x  =  a  of  the  differential  equation.  An  integral 
may  be  a  regular  integral,  or  it  may  be  what  Thome'  calls  a  normal  elementary 
integral  :  the  theory  of  these  integrals  (which  I  would  rather  call  subregular  integrals) 
requires,  I  think,  further  examination. 

2.  I    retain    x    as    the    independent    variable,   but    for    shortness    use    t    to    denote 

JL_  :   and  I   take   as   the   dependent   variable   z,   =  -  ~  :    we   have   then   z   determined 
x  —  a  '  y  ax 

by  a  non-linear  differential  equation  of  the  order  m  —  1,  and  from  any  value  of  z  we 
derive  a  corresponding  value  e^zdx  of  y. 

3.  To   obtain   the  ^-equation,  using   for   shortness    accents   to   denote  differentiation 
in   regard   to   x,   we   have   z  =  -,  and   thence   z'  =-  --  (    )>   that   ig>   z*  +  z'  =  —  '•   hence 

y  y     \y  '  J 

n'"    v'y" 

also  2*/  +  /'  =  —  -  y^r  '  that  is' 

<J  i> 


? 

*'  =  ^-  ,    or   finally   ^  +  3^'  +  /'  =^-, 

y  y 

and  so  on;  viz.  the  values  of  ^-,    ^-  ,    y-  -,...  are  z,  z*  +  z',  zs+3zz'  +  z",  ...;   generally  for 

t/  i7  !J 
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7/<n> 

-—    the  first  term  is  zn  and  the  last  term  is  z(n~l].     If,  to  fix  the  ideas,  the  v-equation  is 

y 

p0y'"  +  p±y"+p*y'  +  PS  =  o, 

then,  dividing  by  y,  the  ^-equation  is 

p0  (zs  +  322f  +  z"}  +  p,  O2  +  z')  +  p,z+p,  =  Q] 

and  similarly,  from  the  ^/-equation  of  the  order  ra,  we  derive  a  ^-equation  of  the  order 
m—  1, 

Po  [zm  +  .  .  .  +  z^-v]  +  .  .  .  +  pm-.  O2  +  /)  +  pm-±z  +pm  =  0. 

4.     In   this   equation,  each   coefficient   is  in  the  first  instance  a  rational  and  integral 
Junction   of  x,  or,  what   is   the   same   thing,    of  x  —  a  ;   writing   t   to   denote    -      -  ,   each 

SC  ~~  CL 

Coefficient  is  thus  the  sum  of  a  finite  number  of  negative  integer  powers  of  t;  hence 
multiplying  the  whole  equation  by  a  proper  positive  power  of  t,  the  several  coefficients 
become  each  of  them  the  sum  of  a  finite  number  of  positive  powers  of  t,  or  arranging 
in  descending  powers  of  t,  say  the  general  form  is  pr  =  ctr  t*-  +  prt*~l  +...  +  rcr,  where  X 
is  a  positive-  integer  which  may  be  =0,  and  which  has  for  each  coefficient  its  proper 
value.  We  wish  to  satisfy  the  ^-equation  by  a  value  z  =  descending  series  in  t,  viz. 
the  form  is  z  =  At*  +  A'ta~'L  '  +  ...  ,  with  powers  which  are  integral  or  fractional,  but 
where  the  number  of  positive  powers  is  finite.  The  theory  is  almost  identical  with 
that  of  the  solution  in  like  form  of  the  algebraical  equation 

p0zm  +p1zm~l  +  ...+  pm-iz  +  pm  =  0, 


or  say  the  equation  U  =  0,  where  U  is  a  rational  and  integral  function  of  z  and  t,  of  the 
degree  m  as  regards  z. 

5.  Considering  z   and   t   as   Cartesian   coordinates,  the  equation  in    question,   £7  =  0, 
represents   a  geometrical  curve  such  for  any  given  value  of  the  abscissa  t,  the  ordinate  z 
has   m   values:    the   curve    is    of    the   order    m   at    least,   but    it    may   be    of    a    higher 
order  m  +  K  ;   when  this  is   so,  there  is  at  infinity  on   the  axis   t  =  0,  a  /c-tuple  point  K, 
and   thus   any   line    parallel   to    the    axis    t  =  0,   intersects    the    curve    in    the    point    K 
counting   as   K.   intersections,  and  in   m  other   points,  which  are  the   points   belonging  to 

z      t 

the   m  values   of  the  ordinate   z.     Taking  s=l,   and    for   z,   t   writing  -  ,    -  respectively, 

s     s 

we  have  between  the  trilinear  coordinates  z,  t,  s  an  equation  U'  =  0  of  the  order 
m  +  rc,  where  s=0  is  the  equation  of  the  line  infinity:  and  the  curve  has  a  /c-tuple 
point  at  the  point  K  for  which  t  =  0,  s  =  0. 

6.  Starting  from  the  equation  U  =  0,  for  an  arbitrary  value  of  t  we  have  m  values 
of  z   all   of   them   different.     These   may   be   developed,   each   of  them   as   a   descending 
series  in   t,   and   the   development   is  effected   in   the  usual  manner  ;   viz.   considering  for 
the   moment   t   as    very   large,   then   z   is   in   general    very   large   and    it    has   a  leading 
term  Ata,  which   is   determined  by  writing   in   the    equation  z  =  At*,  and  then  finding  a 
in   such   wise   that   there   are   two   or  more    exponents    equal    to   each   other  and  greater 
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(that  is,  nearer  +00)  than  any  other  exponent  :  we  have  thus  a  highest  power  of  t, 
the  whole  coefficient  for  which  must  vanish,  viz.  we  obtain  an  equation  of  two  or 
more  terms  giving  for  A  a  value  or  values  not  =  0  ;  in  the  term  At*  in  question, 
a.  is  in  general  positive,  but  it  may  be  =  0,  or  be  negative.  The  leading  term  Ata 
being  found  in  this  manner,  the  law  for  the  exponents  of  the  subsequent  terms  is 
frequently  at  once  apparent;  but,  if  necessary,  we  write  z  =  Ata  +  A'VL~a',  and  determine 
in  like  manner  the  exponent  a—  a!  and  the  coefficient  A'.  Proceeding  in  this 
manner  until  the  law  of  the  exponent  becomes  apparent,  and  then  by  the  method  of 
indeterminate  coefficients,  we  finally  arrive  at  a  series 

z  =  At*  +  A't*-*'  +  A"ta-a'-a"  +  ...  , 

in  descending  powers  of  t  :  the  exponents  are  integral  or  fractional,  but  the  number 
of  positive  exponents  is  always  finite.  There  is  either  a  single  series  or  it  may  be 
two  or  more  series  ;  but  the  number  of  series  is  at  most  =  m,  and  when  it  is  less 
than  m,  then  the  coefficients  in  the  several  series  or  some  of  them  will  contain 
radicals,  and  by  giving  to  each  radical  its  different  values,  the  system  of  series  will 
determine  m  different  values  of  z. 

7.  The  curve  meets  the  line  infinity  (s=0)  in  the  point  K  counting  as  K  inter 
sections,  and  in  in  other  points,  some  or  all  of  which  may  coincide  with  K;  the  forms 
of  the  series  depend  on  the  configuration  of  the  m  points,  or  say  on  the  relation  of 
the  curve  to  the  line  infinity.  Thus  suppose  K  =  0,  and  further  that  the  m  points  are 
all  of  them  distinct,  that  is,  let  the  curve  be  a  curve  of  the  order  m  meeting  the  line 
infinity  in  m  distinct  points,  or,  what  is  the  same  thing,  having  m  asymptotes,  no  two 
of  them  parallel;  we  have  in  this  case  m  series,  each  of  the  form 


...t 

where  the  several  coefficients  A  have  distinct  values. 

8.  In  the  foregoing  case  A  is  determined  by  an  equation  of  the  order  in,  having 
unequal  roots;  and  taking  for  A  any  root  at  pleasure,  the  remaining  coefficients 
B,  C,  ...  are  each  of  them  linearly  determined.  If  the  equation  has  two  equal  roots, 
this  may  correspond  to  the  case  of  two  parallel  asymptotes  (the  curve  has  here  a 
node  at  infinity)  ;  the  coefficients  B,  C,...  will  in  this  case  depend  on  a  quadric 
radical,  and  by  giving  to  this  radical  its  two  values,  we  obtain  the  two  series 

z-At  +  B  +  -  +..., 

v 


corresponding  to  the  two  equal  roots  of  the  equation.  But  if  instead  of  a  node  at 
infinity  we  have  the  line  infinity  a  tangent  to  the  curve,  then  instead  of  the  two 
parallel  asymptotes,  we  have  an  asymptotic  parabola  ;  the  series  assumes  a  new  form, 
viz.  it  contains  terms  in  #,  <-*,  .  .  .  ;  the  coefficients  of  the  integer  powers  have 
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determinate    values,    but    those    of    the    powers    $,  £-*,...    contain    as    factor    a    quadric 
radical,  and  giving  to  this  radical  its  two  values,  we  have  two  series 


9.  The  like  considerations  apply  in  the  case  where  the  line  infinity  passes  through 
higher   multiple   points   of  the   curve,  or   has   with   it   a   contact   or   contacts  other  than 
a   single   ordinary    contact  :    in    every   case,   reckoning   as    distinct    series    those    obtained 
by  attaching  to   each   radical   its   different   values,  the  number  of  distinct  series  will  be 
=  m   precisely. 

10.  Reverting  now  to  the  differential  equation 

Po  {zm+...  +  z«»-»}  +  ...  +  pm_2(z°-  +  z')  +pm_lz  +pm  =  0, 

it  is  to  be  observed  that  the  very  same  process  is  applicable  to  the  determination  of 
z  in  the  form  of  a  descending  series  z  =  Ata  +  A'ta~a>  +  ...  ;  moreover,  it  frequently 
happens  that  the  determination  of  the  leading  term  Ata  is  made  by  means  of  the 
algebraical  equation 

p0zm+  ..,+  pm-2z2  +  pm_!  z  +  pm  =  0, 


viz.  this  is  so  whenever  the  value  of  a  is  greater  than  1:  in  fact,  writing  z  =  Atl*(x>l), 
then  in  the  sets  of  terms  {zm  +...+  z(m~v  },...,  (z3  +  3zz'  +  z"),  (z*  +  z),  the  first  terms 
zm,  ...,  z3,  z2  are  each  of  them  of  a  higher  degree  than  any  other  term  in  the  same 
brackets,  so  that  attending  only  to  the  terms  of  highest  degree  the  sets  may  be 
reduced  to  zm,  ...,  zs,  z2.  But  in  the  determination  of  the  subsequent  exponents  and 
coefficients,  the  omitted  terms  or  some  of  them  would  of  course  come  into  play  :  and 
it  is  at  least  not  obvious  that  we  can,  for  the  forms  of  the  series  which  satisfy  the 
differential  equation,  employ  geometrical  considerations  such  as  those  which  were  used 
in  regard  to  the  series  satisfying  the  algebraical  equation. 

11.  Considering  as  above  the  coefficients  p0,pi,...,pm  as  rational  and  integral 
functions  of  t,  it  is  easy  to  determine  the  degrees  of  these  coefficients  in  such  wise 
that  the  exponent  a  of  the  leading  term  Ata  shall  have  a  given  value.  Suppose 
first,  this  given  value  is  a  =  a,  a  positive  integer  greater  than  1  :  the  degrees  may  be 
0,  0  +  a,  6  +  2a,  .  .  .  ,  6  +  ma,  (6  =  0  or  any  positive  integer  at  pleasure)  ;  and  not  only 
so,  but  if  we  write 


then   writing  z  =  At&,  clearly  the   highest    power   in  the   equation   is  2fl+ma,  and  equating 
the  coefficient  hereof  to  zero,  we  have 

L0A™  +  LiA™-1  +...+  L^A  +  Lm  =  0, 
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an  equation  of  the  degree  m  for  the  determination  of  the  coefficient  of  the  leading 
term  At&(&>l).  Assuming  that  the  roots  are  all  unequal,  we  have  m  series  each  of 
the  form 

2  =  At&  +  Bt&~l  +  ...  +K  +  -T  +  .... 

(j 

12.  Suppose  a  =  1,  that  is,  let  the  leading  term  be  At  ;  here  the  degrees  may 
be  d,  0  +  1,  0  +  2,...,  0  +  m,  (0=0  or  any  positive  integer  as  before),  but  we  have  a 
different  form  for  the  A  -equation.  In  fact,  here  (z  =  At)  in  the  sets  of  terms 
[zm  +  ...  +  z  (wt~1)  },...,  (z3  +  3zz'  +  /'),  (z-  +  z'),  the  terms  in  each  brackets  are  of  the 
same  degree,  viz.  the  degrees  are  m,  ...,  3,  2;  and  not  only  so,  but  we  have 
z*  +  /=  (42  +  A)  t\  that  is,  =  [AJ  t\  z3  +  Zzz'  +  z"  =  [A]3  t3,....  Hence  if 

p0  =  L0te+...,    pl=Lltf+>+...,    pm  =  Lmt°+m+..., 

the  .A  -equation  is 

m_,  [AJ  +  Lm  =  0, 


an    equation   of  the   degree  m  as  before  ;   assuming  that  the  roots  are  unequal,  we  have 

here  m  series  each  of  the  form 

C     D 

z  =  At  +  B  +  -+-  +  ..., 
r       r 

being,  as  will  presently  appear,  the  case  of  m  regular  integrals  for  the  ^/-equation. 

13.  In   either   of  the   last-mentioned   cases,   the   formula   for    the   A  -equation    holds 
good   if  any  two   or  more   of  the  coefficients  p0,  p1}  ...,  pm  are  of  the  degrees  aforesaid, 
the   others   of  them   being   of  inferior  degrees;  we   have  only  to  put  =0  the  L's  which 
belong    to    the    coefficients    of    inferior    degrees.     If    neither    L0    nor    Lm    be    =0,   the 
equation   is   still   an   equation   of  the   order   m,   with   m   effective   roots  ;    but   if  any   of 
the   coefficients   L   at   the   beginning    of    the    equation    vanish    we    thus    introduce    roots 
=  oo  :    and   if    any   of    the   coefficients    L   at   the    end   of   the    equation   vanish,   we   thus 
introduce    roots    =  0  :    the    number    of    effective    roots    is    =  m  —  the    number    of    roots 
oo  or  0  ;   the  case  requires  further  consideration.     If  the  equation   has  equal  roots,  then 
from  what   precedes,  it   is   easy  to   infer   that  we  may  have  distinct  series  containing  as 
in   the   general   case   only   integer  powers   of  t,  or   we   may   have   series   beginning   with 
At*  or  At,  but  containing  also  fractional  powers  of  t. 

14.  If  the    leading   term    is  z=Ata,  a  =  a,  a    value  <  1,  then  in  the  sets  of  terms 
|^"  +  ...  +2{m-l}},  ...,   (z3  +  Szz'  +  z"),  (z2  +  zf)   the    last  terms   z(m~^\  ...,  z",  z'  are   each   of 
them    of    a    higher    degree    than    any    other    term     in    the    same    brackets,   so    that 
attending    only   to    the    terms    of    the    highest    degree    the    sets    may   be    reduced   to 
z(m-l)  ,  .  .  .  ,  z",  z',  or  we   may  consider   the   equation 


In  particular,  this  is  the  case  for  z  =  At~&,  a  being  a  positive  integer;  in  this  case, 
the  degrees  of  p0>  pi,...,  pm~l,  pm  may  be  0  +  a  —  ra  +  1,  0  +  a  —  m  +  2,  ...  ,  0+a,  0  ;  and 
this  being  so,  the  leading  coefficient  A  will  be  determined  by  a  linear  equation.  But 
the  case  is,  in  fact,  that  of  a  non-singular  point  x  =  a:  and  I  do  not  here  further 
consider  it. 
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15.     Reverting  to  the  case  where  the  series  is 


and  substituting  for  t  its  value  ,  or  for   greater  convenience  -  ,  this  is 

cc  ^~  a  sc 

1  dy     A      n 
-^r  =  —  +  B 

y  ax      x 

whence 

log  y  =  A  log  x  +  Bx  +  |  Cx2  +  ...  , 

or  passing  to  the  value  of  y,  but  expanding  the  exponential  of  Bx  +  Cx*  +  ...,  this  is 


viz.  we  have  here  a  regular  integral.  By  what  precedes,  it  appears  that,  for  the  values 
p0  =  L0  x~6  +  .  .  .  ,  pl  =  L-iX~6~l  +  ...,  pm  =  Lmx~6~m  +  ...,  the  exponent  A  is  determined  by 
the  equation 

L0  [A]™  +  L,  [4]«-'  +  .  .  .  +  Lm_,  \AJ  +  Lm  =  0, 


which   is   the   equation    for    that    purpose    considered    by   Fuchs,   and    is    what    I   would 
call  the  indicial  equation. 

The  logarithmic  forms  which  belong  to  the  case  of  equal  roots  may  be  deduced 
from  the  case  of  unequal  roots,  by  supposing  two  or  more  of  the  roots  to  approach 
each  other  continuously  and  become  ultimately  equal. 


16.     Similarly,  if  the  series  be 


(a  being  a  positive  integer  =  2  at  least),  then  writing  as  above  t  =  -  ,  this  is 

CO 

1  dy     F  K     A 

=        - 


F       1  Jf 

whence,  if  for  shortness  w  =  ---    --  ...  --     we  have 

a—  1  x*-~l  x 

l°gy  —  w  +  A  \ogx+  Bx  +  \G&  +  ..., 

or  passing  to  the  vahie  of  y,  but  expanding  as  before  the  exponential  of  Bw  +  $Ca?+..., 
this  is 

y  =  ewxA  (1  +  B'x  +  C'x*  +  ...), 
a   subregular   integral.     By   what   precedes,  it   appears   that,   if 

p,  =  L»x-o  +  ...,!>!-  L.x-6-*  -f  .  .  .  ,  pm  =  Lmx-s-m&  +  ..., 
c.  xii  57 
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then  the  equation  for  the  leading  coefficient  F  (previously  represented  by  A)  is 

but    I    do    not    see    any   direct    or   simple    way    of    obtaining    the    corresponding    equation 
for  the  exponent  A  of  this  subregular  integral. 

17.  To   illustrate    the    case    of  a   series   with    fractional    powers,    and    also    in    order 
to    work    out    a    simple    example    with    some    completeness,    I    consider    the    differential 

equation  of  the  second  order  -r^+P^y  —  ^,   giving   the   ^-equation    z2  +  z'  +p.2  =  0 ;  p.,   is  a 

rational    and    integral    function    of    t  (  =  -,)  ,   and    we    have    two    cases    according    as    the 

\     xf 

order  of  the  function  is  even  or  odd. 

18.  Suppose    first    that    the    order   is    even,    and    for    convenience    taking   it    to    be 
=  4,  and  assuming  the  value   of  p.2  accordingly,  I  consider  the  equation 

Here  the  form  is  at  once  seen  to  be 

ri     D     E 

and  observing  that  we  have 

,  dz  2E 

dt  t 

we  find 

A"-  =a  , 

2AB  -2A  =  /3, 

2AC  +   B2  -    B=y, 

2AD+2BC  +0(7  =  5, 

2AE  +  2BD+    C'2   +    D=  e, 
•2AF  +  2BE  +  2GD  +  2E  =  0, 

equations  which  give 

A  •**/*, 


_ 

2  Va     4a     8a  Va  ' 

n  _     ^          7           1  /3~  /33 

2Va     2a     4a  Va  4a2+ 


35 
4a 
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We  then  have 


and  consequently 


1  dy     A      B     „      _. 

-r  =  —*  +  -  +  G  +  Dx  +  Ex- 
y  dx     x2      x 


y  —  Q     x  XB  eCx+^Dx-+l£.i-3+... 

where  the  second  exponential  is  to  be  expanded  in  the  form  1  +  C'x  +  D'x-+  ...  ;  there 
are  of  course  two  values,  say  y1  and  y2>  corresponding  to  the  values  +  Va  and  -  Va 
of  the  radical  respectively. 

19.     Secondly,  if  the  order   be    odd,  and   for   convenience   taking   it   to   be    =3,  and 
assuming  the  value  of  p2  accordingly,  I  consider  the  equation 

22+z'  =  ^+7t2  +  8t  +  €. 

Here  the  series  is  at  once  seen  to  be 

e=       At2+Bt  +    Ct±  +  D  +  Et~*+...: 
we  have 

sf  =  -  %At*  -  Bt*  -  $Ct*  +       \E$     +..., 
and  we  thence  derive  the  equations 

*  -A 

2AB  -M=0, 

2AC  +   B~  -   B=y, 

2AD  +  2BC  -K=0, 

2AE  +  2BD+    C-  =B, 

-2AF  +  2BE  +  2CD  +  \E  =  0; 

(where   in   the   next   equation   we    have   on   the   right-hand   side   e,   and   in    each    of  the 
subsequent  equations  we  have  on  the  right-hand  side  0).     We  find 


E  = 


where    observe    that    the    coefficients    A,    C,   E,...    contain    as    a    factor     -1,    but    the 

V/3  ' 
coefficients  B,  D,  ...  are  rational. 

57—2 


452  NOTE   VN   THE   THEORY    OF    LINEAR    DIFFERENTIAL    EQUATIONS.  [862 

We  have 

1  du     A     B  C  „  i         j-, 

z  =  -  -r  =  -s  +  -  +   —    +  D    +    Ea£  +    Fx  +  .  .  .  , 

y  ax     x*      x  x* 

giving 

O  A 

logy  =  -™~  +B\oga;+2Ca;*  +  Dx  +  $Ea$  +  kFa?+  ...; 

u(? 

and  thence  passing  to  the  value  of  y,  but  expanding  the  exponential  of  2Ca$  +  Dx  +  ..., 
we  have  say  the  integral 


and  then  also,  changing  the  sign  of  V/3,  the  integral 

2A. 

yz=e^-    xB(\-C'x±  +  D'x-E'x%  +...). 
Writing  for  a  moment 

Q=e~^  , 
M  =  l  +D 


the   two   integrals   are   £CRQ  (M+  N&),  and   xHQ~'i(M  —  Nx^):   these    may   be    replaced   by 
their  sum  and  difference,  viz.  these  are 


/1  +  y*  =  MO?  (Q  +  Q~l)  +  FX**  (Q  -  Q^> 

,  -  y,  =  MX"  (Q  -  Q-i)  +  Jfo*+*  (Q  +  Q~l), 


where  Q  +  Q"1  is  a  rational  function  of  x,  and  Q  —  Q"1  is  =  a£  multiplied  by  a  rational 
function  of  x\  hence  3/1  +  2/2  is  =#B  multiplied  by  a  rational  function  of  x,  but  yi  —  y-> 
is  =arB+i  multiplied  by  a  rational  function  of  x. 


Cambridge,  28  April  1886. 
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863. 
NOTE  ON  THE  THEORY  OF  LINEAR  DIFFERENTIAL  EQUATIONS. 

[From  Crelle's  Journal  der  Mathem.,  t.  ci.  (1887),  pp.  209—213.] 

THE  theorem  v.  given  by  Fuchs  in  the  memoir  "Zur  Theorie  der  linearen 
Differentialgleichungen  mit  veranderlichen  Coefficienten,"  Crelle's  Journal,  t.  LXVIII.  (1868), 
pp.  354  —  385  (see  p.  374)  for  the  purpose  of  deciding  whether  the  integrals  belonging 
to  a  group  of  roots  of  the  "  determinirenden  Fundamentalgleichung  "  (or  as  I  call  it, 
the  Indicial  equation)  do  or  do  not  involve  logarithms,  may  I  think  be  exhibited  in 
a  clearer  form. 

Starting  from  the  differential  equation 

dm  dm~1  11 


of  the  order  m,  then  if  X  be  any  function  of  x  not  satisfying  the  differential  equation, 
we  can  at  once  form  a  differential  equation  of  the  order  m  +  l,  satisfied  by  all 
the  solutions  of  the  differential  equation,  and  having  also  the  solution  y  =  X  ;  the 
required  equation  is  in  fact 

dxP(y).P(X)-P(y).dxP(X)=0. 
This  I  call  the  augmented  equation. 

I  recall  that  the  equation  P(y)  =  Q,  considered  by  Fuchs,  is  an  equation  having 
for  each  singular  point  x  =  a,  m  regular  integrals,  viz.  the  coefficients  p0,  p1}  ...  ,  pm  have 
the  forms  q0(x  —  a)m,  q1(x  —  a)m~1,...,  qm,  where  q0,  <?!,...,  qm  are  rational  and  integral 
functions  of  x  —  a,  q0  not  vanishing  for  x  =  a,  and  the  other  functions  ql,  q»,...,  qm 
not  in  general  vanishing  for  x  =  a.  Writing  y  =  (x  —  a)8,  we  obtain 

P  (x  —  a)9  =  I  (6)  (x  —  a)6  +  higher  powers  of  (x  —  a), 

where  /  (0),  the  coefficient  of  the  lowest  power  of  (x  —  a),  is  a  function  of  6  of  the 
order  m,  which  I  call  the  indicial  coefficient;  and  equating  it  to  zero,  we  have  /(#)  =  0, 
the  determinirende  Fundamentalgleichung,  or  Indicial  equation,  being  an  equation  of 
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the  order  m.  If  the  roots  of  this  equation  are  such  that  no  two  of  them  are  equal 
or  differ  only  by  an  integer  number,  then  we  have  m  particular  integrals  each  of  them 

of  the  form 

y  —  (x  —  a}r  +  higher  powers  of  (x  —  a), 

where  r  is  any  root  of  the  indicial  equation:  but  if  we  have  in  the  indicial  equation 
a  group  of  X  roots  r1}  r*,,...,  i\,  such  that  the  difference  of  each  two  of  them  is 
either  zero  or  an  integer,  then  the  integrals  which  correspond  to  these  roots  involve 
or  may  involve  logarithms;  in  particular,  if  any  two  of  the  roots  are  equal,  the 
integrals  for  the  group  will  involve  logarithms. 

Consider  now  the  differential  equation  P(y)  =  Q  in  reference  to  the  singular  point 
a?  =  a  as  above,  and  writing  X  =  (x  —  off  where  e  is  in  the  first  instance  arbitrary, 
and  /  is  a  rational  and  integral  function  of  x  —  a  not  vanishing  for  x  =  a,  we  form 
the  augmented  equation  which,  observing  that  we  have  in  general  P  (X)  =  (x  -  a)e  Q, 
Q  a  rational  and  integral  function  of  x  —  a  not  vanishing  for  x  =  a,  and  dividing  the 
whole  equation  by  (x  —  a)*"1,  may  be  written 

dxP  (y}  .(x-a)Q-P  (y}  [eQ  +  (x  -  a)  dxQ]  =  0, 

an  equation  of  the  same  form  as  the  original  equation  (but  of  the  order  m  +  1  instead 
of  m),  and  having  an  indicial  equation 


In  fact,  writing  as  before  y  =  (x-a)e,  we  have  in  dxP(y).  (x-  a)  Q  the  term  of  lowest 
order  61  (6)QQ(x-  a)e  and  in  P(y}.eQ  the  term  of  lowest  order  el  (6)  Q0(x-  a)e, 
whereas  in  P(y)(x  —  a)dxQ  the  term  of  lowest  order  is  (x  —  a)e+1;  the  indicial  equation 
is  thus  as  just  found. 

If  however  e  be  equal  to  a  root  of  the  indicial  equation  /(<9)=0,  then  instead 
of  P  (X)  =  (x-  a)£  Q,  we  have  P  (X)  =  (x-aY  Q,  where  the  index  //,  is  =  e  +  a  positive 
integer,  and  where  the  value  of  the  difference  fi  —  e  may  depend  upon  the  determ 
ination  of  the  function  /  in  the  expression  (as  -  a)€f.  The  indicial  equation  for  the 
augmented  equation  is  in  this  case  (9  —  //,)  I(0)  =  Q. 

If  the  indicial  equation  /  (6)  =  0  of  the  given  differential  equation  has  a  group 
of  roots  n,  rs,...,  rx,  the  difference  of  any  two  of  these  roots  being  zero  or  an 
integer,  then  taking  e  =  any  one  of  these  roots,  the  augmented  equation  will  have  a 
group  of  roots  (ft,  rlt  r»,  ...,  rA). 

If  any  two  of  the  roots  rlt  r2,...,  ?-\  are  equal,  the  group  of  integrals  u^,  u.2,...,  u\ 
will  involve  logarithms:  the  question  only  arises  when  these  roots  are  unequal,  and 
taking  them  to  be  so,  the  theorem  v.  is  in  effect  as  follows  :  "  If  by  taking  e  =  some 
one  of  the  roots  i\,  rz,  ...,  i\,  and  by  a  proper  determination  of  the  function  /  we 
can  make  p.  to  be  =  one  of  the  same  roots  rlf  r2,...,  rA,  then  the  group  of 
integrals  ult  u2,  ...,  UK  will  involve  logarithms;  but  if  p  cannot  be  made  =  one  of 
the  roots  r1}  r2,  ...,  rA,  then  the  group  of  integrals  will  be  free  from  logarithms." 

As  an  example,  I  consider  the  equation 
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This   is   Legendre's   equation  (1  —  x"}  ~2  —  2x  ~-  +  (n2  +  n)  y  =  0,  with   -  substituted   for  x, 

so  that,  instead  of  a  singular  point  x  =  oo ,  there  may  be  a  singular  point  x  =  0. 
Attending  to  the  singular  point  x  =  0,  we  have  P  (x6)  =  ($2  —  #  —  n-  —  n)  xe  +  higher  powers, 
so  that  the  indicial  equation  /(0)  =  0  is  8a-0-n*-n  =  0,  that  is,  (6  +  n)  (0-n- 1)  =0, 
or  we  have  the  roots  —  n,  n  +  l,  which  differ  by  an  integer,  and  thus  form  a  group, 
if  n  be  =  an  integer,  or  be  =  an  integer  —  £ ;  to  fix  the  ideas,  say  that  the  roots 
are  -p,  p+l  or  else  —  p  +  %,  p+%  where  p  is  a  positive  integer. 

Writing   for  greater    convenience   xff=x*  +  F,   where   F  is   a   sum    of    powers   of    x 
higher  than  e,  we  find  without  difficulty 

P  (off)  =  xe  {(e  +  n)  (e  -  n  -  1)  -  (e2  +  e)  ^  +  (x°  -  x*)  x~*  F"  -  (ri>  +  n)  x~e  F} 

which,  so  long  as  e  remains  arbitrary,  is  of  the  form  xeQ,  Q  =  (e  +  n)  (e  —  n  —  1)  +  powers 
of  x ;  if  however  e  be  a  root  of  the  indicial  equation,  for  instance,  if  e  =  —  n,  then 
the  expression  in  brackets  {  }  contains  at  any  rate  the  factor  #,  so  that  the  form  is 
P(x~nf)  =  x^Q,  where  /JL  is  =  —  n  + 1  at  least;  we  can  however,  by  a  proper  determ 
ination  of  the  function  f,  make  /j,  acquire  a  larger  value. 

For  instance,  suppose  —n,  n  +  1  =  —  2,  3 ;   e  =  —  n  =  —  2,  and  assume 

xef=  x-2  +  Bx~l  +  Cx°  +  Dx1  +  Ex*  +  Fa?  +  Gx4  +  . . . 
To  calculate  P  (xef),  we  have 


6 

25 

OC 

OD 

2E 

QF 

12G 

20H  ... 

-6 

-25 

-00 

-OD 

-  2E 

-  6F 

+  4 

+  25 

-00 

-2D 

-  IE 

-  6F 

-6 

-65 

-6(7 

-6D 

-6E 

-6F 

-  6G 

-  GH. 

P  (*•/)  = 

0 

-45 

-6(7 

-6D 

-4>E 

OF 

QG 

UH  ... 

Hence  if  B  not  =  0,  we  have  ^  =  —  1 ;  if  B  =  0,  —6(7—2  not  =  0,  we  have  p  =  0 :  if 
B  =  0,  -6(7-2  =  0,  D  not  =0,  we  have  yu=l;  if  B  =  0,  -6(7-2  =  0,  D  =  0,  but  E 
not  =0,  we  have  /*  =  2;  if  5  =  0,  -6(7-2  =  0,  D=0,  ^=0,  then  the  coefficient  of 
x3,  =OF—2D,  is  =0,  and  we  have  not  /*  =  3,  but  //,  =  4  at  least,  viz.  p  will  be  =4, 
if  6  G  —  6E=0,  that  is,  if  6r  =  0 ;  but  leaving  F  arbitrary,  we  can  by  giving  proper 
values  to  the  subsequent  coefficients  H,  I,  &c.,  make  //.  to  be  =  5  or  any  larger 
integer  value.  The  values  of  fj,  are  thus  =— 1,  0,  1,  2,  4,  5,  ... ,  and  we  see  that  the 
group  (/it,  —n,  n  + 1),  that  is,  (/a,  —  2,  3),  does  not  in  any  case  contain  two  equal 
indices.  Starting  from  the  value  e  =  3,  the  value  of  p  is  >  3,  and  thus  here  also  the 
group  (fj,,  —  2,  3)  does  not  contain  two  equal  indices. 

The  conclusion  from  the  theorem  thus  is  that  the  integrals  u1}  u.2,  belonging  to 
the  roots  —  2,  3,  do  not  involve  logarithms :  and  in  precisely  the  same  manner,  it 
appears  that  the  integrals,  belonging  to  the  two  roots  —  p,  p  +  1  (p  any  positive 
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integer),   do   not    involve    logarithms :    this   is   right,    for   the   integrals   are,   in    fact,   the 

Legendrian    functions   of  the    first    and   second   kinds   Pp   and    Qp,   with    only   ^    written 

oc 

therein  instead  of  x. 

Similarly,  if  for  instance  —n,  n+l=  —  -£,  f,  then,  if  e  =  —  n  =  —  %,  assuming 

a-/=  aT  *  -I-  Bx*  +  Co*  +  Dot 


we  have 

1  1  R  57 

f  ~  a  /r-2  /r*  a*s  rr? 


f     -&        |(7 

_  |  +IB  -  f(7 

+  i  _  B  -  3(7 

B    -  f  (7  -  f  D  -  f  E 


P(x'f)=           0     -    B        0(7          3D 

We  have  here  if  B  not  =0,  p  =  \ ;  but  if  B  =  0,  then  we  cannot  in  any  way  make 
the  coefficient  of  x^  to  vanish,  and  consequently  /j,  =  f .  With  this  last  value  of  /*, 
the  group  (/*,  —  n,  ?i  + 1),  that  is,  (/u,,  —  ^,  f),  becomes  (|,  —  ^,  f)  which  contains  two 
equal  roots,  and  the  conclusion  from  the  theorem  thus  is  that  the  integrals  u1}  u.>, 
corresponding  to  the  roots  —  \,  f,  involve  logarithmic  values.  And  similarly  in  general 
the  integrals  U-L,  u.2>  corresponding  to  the  roots  —  p  +  ^,  p  +  ^  (p  any  positive  integer), 
involve  logarithmic  values :  this  also  is  right. 

The  examples  exhibit  the  true  character  of  the  theorem,  and  show  I  think  that 
it  is  a  less  remarkable  one  than  would  at  first  sight  appear:  in  fact,  in  working  them 
out,  we  really  ascertain  by  an  actual  substitution  whether  the  differential  equation  can 
be  satisfied  by  series  of  powers  only,  without  logarithms.  Thus  for  n  =  2  as  above, 
it  appears  that  the  equation  is  satisfied  by  the  series 

ni  —  /y»    2    [      A|0"     1     I     i  i  <?'^  _i_     /)/>*l     t      r1,nr&    i      A  o*^     i     t-w-rfA    i      /-//>>5    i 

C7     — —     cX/  |^     J-JW  ^^     WtA/        ^^     JLSW  \^     JLl/tV  J^    JL     lAs        ^^     \JI  tJU       T~    J.J.  tJU       "7^      .    .    .     , 

where 

that  is,  by 

y  =  x~~  +  A  +  F  (x3  —  §-ac5  +  ...). 

U  '        O  f  /' 

in  other  words,  that  we  have  the  two  particular  integrals  y  =  x~*  -f  i,  and  y  =  a?  —  f  x  +  ..., 
belonging  to  the  two  roots  —  2,  3  respectively. 

Similarly,  when  n  =  ^,  we  cannot  satisfy  the  equation  by  a  series 

y  =  #-£  +  Bx%  +  Cx^  +  Dx§  +  . . . ; 

for  in  order  to  satisfy  the  equation,  we  must  have  B  =  0,  (7  =  oo ;  there  is  thus  na 
series  of  powers  y  =  x~*  -f  Co?  +  ...,  corresponding  to  the  root  —  ^:  but  there  is  a  series 
y  =  a$  +  kx^  +  ...  corresponding  to  the  root  f;  and  thus  the  integrals  ult  u2,  corre 
sponding  to  these  roots  —  \,  f ,  involve  logarithms. 

Cambridge,  23  March  1887. 
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864. 

ON    RUDIO'S    INVERSE    CENTRO-SURFACE. 

[From    the    Quarterly   Journal    of   Pure    and    Applied    Mathematics,    vol.    xxil.    (1887), 

pp.  156—158.] 

DR  F.  RUDIO,  in  an  inaugural  dissertation  "  Ueber  diejenigen  Flachen  deren 
Krummungsmittelpunktsflachen  confokale  Flachen  zweiten  Grades  sind,"  Berlin,  1880, 
and  Crelle's  Journal,  t.  xcv.,  p.  240,  has  determined  the  surfaces  having  for  their 
centre-surface  (i.e.,  the  locus  of  centres  of  curvature)  the  aggregate  of  the  confocal 
quadric  surfaces 


b  —  A,     c  —  X 


a  — 


or,  what  is  the  same  thing,  the  surfaces  orthotomic  to  the  common  tangents  of  these 
two  surfaces.  He  obtains,  as  the  final  result  of  an  elegant  analytical  investigation,  the 
following  formulae  : 

//        ^  \ 
x  =  v(a  —  X) 


in      A\     /(b-u.b-v\ 

y  =  Jfh  —  X)  *  /  1 1 —      — i —          , 

-  V  \b  -  c  .b-aj 

1  (c  -u.c  -v\ 
z  =  v(c  —  X)  *  /  I  —ill 

'  V  \c-a.c-bj 


a  —  u.b  —  u.c  — 


X  —  u.fj,  —  u 
c.  xii.  58 
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~  ^~~^>C~^  «  —  A* 


X,  —  w  .  X  —  v      a  —  u.a  — 


T7-T7- 


U  —V     .,      c  —  \.  a  —  X  6  —  /i        7rTr 

77          —  =  l  —  -  —    —  -  —  --  f  —    —  =-  -  u  y, 

y  \  —  u.\  —  v      o  —  u  .  b  —  v 

.,  U—  V  _  ,  _  a—  \.b-\          c  — 


z  \  —  u.\  —  v      c  —  u.c—v 

(values  which  are  such  that  £2  +  ??2-f  £2  =  1), 


And  then 

'  '  Z  =  2 


viz.  the  equations  give  x,  y,  z,  U,  V,  g,  ?;,  t,  each  of  them  as  a  function  of  two 
independent  parameters  u,  v,  p  is  a  function  of  u,  v  and  of  the  arbitrary  constant  C; 
hence,  giving  to  C  any  assumed  value,  we  have  as',  y',  z'  each  of  them  a  function  of 
the  two  arbitrary  parameters  u,  v;  that  is,  as',  y',  z  are  the  coordinates  of  a  point  on 
a  surface,  one  of  a  system  of  parallel  surfaces  (corresponding  to  the  different  values 
of  (7)  which  are  the  surfaces  in  question. 

Observe  that  u,  v  are  the  elliptic  coordinates  of  the  point  (ac,  y,  z}  on  the  first 
of  the  two  confocal  surfaces,  and  that  £,  77,  £  are  the  cosine-inclinations  of  one  of  the 
tangents  from  this  point  to  the  other  confocal  surface;  so  that,  if  p  were  left 
arbitrary,  the  equations  x'  =  x  +  p%,  y'  =  y  +  p<r}>  z'  =  z-\-p%  would  be  the  equations  of  a 
common  tangent  of  the  two  confocal  surfaces  ;  but  p,  as  determined,  is  the  distance 
of  the  point  as,  y,  z  from  the  point  as',  y',  z'  on  the  required  surface.  The  expression 
for  p  involves  hyper-elliptic  integrals  of  the  first  species,  which  are  the  same  as  those 
which  present  themselves  in  the  determination  of  the  geodesic  lines  upon  either  of 
the  two  coufocal  surfaces. 

I  have,  in  quoting  these  remarkable  results,  written  for  greater  simplicity  a,  b,  c 
instead  of  the  author's  a'2,  62,  c2. 


Cambridge,  Dec.  20,  1886. 
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865. 
ON    MULTIPLE    ALGEBRA. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  xxn.  (1887), 

pp.  270—308.] 

1.     I    REPRODUCE    a    passage    from    my    Presidential    Address,    British    Association, 
Southport,  1883. 

"  Outside  of  ordinary  mathematics  we  have  some  theories  which  must  be  referred 
to :  algebraical,  geometrical,  logical.  It  is,  as  in  many  other  cases,  difficult  to  draw 
the  line :  we  do  in  ordinary  mathematics  use  symbols  not  denoting  quantities,  which 
we  nevertheless  combine  in  the  way  of  addition  and  multiplication,  a  +  b  and  ab,  and 
which  may  be  such  as  not  to  obey  the  commutative  law  ab  =  ba;  in  particular,  this 
is  or  may  be  so  in  regard  to  symbols  of  operation;  and  it  could  hardly  be  said  that 
any  development  whatever  of  the  theory  of  such  symbols  of  operation  did  not  belono 
to  ordinary  algebra.  But  I  do  separate  from  ordinary  algebra  the  system  of  multiple 
algebra  or  linear  associative  algebra  developed  in  the  valuable  memoir  by  the  late 
Benjamin  Peirce,  "  Linear  Associative  Algebra "  (1870,  reprinted  1881  in  the  American 
Journal  of  Mathematics,  vol.  IV.,  with  notes  and  addenda  by  his  son,  C.  S.  Peirce) : 
we  here  consider  symbols  A,  B,  &c.,  which  are  linear  functions  of  a  determinate 
number  of  letters  or  units  i,  j,  k,  I,  &c.,  with  coefficients  which  are  ordinary  analytical 
magnitudes  real  or  imaginary,  viz.  the  coefficients  are  in  general  of  the  form  oc  +  iy, 
where  i  is  the  before-mentioned  imaginary,  or  V(—  1)  of  ordinary  analysis.  The  letters 
i,  j,  k,  Sac.,  are  such  that  every  binary  combination  i2,  ij,  ji,  &c.,  (ij  not  in  general  —ji), 
is  equal  to  a  linear  function  of  the  letters,  but  under  the  restriction  of  satisfying 
the  associative  law;  viz.  for  each  combination  of  three  letters  ij .  k  is  —i.jk,  so  that 
there  is  a  determinate  and  unique  product  of  three  or  more  letters;  or,  what  is  the 
same  thing;  the  laws  of  combination  of  the  units  i,  j,  k,...  are  defined  by  a  multi 
plication  table  giving  the  values  of  i\  ij,  ji,  &c. ;  the  original  units  may  be  replaced 
by  linear  functions  of  these  units,  so  as  to  give  rise  for  the  units  finally  adopted  to 
a  multiplication  table  of  the  most  simple  form;  and  it  is  very  remarkable  how 
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frequently  in  these  simplified  forms  we  have  nilpotent  or  idempotent  symbols  (t2  =  0 
or  iz  =  i  as  the  case  may  be),  and  symbols  i,  j,  such  that  ij=ji=0;  and  consequently 
how  simple  are  the  forms  of  the  multiplication  tables  which  define  the  several 
systems  respectively. 

"I  have  spoken  of  this  multiple  algebra  before  referring  to  various  geometrical 
theories  of  earlier  date,  because  I  consider  it  as  the  general  analytical  basis,  and  the 
true  basis,  of  these  theories.  I  do  not  realise  to  myself  directly  the  notions  of  the 
addition  or  multiplication  of  two  lines,  areas,  rotations,  or  other  geometrical,  kinematical, 
or  mechanical  entities;  and  I  would  formulate  a  general  theory  as  follows:  consider 
any  such  entity  as  determined  by  the  proper  number  of  parameters  a,  b,  c, ...  (for 
instance,  in  the  case  of  a  finite  line  given  in  magnitude  and  position,  these  might 
be  the  length,  the  coordinates  of  one  end,  and  the  direction-cosines  of  the  line  con 
sidered  as  drawn  from  this  end);  and  represent  it  by  or  connect  it  with  the  linear 
function  ai  +  bj  +  ck  +  &c.,  formed  with  these  parameters  as  coefficients  and  with  a 
given  set  of  units  i,  j,  k,  &c.  Conversely,  any  such  linear  function  represents  an  entity 
of  the  kind  in  question.  Two  given  entities  are  represented  by  two  linear  functions; 
the  sum  of  these  is  a  like  function  representing  an  entity  of  the  same  kind,  which 
may  be  regarded  as  the  sum  of  the  two  entities ;  and  the  product  of  them  (taken 
in  a  determined  order,  when  the  order  is  material)  is  an  entity  of  the  same  kind, 
which  may  be  regarded  as  the  product  (in  the  same  order)  of  the  two  entities.  We 
thus  establish  by  definition  the  notion  of  the  sum  of  the  two  entities,  and  that  of 
the  product  (in  a  determinate  order,  when  the  order  is  material)  of  the  two  entities. 
The  value  of  the  theory  in  regard  to  any  kind  of  entity  would  of  course  depend  on 
the  choice  of  a  system  of  units  i,  j,  k,  ...,  with  such  laws  of  combination  as  would 
give  a  geometrical  or  kinematical  or  mechanical  significance  to  the  notions  of  the  sum 
and  product  as  thus  defined. 

"Among  the  geometrical  theories  referred  to,  we  have  a  theory  (that  of  Argand, 
Warren,  and  Peacock)  of  imaginaries  in  plane  geometry:  Sir  W.  R.  Hamilton's  very 
valuable  and  important  theory  of  quaternions ;  the  theories  developed  in  Grassmann's 
Ausdehnungslehre,  1844  and  1862;  Clifford's  theory  of  biquaternions,  and  recent  extensions 
of  Grassmann's  theory  to  non-Euclidian  space  by  Mr  Homersham  Cox.  These  different 
theories  have  of  course  been  developed,  not  in  anywise  from  the  point  of  view  from 
which  I  have  been  considering  them,  but  from  the  points  of  view  of  their  several 
authors  respectively." 

2.  The   present   paper   is   in   a   great   measure   the  development   of  the   views  con 
tained   in   the   foregoing   extract;   but,  instead   of  establishing  ab  initio  a  linear  function 
aj  4. bj 4.  ck  +  ...  as  above,  I  deduce  this,  as  will  be  seen  from  the  notion  of  addition. 

3.  If    x,   y,  ...    denote    ordinary   (real    or   imaginary)   analytical    magnitudes,   which 
(as  such)  are  susceptible  of  addition  and  multiplication,  and  for  each  of  these  operations 
are   commutative   and   associative,  then    we    may   consider    a   multiple   symbol    (x,   y,  . . . ) 
involving  any  given  number  of  letters,  to  fix  the  ideas  say  (x,  y\  susceptible  of  addition 
and  multiplication  according  to  determinate  laws 

(x,  y)  +  (af,  y'}  =  (P,  Q),    (x,  y}(x',  y')  =  (X,  Y), 
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where  P,  Q,  X,  Y  are  given  functions  of  x,  y,  as',  y  '.  For  greater  simplicity  the  law 
of  addition  is  taken  to  be 

(x,  y}  +  (x,  y')  =  (x  +  x',  y  +  y'\ 

so  that  as  regards  addition  the  multiple  symbols  are  commutative  and  associative.  But 
this  is  or  is  not  the  case  for  multiplication,  according  to  the  form  of  the  given 
functions  X,  F;  for  instance,  if 

O>  y)  («',  y'}  =  (a®'  -  yy,  xy  +  yx'\ 

then  in  regard  to  multiplication  the  symbols  will  be  commutative  and  associative. 
But  if 

(x,  y,  z)  (x  ',  y',  z')  =  (yz1  —  y'z,  zx'  —  zx,  xy'  —  x'y), 

then  the  symbols  will  be  associative,  but  not  commutative. 

4.  I    remark   here   that   we    are    in    general    concerned    with    symbols    of    a   given 
multiplicity,  double  symbols  (x,  y},  triple  symbols  (x,  y,  z\  ?i-tuple  symbols  (ac1,  x2,...,  xn), 
as   the   case   may  be,   and   that   as   well   the   product   as   the    sum   is    a   symbol    ejusdem 
yeneris,  and   consequently   of  the   same    multiplicity,   with   the   component   symbols  ;   this 
is   to   be   assumed   throughout   in   the   absence   of  an   express  statement  to  the  contrary. 
It   is,  moreover,  proper   to   narrow   the   notion    of  multiplication   by  restricting   it  to  the 
case   where    the    terms   (X,    Y,  ...)   of    the    product    are    linear    functions    of    the   terms 
(x,    y,...)    and    (x,    y',  ...)    of    the    component    symbols    respectively;   any    other    form 
(X,  Y,  ...)   is   better   designated    not   as   a  product,   but   as   a    combination   (or   by   some 
other  name)  of  the  component  symbols  (x,  y,  ...)  and  (x  ',  y',  ...). 

5.  I   assume,  moreover,  that,  if  m   be   any  ordinary  analytical    magnitude,  this  may 
be  multiplied  into  a  multiple  symbol  (x,  y,...\  according  to  the  law 

m  (as,  y,  .  .  .  )  =  (mx,  my,  ...). 

6.  As   a   consequence   of  this  last  assumption  and  of  the  assumed  law  of  addition, 
we  have  for  instance 

(*,  y,  z)  =  (x,  0,  0)  +  (0,  y,  0)  +  (0,  0,  z) 

=  x(l,  0,  0)  +  y(0,  1,  0)  +  *(0,  0,  1); 

that  is,  using  single  letters  i,  j,  k  for  the  multiple  symbols  (1,0,  0),  (0,  1,  0),  (0,  0,  1) 
respectively,  we  have 

(x,  y,  z}  =  xi  +  yj  +  zk, 

where  the  letters  i,  j,  k,  thus  standing  for  determinate  multiple  symbols,  may  be 
termed  "  extraordinaries."  Each  extraordinary  may  be  multiplied  into  any  ordinary 
symbol  x,  and  is  commutative  therewith,  aci  =  ix;  moreover,  each  extraordinary  may  be 
multiplied  into  itself,  or  into  another  extraordinary,  according  to  laws  which  are,  in 
fact,  determined  by  means  of  the  assumed  law  of  multiplication  of  the  original  multiple 
symbols;  and,  conversely,  the  law  of  multiplication  of  the  extraordinaries  determines 
that  of  the  original  multiple  symbols  ;  thus,  if 

(*»  y}  (*'.  y'}  =  (««'  -  yy',  W  +  yx\ 

then 


(ix  +  jy)  (ix  +jy')  =  i  (xxr  -  yy')  +j  (xy  +  yx'\ 
and  also 

ijxy' 
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which   expressions   will   agree   together   if,  and   only   if,  i2  =  i,   ij  =j,  ji  =j,  j2  =  —  i,   or,  as 
these  equations  may  be  written, 

*  3 


have 
that  is, 


And   so   in   general   we   have   a   multiplication   table   giving    each    square    or   product   as 
a  homogeneous  linear  function  of  all  or  any  of  the  extraordinaries. 

7.     And,    conversely,   from   this   multiplication   table    of  the    extraordinaries   i,  j,  we 
(ix  +  jy)  (ix'  +jy')  =  i (xx' - yy')  +j (xy'  +  yx'), 

(as,  y)(x,  y')  =  (xx'  -  yy',  xy' +  yx') 
the  originally  assumed  formula  of  multiplication. 

In  the  example  just  given,  we  have  fi  =  i,  ij=ji=j,  viz.  the  symbol  i  comports 
itself  like  unity,  and  may  be  put  =1;  we  have  (x,  y)=x+jy,  with  the  multiplication 
table 

1  j 


or  simply  the  equation  j-  =  —  1  ;   and  then 

O  +  jy)  (#' +jy)  =  xx  -  yy'  +j  (xy' 

and   it   is    convenient    to    regard    1    as    an    extraordinary,    and   speak    of   the    system    of 
extraordinaries  1,  ;'. 

8.  The  separate  terms  so,  y,...,  whatever  be  their  number,  may  always  without 
loss  of  generality  be  arranged  in  a  line ;  but  it  may  be  convenient  to  arrange  them 
in  a  different  form,  for  instance,  in  that  of  a  square  ;  we  may  have  for  instance  symbols 


x,    y 
z,  w 


with  the  laws  of  combination 


x,     y 

+ 

*',    y' 

= 

z,    w 

z  ,     w' 

^    y 

x',     y' 

= 

z,     w 

z  ,     w' 

x  +  x,    y  +y' 
z  +  z' ,    w  +  w 
xx'  +  yz',     xy' +  yw 
zx  +  wz',     zy'  +  ww' 


where  observe  that  the  multiplication  is  not  commutative. 
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9.  A   multiple  symbol   may  be   connected  with   a  geometrical   or  physical  entity  of 
any    kind  :   viz.   any  such    entity,   depending   on   a   number   of  parameters   susceptible   of 
analytical   magnitude,    to    fix   the    ideas    say  on    two   parameters  (as,  y),  may  be  connected 
with    the    multiple    symbol   (x,  y).     We   cannot  in  general  directly  conceive   the  addition 
or    multiplication     of    such    entities,    but     the    assumed    laws    of    combination    of    the 
multiple  symbols  in  effect  serve  as  definitions  of  the  operations.     Thus 

(as,  y)  +  (xr,  y')  =  (os  +  x,  y  +  y')  ;     (as,  y} .  (x1,  y'}  =  (xx'  -  yy',  xy'  +  yx') : 

or  the  sum  of  the  entities  whose  parameters  are  x,  y  and  x',  y'  is  by  definition  the 
entity  whose  parameters  are  x  +  x',  y  +  y']  and  the  product  of  the  same  entities  is  by 
definition  the  entity  whose  parameters  are  xx  —  yy ',  xy  +  yx' .  The  entities  are  thus, 
as  regards  addition,  commutative  and  associative;  but,  as  regards  multiplication  they 
are  or  are  not  commutative,  or  associative,  according  to  the  assumed  law  of  multiplic 
ation  of  the  multiple  symbols. 

10.  If,   as   above,  the  multiple  symbol  be   represented  by   means  of  extraordinaries, 
(x,   y)=ix+jy,   then   the   extraordinaries   i,  j,   qua   multiple    symbols   (1,  0),    (0,  1),    are 
themselves   special   entities  of  the  kind  in  question,  their  laws  of  combination  (as   such 
special    entities)    being    included    in    the    general    laws    for    the    combination    of    such 
entities  ;   or,  if  we   please,  these   general  laws  being   derived   from    the  assumed  laws  for 
the   special   entities.     Thus,   if    ix+jy   represent   the   point   whose   coordinates    are    x,  y, 
then    i   represents    the     point    whose    coordinates    are     (1,  0),    and   j    the    point    whose 
coordinates  are  (0,  1). 

11.  It  has  been  assumed  that   the   multiple   symbols   combined   together,   and  their 
sum   and    product,   are    symbols    of    one    and    the    same    multiplicity,   say   the    types    of 
combination  are 

(as,  y,  z)  +  (x',  y',  z')  =  (x  +  x,  y  +  y',  z  +  z');     (x,  y,  z)(x,  y',  z')  =  (X,   T,  Z)' 
if  this  were  not  so,  if  for  instance  we  had 

(x,  y,  z)(x,  y',  z')  =  &  double  symbol  (X,  Y), 

then  this  given  equation  for  the  multiplication  of  two  triple  symbols  would  not  serve 
as  a  definition  for  the  multiplication  of  double  symbols,  or  of  a  double  and  a  triple 
symbol,  and  new  definitions  would  be  required.  We  might,  however,  have  symbols  of 
indefinite  multiplicity  (ac,  y,  z,  w,  ...),  including  within  them  all  finite  multiplicities,  viz. 
(x,  y)  meaning  (x,  y,  0,  0,...),  and  so  in  other  cases,  these  being  combined  into  symbols 
of  like  indefinite  multiplicity 

(x,  y,  z,...)  +  (x,  y',  z',...)  =  (x  +  x,   y  +  y',  z  +  z',...)] 
(x,  y,  z,...)(x',  y',  z',...)=(X,  Y,  Z,...)', 

for  instance,  the  law  of  multiplication  might  be 

(x,  y,  z,...)  (x,  y',  /,...)  =  (xx',  xy'  +  yx',  xz'  +  yy'  +  zx',  . . .), 

and  we  could  hereby  combine  symbols  of  any  finite  multiplicities  (the  same  or  different) 
whatever 
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12.  Another  peculiarity  may  be  noticed:    suppose  that,  in  general, 

(x,  y,  z,  w)  +  (x,  y',  z',  w')  =  (x  +  x,  y  +  y',  z  +  z',  w  +  w') ; 

(x,  y,  z,  w)(x,  y',  z',  w')  =  (X,  F,  Z,  W); 
then,  as  a  particular  case  hereof,  we  have  the  addition-equation 

(x,  y,  0,  0)  +  (x',  y',  0,  0)  =  (x  +  as,  y  +  y',  0,  0) 

and  it  may  very  well  be  that  for  the  same  two  symbols  the  multiplication-equation  may 
take  the  form 

(x,  y,  0,  0)0',  y',  0,  0)  =  (0,  0,  Z,   W\ 

(Z,  W  each  of  them  a  function  of  x,  y,  x',  y'}]  viz.  here,  in  a  different  point  of  view, 
the  component  symbols  (x,  y,  0,  0)  and  (x1 ',  y',  0,  0),  are  double  systems  of  a  certain 
kind  {x,  y},  {x',  y'},  and  the  product  is  a  double  system  of  a  different  kind  [Z,  W],  or 
it  might  have  been  (0,  F,  Z,  W),  —  a  triple  system  [F,  Z,  W].  Of  course,  all  peculiarity 
disappears  when  we  revert  from  the  particular  symbols  (x,  y,  0,  0)  to  the  general 
symbols  (x,  y,  z,  w),  from  which  we  may  regard  them  as  derived. 

13.  The  peculiarity  just   referred   to   presents   itself  naturally  when  we   regard   the 
symbols  as  representing   geometrical   or   physical  entities;   it  may  very  well   be  that  the 
product   of    two   entities   of    a   certain    kind    is   taken    to    be    an    entity   of    a    different 
kind   (for   instance,   the   product   of  two   points    to   be   a    line),  and    that   the    analytical 
theory  of  the  multiple   symbol   is   constructed  in   order   to   such   a  relation;   and  it  may 
further   be   that   only  the   symbol   (x,  y,  0,  0)  or  {x,  y}    is  interpreted    with   reference  to 
an   entity  of  the  one  kind,  and   only  the   symbol  (0,  0,  Z,   W},  or  [Z,   W]  is  interpreted 
by   reference   to   an   entity   of  the   other   kind,   without   any   interpretation   at   all   being 
given    to    the    general    symbol    (x,   y,   z,    w);    thus    the    two     forms    (x,    y,    0,    0),    and 
(0,  0,    Z,    W),    naturally   present    themselves   as   double   symbols    {x,    y}    and    [Z,    W]   of 
different  kinds. 

14.  In  further  illustration,  suppose   the   symbols  represented   as   linear  functions   of 
extraordinaries, 

(x,  y,  z,  w)  =  xel  +  ye.,  +  zi]1  + 


with  a  multiplication  table  for  the  four  extraordinaries  e1(  ea,  77^  7/2.  We  then  have 
(x,  y,  0,  0),  ={x,  y}  =  xe^  +  ye2  ;  the  el5  e2  have  no  proper  multiplication  table  of  their 
own,  but  the  squares  and  products  e^,  ^e,,  e^,  e22  are  each  given  as  a  linear  function 
°f  %»  %;  hence  we  have 


which  is  a  symbol  (0,  0,  Z,  W),  or  [Z,  W],  of  a  different  kind;  it  may,  in  completion 
of  the  theory,  be  assumed  that  in  like  manner  17!,  ^  have  no  proper  multiplication 
table  of  their  own,  but  that  the  squares  and  products  ^  ^T/,,  ^ij^  ^  are  each 
given  as  a  linear  function  of  e^  e2,  leading  to  a  relation 
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which    is   a   symbol    (X,  Y,  0,  0)    or    {X,   Y}    of  the    first    kind  ;    it    may  further   happen 
that  each  of  the  several  products  erj,  rje  is  =  0,  in  which  case 


(xe-L  +  ye2)  (z^  +  wr)2)  =  0,     (zrj,  +  wr}2)  (xel  +  ye.2)  =  0. 

For  the  complete  theory,  we  require  the  multiplication  table  of  the  four  extraordinaries 
«i,  e2,  Vi,  fy-  The  geometrical  interpretation  may  be  that  xe1  +  ye2  represents  a  point, 
ZT]I  +  wrj2  a  line  (with  or  without  any  geometrical  interpretation  of  a  symbol 
%€i  +  y€2  +  zr)1  +  W'r]2),  the  product  of  two  points  is  a  line,  the  product  of  two  lines  is 
a  point  ;  that  of  a  line  and  point  is  =  0,  (see  post  Grassmann,  where  however  the  system 
is  a  somewhat  different  one). 

15.  I    do   not    propose    in    the    present    paper    to    consider   the    subject    of    multiple 
algebra    from    an    analytical    point    of    view  ;    and    I  will    make    only  a    few    remarks   and 
give    some   references.     The    general    theory    of    associative    linear    forms    is    treated    in    a 
very    satisfactory    manner     in     Peirce's     Memoir    (1870)    above    referred    to,    only    it     is 
assumed  throughout  ab  initio  that  the  forms  are  associative.     In  a  Note  "  On  Associative 
Irnaginaries,"  Johns  Hopkins  Circulars,  No.  15  (1882),  [822],  and  more  fully  in  the  paper 
"On    Double    Algebra,"    Proc.    Lond.    Math.    Soc.,    t.    xv.   (1884),    pp.    185—197,    [814], 
starting   from    the    assumed    equations    x1  =  ax+~by,  xy  —  cx  +  dy,  yx  =  ex+fy,  y*  =  gx  +  hy, 
between   the    extraordinaries   as,   y,    I    considered    under    what    conditions   the    algebra    of 
these    symbols   was   in    fact    associative.     And   in  a  paper  "  On  the  8-square  Imaginaries," 
American  Journal  of  Mathematics,  t.    iv.  (1881),  pp.   293  —  296,  [773],  I  showed  that  the 
extraordinaries  0,  1,  2,  3,  4,  5,  6,  7,   connected    with    Euler's   theorem   of  the   8    squares, 
are   of  necessity   non-associative.     I    do    not    know    that    anything    else    has    been    done 
in  regard   to  non-associative    algebras:    and    it  thus    appears  that  the  question  has  hardly 
been  discussed  at  all.     Matrices  are  associative  :    I  shall  have  again  to  refer  to  them. 

16.  The   object   of    the   present   paper   is   to    discuss    in   detail,   from    the   point   of 
view    explained    in    the    extract    from    my    British    Association    Address,    the    different 
theories  in  regard  to  geometrical  or  other  entities.     I  do  this  under  various  headings. 


The  i  =  ^(—  1)  of  Analysis  and  Analytical  Geometry.     Art.  Nos.  17 — 26. 

17.     We   may,  of  course,    consider   the    i   as   an    extraordinary.     We    have   a    double 
symbol  (x,  y),  combining  according  to  the  laws 

(x,  y}  +  (xr,  y')  =  (x+x',  y  +  y'), 

0,  2/)O',  y')  =  (xxr  -  yy' ,  xy'  +  yx); 
and  then,  introducing  the  extraordinaries  k,  i,  and  writing 

(x,  y}  =  kx  +  iy, 
we  have 

(kx  +  iy)  (kx  +  iy')  =  k*xx'  +  kixy'  +  ikyx  +  i*yy' ; 
whence 

k-  =  k,     ki  =  ik  =  i,     i'2  =  —  k, 
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or  the  multiplication  table  is 


But  the  conditions  are  satisfied  by,  and  we  accordingly  assume,  k  =  I ;  and  there  then 
remains  only  the  condition  #  =  -l.  Compare  herewith  Sir  W.  K  Hamilton,  "Theory 
of  Conjugate  Functions,  or  Algebraical  Couples;  with  a  Preliminary  and  Elementary 
Essay  on  Algebra  as  a  Science  of  pure  time"  (Trans.  R.  I.  Acad.,  t.  xvii.,  1833 — 35). 
1  refer  to  this  paper  in  my  Address,  and  remark  upon  it  that  I  cannot  appreciate 
the  manner  in  which  the  author  connects,  with  the  notion  of  time,  his  algebraical 
couple  or  imaginary  magnitude  a  +  bi,  =a  +  b  \/(-  1)  as  written  in  the  memoir. 

18.  But  we  have,  in  fact,  passed  out  of  this  view,  and  have  come  to  regard  a  +  bi 
as  an  ordinary  analytical  magnitude;  viz.  in  every  case  an  ordinary  symbol  represents  or 
may  represent  such  a  magnitude,  and  the  magnitude  (and  as  a  particular  case  thereof, 
the  symbol  i)  is  commutable  with  the  extraordinaries  of  any  system  of  multiple 
algebra.  And  similarly  in  analytical  geometry,  without  seeking  for  any  real  represent 
ation,  we  deal  with  imaginary  points,  lines,  &c.,  that  is,  with  points,  lines,  &c.,  depending 
on  parameters  of  the  foregoing  form  a  +  bi. 


V(—  1)  denotes  Perpendicularity.     Art.  Nos.  19 — 26. 

19.  I  give  a  list  of  the  earlier  works  and  memoirs,  marking  with  an  asterisk 
those  which  I  have  not  seen. 

Wallis.  De  Algebra  Tractatus,  1685  Anglice  editus;  1693.  Chapters  66,  67,  68, 
and  69  have  respectively  the  titles:  De  quadratis  negativis  eorumque  radicibus  dictis 
Imaginariis; — Eorundem  exemplificatio  in  Geometria; — Effectiones  geometricse  his  accom- 
modatse;  Alise  quse  hue  spectant  constructiones  geometricse.  I  quote  a  single  sentence 
from  Chap.  67 :  "  Prout  igitur  cum  aBquationis  quadratics  radix  prodit  negativa, 
dicendum  verbi  gratia  punctum  B  pro  eo  statu  haberi  non  posse  ut  supponitur  in 
exposita  AC  prorsum ;  posse  tamen  retrorsum  ab  A  in  eadem  recta — hie  vero  (de 
radice  quadrati  negativi)  dicendum,  non  haberi  quidem  posse  punctum  B  ut  erat 
suppositum  in  AC  recta,  vel  ante  vel  retro:  posse  tamen  (in  eodem  piano)  supra 
rectam  illam " :  viz.  the  distance  represented  by  the  square  root  of  a  negative  quantity 
cannot  be  measured  in  the  line,  forwards  or  backwards ;  but  can  be  measured  (in 
the  same  plane)  above  the  line — or,  as  appears  elsewhere,  at  right  angles  to  the  line, 
either  in  the  plane,  or  in  a  plane  at  right  angles  thereto. 

Forcenex.  "Reflexions  sur  les  quantites  imaginaires,"  Mel.  de  Turin,  t.  I.  (1759), 
pp.  113 — 146.  The  author,  after  stating  that  there  was  no  geometrical  construction 
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for  imaginary  quantities,  proceeds  "  Cependant,  pour  conserver  une  certaine  analogic  avec 
les  quantites  negatives,  un  auteur  dont  nous  avons  un  cours  d'algebre  d'ailleurs  fort 
estimable  a  pretendu  les  devoir  prendre  sur  une  ligne  perpendiculaire  a  celle  ou  Ton 
les  avait  supposees,  si  par  exemple  &c.,"  the  example  which  he  considers  being  as 
follows:  On  a  given  line  AB  to  find  a  point  P,  such  that  the  product  of  the 
distances  AP,  BP  is  =%(AB)*.  Taking  AB  =  2a  and  AP  =  x,  then  x  (2a  -  x)  =  2a2, 
that  is,  (x  —  a)"=-a2,  or,  x  =  a  +  a  \/(—  1),  an  imaginary  value;  the  condition  is,  however, 
satisfied  by  a  real  point  P  off  the  line  AB 


=  a),  (fig.  1), 

and   hence    the   author   in   question   infers   that   the   imaginary   value   a  V(—  1)   is   repre 
sented   by   the    line   MP   at    right    angles    to    AB.     Forcenex    objects    to    this:    if   the 

Fig.  l. 
P 


AMD 

point  P  may  be  taken  off  the  axis  of  as,  then  the  condition  AP .  BP  =  2a2  gives  for 
the  locus  of  P  a  certain  curve;  and  there  is  no  reason  why  the  foregoing  solution 
#  =  a  +  aV(-l)  should  represent  one  point  rather  than  another  of  this  curve.  As  to 
this  see  post  (Peacock). 

*Trucl,  Henri  Dominique,  1786. 

*Suremain-de-Missery.      Theorie   purement    algebrique    des    quantites    imaginaires, 
Paris,    1801 ;   it  is  referred  to  in  the  letter  by  Servois,  infra. 

20.     Buee.     "  Me'moire  sur  les  quantite's  imaginaires,"  Phil.  Trans.,  1806,  pp.  23—88. 

I   give   an   extract:    "Du   signe   V(- !)•     Je   mets   en  titre,  du   signe  V(-l)  et  non 

de    la    quantite    imaginaire   ou    de    Tunite    imaginaire,   parce   que   V(- 1)  est    un    signe 

particulier  joint  a  1'unite  re'elle,  non  une  quantite  particuliere :  c'est  un  nouvel  adjectif 
joint  au  substantif  ordinaire  et  non  un  nouveau  substantif. 

"Mais  que  veut  dire  ce  signe?  il  n'indique  ni  une  addition  ni  une  soustraction, 
m  une  suppression  ni  une  opposition  par  rapport  aux  signes  +  et  - :  une  quantit6 
accompagnee  par  V(- 1)  n'est  ni  additive  ni  subtractive,  ni  egale  a  zero.  La  qualite 
marquee  par  V(- 1)  n'est  opposee  ni  a  celle  qu'indique  +,  ni  a  celle  marquee  par  -• 
qu'est-elle  done? 

"Pour  la  decouvrir  supposons  trois  lignes  egales  AB,  AC,  AD  (fig.  2)  qui  partent 
toutes  du  point  A.  Si  je  d^signe  la  ligne  AB  par  +1,  la  ligne  AC  sera  -1,  et  la 
ligne  AD  qui  est  une  moyenne  proportionnelle  entre  +1  et  -1,  sera  ndcessairement 
V(-la)  ou  plus  simplement  V(- 1).  Ainsi  V(- 1)  est  le  signe  de  la  PERPENDICULARITE  : 
ionc  la  proprie'te  caract^ristique  est  que  tons  les  points  de  la  perpendiculaire  sont 
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egalement  eloigntts  de  points  places  a  6gale  distance  de  part  et  d'autre  de  son  pied.     Le 
signe  \/(-  1)  signifie  tout  cela  et  il  est  le  seul  qui  1'exprime. 

Fig.  2. 
D 


G~  A  B 

"  Ce  signe  mis  devant  a  (a  signifiant  une  ligne  on  une  surface}  veut  done  dire  quit 
faut  donner  a  a  une  situation  perpendiculaire  CL  celle  quon  lid  donnerait  si  Von  avail 
simplement  a  on  —  a" 

And  he,  in  fact,  gives  (Prob.  vi.)  the  problem  before  referred  to,  and  finds  no 
difficulty  in  assigning  to  P  a  position  off  the  line  AB.  I  notice  also  that  Buee 
considers  a  curve  as  having  branches  in  a  perpendicular  plane;  thus  for  the  circle 
of  +  yz  =  a2  in  the  plane  of  the  paper,  putting  -  x*  in  place  of  xz,  there  are  branches, 
or,  as  he  calls  it,  "  une  appendice,"  if  =  a?  +  x2  (or  say  f  =  a2  +  z°),  being  a  rectangular 
hyperbola,  in  a  plane  at  right  angles  to  the  plane  of  the  paper. 

21.  Other  writings  are  : 

Argand.  Essai  sur  une  maniere  de  representer  les  quantites  imaginaires.  Paris, 
1806.  Partly  reproduced  in  Argand's  memoir  under  the  same  title  presently 
referred  to. 

Francais,  J.  F.  "  Nouveaux  principes  de  geome'trie  de  position  et  interpreta 
tion  geome'trique  des  symboles  imaginaires."  Gergonne  Annales,  t.  IV.  1813 — 14, 
pp.  61—72. 

Argand.     "  Essai  sur  une  maniere,  &c."     Ibid.  pp.  133 — 148. 
Francais,  J.  F.     "  Lettre  au  Redacteur."     Ibid.  pp.  222 — 227. 
Servois.     "  Lettre  au  Redacteur."     Ibid.  pp.  228 — 235. 

This    last    is    against    the    theory,    with    a   running    commentary    of    notes    in  favour  by 
Gergonne. 

Francais,  J.  F.     "Autre  lettre."     Ibid.  pp.  364—366. 

Lacroix.  "  Note  transmise  a  M.  Vecten " ;  it  calls  attention  to  Buee's  memoir. 
Ibid.  p.  367. 

*Mourey.  Vraie  theorie  des  quantites  negatives  et  des  quantite's  pretendues  imagi 
naires,  1828,  reprinted  1861. 

22.  Warren,  J.     A  treatise  on  the  geometrical  representation  of  the  square  roots  of 
negative  quantities.     8vo.  Cambridge,  1828,  pp.  1 — 154. 
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Peacock,  Preface  to  Algebra,  1830,  speaks  of  Warren's  work  as  "distinguished  for 
great  originality  and  for  extreme  boldness  in  the  use  of  definitions."  There  is  no 
Preface  or  Introduction;  the  first  Chapter  is  entitled  Definitions,  Addition,  Subtraction, 
Proportion,  Multiplication,  Division,  Fractions,  and  Raising  of  Powers.  I  quote  certain 
articles  as  follows : 

(1)  All   straight   lines   drawn   in    a   given    direction   from  a   given   point   are  repre 
sented   in    length   and   direction   by   algebraic   quantities;    and    in   the    following    treatise 
whenever  the  word  quantity  is  used  it  is  to  be  understood  as  signifying  a  line. 

(2)  DEF.     The   given   point   from    which    the   straight   lines  are   measured  is  called 
the  origin. 

(3)  DEF.     The   sum   of  two   quantities   is   the  diagonal    of  the  parallelogram  whose 
sides  are  the  two  quantities. 

(12)  DEF.  The  first  of  four  quantities  is  said  to  have  to  the  second  the  same 
ratio  which  the  third  has  to  the  fourth:  when  the  first  has  in  length  to  the  second 
the  same  ratio  which  the  third  has  in  length  to  the  fourth,  according  to  Euclid's 
definition;  and  also  the  angle  at  which  the  fourth  is  inclined  to  the  third  is  equal 
to  the  angle  at  which  the  second  is  inclined  to  the  first,  and  is  measured  in  the 
same  direction. 

(17)  DEF.     Unity  is   a  positive    quantity  arbitrarily  assumed,   from  a  comparison  of 
which  the  values  of  other  quantities  are  obtained. 

(18)  DEF.   If  there  be  three  quantities  such  that  unity  is  to  the  first  as  the  second 
is   to   the   third,   then    the   third   is   called   the  product  which    arises   from    the   multipli 
cation  of  the  second  by  the  first. 

23.  The  signification  of  these  definitions  may  be  thus  expressed.  Let  the  line, 
drawn  from  an  origin  0  to  the  point  whose  rectangular  coordinates  are  x,  y,  be  called 
the  line  x  +  iy ;  of  course  the  line,  length  unity  in  the  direction  of  the  axis  of  x,  is 
the  line  1.  Then,  observing  that,  putting  x,  y  =  rcos6,  r  sin  0,  and  x,  y'  =  r'cos0', 
r'sin0',  we  have  (x  +  iy) (x  +  iy')  =  rr'  {cos(0+  ff)  +  ism (0  +  0')},  the  two  definitions  are: 

The  sum  of  the  lines  x  +  iy  and  x'  +  iy'  is  the  line 

x  +  x'  +  i  (y  +  y) ; 
and  the  product  of  the  same  lines  is  the  line 

(x  +  iy)  (x  +  iy') ; 

viz.  Warren   in   effect   establishes   by  definition   the   notions   of  the   sum   and   product  of 
two  lines,  and  that  by  connecting  the  line  with  a  linear  symbol  x  +  iy. 

It  may  be  right  to  remark  that  the  general  notion  of  a  proportion,  used  as  above 
to  define  multiplication,  is  geometrically  the  more  simple  of  the  two,  and  that  the 
condition  for  the  proportion  OA  :  OB  =  00  :  OD  may  be  thus  expressed:  the  lengths 
of  the  lines  are  proportional,  and  the  inclination  OA  to  OB  is  equal  to  the  inclination 
OG  to  OD,  these  inclinations  being  in  the  same  sense. 
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24.  Peacock,    G.     A    Treatise    on   Algebra.     8vo.    Cambridge,   1830   (one    Vol.,  pp. 

5—38  and  1—685). 

"Report  on  the  Recent  Progress  and  Present  State  of  Certain  Branches 
of  Analysis."     B.  A.  Report,  (1833),  pp.  185—352. 

—  A  Treatise  on  Algebra.  Vol.  I.  Arithmetical  Algebra ;  Vol.  II.  On 
Symbolical  Algebra  and  its  Application  to  the  Geometry  of  Position. 
8vo.  Cambridge,  1842  and  1845. 

The  statement  of  the  theory  is  substantially  identical  with  that  of  the  earlier 
writers,  thus  Algebra,  (1830),  p.  362,  No.  439,  is :— "  We  have  shown  on  a  former 
occasion  that,  if  a  designated  a  line  in  one  direction,  —  a  must  designate  a  line  in  the 
direction  opposite  to  it,  or  making  an  angle  with  the  former  equal  to  two  right  angles 
or  180  degrees;  but  inasmuch  as  a  { V(—  I)}2  =  —  a,  it  follows  that  the  double  affectation 
of  the  line  a  with  the  sign  V(—  1)  produces  a  result  represented  by  —  a,  and  is 
consequently  equivalent  to  its  transfer  through  180° :  it  follows  therefore  that  its  single 
affectation  with  the  sign  V(—  1)  is  equivalent  to  its  transfer  through  half  that  angle, 
or  through  90° ;  or,  in  other  words,  if  a  represents  a  line,  a  \/(—  1)  will  represent  a 
line  at  right  angles  to  it."  But  further,  pp.  666,  667,  the  Author  considers  the  before- 
mentioned  problem  (for  convenience,  I  write  2a  instead  of  a)  in  the  form  "to  divide 
a  line  2a  into  two  such  parts  that  the  rectangle  contained  by  them  may  be  =  b- " ; 
he  takes  x,  y  for  the  two  parts,  and  in  the  case  where  b2  >  a2,  finds  the  two  parts 
x  =  a  ±  V(—  1)  V(&2  —  a2),  y  =  a  +  \/(—  1)  V(&2  —  a2),  which  he  interprets  as  meaning  the 
two  parts  are  AC,  CB,  where  C  is  a  point  off  the  line  A  B. 

25.  It   seems   to   me   that,  except   in    Warren,  the   defect    in   the  exposition  of  the 
theory  is   that   it   is   not   made   clear,   that   the   theory   is   in   fact   a   theory   of  lines   in 
a   plane   through   a   given   point,  with   assumed  definitions  for   the   addition   and   for  the 
multiplication    of  lines' ;    thus    in    Peacock's    problem    "  to    divide    a    line    a    into  two  such 
parts   that   the  product   of  them    is   =  b2,"  the  real   meaning   is   "given   a  line   OA,  =a, 
and   a   line    OB,  =  b2  (a  and  b-  real   and   positive,  so   that   each    of  these  lines   is  in  the 
given   direction    Ox],   to   find   lines   OP,  OQ   such  that  their   sum   may   be   equal   to   the 
given  line  OA,  and   their   product  equal  to   the   given   line    OB."     To  solve   it,  take  the 
two    lines   to   be   x+iy  =  z,   and   x'  +  iy,  =  z' ;    then,    working   with   z   and    z' ,   we    have 
z  +  z'  =  2a,  zz'  —  b-,  giving  a  solution  which  may  be  written  in  the  two  forms 

{z  =  a  +    V(a2  -  b2),     z'  =  a-   V(a2 -  b2)}, 
and 

{z  =  a  +  i  V(&2  -  a2),     z  =  a  -  i  V(&2  -  a2)}, 

viz.  for  a>b,  the  two  lines  lie  each  of  them  in  the  line  Ox,  while  for  b  >  a,  they  are 
inclined  at  equal  angles  on  opposite  sides  of  the  line  Ox.  Or  if  we  work  with  the 
real  values  x,  y,  x',  y',  then  the  same  two  equations  give  x  +  x'  =  2a,  y  +  y'  =  Q, 
xx  -  yy  =  b2,  xy'  +yX'  =  Q-  viz.  writing  y'  =  -  y,  then  we  have  x  +  x  =  2a,  xx'  +  y-  =  b2, 
y(x'-x)  =  Q,  whence  either  x  =  x'  or  else  y  =  0,  and  we  have  the  same  two  solutions 
as  before.  Observe  that  the  second  condition  is  zz'  =  b2,  not  (as  Forcenex  understood 
it)  the  product  of  the  lengths  OP,  OQ  =  b2;  and  his  objection  is  thus  answered.  But  I 
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cannot  but  consider  that  the  form  of  enunciation,  "  to  divide  the  given  line  into  two 
parts,  such  that  their  product  shall  be  =  b'2,"  does  not  express  the  meaning  with 
sufficient  clearness. 

26.  I     have    referred    to    Buee's    notion    of    a    curve    as    having    branches    in    a 
perpendicular  plane — this  notion  is  generalised  and  developed  in  the  papers : — 

Gregory,    D.    P.     "  On    the    existence    of   branches   of    curves    in    several   planes." 
Camb.  Math.  Journ.,  t.  I.  (1839),  pp.  259—266  (2nd  Ed.,  pp.  284—292). 

Walton.      "  On    the   general    interpretation    of    equations    between    two    variables    in 
analytical  geometry."     Do.  t.  n.  (1840),  pp.  103 — 113. 

"On  the  general  theory  of  multiple  points."     Do.  pp.  155 — 167. 
And  see  also  :— 

Gregory's    Examples    of   the    Processes    of   the    Differential    and   Integral    Calculus. 
8vo.  Cambridge,  1841,  pp.  172  et  seq. ; 

and  the  criticism  on  these  papers  : — 

Salmon.     A    Treatise   on   the   Higher   Plane    Curves.     8vo.    Dublin,  1852,  The   Note 
on  Imaginary  Points  and  Curves,  pp.  301 — 306. 

Geometrical  representation  of  x  -f  iy  :    Gauss.     Art.  Nos.  27 — 29. 

27.  The  theory  is   that   established   by  Gauss    in   the   paper   "  Theoria  Residuorum 
biquadraticorum    Commentatio    Secunda,"    Comm.    Gott.    Recent.,    t.    vn.    (1832) ;    Werke, 
t.  II.  pp.  95 — 148 ;   viz.    Gauss   remarks    that,  in   the   same   way   that   a   real    quantity   x 
may   be   represented    by    means    of    a    point    on   a    line,  so    an    imaginary  (or    complex) 
quantity  x  +  iy   may  be    represented    by  means  of  a    point  the   abscissa   of  which    is    =x, 
and  its  ordinate  is    =  y.     Taking   m,  m    as   given    complex   quantities,  he   speaks   of  the 
points  answering  to  the  complex  quantities  mm',  m,  m,  1    as  forming  a  proportion  (thus 
in    effect    defining    the    product    of    two    points    M,    M').      But    he    defers    to    another 
occasion  all  further  discussion  of  the  theory. 

28.  The    direction    in    which   the    theory   has   been   developed   is   as    follows:     Con 
sidering   two   complex    values    z,    =x  +  iy,    and   Z,    =X  +  iY,    connected   by   an    equation 
<f>  (Z,  z)  =  0,   then    we   have   z   represented    as   above    by   means   of    a   point   in   a   plane, 
and  Z  represented   in  like   manner   by  means  of  another   point  in  a  different  plane;   to 
any  given    value    of    z    or   Z  there   corresponds   a   determinate    number   of  values    of  Z 
or  z\   that   is,  to  any  given   real   point    of  either  plane,  there  corresponds  a  determinate 
number  of  real  points  in  the  other  plane :  the  equation  thus  establishes  a  correspondence 
between  the  points   of  the    two  planes ;   and   it  is  known   that   this   is   an   orthomorphic 
correspondence,   viz.   to   any   indefinitely    small   area    of  the   one  plane,    there   correspond 
in  the  other  plane  indefinitely  small  areas  each  of  them  of  the  same  shape  as  the  area 
in   the   first    plane.      We    have    thus   a   solution    of    the    geometrical    problem    of    ortho 
morphic  projection ;   and  in  the  analytical  point  of   view,  the  theory  is   of  great  import 
ance   as    exhibiting   the   relation    to    each    other   of   complex    variables   connected    by   an 
equation. 
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29.  It   is   to   be   remarked   that,  although   the   correspondence   is   primarily  a   corre 
spondence    between    real    points    of    the    two    planes    respectively,   yet    in    the    ulterior 
development   of  the   theory   of  this   correspondence   it   may  become  necessary  to  consider 
imaginary   points    in    the    two    planes.      In    view    hereto,    there    would    be    some   propriety 
in   replacing   the  i  of  the  zt  Z  by  a  like  symbol  /  ;   say  we  have  z  =  x  +  ly,  Z  =  X  -f  •  IY 
(where   the   x,  y,  X,  Y  may   now   be   ordinary    complex   magnitudes    u  +  vi  ;   i2  =  —  1    as 
before:    72  =  —  1,    and    Ii  =  il,   viz.   /   is    a    square    root    of    —1,   commutable   with    the 
ordinary  imaginary  i).     But  this  in  passing. 

The  Bary  centric  Calculus;   Mobius.     Art.   Nos.  30,  31. 

30.  Mobius,  Der   barycentrische    Calcul,  8vo.   Leipzig,   1827,  reprinted   in   Vol.  I.   of 
the  Gesammelte   WerJce,  Leipzig,  1885. 

The  theory  applies  to  points  in  a  line,  in  a  plane,  or  in  space  ;  but  it  will  be 
sufficient  to  consider  the  case  of  points  in  a  plane.  The  idea  is  that,  taking  in  the 
plane  any  three  points  A,  B,  C  as  fundamental  points,  then  regarding  these  as  loaded 
with  the  proper  positive  or  negative  weights  p,  q,  r,  any  other  point  P  of  the  plane 
may  be  regarded  as  the  centre  of  gravity  of  these  weights;  say  we  have  P=pA+qB+rC, 
as  a  representation  of  the  point  P  ;  p,  q,  r  are,  in  the  first  instance,  given  positive  or 
negative  real  values  (but  they  may  be  taken  to  be  imaginary  values),  P,  A,  B,  C  are 
symbols  denoting  points.  Observe  that  p,  q,  r  are,  in  fact,  trilinear  coordinates  :  if  for 
a  moment  £,  77,  £  are  the  perpendicular  distances  of  P  from  the  sides  of  the  triangle, 
and  a,  /3,  7  the  perpendicular  distances  of  the  opposite  vertices  from  the  same  sides 
respectively,  then  p,  q,  r  are  proportional  to  £/«,  ?7//3,  £/y,  or,  what  is  the  same  thing, 
they  are  proportional  to  PBC/&,  PCA/A,  PAB/&,  where  PBC,  &c.,  denote  the  three 
triangles  and  A  the  triangle  ABC.  It  would  be  allowable  to  take  p,  q,  r  equal  to 
these  values,  which  would  give  p  +  q+r=l.  Mobius  does  this  very  nearly,  for  he 
writes  p  +  q+r+s=Q,  and  then  writing  —(p  +  q+r}D  instead  of  P  he  has 

pA 

that  is, 

D 

where 


writing  x,   y,   z,   instead    of  these   quantities,  I   take   therefore   as   the   representation   of 
the  point,  P  =  xA  +  yB  +  zC,  where  x  +  y  +  z  =  1. 

31.  The  symbols  A,  B,  C  may  be  regarded  as  extraordinaries  ;  but  it  can  hardly 
be  said  that  Mobius  so  regards  them,  for  he  does  not  establish  the  notion  of  the 
multiplication  of  points,  nor  consequently  any  multiplication  table  for  these  symbols 
A,  B,  C  :  he  does  however  deal  with  the  addition  of  points,  viz.  if 

P  =  {cA+yB  +  zC,     P'  =  x'A+y'B+z'C, 
then 

',    =  (x  +  \x'}  A  +  (y  +  \y'}  B+(z  +  \z!)  C, 
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(where  X  is  indeterminate)  denotes  any  point  whatever  in  the  line  PP',  (so  also 
P  =  xA  +  yB  +  zC,  where  x,  y,  z  are  regarded  as  functions  of  a  variable  parameter  6, 
denotes  any  point  whatever  in  the  curve  denoted  by  writing  x,  y,  z  proportional  to 
such  functions  of  6}.  And  he  also  considers  (not  quite  generally)  the  question  of  the 
transformation  of  the  fundamental  points:  this  is  really  a  treatment  of  the  A,  B,  C 
as  extraordinaries,  the  complete  theory  being  as  follows  ;  assuming 


A=ocAl  +  /3B,  +  jC,,     B  =  a'  A, 
(if  a  +  /3+7=l,  a'  -f  $'  +  y'  =  1,  a"  +  /3"  +  7"  =  1,  then  these  equations  give  conversely 

A,  =  aA  +  a'B  +  a"C,     B,=  bA  +  b'B  +  b"C,     Cl  =  cA  +  c'B  +  c"C, 
where    a  +  a'  +  a"  =  l,    b  +  b'  +  b"  =  I,    c  +  c'  +  c"=l),    then    we    have 

P1  =  xa  +  yB  +  zC,  =  (XOL  +  ya.'  +  za")  A,  +  (x/3  +  y/3'  +  z/3")  B,  +  (oey  +  yy  +  27")  C,  , 
\\  here  the  sum  of  the  coefficients  is 


which  is  = 


Equipollences  :   Bellavitis.     Art.  Nos.  32,  33. 


32.     There   are    earlier   papers    in    the    years    1832    and    1833,   but    the    method    is 
explained  in  the  Memoir  :  — 

Bellavitis.     "Saggio   di   applicazioni   di   un    nuovo    metodo    di    geometria    analitica 
(Calcolo  delle  Equipollenze),"  Ann.  Lomb.   Veneto,  t.  v.  (1835),  pp.  244  —  259, 

and  more  fully  in  Memoirs,  t.  vn.  (1837),  and  t.  vui.  (1838)  ;  the  author  notices  that 
his  results  were  obtained  independently  of  those  of  Mobius  but  that,  on  studying  the 
Barycentrische  Calcul,  he  had  recognised  that  the  two  methods  started  from  the  same 
principles,  and  could  easily  be  reduced  to  identity,  but  that  they  speedily  separated 
from  each  other  as  well  in  regard  to  object  as  to  form.  But,  in  fact,  the  principles 
are  rather  those  of  Warren  than  of  Mobius.  They  may  be  thus  stated  :  1°.  two  lines, 
equal,  parallel  and  in  the  same  sense,  are  said  to  be  Equipollent,  AB  =  CD  (where  the 
sign  =  is  used  instead  of  a  special  sign  employed  by  Bellavitis)  ;  this  first  assumption 
in  effect  reduces  the  whole  theory  to  that  of  lines  drawn  through  a  fixed  point  ; 

CD   EF 

2".    AB  +  BC  =  AC  (addition);   and   3°.   AB=  ^  „„     ,  means   not  only  that  the   lengths 

are  connected  by  this  relation,  but  that  the  inclination  of  AB  to  any  fixed  axis  is 
—  inc.  CD  +  inc.  EF  —  inc.  GH  (proportion)  ;  or  in  particular,  if  GH  be  a  line,  length 
unity,  in  the  direction  of  the  axis,  then  AB  =  CD  .  EF,  viz.  the  length  A  B  =  product 
of  lengths  CD  and  EF  ';  and,  further, 

inc.  AB  =  inc.  CD  +  inc.  EF  (multiplication)  ; 

the  agreement  with  Warren  is  thus  complete. 

c.  xii.  60 
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33.  The  method  is  applied  very  elegantly  to  the  solution  of  problems,  for  instance, 
t.  v.  p.  248;  given  two  lines  AB  and  CD,  to  find  a  point  H,  such  that  the  triangles 
ABH,  CDH  may  be  directly  similar,  that  is,  such  that  they  can  be,  by  a  rotation  of 
one  of  them,  brought  to  be  similarly  situate.  The  condition  for  this  (a  figure  is  easily 
supplied)  is 

A?=Cn1*,  that   is,  AH.CD  =  AB.CH,   =  AB  (AH  -  AC), 
AB      L/JJ 

whence  AB.AC=  AH(AB-CD):  or  constructing  a  point  E  such  that  BE  =  DC,  viz. 
the  line  BE  is  drawn  from  B  equal  and  parallel  to  and  in  the  same  sense  with  DC, 
then  AB  -  CD  =  AE,  and  the  foregoing  equation  becomes 

AH     AB 
AH.AE=AB.AC,  or  say 


viz.  the  required  point  H  is  such  that  the  triangle  ACH  is  directly  similar  to  AEB. 
A  solution  of  the  like  problem  with  the  triangles  ABH,  CDH  inversely  similar  is 
given,  t.  viii.,  p.  27.  I  notice  an  expression  t.  VIIL,  p.  19,  for  the  area  of  a  triangle 
ABC, 

=  ^-.(BC.cj.AB-AB.cj.BC), 
4<i 

where  cj.  AB,  conjugate  of  AB,  is  an  equal  line  through  A  with  an  inclination 
=  —  incl.  A  B  ;  also  a  proof,  t.  VIIL,  p.  86,  of  the  general  theorem  that  an  algebraical 
equation  of  any  order  has  a  root  (this  is,  in  a  geometrical  form,  equivalent  to  the 
proofs  given  by  Gauss  and  Cauchy)  ;  also  t.  VIII.,  p.  Ill,  the  notion  of  the  "  punti 
fittizj-conjugati,"  or  real  antipoints  of  a  pair  of  conjugate  imaginary  points.  The 
section  "Delle  figure  a  tre  dimensioni,"  t.  VIIL,  pp.  115  —  121,  is  confessedly  quite 
incomplete,  and  without  any  anticipation  of  the  quaternion  or  other  three-dimensional 
imaginaries. 

We  have  subsequently  by  the  author 

"  Sposizione  del  Metodo  delle  Equipollenze,"  Mem.  Soc.  Ital,  t.  xxv.  (1855),  pp. 
225  —  309  :  published  separately,  Modena,  1854  ; 

and  in  French  under  the  title 

Exposition  de  la  Methods  des  Equipollences,  par  G.  Bellavitis,  traduit  de  1'italien 
par  C.  A.  Laisant  :  8vo.  Paris,  1874. 

Quaternions  :   Sir   W.  R.  Hamilton.     Art.  Nos.  34  —  42. 

34.     I  give  the  following  references  to  early  papers  and  systematic  works  : 

Sir  W.  R.  Hamilton.  "  Abstract  of  a  paper  On  Quaternions  or  on  a  new  system 
of  imaginaries  in  Algebra,  with  some  geometrical  illustrations."  Proc.  R.  I. 
Acad.,  vol.  in.,  Nov.  11,  1844,  pp.  1  —  16.  A  note  added  during  the  printing 
refers  to  Cay  ley  infra. 

-  "  On  Quaternions  ;  or  a  new  system  of  imaginaries  in  Algebra."  Phil.  Mag., 
vol.  xxv.  (1844),  pp.  489—495. 
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Cayley.     "  On  certain  results  relating  to  Quaternions."     Phil.  Mag.,  vol.  xxvi.  (1845), 

pp.  141—144,  [20]. 
Sir  W.  R.   Hamilton.     Lectures  on  Quaternions.     8vo.  Dublin,  1853. 

Elements  of  Quaternions.     8vo.  Dublin,  1866. 

Tait,   P.  G.     An  Elementary  Treatise  on  Quaternions.     8vo.  Oxford,  1859. 
Kelland,   P.  and  Tait,  P.  G.     Introduction  to  Quaternions.     8vo.  London,  1873. 

35.  A  quaternion  is  the  sum  of  a  scalar  or  mere  magnitude  w,  plus  a  vector 
ix  +jy  +  kz,  which  represents  a  line  drawn  from  an  origin  0  to  the  point  whose 
rectangular  coordinates  are  x,  y,  z ;  we  have  thus  a  quaternion  Q,  =  w  +  ix+jy  +  kz, 
representing  a  line,  and  in  connexion  therewith  a  scalar  w.  Hamilton  refers  to  the 
theory  of  Warren  and  Peacock  as  having  in  part  suggested  his  investigations,  but  the 
contrast  is  very  striking ;  neither  the  form  x  +  iy,  where  the  directed  magnitude  x  is 
unaccompanied  by  an  extraordinary,  nor  the  form  kx  +  iy  with  any  multiplication  table 
for  k,  i,  is  in  any  wise  analogous  to  the  expression  ix  +jy  +  kz  of  a  vector.  We  have, 
for  addition,  the  ordinary  formula  Q  +  Q  =  w  +  w'  +  i  (x  +  x')  +  j  (y  +  y')  +  k  (z  +  z')  ;  and 
then  we  have  the  multiplication  table 


k 


1 

i 

j 

k 

i 

-  1 

k 

-j 

j 

-I 

-  1 

i 

k 

3 

—  i 

-  1 

or,  what  is  the  same  thing,  we  have 

i*  =ja  =  #»=-!,   i=jk  =  -kj,  j  =  ki=-ik,   k  =  ij  =  —ji, 
and  thence  for  the  product  of  two  quaternions 

(w  +  ix  +jy  +  kz)  (w  +  ix  +jy'  +  kz') 

=         ww'  —  xx   —  yy  —  zz' 
+  i  (wx1  +  xw'  +  yz'  —  y'z) 
+j  (wy1  -f  yw'  +  zx'  —  z'x) 
+  k  (wz  +  zw'  +  xy'  —  x'y) ; 

these,  of  course,  include   the   forms   for   the   addition   and   multiplication   of    two   vectors 
ix  +jy  +  kz  and  ix'  +  jy  +  kz '. 

60—2 
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But  for  the  multiplication  of  two  vectors,  the  form  is  simplified :   viz.  we  have 

W  =  (ix  +jy  +  kz)  (ix  +  jy'  +  kz') 

=  -  (xx  +  yy'  +  zz')  +  i  (yz'  -  y'z)  +j  (zxr  -  z'x)  +  k  (xy  -  x'y). 

36.     We  may  consider  unit-vectors, 

U=ix  +  jy  +  kz,    where   x-  +  y'2  +  z'2  =  1 , 
and  unit-quaternions 

0  =  w  +  ix+jy  +  kz,    where   iu2  +  a?  +  y*  +  z2  =  1 ; 

obviously  the  general  form  of  a  vector  is  V=rU,  or,  say  the  length  is  r,  and  the 
cosine-inclinations  are  x,  y,  z;  similarly,  the  general  form  of  a  unit-quaternion  is 

0  =  cos  8  +  sin  8 .  U, 
and  that  of  a  quaternion  is 

Q=TO=  T(cos  8  +  sin  S .  U), 

T  is  the  tensor,  8  the  amplitude,  and  x,  y,  z  the  cosine-inclinations  of  the  unit-vector. 
For  the  product  of  two  unit-vectors,  we  have 

UU'  =  -  (xx  +  yy'  +  zz}  +  i  (yz'  -  y'z)  +j  (zx  -  z'x)  +  k  (xy'  -  x'y), 

which   is   a   unit-quaternion.     Let   8,  considered   as  a  positive  angle  less  than  TT,  so  that 

cos  8  =  ±  ,   sin  S  =  +, 

be  the  inclination  of  the  two  vectors  ;  we  have  cos  8  =  xx  +  yy'  +  zz' .  We  can  at  right 
angles  to  the  plane  of  U,  U'  draw  in  either  of  two  opposite  senses  a  unit- vector  U' '; 
and  we  may  choose  the  sense  in  such  wise  that  the  rotation  from  U  through  angle 
8  to  U'  about  U"  shall  be  in  the  sense  Ox  through  angle  £TT  to  Oy  about  Oz,  say 
each  of  these  is  a  right-handed  rotation.  This  being  so,  we  may  write 

i  (yz  -  y'z)  +j  (zx  -  z'x)  +  k  (xy'  -  x'y), 

=  sin  8  (ix"  +jy"  +  kz")  =  sin  8 .  U", 
and  we  have 

UU'  =  -  cos  8  +  sin  8  .  U" ; 

viz.  the  product  is  a  unit-quaternion,  the  scalar  part  =  —  cos  8,  and  the  vector  part 
having  a  length  =sinS,  and  being  at  right  angles  to  the  plane  of  the  two  vectors 
U,  U' ;  8  being,  as  above,  the  inclination  of  the  two  vectors.  And  similarly 

U'U  =  -cos8-sin8.  U". 


0 

Representing   the   vectors   as   lines    OU,  OU',  the    product   UU'  will  be   represented> 
as   in   fig.   3,   by   means    of    an    arrow   drawn   in   the    angle    8    from    U   to    U' ;    and    of 
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course,  for  the  product  U'U,  there  would  be  the  same  figure  with  only  the  arrow 
drawn  in  the  opposite  sense  from  U'  to  U.  The  figure  serves  also  to  represent  the 
unit-quaternion  -  cos  8  +  sin  8  .  U",  which  is  the  product  of  the  two  vectors.  Observe 
that,  in  thus  expressing  a  quaternion  as  a  product  of  two  vectors,  only  the  plane  of 
the  vectors  and  the  angle  between  them  are  determinate;  we  may  rotate  the  angle 
UOU'  in  its  own  plane  at  pleasure. 

In  particular,  if  the  two  vectors  are  at  right  angles,  then  8  =  90°,  and  the  product 
is  UUf  =  U",  viz.  the  product  of  the  two  unit-vectors  at  right  angles  to  each  other 
is  a  unit-vector  at  right  angles  to  the  plane  of  the  two  unit-  vectors.  If  8  =  0,  then 
the  two  unit-vectors  coincide,  and  we  have  Uz=-l,  viz.  the  square  of  a  unit-vector 
is  the  scalar  —  1. 

The  product  of  any  two  vectors  is  given  by  the  like  formulae;  if  V,  V  -  rU,  r'U' 
respectively,  then  VV  =  rr  .  UU'. 

37.     The  product  of  a  quaternion  by  a  vector  is  given  by  the  formula 
QV'  =  (w  +  ix  +jy  +  kz)  (ix'  +jy'  +  kz'), 

=  -  (xx  +  yy'  +  zz')  +  i  (wx  +  yz'  -  y'z)  +j  (wy  +  zx'  -  z'x)  +  k  (wz  +  xy'  -  x'y). 

In  particular,  if  the  quaternion  and  the  vector  are  at  right  angles  (that  is,  if 
the  vector  part  of  Q  and  V  are  at  right  angles),  xx  +  yy'  +  zz  =  0,  and  the  product 
is  a  vector.  We  may  use  this  formula  to  express  a  given  quaternion  as  the  product 
of  two  vectors.  Writing,  for  convenience, 


a  unit-vector  at  right  angles  to  Q,  so  that  |2  +  rf  +  £2  =  1  and  %x  +  rjy  +  %z  =  0,  then 
QU=(w  +  ix  +jy  +  kz)  (t 


which  is  a  vector,  say  it  is 

V=iX+jY+kZ; 
and  then 

Q  =  -QU*  =  -VU=-  (iX 
that  is, 


as  is  at  once  verified  by  substituting  for  X,   Y,  Z  their  values 

-  zrj,     wrj  +  zj;  -  ar£,     w£  +  XT]  - 


Observe  that 

w  (%x  +  rjy  +  &)  =  0. 


38.  And  we  hence  reduce  the  multiplication  of  quaternions  to  that  of  vectors.  For, 
considering  another  quaternion  Q',  take  U=i^+jrj  +  k^  as  before,  with  the  further  condition 
that  it  is  at  right  angles  to  Q',  so  that  ^+r)-  +  ^-=l,  %x  +  tjy  +  &  =  0,  %x'  +  r/y'  +  £z'=0  ; 
say  U  is  the  unit-vector  at  right  angles  to  the  vectors  of  Q,  Q'  :  then  we  have 

-UQ'  =  -  (i^  +  jrj  +  kQ  (w'  +  ix  +jy'  +  kz') 

=  *  (-  tf?  +  y't-  z'v)  +j  (-  tfi  +  *5  -  v'Z)  +  k  (- 
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which  is  a  vector,  say  it  is 

V'  =  iX'+jY'  +  kZ'- 

and  then 


Q'  =  -  U*Q'  =  UV  =  (tf  +  jr,  +  *f  )  (iX'  +JY'  +  kZ'), 
that  is, 

Z'    +  k 


as  may  be  verified  by  substituting  for  X',  F,  Z'  their  values 

-w'g  +  y'Z-z'r),     -  w'rj  +  z'%  -  x'%,     -w'£+xr)-y'j;; 
and  it  may  be  observed  that 

X'x'  +  ry  +  Z'z't     =  -w  (%x  +  yy'  +  &)  =  0. 
We  hence  find 

QQ'  =  QU.-  UQ'  =  VV  =  (iX+jY+kZ)(iX'+jY'  +  kZ'}, 

=  -XX'-  YY'-ZZ'  +  i(YZ'  -  Y'Z)+j(ZX'  -  Z'X)  +  k  (XY'-X'Y). 

39.  This  should,  of  course,  be  identically  equal  to 

ww'  —  xx   —  yy'  —  zz 
+  i  (wx'  +  xw'  +  yz'  —  y'z) 
+j  (wy   +  yw'  +  zx  —  z'x) 
+  k  (wz'  +  zw'  +  xy  —  x'y), 

on  substituting  for  X,   Y,  Z,  X',   F,  Z'  their  values  as  above. 

Thus,  forming  the  value  of  XX'  +  YY'  +  ZZ',  and  adding  thereto  the  expression 
(gx  +  yy  +  £gr)  (%x'  +  qy'  +  &'),  which  is  identically  =0,  we  obtain 

XX'  +  YY'  +  ZZ'  =  (-  ww'  +  xx'  +  yy'  +  zz'}  (f  +  rf  +  £*), 
=  —  ww'  +  xx  +  yy'  +  zz  ; 

and  similarly  the  other  three  relations  may  be  verified. 

40.  The   steps   are,  taking    U  the   unit-vector   at   right   angles   to    Q,    Q',   then   the 
vectors  F,  V  are  defined  by  V=QU,V'  =  -  UQ'  ;  and  we  then  have  Q=-VU,Q'=  UV, 
and  thence  QQ'=  W. 

We  may  look  at  the  process  as  follows  :  taking  first  Q  =  -  VU,  we  have  V,  U 
vectors  in  a  determinate  plane  and  at  a  determinate  inclination  to  each  other;  taking 
then  Q'=U'V,  we  have  V,  V  vectors  in  a  determinate  plane  and  at  a  determinate 
inclination  to  each  other;  we  then  rotate  the  vector-pairs  (F,  U)  and  (U',  F')  each 
in  its  own  plane  and  in  the  senses  F  to  U  and  U'  to  V  respectively,  in  such  wise 
as  to  bring  the  vectors  U,  U'  into  coincidence  (along  one  or  other  of  the  opposite 
vectors  which  form  the  intersection  of  the  two  planes),  and  this  being  so,  and  U,  U' 
being  unit-vectors,  we  have  U=  U',  and  consequently  QQ'  =  -  VU  .  U'V  =  VV  as  above. 
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41.  There  is  a  kind  of  quaternion  operator  Q~l(  )  Q,  or,  what  is  the  same  thing, 
if  A  =  i\  +jp  +  kv,  (1  -  A)  (  )  (1  +  A),  which  is  the  symbol  of  a  rotation  ;  viz.  the 
operand,  say  the  vector  ix+jy  +  kz,  is  to  be  placed  within  the  vacant  (  ),  say 

Q~l(   )Q.  (ix  +jy  +  kz)   means    Q~l  (ix  +jy  +  kz)Q; 

and  this  being  so,  the  result  is  a  vector  ix1+jy1  +  kz1,  where  the  xlf  ylt  zl  are  what 
the  x,  y,  z  become  by  a  rotation  of  the  vector  ix+jy  +  kz  about  an  axis  and  through 
an  angle  determined  by  the  quaternion  Q ;  viz.  if  as  above 


then  writing 


Q  =  1  +  i\  +  J/JL  +  kv, 


\,  p,,  v  =  tan  ^  6  cosf,     tan  \Q  cos g,     tan  \Q  cos  h, 


where   cos2/+  cos2#  +  cos2 h  =  I,   and   therefore   Xa  +  /u,2  +  vi  =  tan2  \Q,   then  /,  g,  h   are    the 
inclinations  of  the  axis,  and  Q  is  the  angle  of  rotation.     The  actual  formula  is 


-  i\  -jp  —  kv)  (ix  +  jy  +  kz) 


\vhere 


v.  +  l.8  +  i;« 

+  k  [2  (v\  +  fji)  x  +  2  (pv  -  X)  y  +  (1  -  X2  -  ^2  +  v-)  z\ 
viz.  the  form  on  the  right-hand  side  is 

i  (OLX  +  a'y  +  a"z  ) 


+  k(jx  +  yy 
where  the  coefficients  are  those  of  a  rectangular  transformation. 

42.     I  call   to   mind   that   a   binary  matrix   may  be    regarded   as   a   quaternion  ;    viz. 
writing 


a,     b 
c,     d 


d)-\(a-d)i+(b-  c)j  - 


where  i,  j,  k   are   the   quaternion   imaginaries,  and  X   is  written  to  denote  the  i  =  \/(—  1) 
of  ordinary  analysis,  then  we  at  once  deduce  the  equation 


(a',  c'),  (b',  d') 


a,     b 
c,     d 


a',     b' 
c,     d' 


=  (a,     b) 
(c,    d) 


=    aa'  +  be',   ab'  +  bd' 
ca  +  dc,   cb'  +  dd' 


for  the  product  of  two  matrices. 
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The  Ausdehnungslehre  :    Grassmann.     Art.  Nos.  43  —  63. 

43.  Grassmann.     Die  lineale   Ausdeknungslehre,  ein    neuer  Zweig   der  Mathematik, 

Leipzig,    1844;     2nd    edition,    with    the    title    Die    Ausdehnungslehre    von 
1844,  Leipzig,  1878. 

-     Die    Ausdehnungslehre,    vollstdndig    und    in    strenger    Form    bearbeitet, 
Berlin,  1862,  referred  to  as  Die  Ausdehnungslehre  von  1862. 

44.  Plane   Geometry.     The  representation   of  a   point   is   that   employed  by  Mb'bius 
in    the    Barycentrisclie   Calcul  (1827),   viz.    considering    in   the    plane   three    fixed   points 
A1}  A2,  A3,  and   in   regard   to   the    triangle   formed   by  these   points,  taking  xl}  x2,  x3  as 
the  areal  coordinates  of  a   point   x  (xl,   x,2,   x3   are    equal   to   the   areas   of    the   triangles 
xAzA3)   xA3Al}   xA1A2,   each    divided    by   the    area    of    the     triangle    A1A2A3;    whence 
x1  +  x2  +  xs  =  1),  we  write 

X}    ==  Xi  6j  T  X-2  €-2  -p  &s  €3 

as  the  representation  of  the  point  x.  Here  elt  e2,  e3  are  extraordinaries,  or  they  may 
also  be  regarded  as  points,  viz.  as  the  points  (1,  0,  0),  (0,  1,  0),  (0,  0,  1),  or  say  the 
points  A1}  A2,  As  respectively.  If  the  sum  Xi  +  x^  +  x^,  instead  of  being  =1  has  any 
other  value  =w,  then  X1e1  +  x2e2  +  x3e3  represents  not  a  point  simpliciter,  but  a  point 
of  the  weight  w;  a  point  simpliciter  thus  means  a  point  of  the  weight  1. 

45.  Considerin     then 


\X,       = 

a  point  of  the  weight  X  ;   and  similarly 

/*y>    =  /*  (2/1*1  +  y-^  +  2/3^3),    (yi  +  2/2  +  2/3  =  1), 

a  point  of  the  weight  p  ;   we  form  herewith  a  sum  \x  +  /j,y, 

=  (Xajj  +  py^  ej  +  (\xz  +  fiys)  e3  +  (\xs  +  (j,y3)  e.s, 

which  is  a  point  of  the  weight  X  +  p,  at  the  c.  G.  of  the  two  given  points,  considered 
as  being  of  the  weights  X  and  /*  respectively;  if  the  weights  X  and  p  are  regarded 
as  indeterminate,  then  the  ratio  X  :  ^  is  a  variable  parameter,  and  the  sum  will  be 
any  point  in  the  line  through  the  given  points.  It  may  be  remarked  that,  if  X  +  ^ 
be  =  1,  then  the  sum  will  be  a  point  simpliciter  ;  in  particular, 

%(x  +  y\    =\  fa  +  2/1)  <?i  +  i  fa  +  y2)  e2  +  i  fa  +  2/3)  es, 

will  be  the  point  M,  midway  between  the  given  points  x  and  y. 

Observe    that    x  —  y   is    not    properly    a    point  ;    it    may   be    regarded    as    a    point, 
weight  zero,  at  an  infinite  distance. 

46.     The  extraordinaries  e1,  e2,  e3  are  assumed  to  be  such  that 

e!2  =  0,     e,2  =  0,     e;i2  =  0,     e2e1  =  -e1e2,     €3e2=-e2e8,     6^3=  -636^ 
the  product  of  the  two  points  x,  y  is  thus 

x  •  y  =  fay*  -  #32/2)  e263  +  fayi  ~  «i2/s)  e3ej  +  faya  -  x2y^  Cl  e,  ; 
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depending  on  the  new  extraordinaries  e2e3,  e^j,  e^.  Grassmann  further  assumes 
eie263  =  l}  and  he  calls  the  foregoing  combinations  the  complements  (Erganzungen)  of 
elf  62,  es,  denoting  them  by  /elt  /62,  /es  respectively;  it  is  better  to  use  new  letters, 
and  I  call  them  rj1,  %,  773  respectively;  we  thus  have 


62e3  =  —  €363  =  77!,       €36!=  —  €163  =  772,       6^2  =  —  €36!  =773. 

But   we   require   further   assumptions   for  the   combinations  of  the   77's   inter  se  and  with 
the  e's;   the  forms  are 


=  77i6!=l,       62772  =  77262=!,       63773=77363=!,       61 772  =  775.61  =  0,    &C., 

(viz.     each    such    combination    is    =  0) ;    or,    what    is    the    same    thing,    we     have     for 
1,  6j,  62,  63,  77!,  773,  773  the  multiplication  table 


ft.          ^ 


ft 


1 

^1 

€2 

C3 

ft 

^2 

% 

el 

0 

% 

-^2 

1 

0 

0 

e2 

-% 

0 

ft 

0 

1 

0 

*3 

7/2 

-•>7i 

0 

0 

0 

1 

ft 

1 

0 

0 

0 

~€3 

e2 

1l 

0 

1 

0 

C3 

0 

-  «1 

^3 

0 

0 

1 

-<a 

«1 

0 

It   is   proper   to   remark   that   in   Grassmann's   theory  there   is   no   interpretation  for 
the  general  linear  symbol 


which  presents  itself  in  connexion  with  the  seven  extraordinaries  (1,  e^  e2,  e3,  77!,  77.,,  773). 

47.  It  is  to  be  noticed  that  the  symbols  are  not  associative ;  assuming  them  to 
be  so,  we  should  have  e2e3 .  e36i  =  e2.  es2 .  61  =  0,  which  is  inconsistent  with  771772  =  — e3; 
and  so  in  other  cases.  But  any  three  e's  are  associative,  and  hence  a  product 

x .  y  .  z,  =  (arl6l  +  #2e2  +  #363)  (2/16!  +  2/262  +  7/363)  (zlel  +  ^  +  2-363), 
c.  xii.  61 
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is  associative ;   in  fact,  if  this  be  regarded  as  standing  for  (x .  y)  z,  the  value  is 

K\  I       /  \  I        /  iM    \  \     (  &     C          I        iy     c         I       fy     £    \ 

*'  v3    ~    **'3V'>/  ^7l  ~T~  \^3vl   ^~       1   /3/   ^/2  *'      \     1  y2  """       2/rl/    v3j    \     1     1     '     "^22     '        3^3/» 
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which  is 


i,   2/2,   2/3 


and  similarly,  regarding  it  as  standing  for  x  (y  .  z\  the  value  is 

2/2.z3  -  y3z.l)  ^  +  (y3z^  -  y^  rj2  +  (y^z.2  -  y.^)  773}, 


which  is 


=  «i  (2/2*3  -  2/3*2) 


(2/1*2  -  2/2*0,    = 


yi>     2/2,     2/3 


as   before.     The   product   of  the  three   points   is   thus   a   scalar,   viz.   it   is   equal   to   the 
area  of  the  triangle  formed  by  the  three  points  divided  by  that  of  the  triangle  A1A2A3. 


48.     But  a  product  x  .  Y  .  z, 


z.2e,  +  Z3e3), 


is    not    associative,   and    has    thus    no    meaning    until    the    grouping    of    the    factors    is 
determined.     In  fact,  (x.  Y)z  will  be 

=  (xl  Fj  +  x.2  Y.2  +  x3  F3)  (zl  el  +  z,  e,  +  za  63), 
which  denotes  the  point  zl  with  a  weight  =%1Y1  +  oc.2Y.2  +  x3Y3;   whereas  x(Y.z)  will  be 

=  (asj,  €j  +  x2e.,  +  x3e3)  (y1Z1  +  y^Zz  +  y3Z3}, 

which  denotes  the  point  xl  with  a  weight  =  y\Zl  +  y.2Zz  +  y3Z3. 
Hence  also  a  product  x  .  y  .  z  .  w, 

=  (xlel  +  x.2e2  +  x3e3)  (y^  +  7/.2  e.2  +  2/3  es)  (z^  +  z,e2  +  zse3)  (w^  +  w.2 


of  four  factors  is  not  associative,  and  has  thus  no  meaning  until  the  grouping  of  the 
factors  is  determined.  Grassmann  attributes  to  such  a  product  the  value  =  0  ;  but 
this  is  not  a  value  corresponding  to  any  grouping  of  the  factors,  and  the  equation 
x.y.z.w  =  Q  can  only  be  regarded  as  an  independent  assumption. 

For  the  product  of  a  point  into  itself,  or  say  the  square  of  a  point,  we  have 

X2  =  (Xl  ez  +  X.2€2  +  X3€S)2,       =  (Xl  €,  +X2€2+  X3€3)  (x,  6j  +  X.2e.2  +  X3€.t),    =  0, 

viz.  this  is  =  zero. 

49.     The   product  of  two  points  x  and   y  is   denned    to  be  the  "Strecke",  the  finite 
line   or  stroke  (acy),  considered  as   drawn  from  x  to  y,  say  we  have   x.y  =  (xy);    observe 
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that  y.x=(yx):  by  what  precedes  y.*+*.y-0,  whence  also  (yx)  +  (xy)=0,  which  is 
an  equation  in  the  addition  of  strokes.  Hence,  if  as  before,  the  points  x,  y  are 
x  =  xe  +  x&  +  #3e3,  and  y  =  y^l  +  y.^  +  y3e3,  then  for  the  stroke  (xy)  we  have 

\     «//          ^ 

which  is,  in  fact, 

if  A  xy  A  xy  A3xy  A,A2A3  denote  the  areas  of  the  triangles  formed  by  the  points 
(A  x  'y),  (Ati  x,  y),  (At,  x,  y),  (A,,  A,,  A,)  respectively.  These  triangles  remain 
unaltered  if  the  stroke  (xy)  is  slid  along  the  indefinite  line  joining  the  original  points 
a-  y  the  absolute  distance  xy  being  unaltered ;  that  is,  strokes  of  equal  length  upon 
the  'same  line  are  regarded  as  identical.  Hence  also  strokes  on  the  same  line  may 
be  added  together  by  adding  their  lengths. 

50      Consider    two    strokes    (xy),  (xz),   (fig.    4),    having    a    common    point    x,    then 
completing  the  parallelogram,  we  prove  that  the  sum  (xy)  +  (xz)  is  equal  to  the  diagonal 

(xw). 

Fig.  4. 


We  have,  in  fact, 

x  +  w  =  y  +  z, 

and  thence 

x(x  +  w)  =  x(y  +  *), 

that  is, 

#2  +  x .  w  =  x  .  y  +  x  .  z, 

or,  since  ^=0  and  x.y  =  (xy),  &c.,  this  is 

(xw)  =  (xy)  +  (xz\ 
the  required  formula  for  the  addition  of  the  strokes. 

51.     The  same  thing  appears  thus:    writing 

x  =  xlel  +  ac.2€2  +  x3es, 

y  =  s/i  ei  +  y*e*  +  2/3£3> 

z  =  z^  +  z.,e.2  +  Z3e3, 

we  have 

(xy)  =  Oa2/3  -  x»yt)  %  +  (x3y^  -  ^y3)  vj.2  + 

d^s)  77,  + 
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Or,  putting  for  a  moment 


we  have  for  the  point  ra,  midway  between  y  and  z,  the  equation  m  =  m^  +  m^e.2  +  m3e3  ; 
and  then 

(xy)  +  (xz)  =  2  {(x2m3  -  x3m.2)  ^  +  (x.Aml  -  xlm3)  ^  +  (x^i^  -  x^)  r)3} 

=  2  (xm),     =  xw, 
which  is  the  theorem  in  question. 

52.  Recurring  to  the  foregoing  equation  x  +  w  =  y  +  z,  we  deduce 

xz  —  yw  =  zw  —  xy  =  (yzw)  =  (zwx)  =  —  (wxy)  =  —  (xyz), 

if  for  shortness  (yzw)  =  yz  +  zw  +  wy,  and  similarly  for  (zwx),  (wxy),  and  (xyz).  Observe 
here  that  xz  —  yw  and  zw  —  xy  are  each  of  them  equal  to  the  difference  between  two 
equal  and  parallel  strokes  ;  the  strokes  yz,  zw,  wy  are  the  sides  (in  order)  of  a 
triangle  ;  qua  forces,  the  expressions  in  question  represent  each  of  them  a  couple. 

53.  We  have  thus  arrived  at  the  representation  of  a  stroke 

(xy)  =  (xzy.A  -  «3y2)  7;!  +  (x.^  -  x^3)  ^  +  (Xly2  -  x.y^  rj3, 
or  say 

X  =  \1^1  +  X.2772  +  X:j773, 

where  the  meaning  of  the  coordinates  X1;  X,,  X3  is  such  that,  if  x,  y  are  the  two 
extremities  of  the  stroke,  then  X1;  X2,  X3  are  equal  to  the  areas  A^xy,  A2xy,  A.,xy,  each 
divided  by  the  area  A,A2A3.  And  we  have  also  established  the  rule  for  the  addition 
of  strokes  :  it  will  be  noticed  that  this  has  been  done  without  the  aid  of  any 
expression  for  the  length  of  the  stroke. 

54.  Metrical  relations.     For  the  expression   of  the  distance  of  two  points  or  length 
of  a  stroke,  and  of  the  inclinations  of  a  stroke  to  the  sides  of  the  fundamental  triangle, 
&c.,   we   require   the   values   of  the   angles   and   sides   of  this   triangle   A^A.A.,,   say   the 
angles   are    Alt   A2,   A3,   and   the   sides   are    =RsinA1,    .RsinA,    R  sin  A3    respectively; 
R   is   thus   equal   to   the   diameter   of  the    circumscribed   circle.     Moreover,  considering  a 
stroke   xy,   if  through   x   we   draw   lines   x6lt  x62,  x6z   in    the   senses   A,A3>   A,Alt  A^A* 
respectively,   then    taking  the   angles   yxO,,  yxB^  yxB,  each   of  them    in  "the   same  sense^ 
or   say   each   right-handedly,   we   call   these   angles    01}  62,  03   respectively,   and   take   also 
p,  =  (xy)  for  the  length  of  the  stroke.     This  being  so,  and  if  the  two  extremities  are 


x  =  x1el  +  x.2e2  +  x3es,    and   y  =  yl  el  -f  y2  e2 
then  we  have,  first, 


giving 
and 


2,     sin  A3  =  sin  (02  -  03),     sin  (03  -  ^),     sin  ((^  - 
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And  then 

p         sin  0j  p         sin  02  p         sin  0* 

^=^  +  Rs[uA2smA3'     ^  =  ^  +  R  sin  .1,  sin  ^  '     ^        '  £  sin^sin^' 

As  regards  these  last  equations,  writing  for  a  moment  p1;  £>2,  £>3  for  the  perpen 
dicular  distances  of  x,  and  qly  q2,  q,  for  those  of  y  from  the  sides  of  the  triangle, 
then  we  have  qlt  qz,  q3=pl+pam01,  p.2  +  psin0.>,  p3  +  psin0,,  and  we  thence  easily 
derive  the  equations  in  question. 

.55.  Expression  for  length  of  a  stroke.  We  hence,  by  a  somewhat  complicated 
analytical  process,  find  an  expression  for  p  in  terms  of  the  coordinates  (xl}  x.2>  #3),  and 
(;'/i,  y-i,  2/s),  which  enter  into  it  through  the  combinations 


In  fact,  writing  for  shortness 

xl  #2  x3      -  K     K     K 

we   have 

(#22/3  —  #33/2)  sin  A!  =  15  (K2  sin  03  —  K3  sin  0.,\ 


—      /    sn    .o  = 


sin  0!  —  ^  sin  03), 


faya  ~  ®2yi)  sin  ^3  =      (^i  sin      ~  -2  sn    i)  ; 
and  hence  also,  if  (*$£,  ??,  O2  denote  the  quadric  function 

(1,    1,    1,    -COS  .4!,    -COS^42,   -COS^:i$f,   rj,    £)2, 

we  have 

(*Jt(x.,y-,  -  x,y.,)  sin  Al}  .  .  .)2 

,  sin  e,  -  K3  sin  02,  K3  sin  ^  -  ^  sin  03,  K,  sin  (92  -  K,  sin 


JTL 

where  the  quadric  function  on  the  right-hand  side  is  in  fact 

=  (K,  sin  A-i  +  Kz  sin  Az  +  K3  sin  A3)2, 


that  is, 

=  (ajj  +  ajg  +  «3)2,  =  1  ; 
and  we  thus  finally  obtain 

p*  =  #'  (#$(a^,y3  -  aj,ya)  sin  A,  ,  (x3yl  -  a^y^  sin  A2,  (x^j,  -  x.y,}  sin  ^13) 
the  required  formula  for  the  length  of  the  stroke  xy. 

56.     To  effect  the  foregoing  reduction  of  the  quadric  function 

,  sin  e..  -  K3  sin  0,,  K3  sin  0,  -  K,  sin  03,  K,  sin  0.2  -  K,  sin  6,}\ 
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observe  that  the  coefficient  herein  of  Kf  is 

=  sin2  02  +  sin2  03  +  2  cos  A1  sin  02  sin  03, 
where  #2  —  #3=  TT  —  j4j,  and  thence 

cos  #2  cos  #3  +  sin  6.,  sin  #3  =  —  cos  Al  ; 
that  is,  we  have 

cos  Al  +  sin  #2  sm  ^  —  —  cos  02  cos  #3  , 
and  thence 

1  —  sin2  6.,  -  sin2  03  +  sin2  02  sin2  #3  =  cos2  Aj.  +  2  cos  A-^  sin  02  sin  Os  +  sin2  #2  sin2  0.,  ; 

whence    the    coefficient    in    question    is    =sin2^!1.     And    finding    in    like    manner    the 
coefficients  of  K£,  K32,  K%K3,  &c.,  the  whole  function  is,  as  already  mentioned, 

=  (K^  sin  A!  +  K2  sin  A2  +  Ks  sin  A3f,  that  is,  =  1. 

57.     New  representation  of  a  stroke.     Representing  the  stroke  in  the  form 

X  =  Xj  T?!  +  X2772  +  X3?7;i  , 


we   have   only  to   replace   x^y3  —  x3yz,  x.^  —  x^,  x^j,,  —  x^    by    their    values   =  X1}  X2,  X3 
respectively,  viz.  for  the  length  p  of  the  stroke,  we  have 


/32  =  ^2(*][X1  sin  Alt 
Say  this  equation  is 

p2=£2.n,    then   p  =  RJ(ty,    or   1  = 

and  the  stroke  may  be  represented  in  the  form 

= 


or,  what  is  the  same  thing,  if  the  absolute  magnitudes  of  the  coordinates  Xl5  X2,  X3  are 
such   that 

(*]£Xa  sin  Alt  X2  sin  Az,  X3  sin  As)-  =  1, 
then  the  expression  is 

^  =  R  ^l7?1  +  ^2^2  +  ^3^3^' 
where  p  is  the  length  of  the  stroke. 

58.  It  has  been  seen  that  the  coefficients  of  qlt  rj,,  y3  have  the  values  A^xy,  A^xy,  A.,xy, 
each  divided  by  A^A^  or,  what  is  the  same  thing,  if^,  p.it  ps  are  the  lengths  of 
the  perpendiculars  on  the  stroke  from  the  points  Alf  A2>  A3  respectively,  then  these 
coefficients  are  ($pplt  %ppZi  ^pp3}>  each  divided  by  A.A.A,;  or,  what  is  the  same  thing, 
the  perpendicular  distances'^,  p2,  p3  are 

^-^L  1  •&-  2  •&-  3 


respectively,  where  A,A2A3  is  the  area  of  the  fundamental  triangle. 
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59.  Expression  for   the   mutual   inclination   of   two   strokes.     In   connexion    with   the 
stroke    X  =  X^  +  X.,%  +  Ms,    considering    a    stroke     p  =  /^  +  /v?2  +  /i:)%,   suppose     the 
inclinations  hereof  to  the  axes  are  <f>1}  <j>.2,  <f>3,  then 

02  —  03  =  7r  —  A,       0o—  0j  =  7T-  J-a,       </>i  —  <b->  =  —  TT  —  A3, 

and  we  have 

*i-fi«*0,-fc-0.-f», 

viz.    each   of    these    equal   angles   is   the   inclination   of    the    two   strokes   to   each   other, 
say  this  angle  is  =  8.     The  expression  for  this  angle   is 

cos  8  =  (*$>!  sin  ^1;  Xssin-Aa,  X3sin  43$/*i  sin  Alt  fM2sinA2,  ^  sin  A8) 

-V{(1,  ...$>!  sin  415  Xgsm^a,  X3  sin  ^3)2}  .  V{(1,  ---fc  sin  4lf  /i,sin^2,  ^3sin^3)2}. 

In  fact,  considering   (as  we  may  do)  the   two  strokes  as  proceeding  from  a  common 
point  a?  =  ar161+ar2€3  +  a!3C3,  then  the  function  in  question  is 

=  (*^K,  sin  03  -  K,  sin  08,  ^  sin  ^  -  K,  sin  ^3,    ^  sin  02  -  ^o  sin  0^^  sin  03  -  7^:5  sin  0,,  ...), 

which    is 

=  (^'1sin^1  +  JK'2sin^2  +  JKr3sin^3)2cos8,     =  (^  +  a?a  +  ^)2  cos  S,     =cos8. 

60.  In  verification,  observe  that  the  whole  coefficient  of  Kf  is 

=  sin  6.,  sin  <£2  +  sin  03  sin  <£3  +  cos  J.L  (sin  0.2  sin  <£3+  sin  03  sin  02), 
where  02  -  0,  =  TT  -  -^ ,  </>.2  -  03  =  TT  -  ^.j .     Hence 

sin  6>2  =  -  sin  (03  -  A,),     sin  02  =  -  sin  (<j>3  -  AJ  ; 
and  the  expression  in  question  is 

=     sin  (#3-^0  sin  (03-^0 

—  cos  AI  sin  (03  —  AT)  sin  03, 

—  cos  J.J  sin  (</)3  —  ^.j)  sin  03 , 
+  sin  03  sin  <£3, 

which,  expanding  the  sines,  and  writing  the  last  term  in  the   form 

—  sin  03  sin  <£3  (cos2  A1  +  sin2  AJ 
is 

=     cos2  Al  (sin  03  sin  (/>3  -  sin  03  sin  03  -  sin  03  sin  <£3  +  sin  03  sin  03) 

+  sin2  J.J  (cos  03  cos  <f>3  +  sin  03  sin  03) 

+  cos  A)  sin  Al  (-  sin  03  cos  03  -  sin  03  cos  03  +  sin  03  cos  03  +  sin  03  cos  03), 
=     sin2  ^4.z  cos  (03  —  03),     =  sin2  A1  cos  8, 

and  reducing  in  like  manner  the  coefficients  of  A"22,  K?y  K3K3,  &c.,  the  whole  expression 

becomes 

cos8,  =cosS  as  above. 
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61.     The  foregoing  formulae   agree  with   the   theorem,  No.  50,  that   the    sum    of  the 
strokes 


and 


is  a  stroke 


which  is  the  diagonal  of  the  parallelogram  constructed  with  the  given  strokes  A,  and 
yu,  ;  the  proof  is  a  little  simplified  by  assuming  (as  is  allowable)  fi  =  1  and  T  =  1,  in 
which  case  we  have 


from  which  the  length  and  inclination  may  be  calculated. 

As  already  appearing,  the  product  x,  y,  z  of  any  three  points  is  the  scalar 


2/1  >   2/2,   2/3 


which  is  equal  to  the  area  of  the  triangle  xyz,  divided  by  that  of  the  triangle 
A-^AnAs.  We  have  in  like  manner  the  product  of  a  point  x  into  a  stroke  X,  viz. 
this  is 

=  (as1e1  +  a?262  +  « 


which  is  =o-1\l+oco'\2  +  acs\3,  the  two  factors  being  in  this  case  commutative;  the  value 
is  equal  to  the  area  of  the  triangle  formed  by  the  point  and  the  stroke,  divided  by  the 
area  A1A2A3.  Of  course,  if  in  the  one  case  the  three  points  are  in  a  line,  or  if  in 
the  other  the  point  is  in  the  line  of  the  stroke,  then  the  product  is  =0. 

62.     We  have  yet  to  consider  the  product  of  two  strokes  ;    say  these  are 

^  =  X1771  +  X2'?2  +  X3773,    and    p  =  p^  +  fri}-,  +  fji3r)3, 
then  we  have 

X  .  fj,  =  (X^!  +  X.2?7.2  +  X3773)  (fry!  +  /*2i7a  +  /i3773) 

=  -  [(X^f,  -  Xj/Aa)  ei  +  (Xg/*!  -  Xj^)  e.2  +  (Xiyu,2  -  X^j)  63], 
which  is  a  point  regarded  as  having  weight.     If  we  take  the  two  strokes  to  be 


and 


X  = 


/A  =  (xz)  = 


173, 
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then  the  product  is 


•*-3 

2/3 


viz.  this  is  the  common  point  x,  with  a  weight  =  area  of  triangle  asyz  -j-  area  A^Ay, 
or  say  =  the  area  of  triangle  formed  by  the  two  strokes  -r-  area  A^A^A^.  The  product 
is  non-commutative  :  we,  in  fact,  have  X  .  JJL  =  —  /j,  .  X. 

63.  The  product  of  three  strokes  is  associative;  and  it  is  a  scalar.  If  the  three 
strokes  are  the  sides  of  a  triangle  LMN,  then  the  value  is  =  (LMN)Z  4-  (A^A^A^f, 
where  LMN  and  A^A^A^  denote  the  areas  of  the  triangle  LMN  and  the  triangle 
AiA^Aa  respectively;  and  if  any  stroke  instead  of  being  a  side  of  the  triangle  LMN 
be  a  part  only  of  this  side,  then  the  value  is  diminished  proportionally;  hence  the 

value  is  =P  ^LMN^^(AlA*A^'  where  p}  °"'  T  are  the  tev&h*  of  the 


strokes,   MN,  NL,    LM   the    lengths    of    the    sides    of    the    triangle    LMN,   and    LMN, 
A1A2A3  are  the  areas  as  above. 

64.     It  is  to  be  remarked  that  the  form 

(*$£  I*  D2>    =(1,  1,  1,  -co8Alt  -cos^!2,  -cos  48$f,  77,  £)2 
is  the  product  of  two  linear  factors;   it  is 

=  (£  -  tj  cos  As  -  ^cos  A2)2  +  (77  sin  A3  —  £  sin  A^, 
and  thus 

=  (I  -  ^e"»  -  (Te-^«)  (^  -  rie~iA»  -  £eiA*). 

This  corresponds  to  the  theorem  that  the  distance  of  two  points  is  =  0,  when  the  line 
joining  them  passes  through  one  of  the  circular  points  at  infinity;  the  coordinates  of 
one  of  these  points  may  be  written  under  the  three  equivalent  forms 

#!  :  #2  :  x.A  =     sin  A:          :  -  sin  A2e~iAs  :  -  sin  A3e~iA*, 
=  -  sin  Atf-M*  :      sin  Az          :  -  sin  A3eiA>, 
=  —  sin.A1e  iA*  :  —  sin  A2e~iAi  :      sinA3, 
and  those  of  the  other  are  of  course  obtained  therefrom  by  the  change  of  i  into  -  i. 


(To  be  continued)*. 


[*  This  paper  remains  incomplete ;  no  continuation  appears  to  have  been  prepared  by  Professor  Cayley.] 
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NOTE   ON   KIEPERT'S  Z-EQUATIONS,  IN  THE  TRANSFORMATION 

OF  ELLIPTIC  FUNCTIONS. 

[From  the  Mathematische  Annalen,  t.  xxx.  (1887),  pp.  75  —  77.] 

IT  appears,  by  comparison  with  Klein's  paper  "Ueber  die  Transformation  u.  s.  w.," 
Math.  Annalen,  t.  xiv.  (1878),  see  p.  144,  that  Kiepert's  L  made  use  of  in  the 
Memoir  "Ueber  Theilung  und  Transformation  der  elliptischen  Functionen,"  Math. 
Annalen,  t.  xxvi.  (1886),  pp.  369  —  454,  is,  in  fact,  the  square  of  the  multiplier, 
"  fur  das  durch  v/A  normirte  Integral,"  viz.  considering  the  general  quartic  function 
(«,...)(#,  l)4  =  (a,  b,  c,  d,  e)(x,  I)4,  and  the  transformed  function  (a1,...)(y,  I)4,  then 
we  have 


v/(a,  ...)(*,  1)< 
where  if 

I  =  ae  —  4<bd  +  3c2, 

J=ace-  adz  -  b-e  +  2bcd  -  c3, 

and    similarly    I1}   J1}    are    the    invariants    of   the    two    functions,    then    A,    Ax    are    the 
discriminants 

A  =  /3  -  27  J2,     Aj  =  /j3  -  27  J^, 

and  the  y2)  ys  of  Kiepert's  equations  are 

72  =  /-v/A,     73  =  J-:-x/A, 
whence 

723  -  277s2  =  1. 

In  particular,  if  the  forms  are 

1  -  x-  .1  -  kW,  and  1  -  if  .  1  -  \y  , 
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and  if  as  usual  k  =  u\  A,  =  v\  and  M  is  the  multiplier  for  the  form 

dx 


Vl-2/2.l-\y 
then  we  have 


J  = 

A  = 


and  thence 

~~  W§(1  _w8)i  M ' 

which  last  equation  is  the  expression  for  Z2  in  terms  of  the  Jacobian  symbols  u,  v,  M. 
As  an  easy  verification  in  a  particular  case,  suppose  n  =  5.     We  have  here 

7-2  _  ^  (1  —  fl8)*     1        M      v(l  —  uv3)      ( _      v  + 
i  '  ~rr>     "  — 


u? (1  —  w8)*    M  v—u5         \    5u (1  +  w3i 


w7  (1  —  i*8)* 

and  it  should  be  possible,  by  eliminating  u,  v,  M,  to  deduce  hence  the  i-equation 
Z12  +  10Z6  -  1272Z2  +5=0.     (Kiepert,  p.  428.) 

It   does   not   seem   in   any  wise   easy   to   do   this   in   the   case   of  an  arbitrary  modulus; 
but  writing  the  modular  equation  in  the  form 


(M2  _  02)  ^^4  +  guS^I  ^.  ^4^   _|_  £uv  (]_   _  ^4^4-)  _  Q^ 

we  satisfy  this  by 

uv  -  1  =  0,     u*  +  6wV  +  v4  =  0, 
or  say  by 

w  =  — ,     i(8  +  6i(4  +  1=0, 
tt 

and  the  equation  may  be  verified  for  this  particular  modulus. 

We  have 

1  +  14w8  +  M16  =  48w8,     (1  -  u8)-  =  32w8, 
and  consequently 

,  3/0        48tt8  1     .1      24.3i*8 

72  =  iv2.-^ —     — -      = 2§  -  — n: — rs=l>  (whence  also  73  =  0). 

M^(32tt8)s          2.3       M*.2^.M^ 
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Moreover 


,  f  _  u 

'      ~ 


1  lt?l-U6       M2(l+? 

u5 

u 

and  thence 

_  11$  \        v?'    1        (u8  —  1)¥     1 
M*  (1  -  us)$  M     u*(l-  us)*  M 
that  is, 

But  we  have 

M4  =  _  3  +  2  V2, 
and  thence 

and 

Z2  =      1  +  2i, 
whence 


Z12  +  10i6  -  127oi2  +  5  =  (117  +  44i)  +  10  (-  11  -  2t)  - 12  (1  +  2i)  +  5=0, 
or  the  Z-equation  is  satisfied. 

Cambridge,  14  March  1887. 
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867. 

NOTE    ON    THE    JACOBIAN    SEXTIC    EQUATION. 

[From  the  Mathematische  Annalen,  t.  xxx.  (1887),  pp.  78 — 84.] 

IN  the  Jacobian  sextic  equation 

(z  -  a)6  -  4a  (z-  a)5  -f  166  (z  -  a)3  -4>c(z-  a)  +  562  -  4ac  =  0, 

if  A,  B,  G,  D,  E,  F  are  the  square  roots  (each  with  a  determinate  sign)  of  the 
roots  z0,  z1}  z.2,  23,  z4,  2X  of  the  equation,  and  if  e  be  an  imaginary  fifth  root  of 
unity,  such  that  e  +  e4  —  e2  —  e3  =  Vo,  then  we  have  between  the  square  roots  a  system 
of  three  linear  equations 

0  =  -A*/5  +  B  +    C+    D+    E  +    F, 

0  =  B  +  esC  +  eD  +  e*E  +  e*F, 

0  =  B  +  €-C  +  e4D  +  eE  +  e3F, 

see  Brioschi's  Funzioni  ellittiche  (Milan,  1880),  third  appendix,  p.  402. 

The  sextic  equation  is  irreducible,  and  there  is  thus  nothing  to  distinguish  any 
one  square  root  from  any  other  square  root.  But  in  the  foregoing  system  of  equations, 
A  is  distinguished  from  the  other  square  roots;  hence  the  system  must  be  one  of 
6  systems,  wherein  the  place  occupied  by  A  is  occupied  by  A,  B,  C,  D,  E,  F 
respectively.  Observe  however  that  the  letters  being  square  roots,  it  may  very  well 
happen,  and  (as  will  appear)  it  does  in  fact  happen,  that  the  passage  from  the  first 
to  another  system  implies  a  change  of  sign  in  certain  of  the  letters  A,  B,  C,  D,  E,  F. 

The  selection  of  one  of  the  square  roots  as  =A,  does  not  determine  which  of 
the  other  square  roots  shall  be  =B,  C,  D,  E,  F  respectively:  and  in  fact  each  system 
of  equations  may  be  represented  in  10  different  forms:  viz.  by  multiplying  the  second 
and  third  equations  by  e,  e2,  e3,  e4  respectively,  we  obtain  four  new  forms :  we  have 
thus  five  forms:  and  then  in  each  of  them  transposing  the  second  and  third  equations, 
we  have  five  other  forms :  we  have  thus  in  all  10  forms. 
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Write  ABCDEF  to  denote  the  foregoing  system  of  three  equations 

Q  =  -A*/5  +  B  +    C  +    D+    E+    F, 
0=  B  + 

0=  B  + 

the  10  forms  of  the  system  are 

A  B  C  D  E  F  A  B  F  E  D  C 

ACDEFB  ACBFED 

A D  E  F  BC  A D C  B  F  E 

A  E  F  BC  D  A  E  DC  BF 

AFBCDE  AFEDCB, 

where  observe  that  the  five  forms  in  the  same  column  are  connected  by  cyclical 
substitutions  on  the  last  five  letters ;  and  that  the  forms  in  each  line  are  connected 
by  two  inversions  of  the  last  four  letters. 

It    is    hardly    necessary    to    remark    that    ABFEDC    means    the    system    of    three 
equations 

Q  =  -A*/5  +  B+    F+    E+    D+    C, 

0  =  B  +  e*F  +  e*E  +  eD  +  e3C, 


which    are    the    same    with    the    equations    of    the    original   form  ;     and    similarly    that 
ACDEFB  means  the  system  of  three  equations 


D+    E+    F+    B, 
0=  C+e3D+  eE+e*F+e-B, 

0=  C+e°-D  +  6*E+  eF+63B, 

where  the  first  equation  is  the  same  with  the  first  equation,  and  the  second  and 
third  equations  only  differ  by  a  factor  from  the  second  and  third  equations  respectively 
of  the  original  form.  And  similarly  as  regards  the  others  of  the  10  forms. 

I    say   that    we    have    a    second    system   BCAFDE    (where   D,   E    mean   —  D,   —E 
respectively):   in  fact,  this  denotes  the  system  of  three  equations 

0  =  -B*/5  +  C+    A+    F-    D-    E, 

0  =  C+  e3A  +  eF-  e4D  -  e2E, 

0  =  C  +  <?A  +  e*F-  eD  -  e3E, 

which  are  deducible  from  the  original  three  equations. 
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We  have,  in  fact,  the  identities 

-^/5  {-B^5+    C+    A 
=      i  (£        +     C-    A 
+  2(B        +  esC 
+  2  (B        +  e"-C 

(1  -  e  -  e3  +  e4)  {  C  +  e3A 

l(B 
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+  F-  D-  E} 
+  F+  D  +  E} 
+  e2F  +  eD  +  e*E) 

+    C  -     A\/5+    F+    D+    E) 


and 


+  (e2  +  e3)  (B 

(1  +  e  -  e2  -  e4)  { 

l(B 

+  (e2  +  e3)  (B 
+  (e  +  e4)  (5 


C  + 

+    C  - 
+  €3C 
+  e-C 


+  e3F  +  e4D  +  eE\ 

+  e*F  -  eD-  esE] 

5+     F+    D+    E) 

+  e"F  +  eD  +  e*E) 

+  €3F  +  e*D  +  eE), 


all  which  identities  are  at  once  verified  on  recollecting  that 

1  =  -  e  -  e2  -  e3  -  e4  and  \/5  =  e  -  e2  -  e3  +  e4. 

We    can    now    write    down    the    6    systems,    each    of    them    under    its    10    forms 
these,  in  fact,  are 

A B  F  E  DC 


A  B  C  D  E  F 

A  C  D  E  F  B 

A  D  E  F  B  C 

A  E  F  B  C  D 
A FBC  DE 

EGA FDE 
B  AF  D  EG 
BFDECA 
BD  EC  A F 
B  EC  A F  D 


C  D  A B  EF 
C  A B  EF  D 
C  B  EF  D  A 
C  E  F  D  A  B 

c  FDA  BE 


A  C  B  F  E  D 
ADC  BF  E 
A  E  DC  B  F 
A  FED C  B 


BC  E  D  F  A 
B  A  C  E  D  F 
BF  AC  E  D 
BDF  A C  E 
B  E  D  F  A  C 


C  DF  E  BA 
C  A  DP  E  B 
C  B  A  DP  E 
CE  B  A  DP 
CPE BA D 
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D  E  A  C  F  B 
DA CFBE 
DC  FEE  A 
DF  B  E  A C 

DB  E  A CF 

E  FA  DBG 
EADBGF 
E  DB C  FA 
EBGF  A D 
EC  F  A DB 


FAECDB 
F EC  D  B A 
FC  D  B  A E 
FDB  A  EC 
F  B  A  EC  D 


DEB  F  C  A 
D  A  EB  PC 
DC  A EB F 
DFC  A EB 
DB  FC  A E 


E  FC  B  DA 
E  A  FC  B  D 
EDA FC  B 
EB  DA  FC 
EC  B  D  A F 


FA  EDGE 
F  E  A BDC 
FC  E  A  BD 
FDG  E  A B 
FBDG  E  A, 


where,  as  before,  the  superscript  line  denotes  a  change  of  sign,  A=—  A,  &c. 

As   to   the   formation  of  this  table,  observe  that  we  have  ABCDEF  and  BCAFDE ; 

repeating  the  substitution,  we  have 

ABCDEF 

B C  A FD  E 
CABEFD 


ABCDEF] 

viz.   we   have    thus    the    CABEFD   which    belongs    to    the    third    system;    but    nothing 
further,   for   the   substitution   is   periodic   of    the    third    order,   and    the   three   forms   are 

merely  repeated.     But  if,  upon 

A BC  D  E  F 

BCAFDE, 

we   operate   successively   with    the   substitutions   which   change    the    upper   line   into   the 
three  forms  of  the  first  system 

ADEF  BC,    AE  F  BC  D,    A  F  B  C  D  E, 
then  the  lower  line  is  changed  into  the  three  forms 

D  E  A  C  F  B,    EFADBC,    F  B  A  E  C  D, 

which   are   forms   belonging   to    the    fourth,   fifth,   and    sixth    systems    respectively.      By 
way    of    verification,    observe    that,    for    instance    repeating    upon    the    second    line    the 

substitution 

ABCDEF, 
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in  place  of 
we  obtain 


D  E  A  C  P  B, 
OF  D  A  B  E, 


which    is   one    of   the    forms    of    the    third    system,  assumed    to    have    been    previously 
found;   and  so  in  other  instances. 

Reverting  to  the  three  equations  belonging  to  the  form  ABCDEF,  by  subtracting 
the  third  from  the  second  equation,  we  obtain  a  linear  relation  between  the  four 
square  roots  C,  D,  E,  F,  viz.  this  is 


0  =  (e3  -  e2)  (C-F) 


e4)  (D-E); 


and  the  same  equation  is  obtained  by  means  of  the  form  ABFEDC.  We  thus  obtain 
from  the  thirty  lines  of  either  column  of  the  preceding  table,  thirty  such  equations, 
but  obviously  the  number  of  such  equations  should  be  fifteen,  for  there  can  be  but 
one  relation  between  any  four  square  roots  C,  D,  E,  F;  consequently  each  equation 
will  be  obtained  twice;  and,  in  fact,  it  is  clear  that  the  forms  ABCDEF  and 
BAFDEC,  and  so  in  general  any  two  forms  which  begin  with  the  same  pair  of 
letters,  give  the  same  equation.  But  for  greater  symmetry,  I  write  down  the  thirty 
equations  in  the  order  in  which  they  are  given  by  the  left-hand  column  of  the 
table  :  the  equations  are 

0  =  (6s  -  e2)  !     +  (e  -  e4) 


C  -  F 

D-E 

D-  B 

E-  F 

E-  C 

F  -  B 

F  -D 

B-  C 

B  -E 

C  -  D 

A+E 

F  +  D 

F  -  C 

-D+E 

-D-A 

-E  -  C 

-  E  -F 

C  -A 

C  +  D 

A-  F 

A  +  F 

B  +  E 

B-D 

-  E+  F 

-  E-A 

-F  -D 

-F  -  B 

D-A 

D  +  E 

A-B 

C.    XII. 
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0  =--  (e3  -  e2) 
multiplied  by 

+  (e  -  e<) 
multiplied  by 

A  +  B 

C  +  F 

C  -E 

-  F  +  B 

-  F  -  A 

-B-E 

-B-  C 

E-A 

E  +  F 

A-  C 

A+  C 

D  +  B 

D-  F 

-  B  +  C 

-  B-A 

-C  -F 

-C  -D 

F  -A 

F  +  B 

A-D 

E-B 

-C  +D 

-  C  -A 

-  D-  B 

-  D-E 

B-A 

B+  C 

A-  E 

where 
of  the 

A  +D 

E  +  C 

it   is  to   be   observed   that,  adding  together  the  five  equations  given  by  any   one 
systems,  we  obtain  the  identical  result  0  =  0. 

I 
sign  of 

write   down   the    15    equations   in   a   different   order,   in   some   cases   changing  the 
the  whole  equation,  as  follows 

0  =  (e3  -  e2) 
multiplied  by 

+  (e-  e<) 
multiplied  by 

A+  C 

B  +  D 

B  +  C 

A-E 

A  +  B 

C  +  F 

D  +E 

A-E 

B  +  F 

A-D 

A+  F 

B  +  E 

A  +  D 

C  +E 

C  +  D 

A-  F 

E  +  F 

A-  C 

A  +  E 

D  +  F 

B-E 

C  -D 

F  -D 

B-  C 

E-  C 

F  -  B 

D-  B 

E-F 

C  -  F 

D-E 
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The  first  three  of  these  equations,  or  writing  X  =  e3  —  e2,  p  =  e  —  e4,  say 

X  (A  +  C)  +  fi  (B  +  D)  =  0, 


constitute  the  entire  system  of  independent  linear  relations  between  the  square  roots 
A,  B,  C,  D,  E,  F.  The  coefficients  X,  p  are  such  that 

X2  -  n-  =  X/i  (=  e  -  e2  -  e3  +  e4,  =  \/5), 

and  it  is  hence  easy  to  verify  that  the  remaining  twelve  equations  can  be  deduced 
from  these  by  the  elimination  of  one  or  two  of  the  square  roots  A,  B,  C.  For 
instance,  to  eliminate  A  from  the  first  and  second  equations,  multiplying  by  —  yu,,  X 
and  adding,  we  obtain 

(-\  .     ^  n\   /"V    i     /  o     i     >  o\     7) 

—  X/u,  +  X2)  C '  +  ( —  fM 2  +  X2)  B  — 

that  is, 
or  finally 

which  is  one  of  the  equations.  And  so  again  eliminating  A  from  the  first  and 
third  equations,  we  find 

X  (B  -  C}  +  p  (C  +  F-  B  -  D)  =  0, 

that  is, 

(X  -  /j,)  (B  -  C)  +  fjL  (F  -  D}  =  0, 

or  multiplying  by  X, 

p?(B-C)  +  \n(F-D}  =  0, 

that  is,  finally 

which  is  one  of  the  equations. 

Cambridge,  21  March  1887. 
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868. 

ON    THE    INTEESECTION    OF    CURVES. 

[From  the  Mathematische  Annalen,  t.  xxx.  (1887),  pp.  85  —  90.] 

IT  is  only  recently  that  I  have  studied  Bacharach's  paper  "Ueber  den  Cayley'schen 
Schnittpunktsatz,"  Math.  Ann.,  t.  xxvi.  (1885),  pp.  275  —  299  :  his  theorem  in  regard 
to  the  case  where  the  8  points  lie  on  a  curve  of  the  order  7-8  is  a  very 
interesting  and  valuable  one,  but  I  consider  it  rather  as  an  addition  than  as  a 
correction  to  my  original  theorem;  and  I  cannot  by  any  means  agree  that  the 
method  by  counting  of  constants  is  to  be  rejected  as  not  trustworthy  ;  on  the 
contrary,  it  seems  to  me  to  be  the  proper  foundation  of  the  whole  theory;  it  must 
of  course  be  employed  with  due  consideration  of  special  cases.  I  reproduce  the 
theorem  in  what  appears  to  me  the  complete  form. 

Writing  with  Bacharach 

r  5  m,    r  ^  n,   r^m  +  n  —  3,    y  =  m  +  n  —  r,    S  =  £(7  —  1)  (7  —  2), 

and  assuming  n  5  m,  (these  equations  and  inequalities  are  to  be  attended  to  throughout 
the  present  paper),  I  consider  two  curves  of  the  orders  m,  n  respectively  meeting  in 
8  points  B,  and  in  (mn  —  8)  points  A  ;  and  I  state  the  theorem  as  follows  : 

1°.  The  mn  —  8  points  A  are  in  general  such  that  a  curve  of  the  order  r, 
which  passes  through  mn  —  8  —  1  of  these  points,  does  not  of  necessity  pass  through 
the  remaining  point;  and  in  this  case  the  general  curve  of  the  order  r,  which  passes 
through  the  mn  —  8  points  A,  has  for  its  form  of  equation 

+  Mr_nQn  , 


where  Pm  =  0,  Qn  =  0  are  the  equations  of  the  given  curves  and  Lr-m  ,  Mr_n  denote 
functions  of  the  orders  r  —  m,  r  —  n  respectively  ;  and  it  thus  appears  that  the  curve 
of  the  order  r  through  the  mn  —  8  points  A  passes  also  through  the  8  points  B. 
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2°.  If  however  the  8  points  B  are  on  a  curve  of  the  order  7  -  3,  then  the 
mn-B  points  A  are  a  system  such  that  every  curve  of  the  order  r  passing 
through  mn-B -I  of  these  points  passes  through  the  remaining  point;  and  in  this 
case  the  general  curve  of  the  order  r,  which  passes  through  the  mn-S  points  A,  has 
for  its  form  of  equation 

0  =  iir  +  br—m-Lm  4"  -Mr-ntyn; 

Or  =  0  is  a  particular  curve  through  the  mn-B  points  A,  which  does  not  go 
through  any  of  the  points  B;  and  consequently  the  curve  of  the  order  r  does  not 
pass  through  any  of  the  points  B. 

For  the  proof  of  the  theorem  I  premise  as  follows : 

A  curve  of  the  order  r  depends  upon  %r  (r  +  3)  constants,  or  to  use  a  convenient 
expression,  its  Postulandum  is  =  ir(r+3):  if  the  curve  has  to  pass  through  a  given 
point,  this  imposes  a  single  relation  upon  the  constants,  or  say  the  Postulation  is  =  1 ; 
similarly,  if  the  curve  has  to  pass  through  k  given  points,  this  imposes  k  relations, 
or  say  the  Postulation  is  =k.  The  points  may  be  however  a  special  system,  for 
instance,  they  may  be  such  that  every  curve  of  the  order  r  which  passes  through 
k-l  of  the  points,  will  pass  through  the  remaining  point ;  the  Postulation  is  in  this 
case  =  k  - 1 ;  and  so  in  other  cases.  Assuming  the  Postulation  of  the  k  points  to 
be  =k,  then  the  Postulandum  of  a  curve  of  the  order  r  through  the  k  points  is 
=  £r(r  +  3)_&.  I  stop  to  remark  that  the  Postulation  has  reference  to  the  particular 
curve  or  other  entity  in  question;  thus  in  the  case  of  a  curve  passing  through 
k  points,  the  Postulation  for  a  curve  of  a  certain  order  may  be  =k,  and  for  a 
curve  of  a  different  order  it  may  be  less  than  k. 

Considering  now,  as  above,  two  given  curves  of  the  orders  m  and  n  intersecting 
in  the  mn-B  points  A  and  the  8  points  B,  then  assuming  that  the  mn-B  points 
are  not  a  special  system,  viz.  that  their  Postulation  in  regard  to  a  curve  of  the 
order  r  is  =  mn-8,  the  Postulandum  of  a  curve  of  the  order  r  through  the  mn-B 

points  is 

=  ^r(r+  3)  —  mn  +  8, 

which  is 

=  £  (r  -  m  +  1 )  (r  -  m  +  2)  +  &  (r  -  n  +  1)  (r  -  n  +  2)  -  1, 

viz.  this  is  identically  true  when  for  8  we  write  its  value 

=  ^  (m  +  n  —  r  —  I)(m  +  n  —  r  —  2). 
But  we  have  through  the  mn  —  8  points  A,  a  curve 

-Lr-m-Lm  +  M ,._  n  (Jn  = 

with  the  proper  Postulandum:  viz.  Lr_m  contains  £  (r-  m  +  l)(r-m  +  2)  constants, 
Mr-n  contains  £  (r  -  n  +  1)  (r  -  n  +  2)  constants,  and  there  is  a  diminution  -  1  for  the 
constant  which  divides  out;  hence  this  is  the  general  equation  of  the  curve  of  the 
order  r  through  the  mn  -  8  points  A ;  and  the  curve  passes  through  the  remaining 
8  points  B. 


502 


ON   THE    INTERSECTION    OF    CURVES. 


[868 


In  the  case  where  the  8  points  B  are  on  a  curve  of  the  order  7  —  3,  (observe 
that  this  is  a  single  condition  imposed  on  the  8,  =1(7  — 1)  (7— 2)  points,  for  a  curve 
of  the  order  (7  —  3)  can  be  drawn  through  £  7  (7  —  3)  points),  it  is  to  be  shown  that 
the  Postulation  of  the  m n  —  B  points  A  is  =mn  —  S  —  I;  for,  this  being  so,  the 
Postulandum  of  the  curve  of  the  order  r  through  the  (mn  —  8)  points  A  will  be 

=  £r(r  +  3)-ww  +  8  +  1, 

and  the  equation  of  the  curve  will  no  longer  be  of  the  foregoing  form,  but  it  will 
be  of  the  form 

ft,  +  Lr_mPm  +  Mr_nQn  =  0, 

fir=0  being  a  particular  curve  through  the  mn—8  points  A,  which  does  not  pass 
through  any  of  the  points  B.  The  proof  depends  on  the  theory  of  Residuation :  which 
for  the  present  purpose  may  be  presented  under  the  following  form. 

Let  A,  B,  ...  denote  systems  of  points  upon  a  given  Basis-curve,  for  instance 
the  foregoing  curve  Pm  =  0,  of  the  order  m.  And  let  A  =  ci  denote  that  the  points 
A  are  the  complete  intersection  of  the  basis-curve  by  some  other  curve ;  (this  implies 
that  the  number  of  the  points  is  =km,  a  multiple  of  m,  and  the  intersecting  curve  is 
then  of  course  a  curve  of  the  order  k).  It  is  clear  that,  if  A  =  ci,  and  B  =  ci,  then 
also  A  +  B  =  ci.  But  conversely  we  have  the  theorem  that,  if  A  +  B  =  ci  and  A  =  ci, 
then  also  B  =  ci.  And  we  at  once  deduce  the  further  theorem  :  if  A  +  B  =  ci,  B  +  C  =  ci, 
C+D  =  ci,  then  also  A+D  =  ci.  For  the  first  and  third  relations  give  A 
and  the  second  relation  then  gives  A  +  D  =  ci. 


mn- 

-8                  n                     8 

A                                     B 

r 

7-3 

m(r  —  n 

D                                      C 

-f  5                 m  -  3                 m  (7  -  3)  -  5 

Starting  now  (see  the  diagram)  with  the  8  points  E  on  a  curve  of  the  order 
7-3,  suppose  that  we  have  through  these  points  the  basis-curve  Pm  =  0  of  the  order 
m,  and  another  given  curve  Qn=0,  of  the  order  n;  and  let  these  besides  meet  in 
the  mn  —  8  points  A.  Let  the  curve  of  the  order  j  —  3  besides  meet  the  basis-curve 
in  the  m  (7  -  3)  -  8  points  C ;  and  through  these  let  there  be  drawn  a  curve  of  the 
order  m  -  3,  which  besides  meets  the  basis-curve  in  the  m  (r  -n)  +  8  points  D.  We 
have  here  A  +B  =  ci,  B+C  =  ci,  C  +  D  =  ci;  consequently  A  +  D  =  ci,  that  is,  the 
mn-8  points  A  and  the  m(r—n)+B  points  D  lie  on  a  curve  of  the  order  r.  The 
curve  of  the  order  m  -  3  passes  through  the  m  (7  -  3)  -  B  points  C ;  its  Postulandum  is 
thus 

=  %m  (m  -  3)  -  m  (7  -  3)  +  B, 
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which  is 


In  fact,  substituting  for  7,  8  their  values  =m  +  n  —  r,  and  ^(m  +  n  —  1  —  I)(m  +  n  —  t  —  2) 
respectively,  this  equation  is  satisfied  identically.  The  system  of  the  m  (i  —  n)  +  8  points 
D  thus  depends  upon  £  (r  —  n  +  1)  (r  —  n  +  2)  constants,  or  say  the  Postulandum  of 
the  points  D  is  =  -|(r  —  n+  1)  (r  —  n  +  2).  It  follows  that  the  curve  of  the  order  r 
through  the  (mn  —  8)  points  A  and  the  m  (r  —  n)  +  8  points  D  cannot  have  an  equation 
of  the  form 

•"r—  •»•*»  T  •"-'•r—n  tyn  =  "  3 

for  the  intersections  of  this  curve  with  the  basis-curve  Pm  =  0  are  given  by  the 
equation  Mr_nQn  =  0,  which  contains  only  the 


constants   of   Mr_n    (one    constant    of    course    divides    out,   giving    the    diminution    —  1). 
The  equation  must  have  the  more  general  form 


Hr  +  Lr_mPm  +  Mr_nQn  =  0  ; 

and    it    thus    appears    that    the   Postulatiori   of  the   mn-  8   points   A,   instead  of  being 
=  mn  —  8,  must  be  =mn  —  8  —  1.     This  completes  the  proof. 

I  notice  that,  combining  the  last-mentioned  identity 

£•  m  (m  -  3)  -  m  (7  -  3)  +  8  =  £  (r  -  n  +  1)  (r  -  n  +  2) 
with  the  like  identity 

in  (n  -3)-»(«x-3)  +  8  =  i(r-i»  +  l)(r-i»  +  2), 

we  obtain 

\m  (m  -  3)  +  \n  (n  -  3)  -  (m,  +  n)  (7  -  3)  +  28 

=  $(r-  n  +  1)  (r  -  n  +  2)  +  £  (r  -  m  +  1)  (r  -  m  +  2), 
and  consequently,  referring  to  a  former  result,  the  left-hand  side  should  be 

=  \r  (r  +  3)  -  mn  +  B  +  1  ; 
substituting  for  7,  8  their  values,  this  is  at  once  verified. 

As  appears  by  what  precedes,  Bacharach's  special  case  is  that  in  which  the 
&>  =  i  (7  ~  1)  (7  ~  2)  points  E  satisfy  the  single  condition  of  lying  on  a  curve  of  the 
order  7  —  3.  We  may  have  between  the  points  B  more  than  a  single  relation  ;  in 
particular,  the  points  B  may  be  such  as  to  include  among  themselves  the  complete 
intersection  of  two  curves  of  the  orders  a,  b  respectively  (ab  5  8)  :  this  will  be  the 
case,  if  the  given  curves  are  of  the  form 


•L  m  =  ^-a  ®m—a 

Qn   —  'kaVn-a  ~  (*b  Un-b  , 

it   being   understood,   here   and   in   what   follows,  that  the   values   of  a,  b  are   such   that 
the  suffixes  are  none  of  them  negative. 
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The    two    curves    here    intersect    in    the    ab    points    (\a  =  0,    ^  =  0),    and    in    the 
mn  —  ab  points 

*a,    Rm-b>     Un-b     =  0, 

lbi       &'in—a)        '  n— a 

say  the  (mn  —  8)  points  A  are  mn  —  ab  —  ®  of  the  last-mentioned  points,  and  the  8 
points  B  are  the  remaining  ©  points  together  with  the  ab  points.  Here  the  general 
form  of  the  curve  of  the  order  r  passing  through  the  mn  —  ab  points,  and  therefore 
through  the  mn  —  8  points  A,  is 


•"*  r—n  >  •"  r—m 
ttm-ij,  (J n-b 
&m— a  >  *  n—a 


=  0, 


where  Zr_m_7l+rt+&,  Mr-n,  N.,._m  are  arbitrary  functions  of  the  orders  indicated  by 
the  respective  suffixes.  The  theory  in  regard  to  the  number  of  constants  is  of  course 
altogether  different  from  that  which  belongs  to  the  case  of  the  general  functions 
Pm,  Qn',  and  it  is  probable  that  much  interesting  theory  would  present  itself  in  the 
consideration  of  particular  cases. 


Cambridge,  22  March  1887. 
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ON    THE    TRANSFORMATION    OF    ELLIPTIC    FUNCTIONS. 

[From  the  American  Journal  of  Mathematics,  vol.  ix.  (1887),  pp.  193—224.] 

THE  algebraical  theory  of  the  Transformation  of  Elliptic  Functions  was  established 
by  Jacobi  in  a  remarkably  simple  and  elegant  form,  but  it  has  not  hitherto  been 
developed  with  much  completeness  or  success.  The  cases  n  =  3  and  n  =  5  are  worked 
out  very  completely  in  the  Fundamenta  Nova  (1829)  ;  viz.  considering  the  equation 

Mdy  __  dx  __ 


Vl-yM-xy     Vl  -  x2  .  1  -  &2x2 

(fc  =  w4}  x  =  ^;  say  this  is  the  Mk\-  or  Muv-form),  Jacobi  finds,  in  the  two  cases 
respectively,  a'  modular  equation  between  the  fourth  roots  u,  v,  say  the  w-modular 
equation,  and,  as  rational  functions  of  u,  v,  the  value  of  M  and  the  values  of  the 
coefficients  of  the  several  powers  of  x  in  the  numerator  and  denominator  of  the 
fraction  which  gives  the  value  of  y;  but  there  is  no  attempt  at  a  like  development 
of  the  general  case.  I  shall  have  occasion  to  speak  of  other  researches  by  Jacobi, 
Brioschi  and  myself;  but  I  will  first  mention  that  my  original  idea  in  the  present 
memoir  was  to  develop  the  following  mode  of  treatment  of  the  theory  : 

In  place  of  the  Jf&X-form,  using  the  /aa/3-form 

dy  _  pdx 


VI 


(I  write  for  greater  convenience  2ct,  2/3  in  place  of  the  a  of  Jacobi  and  Brioschi  and 
the  $  of  Brioschi),  we  can,  by  expanding  each  side  in  a  series,  integrating,  and 
reverting  the  resulting  series  for  y,  obtain  y  in  the  form 


C.    XII. 
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where   LTj,  II2,  II3,...    denote   given   functions   of  p,  a,  /3.     Taking    n   odd    and    =  2s  +  1 
we  assume  for  y  an  expression 


where  the  last  coefficient  A,  is  at  once  seen  to  be  =  p.  Comparing  with  the  series- 
value  2/  =  /*»(l  +  II1a;2  +  n2#4+  ...),  we  have  an  infinite  series  of  equations.  The  first 
of  these  is,  in  fact,  As  =  p;  the  next  (s  -  I)  equations  give  linearly  Al}  Az,...t  A-i 
in  terms  of  the  coefficients  II;  that  is,  of  p,  o,  /3  :  the  two  which  follow  serve  in  effect 
to  determine  p,  ft  as  functions  of  a:  and  then,  p  and  /3  having  these  values,  all  the 
remaining  equations  will  be  satisfied  identically. 

The  process  is  an  eminently  practical  one,  so  far  as  regards  the  determination 
of  the  coefficients  Alt  At,...,  As^  as  functions  of  p,  a,  /3  ;  it  is  less  so,  and  requires 
eliminations  more  or  less  complicated,  as  regards  the  determination  of  the  relations 
between  p,  a,  /3.  As  to  this,  it  may  be  remarked  that  the  problem  is  not  so  much 
the  determination  of  the  equation  between  p  and  a  (or  say  the  pa-multiplier  equation, 
or  simply  the  pa-equation),  and  of  the  equation  between  /3,  a  (or  say  the  a/3-modular 
equation,  or  simply  the  ct/3-equation),  as  it  is  to  determine  the  complete  system  of 
relations  between  p,  a,  ft  ;  treating  these  as  coordinates,  we  have  what  may  be  called  the 
multiplier-modular-curve,  or  say  the  MM-curve,  and  the  relations  in  question  are  those 
which  determine  this  curve. 

In  the  absence  of  special  exceptions,  it  follows  from  general  principles  that  the 
coefficients  A1}  A.,...,  As_lt  qua  rational  functions  of  p,  a,  /3,  must  also  be  rational 
functions  of  a,  fi  or  of  a,  p  ;  and  I  think  it  may  be  assumed  that  this  is  the  case  ; 
the  method,  however,  affords  but  little  assistance  towards  thus  expressing  them. 

In  connexion  with  the  foregoing  theory,  I  consider  the  solutions  of  the  problem 
of  transformation  given  by  Jacobi's  partial  differential  equation  ("Suite  de  Notices  sur 
les  Fonctions  elliptiques,"  Crette,  t.  iv.  (1829),  pp.  185—193),  and  by  what  I  call  the 
Jacobi-Brioschi  differential  equations.  The  first  and  third  of  these  were  obtained  by 
Jacobi  in  the  memoir*,  "De  functionibus  ellipticis  Commentatio,"  Crette,  t.  iv.  (1829), 
pp.  371  —  390  (see  p.  376)  ;  but  the  second  equation,  which  completes  the  system,  was, 
I  believe,  first  given  by  Brioschi  in  the  second  appendix  to  his  translation  of  my 
Elliptic  Functions:  Trattato  elementare  delle  Funzioni  ellitticke:  Milan,  1880.  I  had, 
strangely  enough,  overlooked  the  great  importance  of  these  equations.  I  shall  have 
occasion  also  to  refer  to  results,  and  further  develop  the  theory  contained  in  my 
memoir,  "On  the  Transformation  of  Elliptic  Functions,"  Phil.  Trans.,  t.  CLXIV.  (1874), 
pp.  397_456,  [578],  and  the  addition  thereto,  Phil.  Trans.,  t.  CLXXXIX.  (1878),  pp. 
419—424,  [692]. 

I  remark  that,  while  I  have  only  worked  out  the  formulae  for  the  cases  n  =  3 
and  n  =  5,  and  a  few  formulae  for  the  case  n  =  7,  the  memoir  is  intended  to  be  a 
contribution  to  the  general  theory  of  the  pa/3-transformation  ;  I  hope  to  be  able  to 
complete  the  theory  for  the  case  n  =  7. 

[*  Ges.  Werke,  bd.  i.,  pp.  295—318;   in  particular,  p.  303.] 
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Comparison  of  the  Mk\-  and  pap-Forms.     The  Modular  and  Multiplier  Equations. 

Art.  Nos.  1  to  12. 


1.     The  equation 

Mdy 

dx 

Vl-yM 

—  \y      Vl  -  x2  .  1  -  &2x2 

if  we  write  therein 

x 

-  x  •  y  =  y    =  ^. 

becomes 

Mdy 

^ 

?;2V 

l-^+tr4)^ 

2  4.  ^4         W2  /y/J  _  (yl  +  u-^  X2  +  X4 

viz.  this  is 

dy 

pdx 

Vl  -  2/3y 

>2  +  y*     Vl-2o^  +  ^' 

if  only 

I 

1               v- 

2«  =  w4+-,, 
w4 

P  ~         v*  '    P~  u?M  ' 

2.     We  have  a  wv-modular  equation,  and,  as  shown  in  my  Transformation  Memoir*, 
p.    450,   this   may    be   converted   into   a  wV-modular   equation  ;    in   particular,  n  =  3,   the 

equation  is 

#y  -  3a;2  -  3?/2  +  4)  =  0, 


where  x,  y  denote  u*,  v4  respectively  ;   say  the  equation  is 

F(x,  y),  =^  +  ^(-16t/3  +  12?/)  +  #2(6y2)  +  tf(12^-16.y)  +  ?/4,  =0. 
From  the  equation  F  (x,  y)  =  0,  we  derive 

x~*F(x,  y).x~2F(x,  2/~1)  =  0; 
say  this  is 

(Ax2  +  Bx+C  +  Dx~l  +  Ex~2)  (A'x2  +  B'x  +  C'  +  D'x~l  +  E  'x~2)  -  0, 


viz.  the  equation  is 

'tf  +  (A  ff+A'B)  &  +  ...  +  EE'x~*  =  0, 


where,   by   reason   of  the    symmetry   of    F  (x,   y\   the   coefficients   A  A',   EE'    of 
those  of  a?,  x~s,  &c.,  have  equal  values  ;   the  form  thus  is 

21  (a*  +  x-*)  +  33  (x3  +  x~s)  +  (5  (a?  +  x~2)  +  3)  (x  +  x~l)  +  @  =  0, 

where  x*  +  x~*,  Xs  +  or3,  x2  +  x~2,  are  given  functions  of  x  +  x~l,  =  2a  ;   viz.  we  have 

x  +  x~l  =    2a, 
x2  +  x~2=    4a2-    2, 
x3  +  x~3  =    8a3  —    6a, 


[*  This  Collection,  vol.   ix.,  p.  170.] 

64—2 
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The  coefficients  21,  33,...  are  in  like  manner  expressible  as  functions  of  y+y  \  =2£; 
thus  we  have  51  =  1, 

33  =  AB'  +  A'B 

=  -  16  (y3  +  y~s)  +  12  (y  +  y'1),   =  -  16  (8/33  -  6/3)  +12.2/3; 

or,  finally,  33  =- 128/33  + 120/3;  and  so  for  the  other  coefficients.  The  numerical 
coefficients  contain,  all  of  them,  the  factor  16;  and,  throwing  this  out,  we  obtain,  for 
7i  =  3,  the  a/3-modular  equation  in  the  form 


+      1 

-64 

+  60 

-  186 

+  192 

+  60 

-  64 

+  1 

+  192 

-  192 

+  1  4+6  4+1 

where  observe  that  the  form  is  symmetrical  as  regards  a,  /3;  and,  further,  that  the 
sums  of  the  numerical  coefficients  in  the  lines  or  columns  are  the  binomial  coefficients 
1}  _  4,}  +  6,  —  4,  + 1.  Observe,  further,  that  the  sums  in  the  direction  of  the  sinister 
diagonal  are  -64,  -64,  +320,  -192;  viz.  dividing  by  -64,  it  thus  appears  that, 
writing  /3  =  a,  the  equation  becomes 

a6  +  a4  -  5a2  +  3  =  0  ; 
that  is,  (ct2-l)2(a2  +  3)  =  0. 

Again,  writing  /3  =  —  a,  then  dividing  by  16,  the  equation  becomes 

4a6-19a4  +  28a2-12=0; 


that  is, 


(4a2-3)(«2-2)2  =  0. 
3.     So  also,  for  n  =  5,  we  have  the  wV-modular  equation  in  the  form 


-7fy4-0; 


+  xy(-  256  +  320^  +  320#2  - 
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and   in   precisely    the   same    manner,   we    obtain   the   a/3-modular   equation;    viz.    casting 
out  a  factor  64,  this  is 


+  1 

-  4096 

+   6400 

2310 

+  69120 

-  172785 

+  103680 

+  6400 

-  133140 

+  126720 

-  172785 

+  276480 

-  103680 

-  2310 

+  126720 

-  124416 

+  1 

+  103680 

-  103680 

1 


+  15 


-  20 


+  15 


+  1 


where  the  form  is  symmetrical  as  regards  a,  0 ;  the  sums  of  the  numerical  coefficients 
in  the  lines  or  columns  are  1,  -6,  +15,  -20,  +15,  -6,  +1.  The  sums  in  the 
direction  of  the  sinister  diagonal  all  divide  by  -4096;  viz.  throwing  out  this  factor, 
we  have,  for  @  =  a,  the  equation 

aio  _  20a8  +  118a6  -  180a4  +  81a2  =  0  ; 

that  is, 

a2(a2-l)2(«2-9)2  =  0. 

If  £  =  -a,  the  coefficients  divide  by  64;    and  throwing  out  this  factor,  the  equation  is 
64a10  +  880a8  -  3247a6  +  3600a4  -  1296a2  =  0  ; 

that  is, 

a2  (a4  +  16ot2  -  16)  (8a2  -  9)2  =  0. 

4.     We    have    a    Mf-multiplier    equation    of    the     form    F(JJ[,    2it8-lj  =  0    (see 
Memoir*,   pp.  420—422),   but   we   cannot,   by   the   preceding   formulae,   deduce    thence   a 

?/   O  • 

pa-multiplier    equation;    in    fact,   writing    therein    ^=  ~r  >    the    resulting    equation    is 

p  f^LP     1  _  2uM  =  0,    which    is    a   pa-multiplier    equation    only    on    the    assumption    that 

\v*  1 

1  -  2u9,    u*    and    v2    are    therein    regarded    as    given    functions    of    a.     But    it    is    very 

[*  This  Collection,  vol.  x.,  pp.  334,  335.] 
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remarkable    that   the   pa-equation,    in    fact,   is   F(p,  a)  =  0.     To   prove   this,   assume   that 
the  equation 

dy  pdx 

Vl  -  22  +    4  ~  Vl  - 


has  a  pa-multiplier  equation  F(p,  a)  =  0.     Starting  from  the  equation 

Mdy  _  _  dx  _ 

Vl  -  y2  .  l~^Xy  ~  Vl-x2.!"-  &2x2  ' 

we  may,  by  effecting  on  each  side  a  quadric  transformation,  convert  this  into 
_  dy  M~ldx 


and  this  being  so,  we  have,  between  M~l  and  2«8  —  1,  the  relation 


or,  conversely,  if  this  be  the  form  of  the  3/M-multiplier  equation,  then  the  pa-multiplier 
equation  is  F  (p,  a)  =  0. 

5.     The  quadric  transformations  are 

Vl  -x2  Vl  -  V2 


x  = 


x  Vl  -  A:ax2 '  y  Vl  -  X2y2 ' 

We  have  then  only  to  show  that 

dx  dx 


Vl  -  x2  .  1  - 
for  then,  in  like  manner, 


__ 

l)2/2  +  ;?/4     Vl  -  y2  .  1  -  \y  ' 

and  we  pass  from  the  assumed  differential  relation  between  x,  y  to  the  above-mentioned 
differential  equation  between  x,  y. 

6.     For  the  quadric  transformation  between  x,  x,  write 

ft  =  k-W,     0-*  =  k  +  iV, 
(whence  also  0  =___  )     and  therefore 

\  K  +  tifJ 

6*  +  6-*  =  2k,     e  +  6-i=2k*-2k'2 
we  have 
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and  similarly, 


Consequently, 

(1  -  Oaf)  (1  -  e-W)  =  1-2  (2M-  -  1)  a?  +  ^  =         x,  (~  ^         (1  -  ^V  +  &2x4)2  ; 
or  say 

vi~2"(2^n5^+  ^  =     iTfrr-jfcv)     <x  -  2^x"  +  ^ 

Moreover, 


and  thence  the  required  equation 


\/l  -  2  (1  -  2w8)  #2  +  a4     Vl  -  x2  .  1  - 
this  completes  the  proof. 

7.     Thus,   referring  to   the  ^it-equations   given   in   the   place   referred  to,  we  obtain 
the  following  pa-multiplier  equations.     When  n  =  3,  we  have 

p4  -  6p2  -  8ap  -  3  =  0. 
This  may  be  written  in  the  forms 

8ap  =  p4  -  6p2  -  3, 

8(a  +  l)p=(p-l)3(p  +  3), 
8(a-l)p=(p  +  l)3(p-3). 

Next,  for  n  =  5,  we  have  p6  -  IQp5  +  35/34  -  60p3  +  55p2  +  (38  -  64a2)  p  +  5  =  0. 
This  may  be  written  in  the  two  forms 

64crp  =  (p2  -  4p  -  1)2  (p2  -  2p  +  5) 

and 

64(a2-l)p  =  (p-l)5(p-5). 

And,  for  n  =  7,  we  have 

p8  _  28p6  -  112«p5  -  210p4  -  224ap3  +  (-  1484  +  1344a2)  p2  +  (-  560a  +  51  2a8)  p  +  7  =  0. 

8.  The  relation  between  p  and  @,  or  say  the  p/3-multiplier  equation,  may  be 
obtained  by  a  known  property  of  elliptic  functions  ;  viz.  writing  per  =  +  n  (the  sign  is  — 
for  w  =  3,  n  =7,  or  generally  for  any  prime  value  4p  +  3:  and  it  is  +  for  n=5  and 
generally  for  any  prime  value  =4p+l),  then  we  have  between  a,  /3  the  same  relation 

3 
as    between    p,    a.      Thus,    if    ?j.  =  3,   0-  =  --,    for   p,   a   writing   <r,    /3,    the    equation    is 

<74  —  6<r2  —  8/8<r  —  3  =  0;   or,  as  this  may  be  written, 


and    so    for    the    other    cases  ;    but    it    is    perhaps    more    convenient    to    retain    the    cr  ; 

,5 

thus,  if  n  =  5,  or  =  -  ,  we  have 
P 
<76  -  lOo-5  +  35o-4  -  GOo3  +  55o-2  +  (38  -  640s)  cr  +  5  =  0. 
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9.     We    are    hence    able    to    express   (3    as    a    rational    function    of   p,   a.     We,    in 
fact,  have 


2p+5,      8#  =  —  -  (<72  -  4<r  -  1)  \!<r*~-  2<r  +  5, 
VP  V°" 

(the  signs  must  be  opposite),  and  then  for  <r,  substituting  its  value  =  ip,  and  observing 

5 
that  <r2  -  2o-  +  5  is  thus  =  -  (p2  -  2p  +  5),  we  find 

/3      p2+20p-25 
a~p2(p2-4p-l)' 

which  is  the  required  formula. 

Observe  that,  for  p  =  a-  =  V5,  the  formulas  with  the  sign  -,  as  above,  give 
ft  =  —  a>  whereas  with  the  sign  +  they  would  have  given  {3  =  a.  For  the  value  in 
question,  p  =  \/5,  the  equation 

64a2  =  -  (p2  -  4p  -  I)2  (p2  -  2p  +  5), 

gives 

64a2  =  -i-  16  (1  -  Vo)2  (10  -  2  V5)  ; 
yo 

that  is, 


that   is,   a2  =  —  8  +  4-\/5,   or   a4  +  16a2  —  16  =  0  ;    it   appears,    anie    No.    3,   that   this   value 
belongs  to  the  case  /3  =  —  a  and  not  to  ft  =  a. 

10.     But    there   is   another   way   of  arriving   at   a    formula    containing   ft.      Starting 
from  Jacobi's  equation 

if  a  -  XX/2    ^ 
~W*'d\' 

and  introducing  for  X,  X',  &,  &',  Jf  their  values  in  terms  of  u,  v,  we  have 

nv*  _  v*  (1  —  •y8)  w3efat  ^ 
~ 


that  is, 

dv  _  p2  u3  (1  —  Vs)  _ 
rfw     n  w3  (1  —  tt8)  ' 

but,  from  the  values  of  a,  ft,  we  find 

dv  _  v5  (1  —  us)  dft 
du     u5  (I  —  v8)  cfa  ' 
and,  combining  these  results, 

dft_p*u?    (1  -  ^)2       _  p*  (v*  -  v~^  . 

da.  ~  ~n  tf  '    1  -  M82  '     *  *i      4-w~42  ' 
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that  is, 

dA=?P~l 

da.      n  a2  -  1 ' 

We  have,  consequently, 

dfi  p-da. 


£2~1      n(a?-\)' 

and  therefore 

-  1      I 


where  p2  must  be  regarded  as  a  function  of  a,  or  a.  of  p  ;  and  from  the  form  of 
the  equation,  it  appears  that  the  integral  must  be  expressible  as  the  logarithm  of 
an  algebraic  function  of  p,  a. 


11.     Thus,  when  ?i=3,  we  have 

8a  =  p3  -  6p  -  -  •  ; 


0  da.  a      3  3  ,  „      ..  v 

8  -7-  =  3/r  -  6  +  -  ,     =  -,  (p-  -  1)-, 
dp  p-          p- 

and  thence  easily 

dp  dp 


that  is, 


as  may  be  at  once  verified. 

12.     In  the  case  n  =  5,  I  verify  the  equation  under  the  form 

d/3    ^p2       da. 
0*^1  ~  ^  '  a?  -  1  ' 
From  the  equations 

64  (a2  -  1)  =  -  (p  -  I)5  (p  -  5),  and  8«  =  -i  (p2  -  4p  -  1)  Vp* 

p  VP 

we  have 

128ad«  _  5  (p2-4- 

*-l*j>0> 

and  thence 


_  ^^  _ 
a2^!  ~  (p  -  1)  (p  -  5)  Vp^fp2  - 

Similarly,  observing  the  —  sign  of  8/3,  we  have 


_ 
/8s  -1      (<r  -  1)  (o-  -  5)  Ver  (a2  -~2erT5)  ' 

c.  xii.  65 
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^  . 

whence,  substituting  for  <r  its  value  =  -  ,  we  have 

_  p*dp  _      _p-     IQda 


/32-l     (p  -  1  )  (p  - 
which  is  right. 

Connexion  of  the  Mk\-  and  poL@-Theories.     Order  of  Modular  Equation. 

Art.  Nos.  13  to  18. 

13.     In  the  Transformation  Memoir  [578],  starting  from  the  equatioja 

1-y  =  1-x  fP  -  Qx 

1+y-l+X  VP  +  Qx 

I   sought   to   determine   the   coefficients   of  P,  Q   by   the   consideration   that  the  relation 

between    x,    y    remains    unaltered    when    x,    y    are    changed    into    -j—  ,    —    respectively. 

A^x      Ay 

fin  ni 

This   comes   to   saying   that,   when    for   x,   y   we   write    —  ,    —^   respectively,   the    relation 

to  U 

between  x  and  y  presents  itself  in  the  form 

x  (A, 


where  s  =  £  (n  —  1),  as  before.     For  instance,  when  n  =  7,  P  =  a  +  7X2,  Q  =  /3  +  8x2. 
If,  solving  for  y,  we  then  for  x,  y  write  — ,  -2,  we  find 

it  t/ 

fl2zt-2#  {(a2  +  2a/3)  +  (2a7  +  /3s  +  2a8  +  2/87)  aftr^4  +  (72 


and  comparing  this  with 

x(A 

y= 


A0 


we  have  for  each  of  the  coefficients  A  two  different  expressions.  Equating  these  and 
making  a  slight  change  of  form,  we  obtain  the  relations  between  u,  v,  a,  /3,  7,  8  used 
in  the  Memoir:  thus, 


A.  =  a2  =  t^u-M^,  A,  =  vhr™  (V  +  2/98  +  278)  =  w~4  (2a7  +  /32  +  2a/3),  &c. ; 

in   the   Memoir,   &(=O   is    used    instead    of   u,   and    fi  (=  v^2)   instead   of    v,   and    the 
equations  thus  are 

tea?  =  US2, 

&  (277  +  2a/9  +  /32)  =  II  (72  +  278  +  2/38), 
72  +  2/37  +  2a8  +  2/38  =  O.k  (2aj  +  2/3<y  +  2a8  +  /S2), 

82  +  278  =  HJfc3  (a2  +  2a£) ; 

viz.    these   are   the   equations   [Coll.   Math,   Papers,   vol.    ix.,   p.    119].      The   idea   in   the 
present  Memoir  is  that  of  considering  the  coefficients  A  in  the  stead  of  a,  /S,  ... 
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14.     We  have  here,  and  in  general  for  any  odd  value  of  n,  equations  of  the  form 

auVg-I. 

(        '  U'~  V' ' 

where  U,  V,  ...,  V,  V,  ...  are  quadric  functions  of  the  coefficients  a,  yS,  7,  ...;  and 
these  equations  serve  to  establish  between  n  and  k  a  relation  called  the  n&-modular 
equation,  and  which  in  regard  to  fl  is  of  the  same  degree  as  the  iw-modular  equation 
is  in  regard  to  v.  Leaving  out  the  equation  (O  =),  we  have 

U      V       W 
•*  i      "  j      "  >  •  •  • 


U',     V,     W',... 


=  0; 


and  to  each  system  of  values  of  a,  /3,  7,  8,  ...  (or  say  of  their  ratios)  given  by  these 
equations,  there  corresponds  a  single  value  of  £1  ;  the  number  of  values  of  fl,  or  the 
degree  in  fi,  of  the  fl&-equation  is  thus  found  as  =  (n  +  1)  2*(n~3).  This  is  far  too 
high;  for  ?i  =  3,  5,  7,  ...,  the  degrees  are  4,  12,  32,  ...;  those  of  the  proper  ^-equations 
are  4,  6,  8,  .... 

15.  I  showed,  or  endeavoured  to  show,  that  in  the  case  n  =  5,  the  extraneous 
factor  was  (O  —  I)6,  (£1  —  1  =  0,  the  fl&-modular  equation  belonging  to  n  =  I,  for  which 
the  transformation  is  the  trivial  one  y  =  x),  and  that  in  the  case  n  =  7,  the  extraneous 
factor  was  {(fi,  I)4}6,  ((fi,  I)4  =  0,  the  fi&-modular  equation  for  the  case  n  =  3)  ; 
generally  the  extraneous  factors  seem  to  depend  on  the  fi&-functions  for  the  values 
n  —  4,  n  —  8,  &c.  The  ground  for  this  is  that,  in  the  assumed  formula  for  any  given 

value  n,  we  may  take  P,  Q  to  contain  a  common  factor  1  ±  &x2  (observe  that,  to  a 
factor  pres,  this  is  unaltered  by  the  change  x  into  j—  ,  viz.  it  becomes  ,—  (1  +  &x2), 

/vX  A/X" 

a  condition  which  is  necessary  j  ,  and  we  thereby  reduce  the  equation  to 


1  +  y  ~  1  +  x    P  + 

in    which    equation     the    degrees    of    the    numerator    and    the    denominator    are     each 
diminished  by  4,  and  the  equation  thus  belongs  to  the  value  n  —  4. 

16.     I    remark    here    that,   in    the    case    of    n    an    odd    prime,   the    degree    of   the 
modular   equation   is   =  n  +  1  ;    but    for   any   other   odd   value,    the   degree   is 


where   a,  b,  ...    are   all   the   unequal   prime   factors   of  n;   thus,   if  n  =  aa,   the   degree   is 

a«  (l  +  i)  ,  =  a»-]  (a  +  1). 
In  the  case  of  a  number  n  =  abc...,  without  any  squared  factor,  the  degree  is 


65—2 
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the  sum  of  the  factors  of  n.     We  have 

a'  (n)  =  coeff.  xn  in  20  (Vv), 

where 

x  (1  +  #2) 

<^  =  a  +  3^  +  o^+...,  =-^~2)2  --, 

and  the  summation  extends  to  all  odd  values  of  N  having  no  squared  factor;   thus, 
<f>  (as)    =  as  +  So?  +  ox5  +  7x7  +    9x» 
<f>  (a?)  =         la?  +    &»» 


<f>  (a?)  =  \a? 

<f>  (a--11)  = 
<f>  (x13)  = 


=  as  +  4a?  +  Qx5  +  Sac7 

17.  Supposing  that  the  reduction  is  completely  accounted  for  as  above,  then,  to 
obtain  the  numerical  relations,  the  numbers  1,  4,  12,  32,...,  (w+l)2*(n-3)  have  to  be 
expressed  linearly  in  terms  of  1,  4,  6,  8,...,  <rf (ri),  viz.  (n  +  l)2*(w-8)  as  a  linear  function 
of  a-'  (n),  </  (n  —  4),  &  (n  —  8), ... ,  and  we  have 

1=1, 
4=4, 

12=    6  +  6.    1, 
32  =    8  +  6  .    4, 
80=  12  +  6.    6  +  32.    1, 
192  =  12  +  6  .    8  +  33  .    4, 
448  =  14  +  6.12  +  33.    6  +  164.    1, 
1024  =  24  +  6  .  12  +  33  .    8  +  166  .    4, 
2304  =  18  +  6  . 14  +  33  . 12  +  166  .    6  +  810 .  1, 
5120  =  20  +  6  .  24  +  33  .  12  +  166  .    8  +  817  .  4, 
11264  =  32  +  6  .  18  +  33 .  14  +  166  .  12  +  817  .  6  +  3768 . 1, 
24576  =  24  +  6  .  20  +  33  .  24  +  166  .  12  +  817  .  8  +  3778  . 4, 


but  it   is   of  course   very  doubtful    whether   these  relations   have  any  value  in   regard  to 
the  present  theory. 
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18.  In  the  same  way  that,  by  assuming  a  common  factor,  l+kx2,  in  the  values  of 
P  and  Q,  we  pass  from  the  case  n  to  the  case  ?i-4,  so,  by  assuming  a  common  factor, 
l+x2,  in  the  numerator  and  denominator  of  the  expression  for  y  in  terms  of  x  and 
the  coefficients  B,  we  pass  from  the  case  n  to  the  case  n  -  2.  Contrariwise,  in  the 
solutions  given  by  the  Jacobi-Brioschi  differential  equations  and  by  the  Jacobi  partial 
differential  equation,  the  solution  for  a  given  value  of  n  does  not  thus  contain  the 
solution  for  an  inferior  value  of  n  ;  see  post  Nos.  36  and  43. 

I  pass  now  to  the  theory  before  referred  to. 


The  Development  y  =  px(l 
19.     Starting  from  the  equation 

dy 


and  writin     for  shortness 


LT,#4  +  ...)•     Art.  Nos.  19  and  20. 
pdx 


Vl  -  28*  +    *     Vl  - 


(viz.  save  as   to   the  exterior   factors   £,  £,...,  3-R1}  oR.,,...  are  the  Legendrian  functions 
of  a,  and  3$15  5>Sf2,...  the  Legendrian  functions  of  /S),  we  have 


whence  integrating,  so  that  y  may  vanish  with  x,  we  have 


say  this  is 


20.     We  then  have  y  =  u—fy,  where  fy  =  S1 
Lagrange's  theorem, 


..;  and  thence,  expanding  by 


we  have 
and  thence 


ii5  +  S3  u7 
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consequently, 


y-    u> 


ui  (-  S3  +  8S,S2  -  128,*), 
u»  (_  8,  +  WS,83 


and  writing  herein 


u  =p 

u*  =  p3  [a?  +  S-RjO 


we  have  the  required  series 


where  the  values  of  the  coefficients  are 


n,  =  R2+( 

U3  =  R3  +  (-  8,)  (3R,  +  3^2)  f  +  (-S.2  +  38?)  5RlP*  +  (-83  +  88,8, 


(-83  +  88,  &  -  IZSf)  7RIP«  +(-S,+  108,8,  +  58.,-  - 


and  so  on,  as  far  as  we  please. 

The  Cubic  Transformation,  n  =  3.     Art.  Nos.  21  to  28. 
21.     We  have  here 


whence,  developing  the  left-hand  side  and  equating  coefficients, 
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It  will  be  convenient  to  write 

©!  =  PU,  +  p2  -  1,     =  -  SIP*  -f  p2  +  R1p-I, 
®2  =    II2-p2  +  l,     =(-S.2    +3fif1a)p« 
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-P 
+  R3, 


where     observe    the    difference    of   form    in    the    function    @j,   and    in    the    subsequent 
functions  ©2,  ®3,---.     In  these  last,  a  factor  p  is  thrown  out. 

22.  The  two  equations  ®j  =  0  and  ®2  =  0  serve  to  determine  p,  @  in  terms  of  a; 
the  subsequent  equations  @3  =  0,  ®4  =  0,  .  .  .  will  then  be,  all  of  them,  satisfied  identically. 
This  implies  that  ©3,  @4,  ...  are  each  of  them  a  linear  function  of  ©j,  ©2.  The 
a  posteriori  verification  and  determination  of  the  factors  is  by  no  means  easy  ;  I  have 
effected  it  only  for  @3;  we  have 


7@3  =  (p»  - 
or,  at  full  length, 


27  RJ 


-  10/o  +  25  J2, 


=  (p3  -  3>V  -    2p  +  2712,)  (  -  ^p3  +  p2  +  RlP  -  1) 


in   verifying    which    we    must,   of    course,   take    account    of    the    relations    between    the 
expressions  R  and  those  between  the  expressions  $;   we  have 


similarly, 


a  =  3R,  and  thence  1<XR2  =  27^  - 1, 

10S2  =  27/Sfj2  -  1, 
Equating  the  coefficients  of  p6,  we  have 
-  7S3  +  56$ 8.,  - 
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viz.  multiplying  by  2,  this  is 


+  11  08,8,  -  162$3  +  28,  =  0  ; 
or,  finally,  it  is 

(-  135$3  +  9$)  +  (297$3  -  11$)  -  162$3  +  28,  =  0, 

an   identity,  as   it  should   be.     The    identity  of  the   coefficients  of  p5,  p\  p3,  p2,  p,  I  may 
be  verified  in  like  manner. 

23.     Considering   a   as   known,  the   values  of  p  and  @   are  determined  by   the  fore 
going  equations  ©j  =  0,  ®2  =  0  ;   that  is, 


(_  &  +  3$2)  p4  -  (3EA  4-  1)  p2  +  R,  +  1  =  0, 
where,  of  course,  the  R's  and  S's  are  regarded  as  given  functions  of  a.  and  @  respectively. 

It   is  to   be    observed    that    the    equations    are   satisfied   by   p2=l,   a=/3;    viz.   we 

x  (+  1  +  #2) 

have   the   transformation  y  =     VT         —  ;    that   is,   y=±  x,   which    is   the   transformation 

1  ±a? 

of  the  first  order,  n  =  1.  The  two  equations  represent  surfaces  of  the  orders  4  and  6 
respectively,  and  they  have  thus  a  complete  intersection  of  the  order  24.  As  part  of 
this,  we  have,  as  just  shown,  each  of  the  two  lines  (p  =  1,  a  =  /3)  and  (p  =  —  1,  «==/?); 
but  there  is  a  more  considerable  reduction  of  order  to  be  accounted  for,  the  proper 
MM-curve  being,  as  will  appear,  a  unicursal  curve  of  the  order  =  G. 

24.     Multiplying  the  second  equation  by  10/j2,  and   for    10-K2  and    10$2  writing   their 
values  277^  —  1  and  27$2  —  1  respectively,  we  have 


2  +  1)  p6  -  (30jRA  +  10)  p4  +  (27^2  +  9)  p-  =  0  ; 

and   if  herein   we   substitute   for  $p3   its   value   from  the    first   equation,  =  p2  +  R,p  —  1, 
we  have 

3  (p-  +  I^p  -  1)-  +  ps-  3QR1P  (p2  +  R1P  -  1)  -  lOp4  +  (27A2  +  9)  p2  =  0  ; 
that  is, 

p6  -  7/>4  -  24£1/33  +  3/s2  +  24E1/3  +3  =  0; 
viz.  this  is 

(p2  -  1)  (p4  -  6p2  -  24^p  -  3)  =  0, 

containing,  as   it   ought   to   do,  the    factor  p2  —  1.     Throwing  this  out,  and   repeating  the 
first  equation,  we  have 

-SIPS+   p2+      ^p-l  =  0, 

p4  -  6p2  -  24^  -3  =  0, 

which  two  equations  may  be  replaced  by 

p4-24S1p3  +  18p-  -27  =  0, 

p4  -    6p'J-24JR1p-    3  =  0, 
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which  are  the  pft-  and  pa-equations  respectively.  Recollecting  that  R1  and  Si  denote 
Act  and  ^/3,  they  agree  with  the  results  obtained  in  No.  7.  The  a/3-modular  equation 
is  obtained  by  the  elimination  of  p  from  these  two  equations,  and  may  be  at  once 
written  down  in  the  form,  Det.  =  0,  where  the  determinant  is  of  the  order  8,  but 
contains  Si  and  Rlt  that  is,  ft  and  a,  each  of  them,  in  the  fourth  order  only:  the 
form  is  thus  the  same  with  that  of  the  oc/3-equation  obtained  in  No.  2  ;  but  the 
identification  would  be  a  work  of  some  labour. 

25.     The  equations  may  be  written 


and,  treating  R1}  Slt  p  as  coordinates,  it  hence  appears  that  the  MM-curve  is  (as 
mentioned  above)  a  unicursal  curve  of  the  order  6;  in  fact,  we  have  R1}  S1}  each  of 
them  given  as  a  rational  function  of  p  ;  and  cutting  the  curve  by  an  arbitrary  plane 
ARi  +  BSi  +  Gp  +  D  =  0,  the  substitution  of  the  values  of  R1}  S1  in  this  equation  gives 
far  p  an  equation  of  the  order  6. 

26.  The  same  conclusion  may  be  obtained  from  the  foregoing  system  of  a  cubic 
and  a  quartic  equation  in  p.  Considering  R^  81}  p  as  coordinates,  they  represent,  each 
of  them,  a  surface  of  the  order  4,  and  the  complete  intersection  is  of  the  order  16  ; 
but  this  is  made  up  of  a  line  in  the  plane  infinity  counting  10  times,  and  of  the 
MM-curve,  which  is  thus  of  the  order  16  -  10,  =  6.  In  fact,  introducing,  for  homo 
geneity,  a  fourth  coordinate  0,  the  two  equations  are 


0Z  -  3<94  =  0, 

and  the  line  p  =  0,  0  =  0  is  thus  a  triple  line  on  each  of  these  surfaces  ;  viz.  cutting 
them  by  an  arbitrary  plane,  we  have  for  the  first  surface  an  ordinary  triple  point,  as 
shown  by  the  continuous  lines  of  the  annexed  figure,  and  for  the  second  surface  a 
triple  point  =  cusp  +  two  nodes,  as  shown  by  the  dotted  lines  of  the  figure.  There  is, 
moreover,  as  shown  in  the  figure,  a  contact  of  two  branches,  and  the  number  of  inter 
sections  is  thus  =10. 


27.     If    we    assume   pa  =  -3,   that    is,    p  —  *,    and    substitute    this    value   in   the 
equation  for  8lt  the  two  equations  become 

24,8,0-  =  o-4  -  6<r2  -  3, 


c.  xii.  66 
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'         3\ 
viz.    8    is   the    same    function    of    o-  (  =  --  )    that    a    is    of    p.      This    accords   with    the 

V        pj 

theorem    in    Elliptic    Functions    that    a   combination    of    two    transformations   leads   to   a 
multiplication. 

28.     We  have 


or,  what  is  the  same  thing, 

24(^  +  1)    =(p-l)2(/>  +  ^  +  2); 
and,  in  like  manner, 

24(JR1-i)/o=p4-6p2-8p-3,   = 
and,  consequently, 


with  the  like  equations  between  Sl}  a,  p.     It  will  be  recollected  that 


hence 

(    i-v)-     ^        ut       /'          \     ~  u*i 

The   formulae  just   obtained   are   useful   for  obtaining   the    wv-modular   equation  from  the 
foregoing  equations;   or  say 

4  ( v4  +  -}  <r  =  o-4  -  6<r2  -  3, 


where  pa-  =  —  3,  and  we  have  to  eliminate  p  and  a- ;   the  elimination  gives 
that  is, 


ii2  2  O 

h  2vzt =  0, 

W2       V2  WV 


v4  +  2v3u3  -  2vu  -  w4  =  0. 

The  Quintic  Transformation,  n  =  5.     Art.  Nos.  29  to  32. 
29.     We  have  here 


and   multiplying  by   1  +  A^  +  px*,   we   obtain   an    infinite   series   of  equations,   the   first 
three  of  which  are 
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The  first  of  these  gives 

A   -      PU*         -@*-/?2+1. 
-p+l>  -p  +  l 

and  the  other  two  equations  then  determine  the  MM-curve.  These  being  satisfied,  the 
remaining  equations  will  be  satisfied  identically.  It  is  proper  to  introduce  0j,  ©2,  ©3 
into  the  equations  instead  of  HI,  T12,  H3.  We  have  first 


that  is, 


p  — 
viz.  this  is 


or,  finally,  this  is 

p(p-  I)©,-©!2-!-  2@x  (p2-  1)  =  0. 
Secondly,  we  have 


that  is, 


viz.  this  is 


or,  finally,  it  is 

©3(-p  +  i)  +  ©x©2+  @a  (p2-p)-  ©2(p2  -  i)=o. 

30.     We  have  thus  the  two  equations 

(p«  _  p)  ©2  _  ®xi  +  2@x  (p2  -  1)  =  0, 
©3  (-  p  +  1)  +  ©!©2  +  ©!  (p2  -  p)  -  ©2  (p2  -  1)  =  0  ; 

and  recollecting  that  ©3  is  of  the  form  Z©x  +  J-f@2,  we  see  that  each  of  these 
equations  is  satisfied  if  only  ©i  =  0,  ©2  =  0  (the  formulae  belonging  to  the  cubic  trans 
formation).  This  ought  to  be  the  case,  for  we  can,  by  writing  Av  =  p  +  1,  reduce  the 

x  (p  +  A^  +  a?)  x(p  +  a?)        ,  .  ,     ,    ,  ,. 

expression   —  —  —  j-  ;  -  -£   to    the   form    -~-  —  -,   which   belongs    to    the   cubic   trans- 
1  +A1x2  +  px*  l  +  pxz 

formation  (see  ante  No.  17).     The  equations  may  be  written 
p©2  =  -  (2p  +  2)  ©x  +  -         , 


66—2 
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31.     The   investigation    may   be    presented    in    a    slightly   different    form    by   intro 
ducing   the  functions  ®  at  an  earlier  stage;    viz.  writing 


we  have 


+ 

o  + 


4. 


I  +  px2 
Transposing,  reducing,  and  dividing  by  a?,  we  have 


•  Ala?  +  pa?) 

whence   clearly  p-  -  1  +  Aj  (—  p  +  1)=  ®i,  giving    for  A1   the  before-mentioned    value;   and 
we  then  have 

1  +  A^a?  4-  px4  =  1  +  (p  +  1)  a?  +  p^  -  ---,  ,    =  (1  +  #2)  (1  +  p#2)  -  ^~-. 

p-  p-i 

The  equation  thus  becomes 

(1  _  #2)  (H^ 


and  expanding  the  left-hand  side,  first  in  the  form 


ro  +  (p-l)(l+^)2(l  +p«2)3  +  (p -!)(!+ «2)3(1  +    -^A+  '" 


and  then  each  of  these  terms  separately  in  powers  of  x-,  and  comparing  with 
®!  +  p®.2#;2  +  p®3^  +  .  .  .  ,  we  have  the  two  equations  in  the  last-mentioned  form,  and  an 
infinite  series  of  other  equations,  which  will  be  satisfied  identically. 

32.     The  successive  coefficients  might  be  called  <f>2,  <i>3,...;   say 

4>,  =  (p2  -  p)  ©2  -  ®:2  +  2  (p*  -  1)  (H),, 


and  similarly  for  <l>4,  ...;  and  it  would  then  be  proper  to  show  d  posteriori  that  each 
of  the  equations  3>4  =  0,  <l>5  =  0,  .  .  .  is  satisfied  identically  in  virtue  of  the  two  equations 
4>2=0,  <l>3  =  0,  or,  what  is  the  same  thing,  that  the  functions  <J>4,  ^5,...  are  each  of 
them  a  linear  function  (with  coefficients  which  are  functions  of  p)  of  the  two  functions 
<I>2  and  <S>3.  I  do  not  attempt  to  do  this,  nor  even  to  discuss  the  MM-curve  by 
means  of  the  equations  <E>2  =  0,  ^>3  =  0  ;  but  I  will  obtain  equivalent  results,  and  com 
plete  the  solution  by  means  of  the  Jacobi-Brioschi  equations,  in  effect  reproducing  the 
investigation  contained  in  the  third  appendix  of  the  Funzioni  ellittiche. 
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The  General  Transformation,  n  =  2s  +  l.     Art.  No.  33. 
33.     The  equation  here  is 


The  general  theory  is  sufficiently  illustrated  by  the  preceding  particular  cases,  and  I 
wish  at  present  only  to  notice  the  equation  obtained  by  comparing  the  coefficients 
of«2;  viz.  this  is  Ag^  —  pAl=  pYll,  or,  substituting  for  IIj  its  value, 

A^-  pA1  =  ^  (ap  -  @ps). 

The  Jacobi-Brioscld  Equations.     Art.  Nos.  34  to  42. 
34.     These  were  obtained  for  the  differential  equation 

dx  _  dy 


aV  +  b'x3  +  c  V  +  d'x  +  e      *ay*  +  by*  +  cy2 

viz.  if  this   be    satisfied    by  y  =  U  -r-  V,  where    U,   V  are   rational   and   integral   functions 
of  x  of  the  degrees  n  and  n  —  1  respectively,  then,  writing  for  shortness 

<f>  =  dx*  +  Ha?  +  c'x2  +  d'x  +  e', 

and   using   accents   to   denote   differentiation  in   regard   to  x,  the  numerator  and   denom 
inator   U,   V  satisfy  the  equations 

V'2)<f>  +  ±  VV'.f  +     aU*+ 


<l>'  +    pU2  + 

where  p  is  a  function  =  a#2  +  b#  +  c,  with  coefficients  a,  b,  c,  the  values  of  which  have 
to  be  determined.  By  way  of  verification,  observe  that,  multiplying  by  U2,  UV,  V-, 
and  adding,  we  obtain 


that  is, 

-  Y-L  (  W  ~  V>  ^)2  («'«*  +  b'a?  +  cV  +  d'x  +  e')  +  ay*  +  by3  +  cy1  +  dy  +  e  =  0, 
the  result  obtained  by  substituting  for  y  its  value,  =  U  +  V,  in  the  differential  equation. 
35.     Considering  the  foregoing  special  form 

dx  dy 

Vl  -  2a«2  +  a*      p  Vl  -  2/%/2  +  y*  ' 

so  that   a,  b,  c,  d,  e   have   the    values   p2,  0,  -  2/3p2,  0,   p2   and    $   is    =  1  -  2cw;2  +  x*,   the 
equations  are 

(VV"  -  F'')  </>  +  i  VV  .  f  +  p*U*  +  pV*=  0, 

=0, 
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where,   writing   as   before,   ?i  =  2s+l,   and   assuming   that   the    last    coefficient,   A^(n_v    or 
As,  is  =  p,  we  have 

U=  x  (p  +  A^x-  +  As_2x*  +  ...+      A:x2s~2  +   a2*), 
V=      1  +     A1a?  +     A2x*  +  ...  +  AS-!  a28-2  +  pa™, 


and  where,  as  is  easily  shown,  p  has  the  value  =  —  [2Al  +  (2s  +  1)  x2}.  In  comparing 
with  Brioschi,  it  will  be  recollected  that  2a,  2/3  are  written  in  place  of  his  a,  /3. 

36.  The    equations    contain    n,   and    they    are    not    satisfied    by    values    of    U,    V 
belonging   to   any  inferior   value   of  n  ;    U,   V  may  each   of  them   be   multiplied  by  any 
common   constant   factor   at   pleasure,  but   not   by  a   common    variable   factor  P  ;   viz.   it 
is   assumed   that   the   fraction   U  -r-  V  is   in   its   least   terms,  and   consequently  that  (save 
as   to   a   constant   factor)    U,    V  are   determinate   functions.      It   is    easy   to    verify   that 
the   equations   (being   verified   by    U,  V)   are    not   verified    by    PU,  PV,   but   it   is   inte 
resting    to    show   a    priori   why   this    is    so.      The    equations    are    obtained    as    follows. 

Consider  the   differential   equation  in   the    form    ~j^~  /v>  an(^  suPP°se  that  an  integral 

equation  is  given  in  the  form  F  =  0  (F  a  rational  and  integral  function  of  x,  y}  ;  we 
thence  deduce  a  relation  Ldx  +  Mdy  =  0  between  the  differentials,  and  this  must  agree 
with  the  given  differential  equation;  that  is,  we  have  L  \/X  +  M*JY=  0,  or,  rationalizing, 
L-X  —  M2Y=0  ;  viz.  this  last  equation  must  agree  with  the  equation  F=Q,  or,  what 
is  the  same  thing,  L-X  -  M-Y  must  contain  F  as  a  factor;  say  we  have 

L2X-M*Y=F.G, 

where  G  is  a  function  of  x,  y.  In  the  particular  case  where  the  integral  is  of  the 
form 

y=u+v, 

we  have 

F=  Vy-U, 
and  we  have  therefore 

L2X-M°-Y=G(Vy-U}\ 

and  it  is  by  means  of  this  identity  that  the  equations  are  obtained.  But  suppose 
that  there  is  a  common  factor  P,  or  that  we  have  y  =  PU+PV;  then,  if  \ve  write 
F=PVy-PVU,  =P(Vy-U),  there  is  no  necessity  that  L2X  -  M-Y  should  contain 
as  a  factor  this  expression  of  F,  and  it  will  not  in  fact  contain  it;  all  that  is 
necessary  is  that  DX  -  M2Y  shall  contain  the  factor  Vy-U;  and  thus  the  equations 
obtained  for  U,  V  do  not  apply  to  PU,  PV.  We  might,  of  course,  introduce  an 
arbitrary  constant  factor  0;  contrast  herewith  the  solution  by  means  of  the  Jacobi 
partial  differential  equation,  post  No.  43,  where  ©  is  not  arbitrary  but  has  a  determinate 
value. 

37.  In  virtue  of  the  assumed  forms  of  U,   V,  the  first  and  the  third  equations  give 
each   of    them  the   same   relations   between   the   coefficients   A  ;    and   only   one   of  these 
equations,  say  the   first,  need   be  attended   to.     It  will   be   observed   that   this   equation 
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does  not  contain  /3  ;  it  consequently  serves  to  determine  the  coefficients  A  in  terms 
of  p,  a,  and  to  establish  a  relation  between  p,  a,  that  is,  the  multiplier  equation. 
We  can  from  this,  as  will  be  explained,  deduce  the  equation  between  p,  /3  ;  the  theory 
thus  depends  entirely  upon  the  first  equation  ;  say  this  is 


of)  +  W  (-  Sax  +  2 


,  +  (2s 


2   V2  =  0. 


38.     We    have     V=  I  +  A^2  +  A.2a?+  ...,    but    the    equation     contains    the     quadric 
functions   W"  —  V"*,   VV,  and   F2  ;   it  is  convenient  to  write 

VV"  -  V'*-=Kl  +  K.2tf+    K3tf+..., 


whence  of  course 


and. we  have 


VV'= 


*- 

«i= 

K,= 

*.- 

3A, 

12A.2 

-2A* 

3QA3 

56^ 

+  8^^ 

132A 


OAA 


L.= 

L2= 

L3  = 

L.= 

.    .    . 

1 

2A, 

2A.2 

2A3 

2A, 

+   A.2 

+  2A1A2 

+  2A:A3 

+      A* 

The  coefficients  of  fT2  are  at  on.ce  obtained  ;   say  we  have   U'2  =  A0a^  +  A^  + 


A= 


A= 
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Substituting    in    the    equation    and    equating    to    zero    the    coefficients    of    the    several 
powers  of  a?,  we  find 

K,          -2A,L0  =0, 

K2  -  2A.L,  +  (-  2s  -  1)  L0  -  2a  (K,  +  LJ  +  p2A0  =  0, 
Ks  +  Ki-  2A,L,  +  (-  2s  +  1)  Z,  -  2a (K.2  +  2/,2)  +  p2Ai  =  0, 
Kt  +  Kz-  2A,L3  +  (-  2s  +  3)  L2  -  2a  (K3  +  3Z3)  +  p2A2  =  0, 
K5  +  K,-  2A,L,  +  (-  2s  +  5)  La  -  2a  (K,  +  4Z4)  +  p2A3  =  0, 


The  number  of  equations  is  =  2(s+l),  for  the  equation  contains  terms  in  #°,  y?,  «4,...,«4S+2; 
but  the  first  equation,  and  also  the  last  and  last  but  one  equations,  are  in  fact 
identities  ;  there  remain  thus  2  (s  +  1)  —  3,  =  2s  —  1  equations  ;  but  these  are  equivalent 
to  s  independent  equations,  serving  to  determine  the  s—  1  coefficients  A1}  AZ,...,AS-^ 
and  to  determine  the  relation  between  p  and  at.  In  writing  down  the  equations  for 
a  determinate  value  of  s,  the  coefficients  A0,  As  must  be  taken  to  be  =0  and  p 
respectively  ;  and  coefficients  with  a  negative  suffix  or  a  suffix  greater  than  s,  must 
be  taken  to  be  each  =  0. 

39.  Thus,  (?i  =  3)  s  =  l,  we  have  the  2(s+l),  =  4  equations: 

2p  -  2p  .  1  =  0, 

-  2p2  -  2p  .  2p  +  (-  3)  1    -  2a  (     2p  4-  2p)     +  p2  .  p2  =  0, 

0  +  2p  -2p.p-  +  (-  1)  2p  -  2cx  (-  2p2  +  2p-)   +  p-  .  2/a  =  0, 

0  -  2p2  -  2p  .  0    +  (+  1)  p2  -  2a  (        0  +  3  .  0)  +  p2  .  1    =0, 

where  the  first,  third  and  fourth  equations  are  each  of  them  an  identity  ;  the  second 
equation  is  —  2p2  —  4p2  —  3  —  Sap  +  p4  =  0  ;  viz.  in  accordance  with  what  precedes,  writing 
o.  =  3Rl,  this  is  the  foregoing  equation 

p4  -  Op-  -  24jRjp  -3  =  0. 

To  complete  the  solution,  we  use  the  theorem  in  elliptic  functions  referred  to 
ante  (No.  8)  ;  viz.  writing  pa  =  -  3,  then  we  have  /3  the  same  function  of  cr  that 
a  is  of  p  ;  whence 

o-4-  Go-2  -24^0-  -3  =  0, 

and  we  thus  have  two  equations  giving  the  MM-curve. 

40.  In  the  case,  (n  =  5)  s  =  2,  we  have  the  2  (s  +  1),  =6  equations: 

2A,  -2^.1  =0, 

12/o  -  ZAf   -  2A1  (2AJ  -5.1  -  2a  .  24,  +  p2  .  p2     =  0, 


-  4p2  +  12p     -  2^:2  -  2A,  .  2A1P  -  1  (2p  +  A*)  -  2a  {-  2p^  +  3  .  2AIP]  +  p"  (2p  +  A,-)  =  0, 
0     -2p^j  -2^!.p2  +1.2A1P        -2a{-4p2     +  4  .  p2}  +  p2  .  2A,  =  0, 

0     -4p2      -'2A..Q  +3.p2  -2a{     0        +5.0}  +p2.!      =0, 
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where    the     first,    fifth    and    sixth    equations    are     each     of    them     an     identity.      The 
remaining  equations  are 

(p2  -  2p  +  5)  (p2  +  2p  -  1)  -  6A*  -8A1a  =  0, 

Zp'A!  -  QpA,  -  32pa  -  2A*  -  ^A,  =  0, 
2p  (p2  -  2p  +  5)  +  lOp  -  4A^p  -  8aAlp  +  SA^2  =  0. 

41.     Writing  the  first  and  third  of  these  in  the  forms 


Af  (p2  -  4p  +  3)  -  8A&P  +  (p2  -  2p  +  5)  2P  =  0, 

they  determine  Ai*,  8A1a  in  terms  of  p  ;    viz.  we  find 

^12  =  (/,2-2/>  +  5)  p, 


and  then,  writing  the  second  equation  in  the  form 

(p3  -  3/t)  -  2)  A,-  -  16/x*A  -  Af  =  0, 


and    substituting    these    values    of  A-?   and   SA^,   and    omitting    the   factor  p2  —  2p  —  5, 
we  have  the  identity 


viz.  the  second  equation  is  then  also  satisfied. 

Forming    the   square    of  8.4  j  a,   and   for   Af   substituting   its   value,  then   omitting  a 
factor  p2  —  2p  +  5,  we  find 

64pa2  =  (p2  -  2p  +  5)  (p2  -  4/0  -  I)2, 

=  p6  -  10p5  +  35p4  -  60p3  +  5  op2  +  38p  +  5  ; 
or,  as  this  may  also  be  written, 

64p  (a2-l)  =  (p-l)'(p-5), 
and  we  then  have  also,  as  before, 


which  two  equations  determine  the  MM-curve. 

The  coefficient  Al  is  given  by  the  foregoing  equation  for  SA^,  say  the  value  is 


The  value  A,  =  _p  ~-  ,  obtained  in  No.  29,  on  substituting  for  II,  its  value,  is 

_a(fl»«-a/>) 

—p^T- 

and   these   two   values    are,   in   fact,    equivalent   in   virtue   of    the    value    of   /3    obtained 
in  No.  9. 

C.   xii.  67 
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42.  I   consider   the   case   n  =  7,  in  order  to   show  the  form  of  the  equations  which 
have  to  be  solved  ;   these  equations  are 

24  j  -  24  j  .  1  =  0, 

1242  -  24^  -  24,  .  24j  -  7  .  1  -  2a  (24,  +  1  .  24Z)  +  p2  .  p2  =0, 

30p  -  24,42  +  24  j  -  24j  (242  +  4;-)  -  5  .  24! 

-  2a  (1242  -  24X2  +  2  (242  +  4^))  +  p2  .  2p42  -  0, 
8AIP  -  4422  +  1242  -  24^  -  241  (2p  +  24143)  -  3  (242  +  A?) 

-  2a(30p-  24,4,  +  3  (2p  +  24142))  +  P"-(2pA1+A^)  =  0, 

-  642p  +  30p  -  24,4-s  -  24!  (24,p  +  422)  -  1  (2p  +  24j42) 

-  2a  (841P  -  44./  +  4  (241/0  +  4,2))  +  p2  (2p  +  24142)  =  0, 

-  6p2     +  8AIP  -  4422  -  24!  (242p)  +  1  (24:p  +  422) 

-  2a  (-  642p  +  5  (242p))  +  p2  (242  +  4^)  =  0, 

0        -642p-24!.p2  +  3(242p)-2a(-6p2+6.p2)  +  p2.24!  =0, 

0        -6p2+5.p2-2a(0  +  7.0)  +  pM  =0; 

viz.  the  first,  seventh  and  eighth  equations  are  satisfied  identically,  and  there  remain 
five  equations  connecting  p,  a,  4j,  42. 

These  equations*  should  lead  to  the  before-mentioned  a/3-modular  equation 
p8  -  28p«  -  112ap5  -  210p4  -  224ap3  +  (-  1484  +  1344a2)  p2  +  (-  560a  +  512a3)  p  +  7  =  0, 

and  to  expressions  for  41}  42  as  rational  functions  of  a,  p  :  and  they  should  be,  all 
five  of  them,  satisfied  by  these  results;  but  I  do  not  see  how  the  results  are  to  be 
worked  out;  there  is,  so  far  as  appears,  no  clue  to  the  discovery  of  the  rational 
functions  of  a,  p. 

The  Jacobi  Partial  Differential  Equation.     Art.  Nos.  43  to  48. 

43.  Writing,  as  above,  2a  in  place  of  Jacobi's  a,  this  is 


satisfied    by    the    numerator    and    denominator    U,    V,    each    of    them    taken    with    the 
same  proper  value  of  the  coefficient  40>  or,  what  is  the  same  thing,  by  the  values 

U=®as  (4,  +  4s_i#2  +  4s_2a"  +  .  .  .  +  41«88-2  +  #2S, 


[See  this  volume,  p.  535.] 
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where    now   As  =  p   as   before  :    ©   has    its    proper   value  ;    viz.   disregarding  an   arbitrary 
merely  numerical  factor  which  might  of  course  be  introduced,  the  value  is 


or,  what  is  the  same  thing, 


]f  for  z  we  write  ©£,  then  the  equation  becomes 


satisfied    by    the    foregoing    values    without    the    factor    ®    or,    attending    only   to    the 
denominator,  say  by  the  value 

*  +  ...  +  A^af*-*  +  pa?*. 


44.     To  calculate  the  value  of  =-  —.    .  we  have 

®  da 


.        =  __ 

@  da      p  rfa     J3*  -  1  da      a2  -  1  ' 

but  it  has  been  seen  (No.  10)  that  we  have 

d/3  =  p2  yQ2  -  1 

da  ~  n  a2  -  1  ' 
and  the  formula  thus  becomes 


©  da      p  da  a2  -  1 

We     have,    as    the    first    of    the    equations    obtained    by    substituting    in    the    partial 
differential  equation, 


and  we  have  hence  the  value  of  the  first  coefficient, 


or   we   may,   by   means    of   this    result,   get    rid    of    the    term    i^    from    the    partial 

(H)   c^QC 

differential  equation;  viz.  the  equation  may  be  written 


67—2 
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Before  going  further,  I  remark  that  the  last  of  the  equations  obtained  by  the 
substitution  gives  the  coefficient  Ag^:  but  this  is  also  given  in  terms  of  A1  by  the 
formula  No.  33,  As.1-pA1  =  ^  (ap  -  ftp3)  ;  combining  the  two  formulae,  we  have 


45.     In  the  case  n=3,  we  have  As_l  =  A0=l,  A1=p;   the  two  equations  become 


each  of  which  is  easily  verified. 

I  remark  also  that,  in  the  same  case,  (w  =  3),  we  have 


2-l      /32-9V  .      4-          4      2  -  9 

thence  B- 


hence 

1  d®  4p 


and  writing  the  equation  A^—  2n  (a2—  1)^.  —  =0  in  the  form 

vy  dot. 

a   ,.      ^  1  d®dp 

p  -  2n  (aj  -  1)  p^r  -j-  -/-  =  0, 
@  d/>  c^a 

we  can  verify  this  equation. 

46.     In    the    case    n  =  5,   we    have    for   A1    two    equations,    each    ultimately   giving 
the  foregoing  value 


Moreover,  the  equation  @  =  4/p  //^  —  gives,  without  difficulty,  ®  =  —  -^  —  - 

47.     In  the  case  w=7,  the  formulas  give  the  two  coefficients  J.j,  A2;   viz.  we  have 


where  the  value  of  ^  must  of  course  be  obtained  from  the  before-mentioned  pa-equation 

(given  in  No.  7).  I  have  not  considered  these  results  nor  endeavoured  to  compare 
them  with  the  results  for  this  case,  obtained  in  the  Transformation  Memoir  and  the 
addition  thereto,  [578,  692]. 
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48.     Substituting  the  value  1  +  A^  +  A2x?+  ...+  A^a?*-2  +  px-s  in  the  last-mentioned 
form  of  the  partial  differential  equation,  we  obtain 

2A1  =  2A1} 

dA 
12^12=  -    4  (n  -  2)  aA,  +  2A*     -n(n-l)  +  4»  (a2  -  1)  -  -1 , 

Cl/3t 

30-4,  -  -    8(n-4i)aA,  +  2A1Az-  (n  -  2)  (n  -  3)  Al  +  4n  (a2  -  1)  d^ , 

d  A 
56^4  -  -  12  (n -  6)  aA,  +  2A,AS  -  (n  -  4)  (n  -5)A9+  4rc  (a2  -  1)    -3 , 


The  number  of  equations  is  of  course  finite  and  =  s  +  2,  but  the  last  equation  is  an 
identity.  To  obtain  the  last  equation  but  one,  it  is  convenient  to  write  down  the 
general  equation ;  viz.  this  is 

(2r  +  1 )  (2r  +  2)  Ar+l  =  -4<r(n-  2r)  a  A ,  +  2A}Ar 

dA,, 
-  (n  —  2r  +  1)  (n  -  2r  +  2)  A,,.^  +  4,n  (a2  -  1)    7     ; 

'  da 

and  then,  writing  herein  r  =  s,  we  have 

0  =  -  4«  (n  -  2s)  ap  +  2A^ 

-  (n  -  2s  +  1)  (n  -  2s  +  2)  As_t  +  4<n  (a2  -  1)  -£ ; 
viz.  for  n  substituting  its  value  2s  + 1,  the  equation  is 

0  =  -  2  (n  -  1)  ap  +  2^jp  -  6J.S_!  +  4w  (a2  -  1)  -f . 

'  da 

Recapitulation  of  Formidce  for  the  Cases  n  =  3  and  n  =  5.     Art.  Nos.  49  and  50. 
49.     In  conclusion,  it  will  be  convenient  to  collect  the  formulas  as  follows : 
_  o  _  x  (P  + x^      n 


8ap  =  p4  -  6/J2  -  3, 
8  (a  +  l)p  =  0,  -  l)3(p  +  3),    8  (a  -  l)p  =(p  +  l)3(p  ~  3), 


8/So-  =  o-4  -  Go-2  -  3, 


otyS-equation,  see  No.  2. 
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64a2p  =  (p2  -  4p  -  I)2  (p2  -  2p  +  5), 
or  say 

8«  Vp  =  (/o2  -4p-l)  Vp3-2p+lS: 


5 

0-  =  -,         64/3V  =  (o-2-4o--l)2(o-2-  2o- 
P 


4<r  - 


a/3-equation,  see  No.  3. 

The  pa-equations  for  the  cases  in  question,  %  =  3  and  n  =  5,  are  the  so-called 
Jacobian  equations  of  the  fourth  and  the  sixth  degrees,  studied  by  Brioschi  (in  the  third 
appendix  above  referred  to)  and  by  others:  the  foregoing  a/3-equations  have  not  (so 
far  as  I  am  aware)  been  previously  obtained  ;  as  rationally  connected  with  the 
pa-equations,  they  must  belong  to  the  same  class  of  equations. 

Cambridge,  England,  December  18,  1886. 
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870. 
ON  THE  TRANSFORMATION  OF  ELLIPTIC  FUNCTIONS  (SEQUEL). 

[From  the  American  Journal  of  Mathematics,  vol.  x.  (1888),  pp.  71 93.] 

THE  chief  object  of  the  present  paper  is  the  further  development  of  the  pa/3-theory 
in  the  case  n  =  7.  I  recall  that  the  forms  are 

dy  pdx 

Vl-2/32/2+y4      Vl-2a«2+^ ' 
where 

_  x  (p  +  A2x2  +  A^  +  #6) 
1  ^TA^+^A^+^af   ' 

The   paragraphs  are    numbered    consecutively  with  those   of  the   former   paper   "On   the 
Transformation  of  Elliptic  Functions,"  vol.  ix.,  pp.  193—224,  [869]. 

The  Seventhic  Transformation:   the  pa-Equation.     Art.  Nos.  51  to  57. 

51.  The  equation  is  given  incorrectly  Nos.  7  and  42;  there  was  an  error  of  sign 
in  a  term  512a3p,  which  affected  also  the  coefficient  of  ap,  and  an  error  of  sign  in 
the  absolute  term  7.  The  correct  form  is 

ps-  28p«-  112«p5-  210/34  -  224«p3  +  (-  1484  +  1344a2)  p2  +  (464a  -  512a3)  ,0-7  =  0; 
or,  arranging  in  powers  of  a,  this  is 

a3.  512p 
+  a2.-1344/32 
+  a.  112p5  +  224/o3  -  464/0 

-  (p8  -  28/>6  -  21  Op4  -  1484p2  -  7)  =  0. 
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This  may  also  be  written  in  the  forms 

(a  -  1)  (a2  .  512p  +  a  (-  1344p2  +  o!2p)  +  112p5  +  224p3  -  1344p2  +  48pj  -(p  +  I)7  (p  -  7)  =  0, 
and 

(a  +  1)  {a2  .  512p  +  «  (-  1344P2  -  512p)  +  112/35  +  224p3  +  1344/a2  +  48p}  -  (p  -  I)7  (p  +  7)  =  0. 
To  simplify  the  pa-  equation,  we  assume  A  =  8pa  -  7p2  ;  then  the  J.p-equation  is 

A3 

+  4p2(14p4-119p2-58) 
-     p2(p8-126p6  +  280p4-1078p2-7)  =  0; 

viz.    this    is   a    cubic   equation    wanting   its   second    term,    and    so    at    once    solvable    by 
Cardan's  formula  :   say  the  equation  is 

A3  +  Ap-q^  -  p-i\  =  0, 
where 


n=      p8-126p6  +  280p4-1078p2-7. 

7 
It    is    convenient    to    recall    here    that,    writing    a-  =  --  ,   and    B  =  8a-/3  —  7  a2,    we    have 

between  <r,  /3,  B  precisely  the  same  equations  as  between  p,  a,  A  ;  p  =  1  gives 
<r  =  —  7,  and  we  have  as  corresponding  values  a  =  —  1,  A=—  15,  /3  =  —  1,  B  =  —  287: 
these  are  very  convenient  for  verification  of  the  formulae.  Similarly,  p  =  —  7  gives  <r  =  1, 
and  then  a  =  —  1,  J.  =  —  287,  yS  =  —  1,  -B  =  —15;  but  I  have,  in  general,  used  the  former 
values  only. 

52.     We   have 

^ 

where 


and  thence 


We  have  identically 

27  (p8  -  126p6  +  280p4  -  1078p2  -  7)2  +  4p2  (14p4  -  119p2  -  58)3 

=  (p6  +  75p4  -  141p2  +  I)2  (27p4  +  122p2  +  1323) : 

if  p  =  l,  this  is  27.9302  +  4(-163)3  =  642.1472;  that  is,  23352300-17322988  =  6029312, 
which  is  right;  but  it  is  convenient  to  divide  by  27,  so  as  instead  of  27p4  +  122p-  + 1323 
to  have  in  the  formulae  p4  +  ^rp2  +  49,  or  say 
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Hence  writing 

£1  =  /J6+75p4-14Lo2+l, 

S  =  p*  +  Kp*  +  49, 
we  have 

and  consequently 


53.     It  was  easy  to   foresee   that   the   cube   root   of  r^  ±  ^  *JS   would   break   up   into 
the  form  (  U  ±  \/S)  \/W  ±  \/8,  and  I  was  led  to  the  actual  expressions  by  the  identities 

20  (IV  -  119p2  -  58)  =  (19p2  -  53)2  -  3  (27p4  -f  122p2  +  1323)  ; 

that   is, 

20^  =  (19p2-53)2-8lS, 

and 

27  (p*  -  7)2  -  (27p4  +  122p2  +  1323)  =  -  500p2, 

27  (p2  +  7)2  -  (27p4  +  122p2  +  1323)  =     256p2  ; 
or,  as  these  may  be  written, 


We,  in  fact,  have  further  the  two  identities 

1000(p6  +  75p4-141p2  +  l) 

=      |(19p2  -  53)3  +  243  (19  p2  -  53)  (/a4  +  Kp>  +  49)} 

+  {27  (19p2  -  53)2  +  729  (p4  +  Kp*  +  49)}  (-  p2  +  7), 

-  1000  (p8  -  126p6  +  280p4  -  1078p2  -  7) 

=      {(19p2  -  53)3  +  243  (19p2  -  53)  (p4  +  Kp*  +  49)}  (-  p2  4-  7) 

+  [27  (19p2  -  53)2  +  729  (p4  +  ^p2  +  49)}  (p4  +  #p2  +  49), 

viz.  writing 


these  equations  become 

S)  W, 


and  we  have  thus 

-  V°^  (n  -  <i  V«)  =  (  U  +  ^  (  W 


and  the  like  equation  with  —  \/S  in  place  of  V&- 

54.  In  part  verification  of  the  last-mentioned  identities,  observe  that,  in  the  first 
of  them,  putting  p  =  1,  and  comparing  first  the  coefficients  of  p6  and  then  the  coefficients 
of  p°,  we  ought  to  have 

1000  =  193  +  243  .  19  -  (27  .  192  +  729),  =  11476  -  10476, 
1000  =  (-  533  -  243  .  53  .  49)  +  (27  .  532  +  729  .  49)  7,  =  -  779948  +  780948, 
C.   xn.  68 
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which  are   right;   and  similarly  in   the   second   equation,  comparing   first  the   coefficients 
of  p8  and  next  those  of  p°,  we  have 

-  1000  =  (193  +  243  . 19)  (-  1)  +  (27 . 192  +  729),  =  -  11476  +  10476, 
+  7000  =  (-  533  -  243 .  53  . 49)  (7)  +  (27  .  532  +  729 . 49)  49, 

=  -  5459636  +  5466636, 
which  are  right. 

55.     We  have  now  A  =f+g,  where 


observe  that,  multiplying  these  two  values,  we  have 


that  is, 

ol 

which    is    right.     Or,    finally,   substituting    for    U,    W,    8   their   values,    we   have,    for   the 
solution  of  the  -Ap-equation,  A=f+g,  where 


/=  -  -ft  (19p2  -  53  -  Vp4  +  Kp*  +  49)  vp2  {-  p*  +  7  -  Vp<  +  K?  +  49},   (K  =  ^r\ 


g=-^L  (19p2  -  53  +  Vf~+K~p*  +  49)  v£p*  {-  p*  +  7  +  Vp*  +  K?  +  49}. 

56.     In   the   case   p=l,  a   has   a   value   =  —  1,  giving   for  A,  =8pa  —  7p2,  the  value 
—  15;   and,  in  fact,  here  p'2  =  l,  and  the  ^.p-equation  becomes 

A3  -  1Q3A  +  930  =  0, 
that   is, 

(A  +  15)  (J.2  -  15  A  +  62)  =  0, 
the  roots  thus  being 

A  =-15,     ^  =  i(15± 


To   verify  in   this   case   the   values  given  by  the  solution  of  the  cubic  equation,  observe 


that,  for   p2  =  l,  we    have  8=50  +  ^,   =-4^,  and  therefore    ^8«  «-;   also, 

o  Y  o  9 


hence 
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but  the  cube  root  is  =  £  (3  +  A/09),  and  we  have  (17-4  A/69)  (3  +  A/69)  =  -  225  +  5  A/69, 
=  5(-45  +  A/69);  that  is,  #=£(-45+A/69).  Similarly,  /=£(- 45  -  A/69).  We  have  thus  the 
real  root  f+g  =  —  15,  and  the  imaginary  roots 

/o>  -f  <7&>2  or  /<w2  +  #&),  =  —  !£•  (&)  +  <w2)  +  £  A/69  (&)  —  o>2), 

viz.  the  first  term  is  =  -^  and  the  second  is  +  ^  A/69  .  t  A/3,  =±^i  A/23  ;  thus  the  roots 
are  £  (15  +  i' A/23),  as  they  should  be. 

57.  I    found,    by   considerations    arising    out    of    the    new    theory    Nos.    72    et    seq., 
that    writing    for    shortness    ra  =  i\/3,    then,    for    p  =  m  —  2,    the   pa-equation    has    a   root 
u  =  m;    the    corresponding    values    of    A1p*    thus    are    A  =  lZm  —  31,    p2  =  — 4ra+l,    viz. 
substituting  this  value  for  p2  in   the   -4/a-equation,  there  should  be   a   root  A  =  12m  —  31. 
The  equation  becomes 

A*  +  A  (3704m  -  7653)  +  148306m  +  206162  =  0, 
or,  as  this  may  be  written, 

(A  -  12m  +  31)  [A-  +  A  (12m  -  31)  +  2960m  +  4062}  =  0, 

and  the  roots  thus  are 

A=     12m -31, 

A  =  -  6m  +  ^  ±  2  V- 12584m -16777, 
where  the  square  root  is  not  expressible  as  a  rational  function  of  m. 

Expression  of  @  as  a  Rational  Function  of  a,  p.     Art.  Nos.  58  to  66. 

7 

58.  Writing   a-  = ,  we   have   /3   the   same    function   of  <r   that   p  is  of  a ;   hence 

if  B  =  8af3  —  7<r2,  the  .B^-equation  is 

& 

4  #<73(14o-4-119o-2-58) 
-  o-2  (a8  -  126o-6  +  280o-4  -  1078o-2  -  7)  =  0  ; 

and  the  expression  for  B  in  terms  of  cr  is  obtained  from  that  of  A  by  the  mere 
change  of  p  into  <r.  Say  we  have  B=f'+g',  where 


then  we  have 

,  49  /     49 


<r2 (W7-  VS'X 
9'  =  - T9o  ( U'  +  A/S') 


04.0 

i-  T 

343 


68—2 
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or,  say 


•(W- 
r 

and  similarly 


'•(W'  +  ^S')=-'7-\/%p2(W  + 
p 

The    cube   roots    which    enter   into   the  expression    of    B   are   thus    identical   with   those 

in   the   expression   of  A,  and   it   hence  appears   that   B   can   be   expressed   rationally   in 

terms  of  A,  p;  or,  what  is  the  same  thing,  /?  can  be  expressed  rationally  in  terms 
of  a,  p. 

59.  The   a  priori   reason   is   obvious:   the   pa-equation   is   a  cubic  in   a,  but  of  the 
order  8  in  p ;   hence,  to  a  given  value  of  a,  there  correspond   8  values  of  p.     Similarly, 
the  o-/3-equation  is  a  cubic  in  /3,  but  it  is  of  the  order  8  in  a ;  or  if  for  a-  we  substitute 

its   value    =  — ,  then  we  have  a  p/3-equation  which   is   a  cubic   in  /3,  but   it   is   of  the 

P 
order  8  in  p.     In    the  absence  of  any  special  relation  between  this  p/3-equation  and  the 

pa-equation,  there  would  correspond,  to  each  of  the  8  values  of  p,  3  values  of  /3 ; 
that  is,  to  a  given  value  of  a  there  would  correspond  8x3,  =  24  values  of  /3.  But, 
in  fact,  to  a  given  value  of  a,  there  correspond  only  8  values  of  j3,  and  the  two 
cubic  equations  are  related  to  each  other  in  such  wise  that  this  is  so ;  viz.  the 
relation  between  them  is  such  that  it  is  possible  by  means  of  them  to  express  /3  as 
a  rational  function  of  p,  or. 

60.  Returning  to  the  investigation,  we  have 


P' 
or,  writing 

63  £7=53^-931, 

this  is 


Hence  writing 
we  have 


'  =  -~2U,   whence   U'  ±  ^B'  =  -  -3(17  + 
P  P 


so  that,  putting  for  shortness 
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we  have 


where  6s,  <f>3  and  6<j)  are  each  of  them  free  from  any  cube  root  ;   we  have,  in  fact, 


and  it  may  be  added  that 

3LM0(f>  =  -  p2ql}  whence  LM=±q1} 

L303+M3(f>3  =     p*rl} 

L303-M3<f>3  =     />2WS; 

these   are,   in   fact,   only   the    equations   obtained   by    writing   L0,    M(f>   in   place   of  /,   g 
respectively. 

61.     In  the  case  p  =  I,  we  have  <r  =  —  7  ;   the  equation  for  B  becomes 

B3  +  13585255  +  413536578         =0; 

that  is, 

(B  +  287)  (B2  -  2875  +  144-0894)  =  0, 
and  the  roots  are 

-  287  and  £  (287  ±  497i  V23),   or,  say  -  7  .  41  and  \  (41  +  7K  V23). 


-  3/  -  -r=r  _  Q7Q 

We  have  as  before,  V8=—  Q—  .and  v/i/o2(Wr+  V^)  =  i  v  81  +  12  V69  =  0;  also  U=-^, 

63 

Tr       ,s     2  (-  439  +  28  V69) 
whence   t/  +  ^8  =  —  s  --    —         -  .     We  thus  have 


-—  A  49  .  2  <-  4 


Do 


=  -  T7-s  (-  439  +  28  \/69)  ^81  +  12  V69, 
or,  putting  for  the  cube  root  its  value  =  |  (3  +  V69),  this  is 

/'  =  -  ^  (-  439  +  28  V69)  (3  +  V69),   =  -  *fi  +  ^  V69. 

Similarly,  g'  =•  —  ^  —  ^  V69  ;   and   forming  the   values  /'  +  g',  wf  +  w-g',  eo2/'  +  cog',   we 
have  the  real  root  -  287  and  the  imaginary  roots  |  (287  +  497t  V23),  as  above. 

62.     We  have  the  equations 

B  =  L0        +  M(f>, 

A  =  L0       +  M<f>, 
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from  which,  eliminating  6  and  $  so  far  as  they  present  themselves  linearly  on  the  right- 
hand  side,  and  in  the  resulting  equation  replacing  6<f>  and  LMO(f>  by  their  values,  we 
have 

B,  L,      M    |=0; 

A,  L,      M 


that  is, 

B  (L*ffi  -  M3<f>*)  =  A  (KLe*  -  M*M<p)  -  f  p2  (^l2  +  fp2^)  (LM  -  LM}. 

This  may  be  written 


where   the   terms    in    [   ]    contain    each   of    them  the   factor   \/8.     Omitting   this    factor 
from  the  equation,  and  multiplying  by  p2,  we  have 

Bptt^-faW^AKW+ZUU  +  S)  W+U*U  +  (2U+U)S]-ig(A*  +  $p*ql)(U'-  U)}, 
which  I  verify  at  this  stage  by  writing,  as  before,  p  =  1.     We  have  B  =  —  287,  A=  —  15, 

_  O>7Q 

£j  =  —  64,  ^  =  —163,  W  =  6,   U=—  %4-,   17"=  •   and,  omitting   intermediate   steps,   the 

equation  becomes 

81    4Q  SI    4.Q 

287  .  64  =  —^  (^f§rA  ~  22^if  °°).   =  ^7^1=  262400,   =18368, 


which  is  right. 

63.     We  require  the  values  of  (U*  +  2UU+S)  W+  U*U+  (W  +  U)8,  and  of  U-U: 
I  insert  some  of  the  steps  of  the  calculation.     We  have 

U*  +  2  UU  +  S  =  ~  .,  {(133/o2  -  371)  (239p2  -  2233)  +  632  (p4  +  49)  +  3  .  49  .  122p2} 


~  ., 
~ 

^-    13133p2+      36533}. 


=  ~  {35756p4  -  367724p2  +  1022924} 


Multiplying  by  W,  =  -  p-  +  7,  we  have 

{-    1277pB+    22072p4-    128464p2+    255731} 


=  {-  11493p6+  198648p4-  11561  76p2+  2301579}, 


8T;  63  (19^  -  53)2(53p2  -  931)  =   i    (19133p6  -  442833p4  +  2023911p2  -  2615179}, 


870]  ON    THE    TRANSFORMATION    OF    ELLIPTIC    FUNCTIONS    (SEQUEL).  543 


-  6253p4  +  217931p2  -  221379} 

i. 

=  ^o{25839p6-    18759p4+    653793p2  -  6640137}, 

OlUo 

whence 

U*U+  (2U+U)S  =  g]1^  {44972p6  -  461592p4  +  2677704p2  -  9255316} 
=  ~4     {11243p6  -  115398p4  +    669426p2  -  2313829}. 

OlUo 

Hence,  adding,  we  obtain 


'-  250p6  +  83250p4  -  486750p2  -  12250} 


5103 
_  -  1000 

:TToir 

and  we  have  at  once 


63 
64.     We  now  find 

Bp\  =  -  7 A  (p6  -  333p4  +  1947p2  +  49) 


viz.  substituting  for  tlt  q1  their  values,  this  is 

Bp*  (P6  +  75p4  -  141p2  +  1)  =  -  74  (/a6  -  333p4  +  1947^2  +  49) 

r  +  7), 


which  is   the   value   of  B,   expressed   rationally   in   terms   of  p,   A;   it   will   be   observed 
that  E  is  obtained  as  a  quadric  function  of  A,  which  is  the  proper  form. 

Writing  p  =  -  1,  we  have  A  =  -  15,  E  =  -  287,  t,  =  -  64,  ql  =  -  163,  and  the  equation  is 

287.64  =  105.1664-56.349.8,   =174720-156352,   =18368, 
which  is  right. 

56         343 

65.     Writing  for  5,  A  their  values  =  --  /3  --  —  .  and  8pa-7p2,  we  have 

P  P' 

56        343\ 

—  (3-  —j  ^  =  (-  56pa  +  49p2)  (p6  -  333p4  +  1947p2  +  49) 

-  56  (192p2a2  -  336p3a+  147p4+  2p2?1)  (p2  +  7)  ; 
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that  is, 

-  56ps/3t1  =  -  56  . 192p2  (p2  +  7)  a2 

-  56pa  (p6  -  333p4  +  1947p2  +  49) 
+  56 . 336p3a  (p2  +  7) 

+  49p2  (p8  -  333p4  +  1947p2  +  49) 

-  56  (147p4  +  2p2  (IV  -  119p2  -  58))  (p2  +  7) 
+  343p2  (p6  +  75p4  -  141p2  +1), 

where   the   fourth   and   sixth   lines    unite    into   a   terra   divisible   by  56,  viz.    omitting   in 
the  first  instance  a  factor  49,  the  lines  are 

p8  -  333p6  +  1947p4  +  49p2, 
and 

7p8  +  525p6-  987p4+  7p2, 
which  together  are 

=  8p8  +  192p6  +  960p4  +  56p2, 

and  hence,  restoring  the  factor  49,  the  lines  are 

=  392  (p8  +  24p6  +  120p4  +  7p2), 
and  the  formula  now  easily  becomes 

p2^  =  192p  (p2  +  7)  a2 

+  (p6  -  66 9p4  -  405p2  +  49)  a 

+  p  (21p6  -  63p4  -  1593p2  -  861), 
where  the  last  line  is 

=  p(p*  +  7)  (21p4  -  210p2  - 123). 

66.     Hence,  finally,  substituting  for  ^  its  value,  we  have 

/3p2(p6+  75p4-  141p2+  l)  =  3p(p2  +  7)  (64a2+  7p4-  70p2  -  41)  +  a(p6-  669p4-  405p2  +  49); 
which  is  the  expression  for  /:?  as  a  rational  function  of  p,  a. 

Here    p  =  l,    a  =  - 1,    £  =  -1    give    64  =  - 960  + 1024,    which   is    right;    and   again, 
p  =  -7,  a  =  —  1,  /3  =  — 1  give 

-  49  (117649  +  180075  -  6909  +  1)  =  -  21 .  56  (64  +  16807  -  3430  -  41) 

-  (117649  -  1606269  -  19845  +  49) ; 

that  is, 

-  49 . 290816  =  -  1176 . 13400  + 1508416, 
or, 

-14249984    =-15758400      +1508416, 
which  is  right. 
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The  a/3-  Differential  Equation.     Art.  No.  67. 

67.     We  have,  No.  10, 

d/3        p2     da. 


@?  -  1  ~  7  a2  -  1  ' 

it   should,   of  course,   be   possible   to    verify  this   equation   by  means   of  the   pa-equation 
and   the  value  just  obtained  for  j3.     But  the  expression  for    -—  given  by  the  pa-equation 

is   of  so   complicated   a   form   that  I  do  not  see  in  what   way  the  verification   will  come 
out,  and  I  have  not  attempted  to  effect  it. 


The  Coefficients  A-^  and  A.,.     Art.  Nos.  68  to  71. 
68.     These  are  given  by  the  formulae  No.  47,  viz.  we  have 
^  =  17(^-1)*-  fa 


where    -^   and   8   have  each  of  them   to   be  expressed   in  terms   of  p,  a;   we  have  thus 
da 

A!  and  A2,  each  of  them  expressible  rationally  in  terms  of  p,  a;  but  I  have  not 
attempted  .to  effect  the  substitutions. 

69.  The  five  equations  of  No.  42,  merely  collecting  the  terms,  are 

12A2  -  6  A*  -  8aA,  +  p4  -  7  =  0, 
(-  6A,  -  32a  +  2p3)  A2  -  2A^  -  8A,  +  30p  =  0, 

(p2  -  4)  A*  +  (-  4AS  -  8aA  +  6)  A,-  5  A,2  +  (2p3  +  4p)  A,  -  72ap  =  0, 
32  —  4)A1  —  6p}  A2  —  4pJ.!2  —  32paJ.j  +  2p3  -f  28p  =  0, 
f-  2p2—  Sap)  A2  +  p^A^  +  lQpAl  —  6p2=  0, 

which  would,  of  course,  be  all  of  them  satisfied  by  the  values  of  A1}  A2  as  rational 
functions  of  p,  a.  viz.  the  substitution  of  these  values  in  any  one  of  the  equations 
would  give  a  function  of  p  and  a,  containing  as  a  factor  the  expression  on  the  left- 
hand  side  of  the  pa-equation. 

70.  Or  again,  the   equations   should   determine  A±   and  Az   as   rational   functions  of 
p,   a,  but    there    is   no    obvious   way    of  finding    such    values    in    a   simple    form.     We,  of 
course,  have 


c.   xn.  69 
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and    using    this    value    to    eliminate    A,    from    the    remaining    equations,    we    find    the 
following  four  equations: 

A,3  .  30  +  A?  (120a  -  6p3)  +  A,  {128a2  -  8p3a  -  3p4  +  69} 

+  a  (-  16p4  +  112)  +  p7  -  7p3  -  180p  =  0, 

AS  (36p2  -  432)     +  A*OL  (96p2  -  1344) 

+  A,2  [a2  (64p2  -  1024)  -  12p6  +  48p4  +  84p2  -  624} 

+  A1  {a  (-  16p6  +  160p4  +  112p2  -  544)  +  288p3  +  576p} 

+  {-  10368ap  +  p10  -  4p8  -  14p6  -  16p4  +  49p2  -  308}  =  0, 

A,5.  36  +414.96a  +  A,s  [64a2-  12p4  -  72p2  +  208  } 

+  A,2  [a  (-  16p4  -  96p2  +  304)  +  504p} 

+  Al  {a  .  2592p  +  p8  -  12p6  +  10p4  +  84p2  -  119} 

+  36p5  -  144p3  -  2268p  =  0, 

AS  .  36  +  A,3  (96a  +  96p)  +  A?  |64a2  +  320ap  -  12p4  -  96p2  +  84} 
+  A,  (256a2p  +  a  (-  80p4  +  112)  -  16p5  -  368p} 
+  {a  (-  32p5  +  224p)  +  p8  +  8p6  -  14p4  +  232p2  +  49}  =  0, 

and   we   could   from  these   equations   obtain    various   rational   expressions   for  Al  and   its 
powers  ;  but  these  would  apparently  be  of  degrees  far  too  high  in  p  and  a. 

71.     It  is  to  be  remarked  that,  for  p  =  1,  a  =  —  1,  the  values  of  A1}  Az  are  Al  =  A2  =  3, 
viz.  these  belong  to  the  solution 


,ji 


x  (1  +  3#2  +  3^  +  xs)  dy  dx 

v  __  /          —  r*\        p.*      _  y          —    _  • 

"  2' 


and    that   for   p  =  —  7,  a  =  —  1,    the    values   are   A^  =  —  21,    A2  =  35,    viz.    these   belong   to 

the  solution 

_  -  7a  +  35a^  -  21^  +  x7  dy     _  - 

''       -        2  4  -  *~ 


For  example,  the  equation  l'2A.2  =  QA^  +  8aJ.j  —  p4  +  7  becomes,  for  the  first  set  of 
values,  36  =  54  -  24  -  1  +  7,  and  for  the  second  set  of  values,  420  =  2646  +  168  -  2401  +  7, 
which  are  each  of  them  right. 

New  Form  of  the  Seventhic  Transformation.     Art.  Nos.  72  to  83. 


72.     For    the     quartic     function     1—  2a#2  +  #4,    the    coefficients    a,    b,    c,    d,    e    are 
=  1,  0,  —  £a,  0,  1,  and  hence  the  invariants  7,  J  and  the  discriminant  A  are 


=  /3-27J2,  =  ^  {(a2  +  3)3  -  (a3  -  9a)2},   =  (a2  -  I)2,    whence 
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This  being  so,  then  assuming 


the  differential  equation 

dy  pdz 


Vl  -  2/fy2  +  T/4      Vl  -  2ax-  +  a? 
becomes 

\/W^  dy     _  p  xXa2"^!  dx 
Vl  -  2/3  Y  +  2/4  ~~  ^1 


viz.  this  is,  for  the  radicals  Vl  —  2a#2  +  a?  and  Vl  —  2/3y2  +  y4,  the  form  considered  by 
Klein  in  the  paper  "  Ueber  die  Transformation  der  elliptischen  Functionen  und  die 
Auflosung  der  Gleichungen  fiinften  Grades,"  Math.  Ann.,  i.  xiv.  (1879),  pp.  Ill  —  172. 
I  notice  that  there  is  some  error  as  to  a  factor  7,  and  that  p  is  equal  to  the  z  of 
p.  148,  not,  as  might  appear,  equal  to  \z. 

73.     The  modular  equation  presents  itself  in  the  form  given,  I.e.,  p.  143,  viz.  this  is 
J   :  J-l   :   1  =  (r2  +  13r  +  49)  (r2  +  5r  +  l)3  :  (r4  +  14r3  +  63r2  +  70r  -  7)2  :  I728r, 


with   the   like  relation    in    J',  r'  ;   and   then  rr  =  49.  We    have   thus   J,   J'  each   given 

as  a  function   of  r  ;    and   thence   by  elimination   of  r,  we   have  the  modular  equation  as 

a    relation    between    the    absolute    invariants    J,    J".  But    r=p2,    and    for    the     form 
1  —  2a./c2  +  a?,  as  appears  above,  we  have 


_  _ 

A    :  (a2-!)2  " 

hence  Klein's  equation 

(T4 


I728r 
becomes 

a3-9ct  _  p8  +  I4>p6  +  63jo4  +  7  Op2  -  7 
a2  -  1  =  ~8p~~  '  ' 

or,  say 

/nS    _    Q.y\ 

p8  +  Up6  +  63»4  +  70p2  -  8  (  -  ~  }p  -7  =  0, 

\  a2  —  1  / 

which  is  the  equation,  I.e.,  p.  148  with  p  for  z\  viz.  this  is  the  pa-equation  connecting 
a  with  the  new  multiplier  p.  It  will  be  observed  that  it  is  of  the  degree  8  in  p, 
and  the  degree  3  in  a,  viz.  it  resembles  herein  the  foregoing  pa-equation,  but  the 
form  is  very  much  more  simple,  inasmuch  as  the  a  enters  into  a  single  coefficient 
only.  The  equation  may  also  be  written 

I)3  (p*  +  13p2  +  49)  -  64  TF2  =  °- 


74.     Using  for  shortness  a  single  letter  ra  to  denote  the  value  i\/3,  we  have 


a3  -  9a  +  3m  (a2  -  1)  _  p*  +  14y6  +  63p4  +  70jp2  +  24>mp  -  7 
a3  -  9a  -  3m  (a2  -  1)  ~  p*  +  14p6  +  63p4  -i-  70p2  -  24wp  -  7  ' 

69—2 
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that  is, 

/a  +  m\  _  (p2  —  mp  + 1)3  (p2  +  %mp  —  7) 
\a  —  m)     (p-  +  mp  +  1  )3  (p2  —  3mp  —  7 ) ' 
or,  say 

a  +  m  _  p2  —  mp  +  1    3 /p*  +  Smp  —  7 
a  —  m     p2  +  mp  +  1  V  p2  —  3mp  —  7  ' 

which  is  another  form  of  the  jaa-equation. 

75.     We    had   r  =  p2;   and    similarly,  writing  r'  =  ql,  then   TT' =  49  =  £>2<22 ;    it  must  be 
assumed  that  pq  =  —  7 ;   /3  is  then  the  same  function  of  q  which  a  is  of  p,  viz.  we  have 


1     3 !<£  +  Smq  —  7 


#  -  m     q2  +  mq 
These  equations  in  a  and  /3  contain  the  same  cubic  radical,  viz.  we  have 


-  7), 
p-        p  p- 

and  similarly 


2 

Moreover 

4Q      7m  1 


and  similarly 

52  +   mq  +  1  =    —  (p2  -  7mp  +  49), 

and  we  thus  obtain 


_  p2  +  7mp  +  49 


/p*  +  3w?j)  -  7 
V  j^>2  -  Sm^-7  ' 


m 


whence,  eliminating  the  cubic  radical, 

P  +  m  _  p2  +  7mp  +  49  jp2  +  mp  +  1  a  + 
ft  —m     p2  —  7mp  +  4>9  p2—  mp  +1  a  —  m' 

viz.  this  gives  /3  as  a  rational  function  of  a,  £>.     We  in  fact  have 

49)  -  24p  (p2  +  7) 


76.     The  differential  relation 

fi  da 


on  substituting  therein  for  p  its  value,  becomes 

dft          p*       da 
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But.  from  the  expression  for    ,  we  obtain 

a  —  m 

,/l              1     \            (f    2p  —  m             2p  +  m    \        /     2p  +  3m  2p  —  3m 

da =  dp  •{{  — z- rr        — r  I  +  *    — 

\    +*        I       A-V»  « nnrt    I  -*-          I    \   /y\2  /w»/»l       I  /Kl^       I       /iiin       I         I      /  O 


or,  omitting  from  each  side  a  factor  —  2m, 

_  5Qdp 


_  _ 

a2  +  3  ~       Vp*+  5j32  +  1          +  13p2  +  49/  ~  (jj4  +  ojo2  +  1)  O1  +  13^>2  +  49)  ' 

But  we  have,  No.  73, 

«2+3  _  (  j)4  +  op-  +  1  )  (  p*  +  13/>2  +  49 

(a2-l)«  4p* 

and  thence 

da  ~L4<dp 

(a2  -  1)3  =  p%  (p*  +  13p2  +  49)«  ' 

and  similarly 

d@  I4>dq 


+  49)* ' 


7     . 
The  equation  q  = gives 


F 

and  we  thence  have 

d/3  2p^dp  j?       da 


(p*  +  13p2  +  49)3, 


(/82  -  1)3     (_p4  +  13p2  +  49)3  '        7  (a2  -  1)3  ' 
the  required  relation. 

77.     From  the  value  of  p,  we  have 

dp  _  dp      ^ada 
~~~ 


which,  substituting  for  d/3  its  value,  becomes 

a 


_        v 
" 


p      (a2  -  1)"  l(a2  -  1)*     (p  -  1)*  7  y 
or,  say 

1  d_p  _  I  dp  i 


p  da     p  da     (a2 -  1)*  ((a2-  1)*  (/32-  1)*  7J  ' 
which,  however,  is  more  conveniently  written 

1  dp  _  1  dp         %  p  -A  . 

p  da     p  dz      a2  —  1  ^    ' 


550  ON    THE   TRANSFORMATION    OF    ELLIPTIC    FUNCTIONS    (SEQUEL).  [870 

and  then,  substituting  in  the  formulae  for  A1}  A2,  we  find 

A  =  7(a2_;ni  ^_ia+i/3  * 
p  do. 

1  ^  1  dp  Q 

p  p  da. 

expressions    which    give,    as    they    should     do,    A.2  —  pAl  =  ^  (ap  —  /9p3).       In    these    last 

x/a2^! 
formulae,  p  is  to  be  regarded  as  standing  for  its  value,  =  p  -g— =  =  . 

V      f*J  •*- 

78.     To   further   reduce   these   values,   consider   the   expression   of   /3   given   No.    75. 
If  for  a  moment  we  represent  this  by 


then  we  have 

-  G2}  a2  - 


2" 


(Ga  +  F)* 

or,   multiplying   the   numerator   and   denominator   each   by    Got  +  F,   so   as    to   make    the 
denominator  a  perfect  cube,  the  numerator  becomes 

6?  (F2  -  G2)  (a3  -  9a)  +  F(F*  -  9G2)  (a2  -  1)  ; 
and  putting  for  the  factor  G  of  the  first  term  its  value  =  8p  (p2  +  7),  we  thus  obtain 

7)  8P 


a?^l  (Ga  +  F)3 

viz.  in  virtue  of  the  pa-equation,  this  is 

7)  (p8  +  Up6  +  63jo4  +  70p2  -  7)  +  F  (  F2  - 


a2-l 
This  numerator  is  =(p4  +  5p~+  l)3p6  ;   in  fact,  we  have 

(F-  -  G2)  (p-  +  7)  =  p10  +  p8  +       p6  +        7p4  +      34:V  +  16807, 
^-  -  9£2  ps  -  5l8p6  -  712o£>4  -  25382p2  +    2401, 


and   thence   forming   the   two    terms   of    the   numerator   and   adding   them    together  —  for 
shortness  I  write  down  only  the  coefficients  —  we  have 

1     15     78     154         567         22113         257390         1082802  1174089  -  117649 

1      -  489     -  22098     -  257389     -  1082802  -  1174089  117649 

=  1     15     78     155           78               15                   1                     0  ~(T  ~~0, 
viz.  these  are  the  coefficients  of  (p*  +  5p2+  I)3  pR.     Hence 

ff2-!  _  (j)4+  5p*+l)sp6 
o?^l~       (Get  +  F)3       ' 
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or,  extracting  the  cube  root,  and  for  G,  F  substituting  their  values, 


7)  a  +_p4  +  29^2  +  49  ' 
and  thence  also 

a=  8p  (p2  +  7)  a  +  p*  +  29p2  +  49 
P  p4  +  op*  +  1 

viz.  we  have  thus  p'2  expressed  as  a  rational  function  of  p,  a. 

79.  It  will  presently  appear  that  p  is,  in  fact,  expressible  as  a  rational  function 
of  p,  a  :  but  I  am  unable  to  obtain  this  expression  in  a  simple  form.  Admitting  that 
p  is  thus  expressible,  a  direct  process  for  obtaining  the  expression  is  as  follows.  Writing 


fc  =  8p  (jp2  +  7)  a  +  j?4  +  29jo2  +  49 

*  »4  +  5»2  +  1  (~  p  '' 


p 
and  by  means  hereof  introducing  £  in  place  of  a  into  the  equation 


p 

we  have  for  |  a  cubic  equation, 

af  +  bi?  +  cg  +  d  =  Q, 

where   the   coefficients  a,  6,  c,  d   are   given   rational  functions  of  p.     This  equation  may 
be  written 


where   6'  =  6  -  2a^,    c'  =  c  -  a^2  ;    and    the    last    three    terms   will    be    a    square    if   only 
c'2  -  46'd  =  0  ;   that  is,  if 

2  -  c)2  +  4e?  (2tt£  -  6)  =  0, 


a   biquadratic    equation   in   S-    which   (p    being   expressible   as   above)   must    have   one    of 
its  roots  =  a  rational  function  of  p.     Calling  this  ^,  we  then  have 

"•£  (f  +  £)2  +     (6'f  +  ic')2  =  0,  or  say  a/>2  (|  +  ^)2  +     (6'^  +  %cj  =  0, 


hence 

/ri  6 

'  V  a6'  ' 


Avhere    f  denotes    a   linear   function   of    a   as    above  ;    the    quadric    radical    will   have    a 
rational  value,  and  the  form  of  the  equation  thus  is 


Aa 
p~  Ca 


where   A,  B,  C,  D   are   rational   and   integral    functions   of  p.      But    I   am    not   able    to 
carry  out  the  process. 
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80.     As  shown,  No.  78,  we  have 


_ 
p~  =  p*  +  op*  +  1 

Multiplying  by  the  value  of  /3,  ante  No.  75,  we  find 


and  we  can  hence  find  Al  and  A*  by  the  formulae 


or,  for  the  second  of  these  we  may  write 

1 

P 

But  in  a  different  point  of  view,  regarding  only  p2,  but  not  p,  as  a  given  function 
of  p,  a,  we  must  to  these  equations  join  the  equation  12^.2  =  6^-!-  +  8aA1  -  p4  +  7,  ante 
No.  69:  and  we  have  thus  equations  for  the  determination  of  Alt  A.2,  and  p. 

81.     We  have 

Q4  +  5p2  +  1)  Q4  +  IS;)2  +  49)  «2-l 
8p  a2  +  3 

a  (p4  +  29p2  -f  49)  -  24jj  (p2  +  7) 


where  the  second  line  is 

=  a  (-  p4  -  jo2  +  7)  -  4>p  (  p2  +  7  ) 
p4  +  op*  +  1 

Uniting  the  two  terms,  we  have  a  denominator  8p  (p4  +  5p*  +1),  and  in  the  numerator 
a  term  8pa?  which  may  be  got  rid  of  by  means  of  the  £>a-equation  ;  the  numerator 
thus  becomes 

=  9Qp  (-p*  -p-  +  7}-  128£>2  O3  +  7)  a 

+  (a2  -  1)  {(-  p*  -p*  +  7)  (p8  +  Up6  +  63|?4  +  70p>  -  7)} 
+  O4  +  5p2  +  I)2  (p4  +  13p2  +  49)  -  32jo2  (p2  +  7), 


where  the  whole  divides  by  8p  ;   and  we  finally  obtain 

_    12  (-  jo4  -p2  +  7)  -  I6p(p2  +  7)  a  +  (a2  -  1)  p  (p8  +  I7p6  +  102^  +  225p2  +  97) 


Proceeding  to  calculate  the  value  of  A^  +  ±  (a.  —  ftp-},  we  then  have 
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Multiplying  the  numerator  and  denominator  by  a2  +  3,  we  have  in  the  numerator  a  term 
in    8a3,   which    may   be   got   rid    of    by   means    of    the   pa-equation  ;    the   numerator   for 

-  A.2  thus  becomes 

P 

12  (-p4  -  9p2  -  9)  +  I6p  (p*  +  7)  a 


+  (a2  -  l)p         +  17p6  +  102p4  +  225p2+97}  -  (ps+!4p«  +  63p4  +  70p2-  7) 

and  we  finally  obtain 

1  12  (-  p*  -  9jo2  -  9)  +  Wp  (p2  +  7)a  +  (a2  -  1)  p~l  (p8  +  lip9  +  37p4  +  20p2  +  2) 

- 


p     -  a 

82.     The  expressions  obtained  above  for  p2,  Al}  Az  are  of  the  form 

P2  +    ^  +  E^e 


.   =    11          1  _ 

'  2  '  * 


S       '  £(a2+3)       '     p*          S(a?  +  3) 

where 


M  =  p4+29p2+49;  N  =  8p  (p2  +  7)  ;  ^=^4  +  5p2  +  l, 

97),     Q:  =  -  I6p(p2  +  7), 
97)  ; 

2),     Q2= 
2); 
substituting  these  values  in  the  foregoing  equation 

2  =  QA,2  +  8aA1  -  p4  +  7, 


we  obtain 

19    (P.+  Q.a  +  ^a'l.  (6(P1  +  Q1a  +  J^a')"  .    ,       1        1          l  ,  >, 

IZ^]      ^(a2  +  3)      I~|        S2(a2  +  3)2  2  2  '' 

that  is, 


(3  +  a2)2  +  7£f3  (3  +  a2)2 
which,  by  means  of  the  pa-equation 


_ 

ps  +  14|>6  +  63j94  +  70p2  -    ^  _       8p  -  7  =  0, 
should  be  reducible  to  the  form 

p  =  ^a2  +  5a  +  C,  or  p  = 

but  I  have  not  been  able  to  obtain,  in  either  of  these  forms,  a  simple  expression  of 
p  as  a  function  of  p,  a.  Supposing  it  obtained,  the  pa-equation,  ante  No.  51,  would 
of  course  be  thereby  transformable  into  the  foregoing  ^-equation.  And  considering 
p  as  an  auxiliary  parameter  thus  introduced  into  the  formulae  in  place  of  p,  then 
/3  and  the  coefficients  A1}  Az  are,  by  what  precedes,  expressed  in  terms  of  p,  a,  that 
is,  in  effect  in  terms  of  p,  a  ;  and  we  thus  have  the  formulae  of  transformation  for  the 
pa/3-form. 

c.  xn.  70 
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83.     There    exists    a    remarkably    simple    particular    case.     Write    for    convenience 
0=^7,    the    ^a-equation    is    satisfied    by   the    values   p  =  —  0,    ot  =  —  f#.      In    fact,   these 


values    give   8pa  =  302,   =  21,         jy  =  (§f  -  9)-5-(ff-  1),    =513;    the    term   in   a   is   thus 
21  .  513,  =  10773  ;   but,  assuming  p2  =  7,   we  have 

70^2  _  7  _  2401  +  4802  +  3087  +  490  -  7,    =  10773, 


and  the  equation  is  thus  satisfied.  And  these  values,  p  —  —  9,  a  =  —  §6,  give  p2  =  7, 
/3  =  f  0,  A1  =  20,  A2  =  p0  ;  the  equation  12A2  =  QA^  +  80^  -  p*  +  7  thus  becomes 
12/30=168-42-49  +  7,  =84;  that  is,  p0=7,  =6*,  or  p  =  0(=-p).  We  have  of  -I, 

6/~~2  -  T~ 

=  /32—  1,  =  —  ^4;   but    from    the    equation  p=  p     —  =  ,    it  appears   that    the  sixth  roots 


must   be    equal    with    opposite    signs,    say    vac*—  1=--,    \//32—  1  =  — -  .      Retaining   0   to 
stand  for  its  value  =  \/7,  the  differential  equation  is 

dy  _  Bdx 

Vl  -  |  0f  +  y4  ~  VITp^+^ ' 
and  it  is  satisfied  by 

a;  (6+  7#2  +  20^  +  x6) 

II   —          v  / 

^  ~     i 


It   may  be   remarked   that   the   quartic   functions  of  y  and   x   resolved  into  their  linear 
factors  are 

'  ~  - 


0)  2 

and 

3-i0 


and  that  for  the  first  of  the  y-factors,  substituting  for  y  its  value,  we  have 
a?  +  20a?  +  7^  +  Ox  +  —  -^L^   (^  +  7^  +  2  ^2  +  1  ) 


with  like  expressions  for  the  other  y-factors  respectively. 

Brioschi's  Transformation  Theory.     Art.  No.  84. 

84.  M.  Brioschi  has  kindly  referred  me  to  two  papers  by  him,  "Sur  une  Formule 
de  Transformation  des  Fonctions  Elliptiques,"  Comptes  Rendus,  t.  LXXIX.  (1874),  pp. 
1065—1069,  and  ibid.  t.  LXXX.  (1875),  pp.  261—264.  They  relate  to  the  form 


dx 
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with  a  formula  of  transformation 

y  =  —  ,     T  =  xv  +  a^-1  +  azx"-z  +  ...  +av,  where  v  =  %  (n  -  I), 
U=xn  +  a^1-2  +  a2a;n-3  +  ...+«,. 

The  general  theory  for  any  value  of  n  is  developed  to  a  considerable  extent,  and  it 
would  without  doubt  give  very  interesting  results  for  the  case  n  =  7  ;  but  the  formulae 
are  only  completely  worked  out  for  the  preceding  two  cases  n  =  3  and  n  =  5.  For 
these  cases  the  formulae  are  as  follows  : 

Cubic  transformation  :    n  =  3, 

_  xs  +  <*i#2  +  »2#  +  «s 
y~  (x  +  d)9 

Corresponding  to  the  modular  equation,  we  have 

«i4  -  i#2«i2  +  #3«i  ~  &ffa*  =  0, 

and  then 

G2  -  9#2  =  6  (20ai2  -  3#2),     G3  +  27#3  =  -  14  (200,'  - 
whence  also 

ag, 


and  by  the  general  theory  a1}  a2,  a3  are  given  rationally  in  terms  of  al5  g2,  gz. 
Quintic  transformation  :    n  —  5, 

_  X5  +  ttjiC4  +  «2«3  +  «3#2  +  «4iC  +  «5 

^  ~  («2  +  Oja?  +  a5r 

We  have 

aiX-2Y=0,    (12a12 
where 

X  =  fti3  -  6aj2a2  + 

F  =  5a22  -  aj2a2  4-  i 
The  first  of  these  gives 

a2  =  ^-(ai3  +  i#2ai-#3); 

then  eliminating  a,2,  we  have,  corresponding  to  the  modular  equation, 

<  -  %2«i4  +  40^3a13  -  S^aa2  +  S^^aj  -  5#32  =  0. 
We  then  have 

G,  -  25g,  =  -  (lOa,3  -  Sg.a,  +  5g3\     Ga 

whence  also 

4G3 
~*   G2 
and  by  the  general  theory  alt  «2,  «3j  a4,  a5  are  given  rationally  in  terms  of  a1?  ga,  g3. 

These   results   are    contained   in   the   former   of    the   papers   above    referred   to  ;    the 
latter  contains  some  properties  of  these  modular  equations. 

70—2 
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A  CASE  OF  COMPLEX  MULTIPLICATION  WITH  IMAGINARY 
MODULUS  ARISING  OUT  OF  THE  CUBIC  TRANSFORMATION 
IN  ELLIPTIC  FUNCTIONS. 

[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  xix.  (1888),  pp.  300,  301.] 

THE  case  in  question  is  referred  to  in  my  "Note  on  the  Theory  of  Elliptic 
Integrals,"  Math,  Ann.,  t.  xn.  (1877),  pp.  143—146,  [657];  but  I  here  work  it  out 
directly. 

In  the  cubic  transformation,  the  modular  equation  is 

M4  -  -v4  +  2uv  (1  -  u2v2)  =  0  ; 


and  we  have 


n    ,  2u3\        u6 

1H  ---  }x  +  - 

v  J        v* 


-  1  +  vu?  (v  + 
giving 

, 
dy 


2u3\   , 
—  }dx 
v  ) 


Vl  - 2/M  -  vy     Vl-#2.l- 

We  thus  have  a  case  of  complex  multiplication  if  vs  =  u8,  or  say  v  —  ju,  where 
78  =  1,  or  7  denotes  an  eighth  root  of  unity.  Substituting  in  the  modular  equation, 
this  becomes 

or,  throwing  out  the  factor  u2  and  reducing, 
that  is, 

n  1 2  

-  =   1  (ry<»  -  1    +  \/78  +  1  474  +  1), 

7 
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or,  what  is  the  same  thing, 


=  i  {74~1  ± 
We  have  78=1,  that  is,  74=±1.     Considering  first  the  case  74=1,  here 


and  thence 


1  4-        =  1  +  —  ,    =1+2,    =  3  or  -  1  ; 

v  7 


moreover,  us  =  vs=l.     We  have  thus  only  the  non-elliptic  formulas 

dy         -dx 

"o  =  r~     .,  >  satisfied   by  y  =  —  x. 
1  —  2/       1  —  x*  J   J 

and 

dy          3dx  Sx  +  a? 

*^        —  r)"v    'jy  — 

If  however,  74=  —  1,  then 


u1 


.  =  i(_2±V- 
7 
viz.  this  is 


7 
if  &)  be  an  imaginary  cube  root  of  unity  (w2  +  &)  +  1  =  0) ;    hence 

w8  =  (7ft))4  =  —  &). 
Moreover, 


or  say, 

=  o,-a>2,     [=V-3,  if  «  =  i(- 
and  we  thus  have,  as  in  the  above-mentioned  Note, 

_  (ft)  —  CD2)  X  +  (£py? 

y*l-««(»-wi)a?' 

giving 

dy  &)  — 


Vl  -  y2 . 1  +  to;?/2     Vl  —  X* .  1  +  wa? ' 
or,  what  is  the  same  thing,  for  the  modulus  &  =  -  w,  we  have 

(          ^\f)  —  ((0~  w*) sn  ^  +  w2  sn3  # 
the  values  of  en  (o>  -  w2)  <9  and  dn  (o>  -  w2)  6>  are  thence  found  to  be 


and 


-  --    --  -.  — 

I  —  ft)-  (ft)  —  &)-)  sn2  67 

which  are  the  formula  of  transformation  for  the  elliptic  functions. 
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ON   THE   FINITE   NUMBER   OF   THE   COVARIANTS   OF  A  BINARY 

QUANTIC. 

[From  the  Mathematische  Annalen,  t.  xxxiv.  (1889),  pp.  319,  320.] 
THE  proof  of  Gordan's  theorem  given  in  this  paper  is  insufficient;   the  paper  accordingly  is  not  reprinted. 
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SYSTEM  OF  EQUATIONS  FOR  THREE   CIRCLES  WHICH   CUT 
EACH   OTHER   AT   GIVEN   ANGLES. 

[From  the  Messenger  of  Mathematics,  vol.  xvn.  (1888),  pp.  18 — 21.] 

CONSIDER  a  triangle  ABC,  angles  A,  B,  C,  (A  +  B  +  C  =  7r):  to  fix  the  absolute 
magnitude,  assume  that  the  radius  of  the  circumscribed  circle  is  =  1 ;  the  lengths  of 
the  sides  are  therefore  =2  sin  4,  2  sin  B,  2  sin  C  respectively.  On  the  three  sides  as 
bases,  outside  of  each,  describe  isosceles  triangles  aBG,  bCA,  cAB,  the  base  angles 
whereof  are  =a,  @,  y  respectively.  If  we  draw  a  circle  touching  aB,  aC  at  the  points 
B,  G  respectively;  a  circle  touching  bC,  bA  at  the  points  C,  A  respectively;  and  a 
circle  touching  cA,  cB  at  the  points  A,  B  respectively;  then  these  circles  form  a 
curvilinear  triangle  ABG,  the  angles  whereof  are  J.  +  /3  +  7,  B  +  j± a,  G+ct  +  fi  respect 
ively.  Taking  as  origin  the  centre  of  the  circumscribed  circle,  and  through  this  point, 
for  axis  of  x,  an  arbitrary  line,  its  position  determined  by  the  angle  6,  I  write  for 

convenience 

F=6  +  2B,  F'  =  6-A,  A'  = 


then   the   coordinates  of    the   angular  points   A,   B,    C  are  (cos^F,    sin  F),   (cos  G,   sinG), 
(cos  H,  sin  H)  respectively ;   and  the  equations  of  the  three  circles  are 

_  sin  (A -a)    .     , 


sm  a  sm  a  )         sm"  a 

sin2  B 


respectively. 


W  . 

x  +  -  —^—r—'  cos  G'  [  +  \y  +  -  -A    Q'  sin  .-       , 

sm/3  j        (y  sinytf  )       Bin'p 

sin  (G  -7)         .r,)2      f        sin  (C  -7)   .     „,}*      sin2  C 
--±  --  ^cosH[  +\y  +  -          -  —  sm  H     =     —  -  , 
sin  7  j         [*  sin  7 
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In  verification,  observe  that  we  have 

G  -H=27r-2A,     G'  -H'=-7r  +  A,     G-F'=^ir-A,    H-F'=A, 
H-F=       -2B,    H'-F'=     TT  +  B,     H  -  G' =       -B,    F  -  G  =  B , 

F-G=       -2(7,    F'-G'=-7r  +  C,    F-H'=       -C,     G-H'  =  C- 
hence 

(cos  G  -  cos  H}2  +  (sin  G  -  sin  fff  =  2  -  2  cos  (G  -  H},     =2(1 -cos  2^),     =  4>sm2A, 
and  we  thus  see  that  the  sides  are  =2sinJ.,  2sin.#,  2  sin  C  respectively. 

The    first   circle   should   pass   through  the  points   (cos  G,   sin  G),   (cos  H,   sin  H) ;   we 
ought  therefore  to  have,  for  the  first  of  these  points, 

1  +  2  - — ^ cos  (G  —  F)  H : =  — 

sin  a  sin2  a  sin2  a 

that  is, 

sin  (A  —  a)         .      sin2  ( A  —  <z)  _  sin2  A 
sin  a  sin2  a  sin2  a  ' 

and,  for  the  second  of  the  points,  the  same  equation.     Write  for  a  moment 

v     sin  A       ,        sin  (A  —  a)      „ 

X  =  — ,    then ; —     - '  =  X  cos  a  —  cos  A  ; 

sm  a  sm  a 

then  the  equation  is 

1  +  2  (X  cos  a  —  cos  A)  cos  A  +  (X  cos  a  —  cos  Af  =  X2, 
that  is, 

l-cos2J.  =Z2sin2«, 
which  is  right. 

The  second  and  third  circles  should  intersect   at  the  angle  A',  that   is,  we   ought  to 
have 

sm  (B  -  ^  cog  Q,  _  ^^-^  cog  fft ,          .  ^^-p,  gin        _  smW-7; 
sin  7  [     BW./3  sm  7 

sin2J5     sin2  C     _  sin  5  sin  C 

=      •     „  Q  +  -T— h  2  -s r— : COS  A  . 

sin2  /3     sm2  7        sin  /3  sm  7 

or,  reducing  and  for  cos(G'-H')  substituting  its  value,  =-cosA,  the  equation  is 
'  +  2^(^7^)sin(C-7)C(s^==sm2j     sin2^        s_inj_smjg 


+  \ 

sin'  «  — sm2 — ~  -t-*—    : — •  '  a   • — ~     ~  cos  A  =   - 

Writing  here 

sin  B  _  v    sin  C 
sin  /3        '    sin  7 
the  equation  is 
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viz.  this  is 

F2  cos2  ft  +  Z*  cos2  7  +  2  YZ  cos  ft  cos  7  cos  A 

—  2Fcos  ft  (cos  B  +  cos  (7 cos  J.)  —  2Z  cos  7  (cos  G  +  cos  J.  cos  B) 
+  cos2  5  +  cos2  C  +  2  cos  A  cos  5  cos  (7  =  F2  +  Z2  +  2  YZ  cos  ^1'. 

Reducing  by  the  relation  A  +  B  +  C  =  IT,  this  becomes 

-2Fcos/3sin-4  sin  C  -  2Z  cos  7  sin  A  sin  .5  +  1  -cos2  A 

=  F2  sin2  ft  +  Z2  sin2  7  +  2  FZT  (cos  J.'  -  cos  ft  cos  7  cos  A). 

Here  A'  =  A  +  ft  +  7,  and  thence 

cos  ^4.'  =  cos  J.  (cos  ft  cos  7  —  sin  ft  sin  7)  —  sin  A  (sin  7  cos  /3  +  sin  ft  cos  7)  ; 
hence  the  right-hand  is 

=  F2  sin2  ft  +  Z2  sin2  7—2  YZ  (cos  A  sin  ft  sin  7  +  sin  A  sin  7  cos  ft  +  sin  J.  sin  ft  cos  7), 

or,  reducing  by 

F  sin  /3  =  sin  B,     Z  sin  7  =  sin  (7, 

this  is 

=  sin2  B  +  sin2  C  —  2  sin  B  sin  (7  cos  A  —  2  F  cos /3  sin  J.  sin  (7  —  2Z  cos  7  sin  A  siuB, 

and  the  terms  in  F,  Z  are  equal  to  the  like  terms  on  the  left-hand ;  the  whole 
equation  thus  becomes 

-  1  +  cos2  A  +  sin2  B  +  sin2  C  -  2  cos  A  sin  B  sin  G  =  0, 

where  the  last  term  is 

=  2  cos  A  {cos  (B  +  G}  —  cos  B  cos  (7}, 

=  —  2  cos2 .4  —  2  cos  A  cos  5  cos  G, 

=  -  2  cos2  4  +  (cos2  A  +  cos2  5  +  cos2  C  -  I), 

=  -  cos2  A  +  cos2  B  +  cos2  (7  -  1 ; 
the  equation  is  thus 

-  1  +  cos2  A  +  sin2  B  +  sin2  C  —  cos2  A  +  cos2  5  +  cos2  (7—1  =0, 

or,  finally,  it  is  —1  +  1+1  —  1  =  0,  which  is  an  identity.  The  formulas  for  the  inter 
section  of  the  third  and  first  circles,  and  for  that  of  the  first  and  second  circles,  are 
of  course  precisely  similar  to  the  above  formula  for  the  intersection  of  the  second 
arid  third  circles ;  and  the  verifications  are  thus  completed. 

Cambridge,  April  7,  1887. 
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NOTE   ON   THE   LEGENDRIAN    COEFFICIENTS   OF   THE 

SECOND   KIND. 

[From  the  Messenger  of  Mathematics,  vol.  xvii.  (1888),  pp.  21  —  23.] 
As  regards  the  integration  of  the  equation 


(n   a  positive   integer),  it   seems   to  me   that   sufficient    prominence   is  not   given   to  the 

solution 

x  +  1 

y  =  \Pn  log  -  Zn  (=  Qn\ 

Ou  ~~~  JL 

where  Pn  is  the  Legendrian  integral  of  the  first  kind,  a  rational  and  integral  function 
of  x  of  the  degree  n,  and  Zn  is  a  rational  and  integral  function  of  the  degree  n  —  1  ; 
viz.  we  have  here  a  solution  containing  no  transcendental  function  other  than  the 
logarithm,  and  which  should  thus  be  adopted  as  a  second  particular  integral  in  preference 
to  the  form  y  —  Qn,  in  which  we  have  the  infinite  series  Qn  which  is  an  unknown 
transcendental  function. 

Moreover,  the  expression  usually  given  for  Zn,  viz. 

2n  - 1  p  2n-  5  2w  -  9    D  ... n          D . 

Zn=   1       - Pn_j  +  g  ,    _-£T  P«-i  +  57^172)      ~5     ' ' '  ^  m        °r     ^' 

is   a   very  simple   and   elegant   one ;  but   the  more  natural  definition  (and  that  by  which 

x  +  1 
Zn   is   most   readily  calculated)   is   that   Zn   is   the   integral   part    of  \Pn  log     — -- ,  when 

Js  "~~    J. 

the  logarithm  is  expanded  in  descending  powers  of  x,  viz.  it  is  the  integral  part  of 

a    11     11 


whence  also  Qn  is  the  portion  containing  negative  powers  only  of  this  same  series. 
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The   expressions    for   P0,   PI,...,  PJO    are   given   in   Ferrers'   Elementary   Treatise    on 
Spherical  Harmonics,  &c.,  London,  1877,  pp.    23 — 25.     Reproducing   these,  and  joining  to 

them  the  values  of  Z0,  Zl,...,  Z10  we  have  as  follows:   read  P^  =  \a?~\,  and  so  in  other 
cases. 

Po=  1      , 

P!  =   X  1      , 

P     _  (,f3             7A          5  3 

JL  3   —  \w    y          \MJ  i          2  TT        j 

p    —  /V          1\      35     .  Ui      4-       &. 

J.  4   —  ^•••J-/         H  4         T         8        , 

Ps=(af...O!)     -6g3-    -  -3/     +     -^    , 

—  / /yi6            "1  \     Jj..3_JL     ,  3  1  <5        |       ^105                   5 

6   """"  V1^      •  •  •    -••  /        ^T>™  ~"i~?T~        *^        1  p  ~                 T"fi"        ? 

p     =^.7           ,r;\     JL29     .  .693        i       _3_1_5     .          35 

/         \             '/16  16          '         16                  16' 

p    _  A^S    ^    _  J\    6_4_35_    _  3.003.     _i_    3.465^   3 1_5        i      35 

_p     _  //j.9    _  _     ^,\  12155    _  6435 

p     _  /..plO          J\  46189  _  1  09 3 9 

z,  =  o  , 

^  T 

A  =  i    , 

^2  =  «  f    , 

^3     =(^,           1)          f        -  §        , 

Vv      ~~*  I  T^            ¥*        3  5_        _  5  5 

^     _  /,p4    t  (  t   1 )       63_     49       4.         8 

fi     —  (y&           y\      231      119         i        231 

Zi    =(X6    ...  1)      ^     -  1|5       +      MU.       _        1£        ^ 


I  notice  that  the  numerical  values  of  Plt  P2, ...,  P7,  for  x  =  O'OO,  O'Ol,  ...,  I'OO 
are  given  (Report  of  the  British  Association  for  1879,  "  Report  on  Mathematical  Tables") ; 
as  the  functions  contain  only  powers  of  2  in  their  denominators,  the  decimal  values 
terminate,  and  the  complete  values  are  given.  The  functions  Z  have  not  been 
tabulated;  the  denominators  contain  other  prime  factors,  and  the  decimal  values  would 
not  terminate. 

Cambridge,  March  29,  1887. 
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875. 


ON  THE  SYSTEM  OF  THREE  CIRCLES  WHICH  CUT  EACH  OTHER 
AT  GIVEN  ANGLES  AND  HAVE  THEIR   CENTRES  IN  A  LINE. 


[From  the  Messenger  of  Mathematics,  vol.  xvu.  (1888),  pp.  60 — 69.] 

IN  the  system  considered  in  the  paper  "  System  of  equations  for  three  circles  which 
cut  each  other  at  given  angles,"  Messenger,  t.  xvu.  pp.  18 — 21,  [873],  we  may  con 
sider  the  particular  case  where  the  centres  of  the  circles  are  in  a  line.  The  condition 
in  order  that  this  may  be  so  is  obviously 


that  is, 


sin  (A  —  a )  cos  F' ,  sin  (A  —  a. )  sin  F',  sin  a 
sin  (B  —  /3)  cos  G' ,  sin  (B  —  £)  sin  G' ,  sin  ft 
sin  (C  —  7)  cos  H',  sin  ((7  —  7)  sin  H',  sin  7 


=  0, 


sin  (B  -  /3)  sin  (C  -  7)  sin  a  sin  (G'  -  H')  +  . . .  =  0  ; 


or    since    sin  (G'  -  H'),   sin  (H'  -  F'},    sin  (F'  -  G')   are    =  sin  A,    sin  B,   sin  G    respectively, 
this   is 

sin  (B  —  /3)  sin  (C  —  7)  sin  A  sin  a  +  . . .  =  0, 
viz.  this  is 

sin  A  sin  a     sin  B  sin  /3      sin  C  sin  7 


sin  (A  -  a)  r  sin  (B  -  £)     sin  (C  -  7) 
or,  as  this  may  also  be  written, 

1  1  1 


=  0, 


cot  A  —  cot  a     cot  B  —  cot  /3     cot  C  —  cot  7 


=  0. 


But  assuming  this  equation  to  be  satisfied,  it  does  not  appear  that  there  is  any 
simple  expression  for  the  equation  of  the  line  through  the  three  centres  ;  nor  would 
it  be  easy  to  transform  the  equations  so  as  to  have  this  line  for  one  of  the  axes. 
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The    case    in    question   (which    is    a    very   important    one    from    its    connexion    with 
Poincare's  theory  of  the  Fuchsian  functions)  may  be  considered  independently. 

Taking   the   line    of  centres    for   the  axis  of  x,  and  writing  a,  ft,  7  for  the  abscissa? 
of  the  centres,  and  P,  Q,  R  for  the  radii,  then  the  equations  of  the  circles  are 


and  then,  if  the  pairs  of  circles  cut  at  the  angles  A,  B,  G  respectively,  we  have 

Q2  +  2QR  cos  A  +  R-  =  (/3  -  7)2, 
R2+  2RP  cos  B  +  P*  =  (7  -  a)2, 
P2  +  2PQ  cos  C  +  Q2  =  (a  -  /3)2, 

which  are  the  equations  connecting  a,  ft,  7,  P,  Q,  R. 

It  is  to  be  remarked  in  regard  hereto  that,  if  A,  B,  C  are  used  to  denote  the 
interior  angles  of  the  curvilinear  triangle  ABC,  then  the  angles  yAft,  aBy,  ftCa  are 
=  TT  —  A,  B,  C  respectively  ;  whence,  if  P,  Q,  R  were  used  to  denote  the  three  radii 
taken  positively,  the  first  equation  would  be 

Q2  +  2QR  cos  A  +  P2  =  (ft  -  7)2, 
as  above  ;   but  the  other  two  equations  would  be 

R>  -  2RP  cos  B  +  P-  =  (7  -  a)2, 
P2  -  2PQ  cos  C  +  Q*  =  (a  -  /3)2  ; 

hence,  in  order  that  the  equations  may  be  as  above,  it  is  necessary  that  P  denote 
the  radius  of  the  circle,  centre  a,  taken  negatively  ;  and  it  in  fact  appears  that,  in  a 
limiting  case  afterwards  considered,  the  value  of  P  comes  out  negative.  Similarly  as 
regards  the  curvilinear  triangle  AB'C'  ;  here  A,  B  (=  B'}  and  C(=  C")  are  the  interior 
angles  of  the  triangle  ;  and  the  radius  of  the  circle,  centre  a',  must  be  regarded  as 
negative. 

Considering  A,  B,  G  as  given,  we  have  an  equation  between  the  radii  P,  Q,  R. 
In  fact,  this  is  at  once  obtained  in  the  irrational  form  \J(X)  +  \/(Y)  +  \/(Z)  =  0  ;  and 
proceeding  to  rationalise  this,  we  obtain 


that   is, 

-  VRP2  +  2P.fi  cos  B  +  R2)  (P2  +  -2PQ  cos  C+  Q-)}  =  P2  +  P  (Q  cosG  +  R  cos  B)  -  QR  cos  A. 
Hence,  squaring  and  reducing,  we  find  without  difficulty 

()  =       typ?  sin2  A  +  R*P2  sin2  B  +  P2Q2  sin2  C 

+  2P2Qfi  (cos  A  +  cos  B  cos  C)  +  2PQ-R  (cos  B  +  cos  C  cos  A) 
+  2PQE2  (cos  G  -l-  cos  A  cos  B\ 
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7,    .-,    „     sin  A      sin  B     sin  C      ,  . 
or   putting   herein    P,  (J,  K  =  — ^-- ,    ,    — y~  >    tnis   1S 

(  cos  A  +  cos  5  cos  C     cos  B  +  cos  C  cos  A      cos  C  +  cos  A  cos  B\   fc        J-V>_A 

^  '     '     '  sin  B  sin  (7  sin  (7  sin  J.  sin  J.  sin  jB       / 

and  it  may  be  remarked  that,  in  this   quadric  form,  the  three  coefficients  are  each  less 
than   1,  or  each  greater  than  1,  according  as  A+B+C>Tr,  or  A  +  B  +  C <  TT. 

Suppose  1°,  A  +  B  +  C  >  TT  ;   the  coefficients  are  here  =  cos  X,  cos  p,  cos  v,  the  form  is 

(1,  1,  1,  cosX,  cos /A,  cos  v\%,  77,  f)2, 
that  is, 

(£  4-  77  cos  v  +  £cos  /i)2  +  (T;2  sin2  v  +  Zr)% cos  X  +  £ 2  sin2  /j,), 

namely,  this  is 

,2      f  cos  X  —  cos //- cos  v)2     ^2  J  •  2      _  /cos  X  —  cos  /^  cos  i/Y' 

{  sin  z/  j  (  V  sin  y 

where  the  last  term  is 

=  -s (sin2  u,  sin2  v  —  (cos  X  cos  a  cos  vY\ : 

smj  i/ l 

the  coefficient  in  {    }  is 

=  1  —  cos2  X  —  cos2  /A  —  cos2  v  +  2  cos  X  cos  /i  cos  i/, 
namely,  substituting  for  cosX,  cos /z,  cosy  their  values,  this  is 
1 


sn*   sn*  sn* 


~  C°s2  A  ~ 


cos  cos 


It  thus  appears  that  the  form  is  the  sum  of  three  squares,  and  is  thus  constantly 
positive:  it  therefore  only  vanishes  for  imaginary  values  of  the  radii;  or  the  case  does 
not  arise  for  any  real  figure. 

Hence,  2°,  if  the  figure  be  real,  A  +  B  +  C  <  TT,  that  is,  the  sum  of  the  angles  of 
the  curvilinear  triangle  is  less  than  two  right  angles:  the  radii  are  connected  as  above 
by  the  equation 


fl,  1,  1, 


cos  A  +  cos  B  cos  C  cos  B  +  cos  C  cos  A 


sin  B  sin  C        sin  C  sin  A 

cos  C  +  cos  A  cos  B\  /sin  A      sin  B     sin 


C  +  cos  A  cos  B\  /sin  A      sin  B     siri  CV  _ 
sin  A  sin  B       )  \P~  '    ~Q~'    ~1T )  =     ' 


in  which  form  the  three  coefficients  are  each  greater  than  1.  Restoring  therein 
|,  77,  £  and  regarding  these  as  rectangular  coordinates,  the  equation  represents  a  real 
cone  ^  which  might  be  constructed  without  difficulty  ;  and  then  taking  £  77,  £  as  the 
coordinates  of  any  particular  point  on  the  conical  surface,  we  have 


P    n    7?  _  sin  5     sin  C 

-r,  v>  •»  --  <;     ,  —  —  . 
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Obviously,  points  on  the  same  generating  line  of  the  cone  give  values  of  P,  Q,  R 
which  differ  in  their  absolute  magnitudes  only,  their  ratios  being  the  same  :  the  original 
equations,  in  fact,  remain  unaltered  when  P,  Q,  R,  a,  ft,  7  are  each  affected  with  any 
common  factor. 

Supposing   P,   Q,  R   taken    so   as   to    satisfy    the    equation    in    question,    then   taking 
the   radicals 


+  2QR  cos  A  +  R2),     V(#2  +  2RP  cos  B  +  P2),     V(P2  +  2PQ  cos  C  +  Q2), 

with  the  proper  signs,  we  have  a  sum  =  0,  and  these  give  the  values  of  {3  —  7,  7  —  a, 
a  —  ft,  respectively  ;  and  the  construction  of  the  figure  would  be  thus  completed. 

I  look  at  the  question  from  a  different  point  of  view  ;  taking  Q,  R,  ft  —  7  such 
as  to  satisfy  the  first  equation 

Q2  +  2QR  cos  A  +  R2  =  (ft  -  7)2, 

that  is,  starting  from  the  two  circles  (x  —  ft)2  +  y~  —  Q",  (x  —  j)2  +  y-  =  R2  which  cut  each 
other  at  a  given  angle  A  :  then  the  problem  is  to  find  a  circle  (x  —  a)2  +y2  =  P2, 
cutting  these  at  given  angles  C,  B  respectively.  To  determine  the  coordinate  of  the 
centre  a,  and  the  radius  P,  we  have  the  remaining  two  equations 

R2  +  2RP  cos  B  +  P-  =  (7  -  a)2, 
P2  +  2PQ  cos  C  +  Q*  =  (a  -  ft)-, 

namely,  considering  a,  P  as  the  coordinates  of  a  point  (in  reference  to  the  foregoing 
origin  and  axes),  and  for  greater  clearness  writing  a  =  x,  P  =  y,  we  have 

y2  +  2yR  cos  B  +  R2  -  (x  -  7)-  =  0, 

y2  +  2yQ  cos  C  +  Q2  -  (x  -  /3)2  =  0, 
or,  as  these  may  be  written, 

(y  +  R  cos  B)2  -  (x  -  7)2  =  -  R2  sin2  B, 
(y  +  Q  cos  (7)2  _  (x  _£)*  =  _  Q2  Sin2  cf 

namely,  the  first  of  these  equations  denotes  a  rectangular  hyperbola,  coordinates  of 
centre  (x  =  7,  y  =  —  R  cos  B),  transverse  semi-axes  =  R  sin  B  ;  and  the  second  of  them 
a  rectangular  hyperbola,  coordinates  of  centre  (x  =  ft,  y  =  —  Q  cos  C),  transverse  semi-axes 
=  Q  sin  C  :  as  similar  and  similarly  situate  hyperbolas,  these  intersect  in  two  points  only  ; 
namely,  the  points  are  the  intersections  of  either  of  them  with  the  common  chord 

2y  (R  cosB-Q  cos  C)  +  2  (7  -  ft)  {x  -  £  (7  +  ft)}  +  R2-Q*  =  0. 

It  is  possible  to  construct  a  circle  through  the  two  points  of  intersection,  and  so 
to  obtain  these  points  as  the  intersections  of  a  line  and  circle  ;  but  the  construction 
by  the  two  rectangular  hyperbolas  is  practically  by  no  means  an  inconvenient  one. 
I  remark  in  passing  that,  for  a  rectangular  hyperbola,  the  radius  of  curvature  at  the 
vertex  is  equal  to  the  transverse  semi-axis,  and  thus  by  drawing  a  small  circular  arc 
and  by  means  of  the  asymptotes,  we  lay  down  a  rectangular  hyperbola  graphically, 
without  difficulty  and  with  a  fair  amount  of  accuracy. 
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But  the  analytical  solution  may  be  carried  somewhat  further:  we  may  without 
loss  of  generality  write  7  =  -/3,  for  this  comes  only  to  taking  the  origin  midway 
between  the  centres  of  the  circles  /3  and  7:  doing  this,  and  for  greater  simplicity 
writing  also  for  the  moment  Q  cos  C  =  M,  RcosB  =  N,  the  equations  become 

y2  +  2yAr  +  R-  -  (x  +  /3)2  =  0, 


where   x   is   now   the   abscissa   of   the   centre    of   the    circle  a   (measured   from    the   last 
mentioned  midway  point)  and  y  is  the  radius  of  this  circle.     We  deduce 

2  (N  -  M)  y  +  R2  -Q"--  4/3x  =  0, 

or  say 

4/3  (x  -  /3)  =  2  (N  -  M)  y  +  J?2  -  Q2  +  4/3», 

and  thence,  from  the  first  equation  multiplied  by  16£2,  we  have 

16/32  (y2  +  2yN  +  R2)  -  {2  (N  -M)y  +  R*-Q>  +  4/32}2  =  0, 
that   is, 


+  4y  |4/32  (N  +  M)  -  (N  -  M)  (#  -  Q2)} 

Q2)  -  16/34  -  (E2  -  Q2)2}  =  0, 


say  this  is  4y22l  +  4y33  +6  =  0. 
This  gives 

and  we  find  without  difficulty,  restoring  for  M,  N  their  values  Q  cos  G  and  R  cos  B, 

S32  -  m  =  4/S2  {16/64  -  8/32  (Q2  +  R2  -  2QR  cos  B  cos  (7) 

+  (p4  _  4P3Q  cos  ^  cos  c  +  2P2Q2  (2  cos2  5+2  cos2  (7  -  1)  -  4PQ3  cos  B  cos  (7  +  Q4)}, 

which  is 

=  4/32  1[4/32  -  (Q2  -  2QE  cos  B  cos  (7  +  .R2)]2  -  4Q2E2  sin2  5  sin2  C\. 

But  we  have 

Q2  +  2Q£  cos  ^L  +  £2  =  4/32, 

and  this  equation  thus  becomes 

332  _  §(@  =  iG^Q2^2  ((cos  ^L  +  cos  5  cos  C)2  -  sin2  £  sin2  C\ 

=  1G{3-Q2R2  (-  1  +  cos2  A  +  cos2  5  +  cos2  C  +  2  cos  A  cos  5  cos  (7). 
We  have  therefore 


=  ±  4/3QJ?  V{-  (1  -  cos2  ^.  -  cos2  5  -  cos2  C  -  2  cos  A  cos  5  cos  C')}, 
sB-Q  cos  C')  y  +  R-  -  Q2  =  4/3x, 
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or,  completing  the  reduction  by  the  substitution  of  the  value  of  4/32,  this  is 
y  {(Q2  sin2  C  +  R2  sin2  B)  +  2QR  (cos  A  +  cos  B  cos  C)} 

+  QR  {Q  (cos  B  +  cos  C  cos  A)  +  R  (cos  C  +  cos  A  cos  B)} 
=  ±  4/3QR  V{-  (1  -  cos2  A  -  cos2  B  -  cos2  C  -  2  cos  A  cos  B  cos  C)}, 

viz.    we    have    thus    two    values    of    the    radius    y  (=  P) ;    and    to    each    of    these    there 
corresponds  a  single  value  of  the  abscissa  x,  given  by 

4/3x  =  E2  -  Q2  +  2  (R  cosB-Q  cos  C)  y. 

The   two    values    become   equal,   if    A+B±C  =  7r;    in    this    case    the    three    circles 
meet  in  a  pair  of  points  (x1;  y^,  (xl5  —  y^.     In  fact,  writing  A  +B  +  G  =  7r,  and  thence 

cos  A  =  -  cos  (B  +  C),    =  —  cos  B  cos  C  +  sin  B  sin  C,  &c., 
we  find 

{Q2  sin2  C+2QR  (cos  A  +  cos  B  cos  C)  +  R*  sin2  B\  y 

+  QR  {Q  (cos  B  +  cos  (7  cos  A)  +  R  (cos  (7  +  cos  A  cos  5)}  =  0, 
that  is, 

( Q  sin  C  +  R  sin  B)-y  +  QR(Qsin  G  +  R  sin  5)  sin  A=0, 

or,  throwing  out  the  factor  QsinC+RsinB,  this  is 

(Q  sin  C  +  R  sin  B)y+QR  sin  4  =  0, 
and  we  then  have 

QR  sin  J. 


4/3x  =  E8  -  Q2  -  2  (.R  cosB-Q  cos  C) 


sin  £  +  Q  sin 


The  term  in  {    }  is  here 

R3  (     sin  B) 

+  R2Q  (     sin  C  -  2  sin  A  cos  B) 
+  RQ*  (-  sin  B  +  2  sin  A  cos  (7) 

+     Q3(-smC), 
which  is 

R3  (     sin  B) 

+  R2Q  (-  sin  (7  +  2  sin  B  cos  A) 
+  RQ*(     sin  B  -  2  sin  (7  cos  A) 
+     Q3  (-  sin  G) 
=  (R2  +  Q2  +  2RQ  cos  A)  (R  sin  B  -  Q  sin  (7), 

or,  finally 

-  QR  sin  A 
y~  RsinB  +  Q  sin  (7  ' 

/3  (#  sin  7?  -  Q  sin  C) 

^  —      x i '_ 

R  sin  7J  +  Q  sin  (7 
C.    XII.  70 
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In   these   equations,  y,  x  should    be  replaced  by  P,  a  respectively ;   and  in  obtaining 
them,  it  was  assumed   that  7  =  —  /3 ;   restoring  the  general  values  of  ft,  7,  the    equations 

become 

_      —  QR  sin  A 


QsinC" 

viz.  this  last  equation  becomes 

=  /3Esin  B  +  7Q  sin  C 


or,  say 

a  (R  sin  B  +  Q  sin  6')  -  $R  sin  B  -  yQ  sin  C=  0, 

which  by  means  of  the  first  equation  becomes 

a  ^  sin  A  +  /3R  sin  5  +  7Q  sin  (7  =  0. 

It  thus  appears  that  the  two  equations  are 

sin  A         sin  B        sin  C    _ 
rp~        ~Q~         ~~JT 

a  sin  A      /3  sin  B     7  sin  C  _ 

~r~    ~Q~    ~^r 

viz.  these  equations,  wherein  A  +  B+G=7r,  belong  to  the  case  where  the  three  circles 
intersect  in  the  same  pair  of  points;  hence,  if  the  coordinates  x,  y  refer  to  the  points 
of  intersection  of  the  three  circles,  we  have  simultaneously  the  equations  of  the  three 
circles,  and  the  three  equations  which  determine  the  angles  at  which  they  intersect, 
viz.  we  have  the  six  equations 

(^-a)2  +  2/2  =  P2,  Q-  +  R2  +  2QR  cos  A  =  (ft  -  7  )2, 
(x  -  /3)2  +  f  =  Q\  R-  +  P2  +  2RP  cos  B  =  (7  -  a  )2, 
(x  -  7  )2  +  y-  =  It?,  P2  +  Q2  +  2PQ  cos  C  =  (a  -  /3)2, 

viz.  from  these  six  equations,  with  the  condition  A  +  B  +  C  =  TT,  it  must  be  possible  to 
deduce  the  last-mentioned  pair  of  equations. 

In  the  general  case,  where  A  +  B  +  C  <  TT,  and  the  three  circles  do  not  meet  in 
a  point,  then  taking  the  circles  (x  —  /3)2  +  yz  =  Q'2,  (x  —  ^f  +  y^  =  R2  to  be  circles  curting 
each  other  at  the  angle  A,  or,  what  is  the  same  thing,  the  values  Q,  M,  /3,  7  to  be 
such  as  to  satisfy  the  relation 

Q2  +  R*  +  2QR  cos  A  =  (/3  -  7)2  ; 

the  two  equations  for  the  determination  of  the  abscissa  of  the  centre  a,  and  the 
radius  P  of  the  remaining  circle  give,  by  what  precedes, 

2  {(£  -  7)2  -(RcosB-Q  cos  C)-}  P 

+  K/3  -  7)2  (-R  cosB  +  Q  cos  C)  -  (R  cos  B  -  Q  cos  C)  (R*  -  Q-')} 
=  ±  2  (/3  -  7)  QR  V{-  (1  -  cos2  A  -  cos2  5  -  cos2  G  -  2  cos  A  cos  5  cos  C)\, 


viz.    we    have  thus   the    two   circles   (x  —  a)2  +  y2  =  P2,    each    of    them    cutting    the    circles 
(x  -  £)2  +  y2  =  Q2,  and  (x  -  7)"  +  y2  =  E2  at  the  angles  C,  B  respectively. 
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876. 

ON    SYSTEMS    OF    RAYS. 

[From  the  Messenger  of  Mathematics,  vol.  xvn.  (1888),  pp.  73 — 78.] 

SIR  W.  R.  HAMILTON'S  Memoir,  "  Theory  of  Systems  of  Rays  "  (I  do  not  at  present 
consider  the  three  Supplements),  dated  June,  1827,  is  printed  Trans.  R.  I.  Acad.,  vol.  xv. 
(1828),  pp.  69 — 174.  There  is  one  page  of  Introduction,  and  pp.  70  to  80,  an  elaborate 
Contents.  Part  First :  On  ordinary  systems  of  Reflected  Rays.  Part  Second :  On 
ordinary  systems  of  Refracted  Rays.  Part  Third  :  On  extraordinary  systems  and  systems 
of  Rays  in  general.  But  only  the  First  Part  was  published.  This  is  considered  under 
the  headings :  (I)  Analytic  Expressions  of  the  Law  of  Ordinary  Reflexion.  (II)  Theory 
of  Focal  Mirrors.  (Ill)  Surfaces  of  Constant  Action.  (IV)  Classification  of  Systems  of 
Rays.  (V)  On  the  Pencils  of  a  Reflected  System.  (VI)  On  the  Developable  Pencils, 
the  Two  Foci  of  a  Ray  and  the  Caustic  Curves  and  Surfaces.  (VII)  Lines  of 
Reflexion  on  a  Mirror.  (VIII)  On  Osculating  Focal  Mirrors.  (IX)  On  Thin  and 
Undevelopable  Pencils.  (X)  On  the  Axes  of  a  Reflected  System.  (XI)  Images  Formed 
by  Mirrors.  (XII)  Aberrations.  (XIII)  Density.  And  we  have,  p.  174,  a  "  Conclusion 
to  the  First  Part,"  wherein  this  first  part  is  described  as  "  an  attempt  to  establish 
general  principles  respecting  the  system  of  rays  produced  by  the  ordinary  reflexion  of 
light  at  any  mirror  or  combination  of  mirrors  shaped  and  placed  in  any  manner  what 
ever;  and  to  show  that  the  mathematical  properties  of  such  a  system  may  all  be 
deduced  by  analytic  methods  from  the  form  of  ONE  CHARACTERISTIC  FUNCTION  :  as  in 
the  application  of  Analysis  to  Geometry,  the  properties  of  a  plane  curve  or  of  a 
curve  surface  may  all  be  deduced  by  uniform  methods  from  the  form  of  the  function 
which  characterises  its  equation." 

The  foregoing  headings  (I)  to  (V)  may  be  regarded  as  containing  the  general  theory, 
and  the  remaining  ones  (VI)  to  (XIII)  as  containing  applications  and  developments. 

I  remark  on  the  theory  as  follows : 

Considering  a  congruence  or  doubly  infinite  system  of  lines  (or  say  of  rays), 
suppose  that  for  any  particular  ray  the  cosine-inclinations  are  a,  ft,  7  (a2  +  /32  +  <y~  =  1), 

79      *> 

/  A — *j 
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and    that    the    coordinates   of  a   point    on    the    ray   are    (x,  y,  z).     We    may   look    at    the 
system  in  two  ways  : 

1°.  The  rays  are  considered  as  emanating  from  the  points  of  a  surface  :  here,  if 
(x,  y,  z)  are  considered  as  belonging  to  a  point  on  the  surface,  then  z  is  a  given 
function  of  (x,  y)  (or  more  generally  x,  y,  z  are  given  functions  of  two  arbitrary  para 
meters  u,  v)  ;  and  to  determine  the  congruence,  we  must  have  a,  @,  7  each  of  them 
a  given  function  of  (x,  y)  or  of  (u,  v),  such  that  identically  a2  +  /32  +72  =  1,  but  with 
no  other  condition  as  to  the  form  of  the  functions. 

2°.  The  rays  may  be  considered  irrespectively  of  any  surface  :  here  (a,  /3,  7)  are 
each  of  them  a  given  function  of  (x,  y,  z),  such  that  always  a2  +  y32  +  72  =  1  ;  but  there 
are  further  conditions,  viz.  it  is  assumed  that  we  have  one  and  the  same  ray,  what 
ever  is  the  point  (x,  y,  z}  on  the  ray  ;  or,  what  is  the  same  thing  (using  p  to  denote 
an  arbitrary  distance),  that  a,  /3,  7  regarded  as  functions  of  x,  y,  z  remain  unaltered 
by  the  change  of  x,  y,  z  into  x  +  pa,  y  +  p@,  z  +  p<y  respectively  ;  this  implies  that  we 
have 


each    =  0  ;    and,    conversely,    it    may   be    shown    that    when    these    relations    are    satisfied 
then  a,  /3,  7  remain  unaltered  by  the  change  in  question. 

The  equation  a2  +  ft-  +  j-  =  I,  gives 

a£*a  +  /3£fl£+'yS^x,     aSya  +  /38y@  +  <ySyy,     aBza  +  /3Sz/3  +  7^7, 
each  =  0  ;   and  combining  with  the  last-mentioned  system  of  equations,  it  follows  that 

$Z&  -  SyV,        $..7  -  S««,        &yCl  -  8x/3, 

are  proportional  to  a,  £,  7  ;    or  say  =  ka,  kft,  ky  respectively. 

Hamilton  considers  whether  the  rays  are  such  that  they  are  cut  at  right  angles  by 
a  surface  ;  supposing  this  is  so  (say  in  this  case  the  rays  are  a  rectangular,  or  ortho- 
tomic  system,  or  that  they  are  the  normals  of  a  surface),  then  if  x,  y,  z  refer  to  the 
point  on  the  surface,  we  must  have 

a.  dx  +  /3  dy  +  7  dz  =  0  ; 
this  implies 

a  (8,0  -  S,7)  +  £  (8,7  -  S,«)  +  7  (^  -  Sx/3)  =  0, 

a  condition  which,  by  what  precedes,  is  k  (a?  +  /32  +  r)  =  0;  viz.  we  must  have  k  =  Q, 
and  therefore 

W-^y,     8,7  -Sz«,     Bya-Bx/3 

each  =0;  that  is,  adx  +  $  dy  +  ^  dz  must  be  a  complete  differential,  say  it  is  =  dV. 
And  we  then  have  V=c,  the  equation  of  a  system  of  parallel  surfaces  each  of  them 
cutting  the  rays  at  right  angles.  Evidently  a,  &  7  =  8XV,  8yV,  8ZV  respectively,  and  the 
function  V  satisfies  the  partial  differential  equation 
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Hamilton  in  effect  considers  only  systems  of  rays  of  the  form  in  question,  viz. 
those  which  are  the  normals  of  a  surface  (or,  what  is  the  same  thing,  the  normals  of 
a  system  of  parallel  surfaces),  and  it  is  such  a  system  which  is  said  to  have  the 
characteristic  function  V.  It  is  shown  that  a  system  of  rays  originally  of  this  kind 
remains  a  system  of  this  kind  after  any  number  of  reflexions  (or  ordinary  refractions)  ; 
in  particular,  if  the  rays  originally  emanate  from  a  point,  then,  after  any  number  of 
reflexions  at  mirrors  of  any  form  whatever,  they  are  a  system  of  rays  cut  at  right 
angles  by  a  surface.  And  moreover,  there  is  given  for  the  surface  a  simple  construction, 
viz.  starting  from  any  surface  which  cuts  the  rays  at  right  angles,  and  measuring  off 
on  the  path  of  each  ray  (as  reflected  at  the  mirror  or  succession  of  mirrors)  one  and 
the  same  arbitrary  distance,  we  have  a  set  of  points  forming  a  surface  which  cuts 
at  right  angles  the  system  of  rays  as  reflected  at  the  mirror  or  last  of  the  mirrors. 

The  ray-systems  considered  by  Hamilton  are  thus  the  normals  of  a  surface  V—  c  =  Q, 
and  a  large  part  of  the  properties  of  the  system  are  thus  included  under  the  known 
theory  of  the  normals  of  a  surface  ;  it  may  be  remarked  that  the  analytical  formulae 
are  somewhat  simplified  by  the  circumstance  that  V  instead  of  being  (as  usual)  an 
arbitrary  function  of  (sc,  y,  z)  is  a  function  satisfying  the  partial  differential  equation 
(^xVY  +  (8yV)2  +  (8zVy=  1.  In  particular,  we  have  the  theorem  that  each  ray  is  inter 
sected  by  two  consecutive  rays  in  foci  which  are  the  centres  of  curvature  of  the 
normal  surface  :  the  intersecting  rays  are  rays  proceeding  from  the  curves  of  curvature 
of  the  normal  surface,  &c.  There  are  other  properties  easily  deducible  from,  but  not 
actually  included  in,  the  theory  of  the  normals ;  for  instance,  the  intersecting  rays 
aforesaid  are  rays  proceeding  from  certain  curves  on  the  mirror,  analogous  to,  but 
which  obviously  are  not,  the  curves  of  curvature  of  the  mirror.  The  natural  mode  of 
treatment  of  this  part  of  the  theory  is  to  regard  the  rays  as  proceeding  not  from 
the  normal  surface,  but  from  the  mirror,  and  (by  an  investigation  perfectly  analogous 
to  that  for  the  normals  of  a  surface)  to  enquire  as  to  the  intersection  of  the  ray  by 
rays  proceeding  from  consecutive  points  of  the  mirror;  it  would  thus  appear  that  there 
are  on  the  mirror  two  directions,  such  that  proceeding  along  either  of  them  to  a  con 
secutive  point,  the  ray  from  the  original  point  is  intersected  by  the  ray  from  the 
consecutive  point,  but  that  these  directions  are  not  in  general  at  right  angles,  &c. 

But  in  regard  to  such  an  investigation,  the  restriction  introduced  by  the  Hamiltonian 
theory  is  altogether  unnecessary ;  there  is  no  occasion  to  consider  the  rays  which  pro 
ceed  from  the  several  points  of  the  mirror  as  being  rays  which  are  the  normals  of 
a  surface,  and  the  question  is  considered  from  the  more  general  point  of  view  as  well 
by  Malus  in  his  Theorie  de  la  Double  Refraction,  <&c.,  Paris,  1810,  as  more  recently 
by  Kummer  in  the  Memoir  "Allgemeine  Theorie  der  gradlinigen  Strahlensysteme," 
CreUe,  t.  LVII.  (1860),  pp.  189—230,  viz.  we  have  in  Kummer  a  surface  of  any  form 
whatever  (denned  according  to  the  Gaussian  theory,  a;,  y,  z  given  functions  of  the 
arbitrary  parameters  u,  v),  and  from  the  several  points  thereof  rays  proceeding  according 
to  any  law  whatever,  viz.  the  cosine-inclinations  a,  /3,  7  (or  as  Kummer  writes  them 
£,  77,  £)  being  given  functions  (such  of  course  that  a2  +  /32  +  72=l)  of  the  same  para 
meters  u,  v.  It  may  be  remarked :  1°  that  Kummer,  while  considering  the  simplifications 
of  the  general  theory  presenting  themselves  in  the  case  where  the  rays  are  normals 
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of  the  surface,  does  not  specifically  consider  the  case  where,  not  being  such  normals, 
they  are  (as  in  the  Hamiltonian  theory)  normals  of  a  surface :  2°  that  some  interesting 
investigations  in  regard  to  the  shortest  distances  between  consecutive  rays,  while 
naturally  connecting  themselves  with  the  normals  of  the  surface,  or  with  that  of  the 
rays  which  are  normals  of  another  surface,  do  not  properly  belong  to  the  "  Allgemeine 
Theorie"  of  a  congruence,  which  is  independent  of  the  notion  of  rectangularity. 

It  has  been  already  remarked  that  the  system  may  be  looked  at  in  the  two  ways 
1°  and  2°,  and  it  is  in  the  former  of  these  that  the  question  is  considered  by  Kummer; 
it  is  interesting  to  work  out  part  of  the  theory  in  the  latter  of  the  two  ways. 
Taking  X,  Y,  Z  as  current  coordinates,  we  have,  for  a  line  through  the  point  (x,  y,  z), 
the  equations 

X,   Y,  Z  =  x  +  ap,     y  +  ftp,     z  +  yp; 

a,  ft,  7  are  functions  of  (x,  y,  z),  satisfying  identically  the  equation  a2  +  /32  +  72=l  (and 
therefore  the  derived  equations  in  regard  to  as,  y,  z  respectively) ;  and  also  satisfying 
the  equations 

(<*SX  +  $Sy  +  ySz)  a  =  0,     (a$x  +  /3Sy  +  ySz)  /3  =  0,     (*SX  +  /3Sy  +  j8z)  7  =  0. 

It  should  be  remarked  that,  if  these  equations  were  not  satisfied,  then  instead  of  a  con 
gruence  there  would  be  a  complex,  or  triply  infinite  system  of  lines,  viz.  to  the  several 
points  of  space  (x,  y,  z)  there  would  correspond  lines  X,  Y,  Z  =  x  4-  ap,  y  +  /3p,  z  +  yp 
as  above,  which  lines  would  not  reduce  themselves  to  a  doubly  infinite  system. 

Suppose  that  the  line  through  the  point  x,  y,  z  is  met  by  the  line  through  a 
consecutive  point  (x  +  dx,  y  +  dy,  z  +  dz) ;  then,  if  X,  Y,  Z  refer  to  the  point  of  inter 
section  of  the  two  lines,  we  have 

dx  +  adp  +  pda,     dy  +  /3dp  +  pd/3,     dz +  ydp  +  pdy  =  0; 
and  consequently 

dx,     di,     a    \  =  0 

dy,     d/3,     ft 
dz,     dy,     7 

as  a  relation  connecting  the  increments  dx,  dy,  dz,  in  order  that  the  lines  may 
intersect,  viz.  this  is  a  quadric  relation  (*Qdac,  dy,  dzf  =  0  between  the  increments. 
In  the  case  of  a  complex,  this  equation  represents  a  cone  (passing  evidently  through 
the  line  dx  :  dy  :  dz  =  OL  :  ft  :  y),  but  in  the  case  of  a  congruence  the  cone  must  break 
up  into  a  pair  of  planes  intersecting  in  the  line  in  question  dx  :  dy  :  dz  —  a  :  ft  :  7. 
To  verify  d  posteriori  that  this  is  so,  observe  that  the  differential  equations  satisfied 
by  a,  ft,  7  give,  as  above, 

Sy7  -  &z@>     $*a  -  8xy,     Sx/3-  8ya, 

proportional  to  a,  ft,  7,  or  say  =  2&a,  Zkft,  2ky ;  and  it  hence  follows  that  the  differ 
entials  SOL,  8/3,  87  can  be  expressed  in  the  forms 

drJL  =  a  dx  +  h  dy  +  g  dz  +  k  (ft  dz  —  7  dy), 
dp  =  h  dx  +  b dy  +fdz+k(ydx  —a  dz), 
dy  =  g  dx  +fdy  +  c  dz  +  k  (a  dy  —ft  dx), 
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where 

0  =  aa  -4-  hfi  +  gy, 

0  =  ha  +  b/3+fy, 

0  =  g*  +//3  +  cy  . 

The  equation 

dx,     da,     a.     =  0 

dy,     d/3,    ft 

dz,     dy,     y 
thus  assumes  the  form 

(a,  b,  c,  f,  g,  h~$dx,  dy,  dzQy  dy  —  ftdz,  adz-  y  dx,  ft  dx  —  a  dy) 

+  k{(ydy-  /3  dzf  +  (adz-y  dx)2  +  (/3dx-oL  dy)*}  =  0. 
Write  for  shortness 

ydy  —  /3dz,     adz  —  ydx,     /3 


then  putting  for  a  moment  a  dx  +  hdy  +  g  dz  =  ®,  from  this  equation  and  aa  +  h@  +  gy  =  0 

we  deduce 

a©  =  —  h(/3dx  —  a  dy)  +  g  (a  dz  —  y  dx), 

that    is,  =—h£+gr);    or,  putting    for    ©    its   value    and    forming  the   analogous  equations, 

we  have 

a  (a  dx  +  h  dy  +  g  dz)  =  —  h£  +  grj, 

@(hdx  +  bdy+fdz)  =  -ft  +  h£, 
y  (g  dx  +fdy  +  c  dz)  =  -  grj 

and  the  quadric  equation  in  (dx,  dy,  dz)  thus  becomes 


which,  in  virtue  of  the  linear  relation  a£  +  fir;  +  y%  =  0  connecting  the  (£,  77,  £),  breaks 
up  into  a  pair  of  planes,  each  passing  through  the  line  £  =  0,  77  =  0,  £=0,  (that  is, 
dx  :  dy  :  dz  =  a  :  /3  :  7). 

We  obtain  at  once,  as  the  condition  that  the  two  planes  may  be  at  right  angles 
to  each  other,  k  -  0  ;  that  is, 

Syy  —  8z/3,     &ZOL  —  Bxy,     Sx/3  —  8ya  each  =  0  ; 

or,  what  is  the  same  thing,  adx  +  /3  dy  +  ydz  =  dV,  a  complete  differential;  and,  as 
was  seen,  this  is  the  condition  in  order  that  the  lines  may  be  the  normals  of  a 
surface. 

It  thus  appears  that  in  a  congruence  each  line  is  intersected  by  two  consecutive 
lines,  which  determine  respectively  two  planes  through  the  line;  and  further,  that  if 
for  every  line  of  the  congruence,  the  two  planes  are  at  right  angles  to  each  other, 
then  the  consecutive  lines  are  the  normals  of  a  surface. 
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NOTE   ON   THE  TWO  RELATIONS  CONNECTING  THE  DISTANCES 
OF    FOUR    POINTS    ON    A    CIRCLE. 

[From  the  Messenger  of  Mathematics,  vol.  xvn.  (1888),  pp.  94,  95.] 

CONSIDER  a  quadrilateral  BACD  inscribed  in  a  circle;  and  let  the  sides  BA, 
AC,  CD,  DB  and  diagonals  BC  and  AD  be  =c,  b,  h,  g,  a,  -  f  respectively;  /  is  for 
convenience  taken  negative,  so  that  the  equation  connecting  the  sides  and  diagonals 
may  be 

A,  =  af+bg  +  ch,  =  0. 

We  have  between  the  sides  and  diagonals  another  relation 

V,  =  abc  +  agh  +  bhf+cfg,  =  0, 


as  is  easily  proved  geometrically;  in  fact,  recollecting  that  the  opposite  angles  are 
supplementary  to  each  other,  the  double  area  of  the  quadrilateral  is  =  (bc+gh)smA, 
and  it  is  also  =  (bh  +  eg)  sin  B  ;  that  is,  we  have 

(be  +  gh)  sin  A  -  (bh  +  eg)  sin  B  =  0. 

But   from    the   triangles   BAD   and  BA  C,   in   which   the   angles   D,   C  are   equal   to 
each  other,  we  have 

c     =        f         _  c_         ft 
sin  D         sinB'     sin  C  ~  sin  A  ' 
that  is, 

/sin  A  -f  a  sin  B  =  0  ; 

and  thence  the  required  relation 

a  (be  +  gh)  +f(bh  +  eg)  =  0. 
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The  distances  of  the  four  points  on  the  circle  are  thus  connected  by  the  two 
equations  A  =  0,  V=0.  Considering  a,  b,  c,  f,  g,  h  as  the  distances  from  each  other 
of  any  four  points  in  the  plane,  we  have  between  them  the  relation 

ft,  =  a2/2(-a2-/2  +  &2  +  #2  +  c2  +  A2) 
+  6y  (  a2  +/2  -  62  -  g2  +  c2  +  h*) 
+  c2A2  (  a2  +/2  +  b2  +  g2  -  c2  -  h?) 
-  aW  -  a2#2A2  -  62A2/2  -  c2/y,  =  0  ; 

and   it   is   clear   that    this   equation   should    be    a    consequence    of    the   equations    A  =  0, 
V—Q.     To  verify  this,  forming  the  sum  ft  +  F2,  we  have 

ft  +  F2  =      (a2  +/2)  (-  a2/2  +  6y  +  C2A2  +  2bgch  ) 
+  (62  +  #2)  (-  &y  +  c2A2  +  a2/2  +  2cAa/) 

+  (c2  +  A2)  (-  c2A2  +  a2/2  +  6y  + 
viz.  this  is 

=      («2  +/2)  {-  «2/2  +  (A  -  a/)2} 


+  (c2  +  A2)  {-  c2A2   +  (A  -  ch  )2}  ; 
or,  since 

-  a2/2  +  (A  -  a/)2  =  A  (A  -  2a/)  =  A  (-  a/+  ^  +  ch),  &c., 
this  is 

ft+F2  =  A[    (a?+f*)(-af+bg  +  ch) 
+  (b*+g*)(     af-bg  +  ch) 

+  (c2  +  A2)(    af+bg-cKj], 
which  proves  the  theorem. 

It  may  be  remarked  that  the  equation   F=0  may  be  written 

a  (be  +  gh)  +f(bh  +  Cg)  =  Q; 

viz.    multiplying   by   a,   and    for   af  writing    its    value,    =-(bg  +  ch)    from    the    equation 
A  =  0,  this  gives 

-  a2  (be  +  gh)  +  (bg  +  ch)  (bh  +  eg)  =  0, 
that  is, 

be  (g*  +  A2  -  a2)  +  gh  (62  +  c2  -  a2)  =  0, 

which  expresses  that  the  angles  A,  D  are  supplementary  to  each  other;  and,  similarly 
by  the  elimination  of  any  other  of  the  six  quantities  from  the  equations  A=0,  V  =  0 
we  have  five  other  like  equations. 


C.  XII. 
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878. 

NOTE    ON    THE    ANHARMONIC    RATIO    EQUATION. 

[From  the  Messenger  of  Mathematics,  vol.  xvn.  (1888),  pp.  95,  96.] 

GIVEN  any  four  quantities  a,  /3,  7,  B,  if  0  be  one  of  the  values  of  the  anharmonic 
ratio,  the  other  values  are 


-  -- 

1  +  0'         1  +  0'  0 

and  hence  the  equation  having  these  six  roots  is 


or,  multiplying  out,  the  equation,  as  is  well  known,  takes  the  form 


But    to    effect    the    multiplication     in    the    easiest     manner    we    may    proceed    as 
follows  :    writing 

a,  b,  c  =  (a- 


so  that  a  +  b  +  c  =  0,  the  equation  i 


s 


b\  I        c\r        c\  {        a\  /        a\  /        b\ 
-)(«  —  T)(*  —  -}(«  —  -(a?-r)[«—  -}  —  0. 

cj  \        bj  \        aj  \        c/V        bj\        a/ 


The  product  of  the  first  pair  of  factors  is 

'b 
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thus  the  equation  is 


that  is, 


ca 


and    recollecting    that    a  +  b  +  c  =  0,   and    writing    q  =  be  +  ca  +  ab,   r  =  abc,   the   equation 
becomes 


that  is, 


(x  +  I)6  -  3  (x  +  I)4 x  +    3  4-        (x  +  I)2  ^  -  at?  =  0  ; 


x  +  I)3  +      («  +  I)2  a?  =  0. 


But,  writing  0  =  -  ,  we  have 

CL 


or  finally, 

the  required  result. 


73—2 
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879. 

NOTE    ON    THE    DIFFERENTIAL    EQUATION 
dx_  dy 


[From  the  Messenger  of  Mathematics,  vol.  xvm.  (1889),  p.  90.] 
WE  have 


sin  u  — 

cos  n 


-  sin  v  .  ,  ,  /  f  1  +  cos  (u  +  v)} 

—  =  —  cot  4  (u  +  v),   =  —  ./-!-  — ij. 

-  cos  v  V   U  -  cos  (M  +  v)j 


and  thence,  writing  cos  u  =  x,  sin  u  =  \/(l  ~~  xZ}  =  V(-X"X  and  similarly 

cos  v  =  y,  sin  w  =  \/(l  -  f)  =  V(  F), 
we  have 


an  identical  equation  which,  in  the  form 


may  be  verified  directly  without  any  difficulty.  The  integral  of  the  proposed  differential 
equation  can  of  course  be  taken  to  be  c  =  xy  —  *J(XY)  ;  and  we  have  thus  another 
form  of  integral 

V(Z)-V(F)_ 


—         A  i  > 

x  —  y  \/  \l  —  cj 

viz.  we  have  the  integral 

(V(Z)-V(F)p 

1  —  r   =  ^> 

(      «-y      J 

which  is  what  Lagrange's  integral  of  the  differential  equation 

dx          dy 


becomes  when   the   quartic   functions    X,  Y  reduce   themselves    to   the   quadric  functions 
1  —  a?2  and  1  —  y2  respectively. 
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NOTE   ON   THE    RELATION    BETWEEN   THE   DISTANCE   OF   FIVE 

POINTS   IN   SPACE. 

[From  the  Messenger  of  Mathematics,  vol.  xvm.  (1889),  pp.  100 — 102.] 

IN  Lagrange's  paper  "  Solutions  analytiques  de  quelques  problemes  sur  les  pyramides 
triaiigulaires "  (Berlin  Memoirs,  1773;  GEuvres,  t.  in.,  see  p.  677),  there  is  contained  a 
formula  for  the  relation  between  the  distances  from  each  other  of  five  points  in  space ; 
viz.  this  is 

4A2/=      «(*+/-  g)*  +  «'  (a'  +/-  9J  +  *"  (a"  +f-  g'J 

+  2/3  (a'  +/-  g')  (a"  +/- g")  +  2/3'  (a  +/-  g)  (a"  +f-g"} 
+  2/3'' (a +/-(/)  (a' +/-</), 

or,  in  a  slightly  altered  notation,  say 

II  =  -4A2/+(ai,  a,,  a,,  &,  /32,  ^a.+f-g,,  a2+f-ga,  a3+f-g3)2  =  0, 
where,  if  the  points  are  called  1,  2,  3,  4,  5,  then 

Cj ,  c.2,  c3  are  the  squared  distances  23,  31,  12, 
Oi,  Oj,,  a3  „  41,  42,  43, 

#i>  92,  ff3  „  51,  52,  53, 

and 

y  is  the  squared  distance      45. 

The  values  of  alt  o^,  a3,  /31;  y92,  /33,  in  terms  of  these  squared  distances,  are 

«i  =  -  (0-2  -  a3)2  +  2d  (aa  +  a3)  -  ci>, 

«2  =  -  (as  -  «i)2  4-  2c2  (a,  +  a,)  -  c22, 

«s  =-(«i-  a2)2  +  2c3  (aj  +  a2)  -  cs2, 

/3j  =  —  (a3  —  aj)  (al  —  a2)  +  2^^  —  c2  (ax  +  a2)  —  c3  (a3  +  «i)  +  c2c3, 

^2  =  —  («i  —  «2)  («2  —  «3)  +  2c2a2  —  cs  (a.2  +  a3)  —  Cj  (ax  +  a2)  +  c3c1} 

@3  =  —  («2  —  «3)  («3  —  «i)  +  2c3a3  —  d  (a3  4-  a:)  —  c2  (a2  +  a3)  +  dc2. 
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After    some    reductions,    the    value    of    4A2,    in    terms    of    these    squared    distances,    is 
found  to  be 

4A2  =      Cj  (a3  —  aO  (ax  —  a2)  +  al  (—  cx2  +  CjCo  +  CjC3)  -  c^Cg 


c2  (aj  -  a2)  (a.2  -  a3)  +  a,  (-  c22  +  C2c3  +  c2Cj) 
c3  (a2  -  a3)  (a3  -  ttj)  +  a3  (-  c32  +  c^  +  c3c.2), 


which  is,  in  fact, 

8A2=     .      1,1,1,1 

1  r          r         n 

J.,          .  O3  ,         l/o  ,         Ui 

1,     alt     a2,     a3,      . 
where  observe  that  each  term  of  the  determinant  contains  the  factor  2. 

By  the  formula  in  my  paper  "  On  a  theorem  in  the  Geometry  of  Position," 
Camb.  Math.  Jour.,  t.  n.  (1841),  pp.  267 — 271,  [1],  (introducing  into  it  the  present 
notation),  the  relation  between  the  distances  of  the  five  points  is  given  in  the  form 

n  =  .    1,1,1,1,11=0. 

9  ^3  >  •  ^1  )  ^"2  9  7  2 

1,     «!,     a2,    a3:     .      f 
1,    9i,    ffz,    9s,    f  ,      • 

The  equations  II  =  0,  H  =  0  should  therefore  agree  with  each  other ;  we  have  in 
£1  the  term 

~/2i 

1, 

.      1,     1,     1 

l,      .       c3,     c2 
which  is 

and  similarly  in  II  we  have  the  term 

which  is  easily  shown  to  be 

=  —  f2  (cj2  +  c.22  +  c32  —  2a,c3  —  2c3C!  —  2^02) ; 
and  it  thus  appears  that  we  have  identically  IT  =  H. 
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It  is  to  be  remarked  that,  in  Lagrange's  form,  the  points  4  and  5  are  regarded 
as  determined  each  of  them  by  means  of  its  squared  distances  from  the  vertices  of 
the  triangle  123,  and  that  the  formula  gives  (by  a  quadratic  equation)  the  squared 
distance  45  ;  but  that  nevertheless  the  two  points  4  and  5  do  not  present  themselves 
symmetrically  in  the  formula;  in  fact,  A2  and  the  coefficients  («13  a2,  a3,  ftl}  j32,  /33)  of 
the  formula  relate  all  of  them  to  the  tetrahedron  4123;  as  noticed  in  the  paper, 
A  =  6  x  volume  of  tetrahedron  ;  V(ai)>  VC^s),  \/(«s)  are  the  doubled  areas  of  the  faces 
423,  431,  412  respectively,  and  the  doubled  area  of  the  face  123  is 


it  may  be  added  that 

&  +  V(«2«s)>      &  +  V(«3«l),      &  "^   V(«l«s), 

are  equal  to  the  cosines  of  the  dihedral  angles  at  the  edges  41,  42,  43  respectively. 


584 


[881 


881. 

ON    HERMITE'S    IT-PRODUCT    THEOREM. 

[From  the  Messenger  of  Mathematics,  vol.  xvm.  (1889),  pp.  104—107.] 

I  GIVE  this  name  to  a  theorem  relating  to  the  product  of  an  even  number  of 
Eta-functions,  established  by  M.  Hermite  in  his  "Note  sur  le  calcul  differential  et  le 
calcul  integral,"  forming  an  appendix  to  the  sixth  edition  of  Lacroix's  Differential  and 
Integral  Calculus,  and  separately  printed,  8vo.  Paris,  1862.  It  is  the  theorem  stated 
p.  65,  in  the  form 


where 


where  ax  +  a2  +  .  .  .  +  <%n  =  0,  and  z  =  sn  as,  cnx  or  dn  x  at  pleasure  ;  F  (z2),  F^  (z2)  denote 
rational  and  integral  functions  of  z2  of  the  degrees  n  and  n  -  2  respectively  ;  A  is  a 
constant,  which  we  may  if  we  please  so  determine  that  in  F(z2)  the  coefficient  of  the 
highest  power  z211  shall  be  =  1. 

If,   for   shortness,   we   write   s,  c,  d  for   sn  x,  en  x,  dn  x   respectively  ;   and   to   fix   the 
ideas,  assume  z  =  snx,  =s,  then  the  theorem  is 


viz.  the  theorem  is  that  the  product  of  the  2?i  ^/-functions  (ttj  +  «2  +  .  .  .  +  am  =  0  as 
above),  divided  by  ®2n(x),  is  a  function  of  the  elliptic  functions  sn,  en,  dn,  of  the 
form  in  question. 

Hermite  uses  the  theorem  for  the  demonstration  of  Abel's  theorem,  as  applied  to 
the  elliptic  functions  ;  or  as  I  would  rather  express  it,  he  uses  the  theorem  for  the 
determination  of  the  sn,  en,  and  dn  of  al+  a2  +  ...  +  a^^. 
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To  show  how  this  is,  observe  that  F(s2),  qua  rational  and  integral  function  of  s2 
of  the  degree  n,  with  its  first  coefficient  =  1,  contains  n  arbitrary  coefficients ;  and 
F1  (s2),  qua  rational  and  integral  function  of  s2  of  the  degree  n  —  2,  contains  n  —  \ 
arbitrary  coefficients:  hence  F  (s2)  +  scdF^  (s2)  contains  2n  — 1  arbitrary  coefficients;  and 
considering  alt  «2, ...,  a^n-i  as  given,  the  function  in  question  must  vanish  for  each  of 
the  values  x=a.l,  a2, ...,  a2n-i  5  and  we  have  therefore  2n—  1  equations  for  obtaining 
the  2w  —  1  coefficients,  which  are  thus  completely  determined  :  in  particular,  the  constant 
term,  say  L,  of  Fl(s2)  is  a  given  function  of  «1}  «2,  ...,  OL2n_1}  that  is,  of  the  sn,  en, 
and  dn  of  these  quantities  ;  and  the  theorem  shows  that  the  function  thus  determined 
vanishes  also  for  x  =  a2n,  that  is,  =  —  fa  +  a2  +  . . .  +  a^-i)- 

Now  writing  —  x  for  x  in  the  formula,  and  recollecting  that  H  is  an  odd  function, 
@  an  even  function,  we  find 

AH(x  +  al)H(x  +  a9)...H(a:  +  am)_  . 

®2n  (0.)  W»lWl 

and  multiplying  together  the  two  sides  of  these  equations  respectively, 

H(x-a,}H(x  +  al)      H(x-ct.M)H(x  +  q^)  _  f  ,2  ( _  ,     }2 

©2(tf)  ©-(«)  *l*iWI« 

where  the  right-hand  side  is  a  rational  and  integral  function  of  s2  of  the  degree  2n, 
and  the  coefficient  of  the  highest  term  sm  is  =  1 ;  in  fact,  this  term  arises  only  from 
the  square  of  F  (s2),  which  has  its  highest  term  =  s2n. 

A,        H  (x  —  a-d  H  (x  +  a.,)    .  ,,.  .        .  „ 

JNow         is   a    mere    constant    multiple    of    sn2#  —  sn2^,    or    say   of 

<S)  (x) 

s2  —  sn2^;  (this  well-known  theorem  is,  in  fact,  the  particular  case  n=2  of  Hermite's 
theorem) ;  and  similarly  for  the  other  terms :  we  must  clearly  have  A2,  multiplied  by 
the  product  of  the  factors  thus  introduced,  =  1  ;  and  thus  the  theorem  becomes 

(s2  -  sn2  BJ)  (s2  -  sn2  tx^  ...  (s2  -  sn2  a2n)  =  [F(s2)}2  -  s2c2d2  {Ft  (s2)}2. 

And  putting  herein  s  =  0,  and  writing  as  before  L  for  the  constant  term  of  F(s2), 
we  have 

sn2  oci  sn2  «2 . . .  sn2  a.m  =  L2, 

or,  the  sign  +  being  properly  determined,  say 

sn  «!  sn  a2 . . .  sn  flgn  =  ±  L, 

where,  by  what  precedes,  L  is  a  given  function  of  the  sn,  en,  and  dn  of  ctj,  «2,  ...,  a^-i- 
Hence  we  have  sn  a^,  that  is,  —  sn  (ctj  +  oc2  +  . . .  +  a^-i)  as  a  given  function  of  the  sn,  en, 
and  dn  of  a,,  a2,  ...,  a^.j. 

Similarly  writing  z  =  cnx,  =  c,  and  £  =  dn#,  =  d,  we  have  en  (^  +  oc2  +  . . .  +  OL^^) 
and  dn  (Q!  +  c(2  +  . . .  +  a^^)  each  of  them  as  a  given  function  of  the  sn,  en,  and  dn  of 
«!,  a2,  ...,  am_^ 

It   is   hardly  necessary  to  remark  that  F  (z2)  +  z  ^-  Fl  (z2)  is  a  function  of  the  same 

form,  whether  we   have  z  =  s,  c    or  d ;    in    fact,  the    functions   F  and    F1    are    rational    in 

dz 
s2,  c2,  or  d2,  and  we  have  z-j~  =  scd,  —  scd,  and  -  k2scd  for  the  three  values  respectively. 

c.  xii.  74 
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The  number  of  terms  a1}  Oo,  ...,  o^-j  has  been  odd,  but  by  taking  one  of  them 
=  0,  the  formulae  give  the  values  of  the  sn,  en,  and  dn  for  the  sum  of  an  even 
number  of  terms. 

It   has   been   seen   that   Hermite's  .//-product   theorem  gives,  say  Abel's   theorem,  in 

the  form 

n  (s2  -  sn2  a)  =  [F  (s2)}2  -  sW  {F1  (s2)}2, 

each  side   of  this   relation   being  the   product   of  two   factors,  viz.  for   the  left-hand  side 
the  factors  are 


and  for  the  right-hand  side  they  are  the  rational  functions  of  s2, 

F  (s2)  +  scdFj,  (s2),    F  (s2)  -  scdF,  (s2)  , 

these   factors   are   by   Hermite's   theorem    equal   each   to   each  ;   viz.    this   is   the   relation 
in  which  Hermite's  stands  to  Abel's  theorem. 

The    //-product   theorem   is   given   as   one    out   of  a   group    of    four   theorems  ;    the 
other   three   may   be    called    the    //"-product,    ^-product    and    ©i-product,   odd    theorems 

respectively, 

{®l(x)  = 
viz,  these  are 

,AlH  (.-„)  J  fr 


A  A  (.  -  «.)  g.  fr-     .  .  .  g.  (.  - 


@2n+1  (x) 

where  F,   <f>   are    rational    and    integral    functions    of    the    degrees   n   and    n—1,   having 
their  proper  values  in  the  three  equations  respectively,  and  in  each  case 

ttl  +  a2  _|_  _  _ .  _|_  a2n     =  o. 

It  was  seen  above  that,  for  n=l,  the  ^T-product  theorem  became 

/rjvo  /  \  ^  ^^  ^  —  sn*  Of, 

which   is  the   most   simple   case ;    for   the  odd  theorems,  the   most  simple   case   is  n  -  0, 
viz.  we  then  have 

AlH(x)  A.H^x) 


to  complete  the  formulae  observe  that  the  values  of  the  constants  are 


The  three  theorems   may  be   used,  in   like    manner  with  the  ^-product  theorem,  to 
give  the  values  of  the  sn,  en,  and  dn  respectively  of  the  sum  «!  +  a2  +  ... 


882] 
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882. 


A    CORRESPONDENCE    OF    CONFOCAL    CARTESIANS    WITH   THE 
RIGHT    LINES    OF    A    HYPERBOLOID. 

[From  the  Messenger  of  Mathematics,  vol.  xvm.  (1889),  pp.  128  —  130.] 

TAKE  a,  j3,  7  arbitrary,  A,  B,  C=(3-y,  7  -a,  a  -  /3  (so  that  A+B  +  C=Q),  and 
writing  p,  cr,  r  for  rectangular  coordinates,  consider  the  hyperboloid 

Ap*  +  B<?2  +  Cr*  +  ABC  =  0. 

Let  p0,  <r0,  T0  be  the  coordinates  of  a  point  on  the  surface  (Ap02  +  B<r<?  +  Cr02  +  ABC  =  0). 
The  equations  of  a  line  through  this  point  are  p,  a-,  T=p0+f£l,  a0+g£l,  r0  +  hfl  (£1 
indeterminate)  ;  and  if  this  lies  on  the  surface,  we  have 


Af*  +  Bg*     +  Ch*    =0, 

which  equations  determine  the  ratios  /  :  g  :  h  ;    the  equations  give 
(APof  +  Ba0g)*  =  CV.  Ch\     =  -  CV  (4/ 


that  is, 

(A  V  +  ACr?}f*  +  ZABp^fg  +  (5W  +  BCrf)  g*  =  0, 
whence 

<?)  g  +  ABp^f}2 

(AW  +  ACrf)  (&*<?  + 
=  -  ABC  (Apf  +  Baf  +  CV02)  r02/2, 

that    is, 

or  say 

(5<r02  +  ^To2)  g  +  A  (poo-o  +  C'TO)/=  0, 

which   equation,    together    with    Ap0f+  Ba0g  +  Cr^h  =  0,    determines    the    ratios  /  :  g  :  h. 
We  have  thus  the  two  lines  through  the  point  (p0,  cr0,  TO). 

74—2 
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But  the  equations  of  the  line  may  be  conveniently  represented  in  a  different  form  ; 
writing  the  equation  first  obtained  in  the  form 

a0  (Ba-0g  +  AP(f)  +  Crfg  ±  ACr0f=  0, 

this   is 

-  a0Cr0h  +  Cr02g  ±  ACr0f=  0, 

viz. 

0  ±  Af=0  ; 


and  we  have  the  like  equations 

-/TO  +  hp0  ±Bg  =  0, 

-  gpo  +/°"o  ±  ch  =  o, 

where  the  sign  is  the  same  in  each  of  the  three  equations. 
The  equations  of  the  line  on  the  surface  may  be  written 

ha-  —gr  —  ha-0  +  gr0  =  0, 

-  hp  .  +/T  -/TO  +  hp0  =  0, 

gp  -fa-  .   -  gp0+fo0  =  0, 

(ha-0  -  gr0)  p  +  (fr0-  hp0)  a  +  (gp0  -/<TO)  T  .     =  0  ; 

and  hence  from  the  foregoing  three  equations,  taking  the  sign  -,  we  have 

h<r-    gr  +  Af  =  0, 

-  hp          .      +    fr+Bg   =0, 
gp  -    fa-          .    +Ch    =0, 

-  Afp   -  Bgtr  -Chr        .      =  0, 

where  Af2  +  Bg2  +  Ch2  =  0,  for  the  equations  of  a  line  on  the  surface. 

In  like  manner,  taking  the  sign  +,  and  for/  g,  h  writing  new  values  /',  g',  h',  we 
have 

h'a—    g'r-Af'  =  0, 

-  h'p         .      +   f'r-Bg'  =0, 
g'p  -  f'e          .   -  Ch'  =  0, 

Afp  +  Bg'a-  +  Ch'r      .       =  0, 

where  Af'2  +  Bg'2  +  Ch'2  =  0,  for  the  equations  of  a  line  on  the  surface. 

The  two  systems  of  equations  evidently  belong  to  the  lines  of  the  two  different 
kinds  respectively.  Writing  for  shortness  P,  Q,  R  =  gh'+g'h,  hf'  +  h'f,  fg'  +f'g,  the 
two  lines  in  fact  intersect  in  a  point,  the  coordinates  say  (p0,  cr0,  TO)  whereof  are 
=  ®QR,  SRP,  ®PQ,  where 

ABC 


6  = 


g2h'2-g'2h2     h2f'2-h'2f* 
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the  three  expressions  for  @  being  equal  to  each   other  in  virtue  of  the  equations 
Af*  +  Bg2  +  Ch2  =  0,     Af2  +  Bg'2  +  Ch'2  =  0. 

Take  now,  in  a  plane,  P,  Q,  R  points  on  any  line,  say  the  axis  of  x,  at  distances 
a,  {3,  7  from  the  origin,  then  for  a  point  of  the  plane,  coordinates  (x,  y),  if  p,  a-,  r 
be  the  distances  of  the  point  from  these  three  points,  or  say  foci,  we  have 


and  if  as  before  A,  B,  C  =  (3—<y,  7  —  2,  a  —  /3,  we  thence  have 

Ap2  +  Ba2  +  Cr2  +  ABO  =  0. 

A   point,   coordinates   (p,  a;  T),   of  the    hyperboloid   thus   corresponds   to   a   point    in 
the  plane,  distances  p,  a;  T  from  the  three  foci  R,  8,  T  respectively  ;   and  to  any  line 

ha-  -     gr  +  Af  =  0, 

-  hp  .   +     fr  +  Bg   =  0, 
gp-     fa-         .     +Ch    =  0, 

-  Afp  -  Bga-  -Chr        .      =  0, 

corresponds  the  Cartesian  represented  by  these  linear  equations.  Similarly,  to  the  line 
represented  by  the  other  system  of  equations 

h'a-    g'r-Af'  =  0, 

-h'p       .        +    f'r-Bg'  =0, 

g'p-  fa-       .       -Ch'  =0, 

Afp  +  Bg'a  +  Ch'r        .      =  0, 

corresponds  the  Cartesian  represented  by  these  equations  ;  the  two  curves  intersect  in 
the  point  p0,  o-0,  r0  =  SQR,  ®RP,  ®PQ,  corresponding  to  the  intersection  of  the  lines 
on  the  hyperboloid;  and  moreover,  qua  confocal  Cartesians,  they  intersect  at  right 
angles. 
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ANALYTICAL  FORMULA  IN  REGARD  TO  AN  OCTAD  OF  POINTS. 

[From  the  Messenger  of  Mathematics,  vol.  xvm.  (1889),  pp.  149 — 152.] 

THE  term  "tetrad"  is  used  in  two  distinct  but  not  inconsistent  senses,  viz.  a 
tetrad  denotes  any  four  points;  and  it  also  denotes  the  four  vertices  of  a  self-conjugate 
tetrahedron  in  regard  to  a  quadric  surface.  In  fact,  given  any  four  points,  there  exists 
a  triply  infinite  series  of  quadric  surfaces  such  that,  in  regard  to  any  one  of  them, 
the  four  points  form  a  self-conjugate  tetrahedron. 

Two  or  more  tetrads,  in  regard  to  one  and  the  same  quadric  surface,  are  called 
similar  tetrads. 

The  eight  points  of  intersection  of  any  three  quadric  surfaces  are  an  octad;  and 
we  have  the  theorem  that  any  seven  points  determine  the  octad,  viz.  the  quadric 
surfaces  which  pass  through  any  seven  given  points  pass  also  through  a  uniquely 
determinate  eighth  point. 

We  have  the  further  theorem  that  any  two  similar  tetrads  form  an  octad. 
In  particular,  the  vertices  of  the  tetrahedron 

(0  =  0,  y  =  0,  z  =  Q,  w  =  0), 

or,  say  the  points  1000,  0100,  0010,  0001  are  a  tetrad  in  regard  to  the  quadric  surface 
a?  +  y*  +  j>  +  u?  =  0.  The  points  fa,  y1}  z1}  wj,  fa,  ya,  za,  wa),  fa,  y3,  z3,  w3),  fa,  y4,  z4,  w,}, 
or  say  the  points  1,  2,  3,  4,  will  be  a  tetrad  in  regard  to  the  same  quadric  surface, 
if  only 

#1^2  +  y\y<i  +  z\z<i  +  WiW2  =  0,  &c.,  (six  equations). 

Hence,  these  equations  being  satisfied,  the  two  tetrads  form  an  octad;  the  equation 
of  a  general  quadric  surface  through  the  points  of  the  first  tetrad  is 

fyz  +  gzx  +  hxy  +  Ixw  +  myw  +  nzw  =  0, 
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and  we  can  from  three  such  equations  eliminate  any  two  terms;  the  two  terms 
eliminated  may  be  such  as  xy,  xz,  (12  forms)  or  such  as  yz,  xw,  (3  forms);  and  the 
equation  may  thus  be  presented  either  in  the  form 

fyz  +  (lac  +  my  +  nz)  w  =  0, 
or  in  the  form 

gzx  +  hxy  +  myw  +  nzw  =  0. 

The  absolute  magnitudes  of  the  coordinates 

Oi,  2/i,  *i,  MI),  &c., 

of  these  points  are  properly  indeterminate  ;  but  we  may  if  we  please  fix  the  absolute 
magnitudes  by  assuming 

^i2  4-  2/j2  +  z?  +  wf  =  M,  &c., 

(four  equations,  the  same  quantity  M  in  each  of  them),  and  we  have  as  before 

1w2  =  0,  &c.,  (six  equations), 


viz.  the  coordinates  are  taken  to  satisfy  these  10  equations ;  and  this  being  so,  it  is 
to  be  shown  that  there  exist  quadric  surfaces  as  above.  The  10  equations  may  be 
expressed  in  a  correlative  form  in  like  manner  with  the  ordinary  six  equations  for 
the  transformation  of  the  rectangular  coordinates  (x,  y,  z),  viz.  the  new  form  is 

x-f    +  x£   +  x/    +  x?   =  M,  &c.,  (four  equations), 
and 

#1 2A  + ^2 £/2 +  #s 2/3 +  #4 2/4  =  0,    &c.,  (six  equations), 

and  the  coordinates  thus  also  satisfy  these  10  equations. 

Thus  the  equation  fyz  +  (Ix  +  my  +  nz)  w  =  0,  if  we  determine  the  coefficients  in  such 
wise  that  the  surface  passes  through  the  points  1,  2,  3,  becomes 

yz  ,     xw   ,    yw  ,    zw       =0, 


yzz2,     x2w2,     y2w2, 
y3z3,    x3w3,    y3w3, 

and  this  equation  must  therefore  be  satisfied  on  writing  therein  (#4,  yit  z4,  wt)  for 
(x,  y,  z,  w)  ;  viz.  the  equation  thus  obtained,  det.  (1,  2,  3,  4)  =  0,  must  be  satisfied  in 
virtue  of  the  equations  which  connect  the  coordinates  of  the  four  points.  But,  instead 
of  effecting  this  verification,  it  is  better  to  exhibit  the  equation  in  (x,  y,  z,  w)  in  a 
form  wherein  the  coordinates  of  the  four  points  enter  symmetrically  ;  and  the  new 
equation,  qua  transformation  of  the  original  form,  is  satisfied  for  (x,  y,  z,  w)  =  (x1}  yly  zl}  w^: 
and  then  of  course,  by  reason  of  the  symmetry,  it  is  also  satisfied  for 

(x,  y,  z,  w)  =  (asti  y4,  z4,  w4). 
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The   transformation   may  be   effected  directly;   but   I   prefer  to  write  down  the  final 
result,  and  afterwards  verify  it. 

The  form  is 

yz  .  Mw1w2w3w4  +  xw  [-  xlyl  zl  .  w2wt 
+  yw  [     x?w^  .  Z2z3z4 

+  zw  [    acfwi  .  2/22/32/4  +  ^w2  .  2/32/42/1  +  ^2w3  .  y^y2  +  ^2w4  .  yiy»yt]  =  0. 
We  have  to  show  that  the  equation  is  satisfied  by  writing  therein 

O,  y,  z,  w)  =  (xl,  2/1,  Zi,  Wi). 
Calling  the  resulting  value  fl^  we  have 


which  is 

=     ^  Www    #2  +  #2  +  x     -  x 


The    expression    contains    terms    in    w2w3wt    which    destroy    each    other  ;    omitting 
them,  we  have 

fli  -7-  wl  =  —  xl  (xzyzzzwzw^wl  +  Xzy3zzw±W]Wz  +  x^y^z^w^w^w^ 

+  x?Wi  (yizzz3zi  +  ^2/22/32/4) 


where  the  last  line  is 

=  x2x3x4y1z1.o)l 

Hence  the  whole  divides  by  xlw1,  or  we  have 
O:  ^-  xw? 

viz.  this  is 


(X3XI  +  7/32/4  +  ^4) 

3  (^2^4  +  3/22/4  +  ^2^4) 

4  («2«3  +  2/22/3  +  ^3)  ', 

or,  finally,  it  is 

=      x2x3xt  (y^  +  y2z2  +  y3z3  +  y4z4) 

+  2/22/32/4  (ZlXi  +  ^2«2  +  ^3^3  +  ^0!4) 

+  z2z3Zt  (^2/i  4-  «22/2  +  x3y3  +  ac4y4), 
which  is  =0;   that  is,  we  have  ^  =  0,  the  required  result. 
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The  foregoing  equation  of  the  quadric  surface  can  be  by  mere  interchanges  of 
the  letters  exhibited  in  12  different  forms. 

We  may,  in  like  manner,  first  establish  and  then  verify  the  equation 

zx  (-  ^Wiy9y,y4  -  z^w^y^  -  z^y^y*  -  z^ 
+  xy  (     yfw&ZsZt  +  y?w^z&  4-  y/w&z^  +  y^ 
+  yw(- yfx^ZzZi  -  y22x2z3z4z1  -y^x^z^  —yfxtz^z3  ) 
+  zw  (     z^y^yt  +  zfakytytyi  +  z^x^y^y^  +  z^x^yzyz  )  =  0  ; 

this   can   be   by  a   cyclical   interchange   of  the    letters  (x,  y,  z)   exhibited   in    3   different 
forms. 

Of  course,  the  fifteen  equations  belong  each  of  them  to  a  quadric  surface  through 
the  8  points.  Any  three  of  the  fifteen  equations,  say  U  =  0,  V=0,  W  =  Q,  may  be 
used  for  determining  the  octad ;  the  equation  of  any  other  quadric  through  the 
octad  is  then  aU  +  @V+W  =  0. 


C.  xu.  75 
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884. 


NOTE    SUE    LES    SURFACES    MINIMA    ET    LE    THEOREMS    DE 

JOACHIMSTHAL. 

[From  the  Comptes  Rendus,  t.  cvi.  (1888),  pp.  995,  996.] 

I.  LA  seule  surface  minima  reglee  est  1'helicoide  a  plan  directeur:  ce  beau 
the'oreme  de  M.  Catalan  se  de'montre  par  des  considerations  geometriques  tres  simples. 

Soit  un  systeme  de  droites  ...,  P,  Q,  R,  ...,  tel  que,  pour  trois  droites  successives 
P,  Q,  R  quelconques,  tout  plan  II'  perpendiculaire  a  Q  rencontre  les  trois  droites  en 
des  points  p',  q,  r,  situes  sur  une  droite.  En  particulier,  si  qr  est  la  distance  la 
plus  petite  des  droites  Q  et  R,  le  plan  perpendiculaire  II,  qui  passe  par  le  point  q, 
passera  par  le  point  r  et  rencontrera  la  droite  P  en  un  point  p,  tel  que  les  points 
p,  q,  r  seront  sur  une  meme  droite  A,  perpendiculaire  a  chacune  des  droites  P,  Q,  R; 
c'est-a-dire,  chacune  de  ces  droites  rencontre  perpendiculairement  une  seule  et  meme 
droite  A.  Cela  dtant,  pour  que  les  points  de  rencontre  p,  q',  r  avec  un  autre  plan 
IT  soient  sur  la  meme  droite,  il  faut  encore  une  condition;  et,  en  supposant  (ce  que 
Ton  peut  faire  sans  perte  de  gdneralite)  que  les  distances  pq,  qr  soient  egales,  cette 
condition  sera:  que  1'inclinaison  des  plans  (PA,  QA)  est  egale  a  1'inclinaison  des 
plans  (QA,  RA). 

En  considerant  de  meme  les  droites  Q,  R,  S,  on  demontre  d'abord  que  la 
droite  8  rencontre  perpendiculairement  la  droite  A ;  puis,  en  supposant  que  les 
distances  qr,  rs  soient  egales,  on  obtient  la  condition  que  1'inclinaison  des  plans 
(QA,  RA)  est  e'gale  a  celle  des  plans  (-RA,  SA),  et  ainsi  de  suite  :  savoir,  on  obtient 
une  s^rie  de  droites  ...,  P,  Q,  R,  ...,  qui  rencontrent  perpendiculairement  la  droite 
A  et  sont  telles  qu'en  supposant  que  les  distances  ...,  pq,  qr,  rs,  ...  soient  t^gales, 
les  inclinaisons  ...,  (PA,  QA),  (QA,  RA),  (RA,  SA),...  sont  e'gales :  c'est-a-dire,  en 
considdrant  des  droites  ...,  P,  Q,  R,  8,  ...  consecutives,  on  a  les  generatrices  d'une 
helicoide  a  plan  directeur;  et  Ton  voit  ainsi  que  cette  surface  est  la  seule  surface 
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reglee,  qui  est  telle  que  tout  plan  perpendiculaire  a  line  generatrice  quelconque 
rencontre  la  surface  selon  une  courbe  qui  a,  au  point  de  rencontre  avec  la  generatrice, 
une  inflexion  (ou,  ce  qui  est  la  meme  chose,  un  rayon  infini  de  courbure).  Mais, 
comme  1'avait  remarque  M.  Catalan,  c'est  la  la  condition  pour  que  les  deux  rayons 
principaux  de  courbure  soient  dgaux  et  opposes,  ou  enfin  pour  que  la  surface  soit 
une  surface  minima. 

II.  Le  theoreme  de  Joachimsthal  et  aussi  le  theoreme  plus  general  de  Bonnet 
et  Serret,  par  rapport  aux  lignes  de  courbure  planes  ou  spheriques,  se  deduisent 
immediatement  de  ce  theoreme  e'le'mentaire  de  Geometrie :  En  considerant,  dans  des 
plans  differents,  deux  triangles  isosceles  PP'O  et  PP'N  avec  une  base  commune 
PF  (OP=OP'  et  NP  =  NF),  les  angles  OPN  et  OP'N  seront  egaux.  En  effet,  si, 
pour  une  surface  quelconque,  PP'  est  1'element  d'une  courbe  de  courbure  spherique, 
les  normales  a  la  surface  aux  points  P  et  P'  se  rencontrent  dans  un  point  N,  et 
les  rayons  de  la  sphere  aux  memes  points  se  rencontrent  dans  un  point  0 ;  on  a 
ainsi  les  deux  triangles  isosceles  PP'O  et  PP'N,  et  de  la  les  angles  egaux  OPN  et 
OP'N,  c'est-a-dire  que,  pour  deux  points  consecutifs  P  et  P'  de  la  ligne  de  courbure 
spherique,  rinclinaison  de  la  normale  de  la  surface  au  rayon  de  la  sphere  a  la 
meme  valeur,  et  cette  inclinaison  a  ainsi  la  meme  valeur  pour  tous  les  points  de  la 
ligne  de  courbure.  En  prenant  le  point  0  a  1'infini,  on  obtient  le  the'oreme  pour 
une  ligne  de  courbure  plane,  ou,  si  Ton  veut,  le  theoreme  pour  ce  cas  se  ddduit 
directement  de  celui-ci :  Une  droite  quelconque  PO,  perpendiculaire  a  la  base  PP' 
d'un  triangle  isoscele  PP'N,  est  egalement  incline'e  sur  les  deux  droites  PN  et  P'N. 
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885. 

ON    THE    DIOPHANTINE    EELATION,    f  +  y'2  =  SQUAEE. 

[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  xx.  (1889), 

pp.  122—127.] 

THE    diophantine    relation    y*  +  y'z  =  Square,   where    y    is    a    function    of    x,   and    y' 

denotes  -f  t   is   considered   by   Prof.    Sylvester    in    his    paper   "On    Reducible    Cyclodes," 
ax 

Proc.   Lond.   Math.   Soc.,   t.  I.  (1865  —  66),  pp.   137  —  160.     It  is  at  once  seen   that  there 

exists  a  solution 

y  =  (x  +  a)a  (x  +  by  (x  +  c)>  (x  +  d)s  .  .  .  , 


where  the  roots  a,  b,  c,  d,  ...  are  essentially  unequal,  and  the  number  of  simple 
factors  x  +  a,  x  +  b,  x  +  c,  x  +  d,...  is  even;  the  exponents  a,  /3,  y,  8,  ...  are  taken 
to  be  positive  integer  numbers.  Sylvester  assumes,  and  it  will  be  shown,  that  the 
factors  must  separate  themselves  into  two  sets,  or,  as  he  calls  them,  diptychs,  each 
containing  the  same  number  of  simple  factors  and  such  that  the  sum  of  the  exponents 
for  the  one  diptych  is  equal  to  the  sum  of  the  exponents  for  the  other  diptych  ; 
viz.  the  form  is  y  =  UU1}  where 


with  the  same  number  of  simple  factors,  and  with  the  relation  a  +  ft  +  ...  =  ax  +  /3j  +  ... 
between  the  exponents.  Hence,  if  the  number  of  simple  factors  be  called  the  class 
and  the  sum  of  the  exponents  be  called  the  order,  the  class  and  the  order  are  each 
of  them  even;  or,  what  is  the  same  thing,  the  semi-class  (say  fi)  and  the  semi-order 
(say  v)  are  each  of  them  integral. 

The  separation  of  the  factors  into  two  diptychs  is  a  remarkable  theorem.  I 
consider  the  analytical  theory  ;  for  greater  simplicity,  first  in  the  case,  class  =  2,  and 
secondly  in  the  case,  class  =  4  ;  but  it  is  easy  to  see  that  the  like  process  is 
applicable  to  the  case  of  any  even  value  whatever  of  the  class. 
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I  write  as  usual  i  =  V—  1 ;  the  equation  y2  +  y'2  =  square,  implies  y  +  iy'  =  square, 
and  y  —  iy'  =  square ;  at  least  this  is  so,  save  as  to  a  common  denominator,  as  will 
appear. 

First,  if  the  class  is  =  2 ;   we  have 

y  =  (x  +  a)a  (x  +  b)1* ; 

hence 

ia  i/3 


-    —    —  —T 
x  +  a     x  +  bj 

•  i         /!         ia          */8  \ 

y  —  IV   =  11     1  --  --  T     . 

9  \        x  +  a      x  +  bj 

(x  +  I)2  y          -,    (x  +  m)2  y  ,  .     ,  ,    J  ,  .     ,    . 

say  these  are  =  —  -       T  and  -      ,   respectively  ;   and,  this  being  so,  we  have 
J  x  +  a.x+b  x  +  a  .x  +  b 

2  (x  +  6)2'"2  (x  +  1?  (x  +  m)2-     ' 


It   is   to   be  shown  that   the   assumed   relations   lead   to   a  =  /3.     Resolving   the   last- 
memtioned  expressions   for  y  +  iy',  y  —  iy'  each  into  simple  fractions,  we  have 

ia  (b-a)  =  (l-  b}2,     -  ia.  (b  -  a)  =  (m  -  6)2, 

ij3  (a-b)  =(l-  a)2,     -  iff  (a  -  6)  =  (m  -  a)2. 
Hence 

(I  -  b)2  +  (m  -  b}2  =  0,     (I-  a)2  +  (m  -  a)2  =  0  ; 
these  cannot  give 

(l  —  b)  +  i  (m-b}=  0,     (l-a)  +  i  (ra  —  a)  =  0, 

with  the  same  sign  for  i  in  the  two  equations;    for  we  should  then  have 

(1  +  i)  (b-a)  =  0, 

but  1  +  i  is  not  =  0,  and  a,  b  are  essentially  unequal.  Hence,  taking  (as  we  may 
do)  +  i  in  the  first  equation,  we  must  have  —  i  in  the  second  equation,  and  the  two 
equations  are 

I  —  b  +  i  (m  —  b)  =  0,  that  is,  I  +  im  =  (1  +  i)  b, 

I  —  a  —  i  (m  —  a)  =  0,        „        I  —  im  =  (1  —  i)  a, 
and  thence 

21    =  (I  +  i)  (b  -  ia), 

2m  =  (l+i)(b  +  ia). 
Hence  also 

2  (I  -  b)  =     (1  -  i)  (a  -  b),     2i  (m  -b)  =  (l-  i)  (b  -  a), 

2  (I  -  a)  =  -  (1  +  i)  (a  -  b),     2i  (m  -  a)  =  (1  +  i)  (b  -  a)  ; 
consequently 

2  (I  -  b)2  =  -  i  (a  -  b)2,   =  -  2ia  (a  -  b), 

2(l-a)2=     i(a-b)2,   =     2ij3(a-b). 
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Hence  a  =  /3  =  £(a  —  6),  and  the  solution  thus  is 

y  —  (x  +  a)a  (x  +  b)a,     a=^(a-b), 


—  i(a  —  b)}, 
y~  +  y''  =  0»  +  «)2a~2  0  +  &)2a~2  («  + 

The  class  is  here  =  2,  and  the  order  is  =  2a  ;  considering  the  order  as  given,  say 
it  is  =  2z>,  we  have  a  =  v,  and  the  equation  y  =  £  (a  —  6)  then  shows  that  one  of  the 
roots  a,  b  is  arbitrary.  Taking  it  to  be  a,  we  have  b  =  a—2v,  or  the  solution,  class  2 
and  order  2z/,  is 

y  =  (x  +  a)"  (x  +  a  -  2i/)v, 

1  =  a.  —  v  +  iv,     m  =  a  —  v  —  iv, 

-  2v^-2  (x  +  I)2  (x  +  m)-. 


Considering  next  for  the  case,  class  =  4,  the  solution 

y  =  (x  +  a}a  (x  +  by>(x  +  c)>  (as  +  d)s, 
we  have 

/-,         t'<*  ifi          iy  i 

'  —      -  ^ 


or,  putting  these 

y    '    "y      '  j  \  •*•    '         i         '         i    z.    i                                7)5 

\        x  +  a     x  +  b     x  +  c     x  +  dj 

•  ,         f-,         i<*           i/3          iy           i8   \ 
y     iy  —  y  (  1                                                      1  • 

*  \        x  +  a     x  +  b     x  +  c     x  +  dj  ' 

respectively,  we  have 

\-a.x+b  .X  +  G.X+  d           x  +  a  .  x+  b  .x  +  c  .x- 
v*  ,  ,>2_y*(v  +  lY(x  +  p)*(x  +  ™>y(x  +  qy 

he* 

\2       » 


(a  +  a)2  O  +  6)2  («  +  c)2  (a?  +  d)2 
!  (a?  +  6)^~2  (a?  +  c)2>~2  (a;  +  ^)2S~2  (x  + 1)2  (x  +  p)2  (x  +  m)2  (a; 


Also,    by    decomposing    the    expressions    for    y  +  iy',   y-iy'    into    simple    fractions    and 
comparing  with  the  original  values,  we  find 

ia.  (b  -a)(c-  a)  (d-d)=(a-  iy  (a  -  pf, 

i&  (a  -b)(c-  b)  (d-b)  =  (b-  I)2  (b  -p)2, 

iy  (a  -  c)  (b  -  c)  (d-  c)  =  (c  -  If  (c  -  p)*, 

iS  (a-d)(b-d)(c  -d)  =  (d-  l)*(d-p)\ 

-  ia.  (b  -  a)  (c  -  a)  (d  -  a)  =  (a  -  mf  (a  -  q)2, 

-  i0  (a  -b)(c-  b)  (d-b)  =  (b-  m)2  (6  -  q)2, 

-  iy  (a  -  c)  (6  -  c)  (d  -  c)  =  (c  -  tnj  (c  -  qf, 

-  i8  (a  -d)(b-  d)  (c  -  d)  =  (d  -  m)2  (d  -  q)\ 
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Hence 

(a  -  I)2  (a-p)z  +  (a  -  m)2  (a  -  qf  =  0, 

(b  -  I)2  (b  -p)2  +  (b-  m)2  (b  -  qf  =  0, 

(c  -  I)2  (c  -p)2  +  (c  -  m)2  (c  -  q)2  =  0, 

(d  -  iy  (d  -p)2  +  (d-  m)2  (d  -  q)2  =  0  ; 
we  cannot  from  these  obtain  three  equations 

(a  —  m)  (a  —  q)  —  i  (a  —l)(a—p)  =  0, 

(b  -m)(b-q)-  i  (b  -  1)  (b  -  p)  =  0, 

(c  —  m)  (c  —  q)  —  i  (c  —  l)(c  —p)  =  0, 
with  the  same  sign  for  i;   in  fact  these  would  give 

(l  +  i)(6-c)(c-a)(a-6)  =  0, 

but    l  +  i   is   not    =  0,   and    the   a,   b,   c   are   essentially  unequal.     Hence   we   must   have 
equations  such  as 

(a  -  m)  (a  -  q)  -  i  (a  -  I)  (a  -  p)  =  0  ;   (c  -  m)  (c  -  q)  +  i  (c  -  1)  (c  -  p)  =  0, 
(b  -m)(b-q)-  i  (b  -  1)  (b  -p)  =  0  ;   (d-m)(d-q)  +  i  (d-  I)  (d-p)  =  0, 

two   of  them   with   —i,  and  two  of  them  with  +i;   viz.  the  a,   b,  c,  d  divide  themselves 
into  pairs  which  are  taken  to  be  a,  b  and  c,  d. 

We  hence  easily  obtain 

a  +  b  —  m  —  q  —  i  (a  +  b  —  I  —  p)  =  0,     ab  —  mq  —  i  (ab  —  Ip)  =  0, 

c  +  d  —  m  —  q  —  i  (c  +  d  —  I  —  p)  =  0,     cd  —  mq  —  i  (cd  —  Ip)  =  0, 
and  thence 

a  +  b-c  —  d=\(a  +  b  +  c  +  d)-2i(l+p), 

ab  —  cd  =  i  (ab  +  cd)  —  2ilp. 

Forming    from    these    values    of    l+p,    Ip    the    expression    for    2i(a—  I)  (a  —  p),   we   find 
2i(a  —  I)  (a  —  p)  =  (i  +  I)  (a  —  c)(a  —  d);   and  we  have  thus  the  set  of  equations 

2i  (a  -l)(a-p}  =  (i  +  1)  (a  -  c)  (a  -  d), 
2i  (b  -l)(b-p)  =  (i  +  1)  (6  -  c)  (b  -  d), 
2t  (c  -  0  (c  -p)  =  (i  -  1  )  (c  -  a)  (c  -  b), 


Hence  also 

2  (a  -  O2  (a  -pf  =  -  i  (a  -  c)2  (a  -  d}\ 

2  (6  -  Z)2  (b  -p)z  =  -  i  (b  -  cf  (b  -  df, 
2  (c  -  O2  (c  -  p)2  =  i(c-  a)2  (c  -  b)2, 
2(d-l)2(d-p)2=  i  (d  -  a)2  (d  -  b)2  ; 

and,  substituting  these  values  in  a  former  set  of  equations,  we  obtain 

2a  (b  —  a)  =  —  (a  —  c)  (a  —  d), 
-b)  =  -(b-c)(b-d), 
-c)=  (c-a)(c-b), 
-d)=  (d-a)(d-b); 
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and  thence 

2(a  +  /3)  =       a+b-c-d, 

2(y+8)  =  -(c+d-a-b), 
that  is,  a-f/3  =  7  +  S;   viz.  there  are,  in  this  case  also,  two  diptychs. 

If,  as  before,  the  order  is  taken  to  be  =  2i>,  then  a  +  (3  =  v,  y  +  8  =  v;  supposing 
that  v  is  a  given  positive  integer,  and  that  a,  £,  7,  8  are  positive  integers  satisfying 
these  equations  <*  +  /3=v,  y  +  S  =  v,  then  the  last-mentioned  four  equations  between 
a,  (3,  7,  8  and  a,  b,  c,  d  are  equivalent  to  three  relations  serving  to  determine  the  differences 
of  a,  b,  c,  d  (say  a  -  d,  b  -  d,  c  -  d)  in  terms  of  a,  /3,  7,  B.  And  we  then  further  have 

(a  -  1)  (a  -  p)  =  -  (1  -  i)  «(b-  a),  (a  -  m)  (a  -  q)  =  -  (1  +  i)  «  (ft  -  a), 
(6  -  Z)  (6  -  p)  =  -  (1  -  i)  £  (a  -  6),  (&  -  ™)  (ft  -  ?)  =  ~  (!  +  *')  #  (a  ~  6)> 
(c-/)(c-i>)=  (1  +  0  7  (d  -  c),  (c-m)(c-q)  =  (l-i)y(c-d), 
(d  -l)(d-p)  =  (1  +  i)  8  (c-  d),  (d  -  m)  (d  -  q)  =  (1  -  i)  8  (d  -  c), 
each  set  equivalent  to  two  equations;  or,  as  these  may  be  written, 

2(1   +  p)=a  +  b  +  c+d  +  i  (a  +  b-c-d), 
Zip  =ab  +  cd          +i  (ab  —  cd), 

2  (te+q)*=a+b  +  c  +  d—i(a+b—c  —  d), 
2mq  =  ab  +  cd          —i  (ab  —  cd), 

serving  to  determine  I,  p,  m,  q  in  terms  of  a,  b,  c,  d. 
Observe  also  that,  u  being  arbitrary,  we  have 

2(u-   I)  (u  -  p)  =  (1  + 1)  (u  -  a)  (u  -  b)  +  (1  -  i)  (u  -c)(u-  d), 
2  (u  -  m)  (u-q)  =  (l-  i)  (u  -  a)  (u  -  b)  +  (1  +  i)  (u  -c)(u-  d), 

(which  equations,  writing  therein  u  =  a,  b,  c,  or  d,  in  fact  reproduce  the  two  systems 
of  four  equations). 

We  have  also 

l+p  +  m+q  =  a  +  b  +  c  +  d,     I  +p —  m  — q  =  i(a+b  —  c-  d), 
Ip  +  mq          =ab  +  cd,  Ip  —  mq  =  i  (ab  —  cd) ; 

and  moreover 

4(7   -_p)2=     2i{(a-by-(c-d)2}  +  4!(a  +  b)(c  +  d)-8(ab  +  cd), 
4>  (m  -q)*  =  -  2i  {(a  -  b)-  -(c-  d)-}  +  4  (a  +  b)  (c  +  d)  -  8  (ab  +  cd), 

which  equations,  combined  with  the  foregoing  values  of  2  (I  +  p)  and  2  (m  +  q),  give 
the  values  of  I,  p,  m,  q.  We  have  thus  the  complete  solution  for  the  case  class  =  4, 
order  =  20  ;  say 

y  =  (x  +  a)a  (x  +  bf  .  (x  +  c)y  (as  +  d)s ;  a  +  /3  =  7  +  B  =  v, 

y-  +  y'2  =  (x  +  «)2a~2  («  +  b)2f*~2  (x  +  c)2>-2  (as  +  d)2S~2  (x  +  I)2  (x  +  p~f  (x  +  m)2  (x  +  q)2, 
with  the  fo.regoing  relations  between  the  constants. 
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ON    THE    SURFACES    WITH    PLANE    OR    SPHERICAL    CURVES 

OF    CURVATURE. 

[From  the  American  Journal  of  Mathematics,  vol.  XL  (1889),  pp.  71—98;  pp.  293 — 306.] 

THE  theory  is  considered  in  two  nearly  cotemporaneous  papers — Bonnet,  "  Me'moire 
sur  les  surfaces  dont  les  lignes  de  courbure  sont  planes  ou  spheriques,"  Jour,  de 
I'ficole  Polyt.,  t.  xx.  (1853),  pp.  117—306,  and  Serret,  "Me'moire  sur  les  surfaces  dont 
toutes  les  lignes  de  courbure  sont  planes  ou  spheriques,"  Liouville,  t.  xvm.  (1853), 
pp.  113 — 162.  I  desire  to  reproduce  in  a  more  compact  form,  and  with  some  additional 
developments,  the  chief  results  obtained  in  these  elaborate  memoirs. 

The  basis  of  the  theory  is  a  theorem  by  Lancret,  1806.  In  any  curve  described 
upon  a  surface,  the  angle  between  the  osculating  planes  at  consecutive  points  is  equal 
to  the  difference  of  the  angles  between  the  osculating  planes  and  the  corresponding 
tangent  planes  of  the  surface. 

This   includes  as  a   particular   case   Joachimsthal's   theorem,    Crelle,   t.    xxx.   (1846) : 

If  a   surface   have  a   plane    curve   of    curvature,   then   at   any   point    thereof    the    angle 

between  the  plane  of  the  curve   and   the   tangent   plane   of  the  surface   has   a   constant 
value. 

Bonnet  and  Serret  each  deduce  the  like  theorem  for  a  spherical  curve  of  curvature, 
viz. :  If  a  surface  have  a  spherical  curve  of  curvature,  then  at  any  point  thereof  the 
angle  between  the  tangent  plane  of  the  sphere  and  the  tangent  plane  of  the  surface 
has  a  constant  value.  Bonnet  (Memoire,  p.  235)  says  that  this  follows  from  Lancret's 
theorem.  Serret  (Memoire,  p.  128)  obtains  it,  by  the  transformation  by  reciprocal  radius 
vectors,  from  Joachimsthal's  theorem. 

I   remark    that    the    theorem    for  a  spherical  curve  of  curvature,  and  (as  a  particular 
case  thereof)  that   for  a   plane   curve   of  curvature,  are  obtained   at  once  from  the  most 
elementary    geometrical    considerations,    viz.    if    we    have    (in    the    same    plane    or    in 
c.  xii.  76 
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different  planes)  the  two  isosceles  triangles  NPP',  OPP'  on  a  common  base  PP',  then 
the  angle  OPN  is  equal  to  the  angle  OFN.  For  take  P,  P'  consecutive  points  on 
a  spherical  curve  of  curvature;  then  at  P,  P'  the  normals  of  the  surface  meet  in  a 
point  N,  and  the  normals  (or  radii)  of  the  sphere  meet  in  the  centre  0,  and  we  have 
angle  OPN  =  angle  OP'N,  that  is,  at  each  of  these  points  the  inclination  of  the  normal 
of  the  surface  to  the  normal  of  the  sphere  has  the  same  value  ;  and  this  value  being 
thus  the  same  for  any  two  consecutive  points,  must  be  the  same  for  all  points  of  the 
curve  of  curvature.  The  proof  applies  to  the  plane  curve  of  curvature;  but  in  this 
case,  the  fundamental  theorem  may  be  taken  to  be,  a  line  at  right  angles  to  the  base 
PP'  of  the  isosceles  triangle  NPP'  is  equally  inclined  to  the  two  equal  sides 
NP,  NF. 

A    surface    may   have   one   set   of  its   curves   of   curvature    plane   or    spherical.      To 
include  the  -two  cases  in  a  common  formula,  the  equation  may  be  written 

-  2by  -  2cz  -  2u  =  0  ; 


k=l  in  the  case  of  a  sphere,  =  0  in  that  of  a  plane  ;  and  the  expression  a  sphere 
may  be  understood  to  include  a  plane.  I  write  in  general  A,  B,  C  to  denote  the 
cosines  of  the  inclinations  of  the  normal  of  the  surface  at  the  point  (x,  y,  z)  to  the 
axes  of  coordinates  (consequently  A2  +  B2  +  C2  =  1).  Hence  considering  a  surface,  and 
writing  down  the  equations 


-  2by  -  2cz  -  2u  =  0, 
(kx-a)A+(ky-b)B  +  (kz-c)C  =  l, 

Avhere  (a,  b,  c,  u,  I)  are  regarded  as  functions  of  a  parameter  t.  The  first  of  these 
equations  is  that  of  a  variable  sphere  ;  and  the  second  equation  expresses  that  at 
a  point  of  intersection  of  the  surface  with  the  sphere,  the  inclination  of  the  tangent 
plane  of  the  surface  to  the  tangent  plane  of  the  sphere  has  a  constant  value  I,  viz. 
this  is  a  value  depending  only  on  the  parameter  t,  and  therefore  constant  for  all  points 
of  the  curve  of  intersection  of  the  sphere  and  surface  :  by  what  precedes,  the  curve 
of  intersection  is  a  curve  of  curvature  of  the  surface,  and  the  surface  will  thus  have 
a  set  of  spherical  curves  of  curvature. 

Supposing  the  surface  defined  by  means  of  expressions  of  its  coordinates  (x,  y,  z) 
as  functions  of  two  variable  parameters,  we  may  for  one  of  these  take  the  parameter  t 
which  enters  into  the  equation  of  the  sphere  ;  and  if  the  other  parameter  be  called  6, 
then  the  expressions  of  the  coordinates  are  of  the  form  x,  y,  z  =  x  (t,  6},  y  (t,  0},  z  (t,  6} 
respectively  ;  these  give  equations  dx,  dy,  dz  =  adt  +  a'dd,  bdt  +  b'dd,  cdt  +  c'dd,  where  of 
course  (a,  b,  c,  a',  b',  c')  are  in  general  functions  of  t,  6;  and  we  have  A,  B,  G  pro 
portional  to  be  —  b'c,  ca'  —  c'a,  ab'  —  a'b,  viz.  the  values  are  equal  to  these  expressions 
each  divided  by  the  square  root  of  the  sum  of  their  squares.  In  order  that  the 
surface  may  have  a  set  of  spherical  curves  of  curvature,  the  above  three  equations 
must  be  satisfied  identically  by  means  of  the  values  of 

a,  b,  c,  u,  I,  A,  B,  C,  x,  y,  z, 
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as  functions  of  (t,  0}  ;  and  it  may  be  seen  without  difficulty  that  we  are  thereby  led 
to  a  partial  differential  equation  of  the  first  order  for  the  determination  of  the  surface. 
But  I  do  not  at  present  further  consider  this  question  of  the  determination  of  a 
surface  having  one  set  of  its  curves  of  curvature  (plane  or)  spherical. 

Suppose  now  that  there  is  a  second  set  of  (plane  or)  spherical  curves  of  curvature. 
We  have  in  like  manner 


K  (x*  +  y2  +  z-)  —  2aa;  —  2(3y  —  2yz  —  2v    —  0, 
(KX  -a)A+(Ky 


where  K  is  =  1  or  =  0  according  as  the  curves  are  spherical  or  plane,  and  (a,  /3,  7,  v,  X) 
are  functions  of  a  variable  parameter  6.  We  take  the  t  of  the  former  set  of  equations 
and  the  6  of  these  equations  as  the  two  parameters  in  terms  of  which  the  coordinates 
(x,  y,  z)  are  expressed.  This  being  so  (the  former  equations  being  satisfied  as  before), 
if  these  equations  are  satisfied  identically  by  the  values  of  a,  @,  7,  v,  \,  A.  B,  C,  x,  y,  z 
as  functions  of  (t,  6),  then  the  surface  will  have  its  other  set  of  curves  of  curvature 
also  spherical.  It  will  be  recollected  that  by  hypothesis  a,  b,  c,  u,  I  are  functions  of 
the  parameter  t  only,  and  that  a,  0,  7,  v,  \  functions  of  the  parameter  6  only.  The 
foregoing  equations,  together  with  the  assumed  relations 

A2  +  B2  +  (72  =  1, 
Adx+Bdy 


are   the   "  six   equations  "    for    the    determination   of    a   surface   having    its    two    sets    of 
curves  of  curvature  each  of  them  (plane  or)  spherical. 

Assuming  now  the  values  of  a,  b,  c,  I,  u  as  functions  of  t,  and  a,  @,  7,  \,  v  as 
functions  of  6,  the  question  at  once  arises  whether  we  can  then  satisfy  the  six  equations. 
These  equations  other  than  Adx  +  Bdy  +  Cdz  =  0,  or  say  the  five  equations,  in  effect 
determine  any  five  of  the  eight  quantities  A,  B,  0,  x,  y,  z,  t,  0,  in  terms  of  the 
remaining  three,  say  they  determine  A,  B,  C,  t,  6  as  functions  of  x,  y,  z:  we  thus  have 
a  differential  equation  Adx  +  Bdy  +  Cdz=  0,  wherein  A,  B,  C  are  to  be  regarded  as 
given  functions  of  (x,  y,  z).  An  equation  of  this  form  is  not  in  general  integrable  : 
and  if  the  equation  in  question  be  not  integrable,  then  clearly  the  system  of  equations 
cannot  be  satisfied  by  any  value  of  z  as  a  function  of  (x,  y},  or,  what  is  the  same 
thing,  by  any  values  of  (x,  y,  z)  as  functions  of  (t,  0).  We  thus  arrive  at  the  con 
dition  that  the  equation  may  be  integrable,  viz.  the  condition  is 


dyj         \dx      dz  J         \dy      das) 

If  this  be  satisfied,  then  we  have  an  integral  equation  7  =  0  (containing  a  constant 
of  integration  which  is  an  absolute  constant)  and  which  is,  in  fact,  the  equation  of  the 
required  surface.  But  it  is  proper  to  look  at  the  question  somewhat  differently. 
Supposing  that  the  condition  V  =0  is  satisfied,  then  we  have  the  integral  equation 
7=0,  and  this  equation,  together  with  the  five  equations,  in  effect  determine  any  six 
of  the  quantities  A,  B,  C,  x,  y,  z,  t,  6  in  terms  of  the  remaining  two  of  them,  or,  what 
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is  the  same  thing,  they  determine  a  relation  between  any  three  of  these  quantities. 
We  can,  from  the  five  equations  and  their  differentials,  and  from  the  equation 
Adx+Bdy  +  Cdz  =  0,  obtain  a  differential  equation  between  any  three  of  the  eight 
quantities  :  and  it  has  just  been  seen  that  corresponding  hereto  we  have  an  integral 
relation  between  the  same  three  quantities  ;  that  is,  the  condition  V  =  0  being  satisfied, 
we  can  from  the  six  equations  obtain  between  any  three  of  the  quantities  A,  B,  C,  x,  y,  z,  t,  6 
a  linear  differential  equation  of  the  foregoing  form  (for  instance  Zdz  +  Tdt  +  ®d0  =  0, 
where  Z,  T,  ®  are  given  functions  of  z,  t,  6)  which  will  ipso  facto  be  integrable, 
furnishing  between  z,  t,  6  an  integral  equation  which  may  be  used  instead  of  the 
before-mentioned  integral  equation  7=0.  And  we  thus  have  (without  any  further 
integration)  in  all  six  equations  which  serve  to  determine  any  six  of  the  quantities 
A,  B,  C,  x,  y,  z,  t,  6  in  terms  of  the  remaining  two.  It  is  often  convenient  to  seek 
in  this  way  for  the  expressions  of  (A,  B,  C  and)  x,  y,  z  as  functions  of  t,  6,  in  pre 
ference  to  seeking  for  the  integral  equation  7=0  between  the  coordinates  x,  y,  z. 

The  condition  V  =  0  is  in  fact  the  condition  which  expresses  that  at  any  point 
of  the  surface  the  two  curves  of  curvature  intersect  at  right  angles.  Serret  (and  after 
him  Bonnet)  in  effect  obtain  the  condition  by  the  assumption  of  this  geometrical 
relation,  without  showing  that  the  geometrical  relation  is  in  fact  the  necessary  con 
dition  for  the  coexistence  of  the  six  equations.  They  give  the  condition  in  the  form 
dxSx  +  dyfy  +  dzSz  =  0,  where  dx,  dy,  dz  are  the  increments  of  (x,  y,  z}  along  one  of 
the  curves  of  curvature,  and  Son,  Sy,  Sz  the  increments  along  the  other  curve  of  curvature. 

The  equations  give 

(kx  —  a)dx  +  (ky  —  b)dy  +  (kz  —  c)dz  =  0, 

Ada;  +  Bdy  +  Cdz  =  0, 

and  similarly 

(KX  —  a)  Sac  +  (Ky  —  /3)  Sy  +  (KZ  —  y)Sz  =  0, 

ASx  +  BSy  +  CSz  =  0. 

We  thence  have 

dx  '.  dy  :  dz  =  B(kz  —  c)—  C  (ky  —  b)  :  C(kx  —  a}  —  A  (kz  —  c)  :  A(ky  —b)  —  B  (kx—  a), 
and 

Sx  :  By  :  Sz  =  B(KZ-j)-C  (Ky  -  /3)  :  C  (KX  -  a)  -  A  (KZ  -  7)  :  A  (Ky  -  /3)  -  B  (KX  -  a). 

We  have  thus  the  required  condition,  in  a  form  which  is  readily  changed  into 

(A"  +  B2  +  C2)  {(kx  -  a)  (KX  -  a)  +  (ky  -  b)  (Ky  -  /3)  +  (kz  -  c)  (KZ  -  7)} 

-  {A  (kx  -a)+B  (ky-b)+C(kz-c)}  {A  (KX-OL)  +  B(Ky-  /3)+  C(KZ-J)}  =  0, 
and  writing  herein  A2  +  B2  +  C2=  1,  this  becomes 

\K  {k  (x°  +  y*  +  z")  -  2ax  -  2by  -  2cz  } 


+  (act  +  6/3  +  07)  -  l\  =  0, 
that  is, 

aa.  +  b/3  +  cy  —  l\  +  KU 
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I    proceed    to    show    that    this    is    the    condition    V  =  0    for    the    integrability   of    the 
differential  equation  A  dx  +  Bdy  +  Cdz  =  0.     Writing  as  before 


dB     d 

j  --  -j- 
dz      dy 


dC     dA\ 

-j---j  r- 

dx      dz  J 


j- 
dy 


dB\ 

J     )i 

dec) 


we  have  from  the  six  equations 

AdA  +  BdB  +  CdC  =  0, 

(kx  -a)dA+(ky-b)dB  +  (kz  -c)dC  =  -k  (Adx  +  Bdy  +  Cdz)  +  (Aa,  +  Bb,  +  Cc,  +  I,  )  dt, 

(KOC  -a.)dA  +  (icy  -  (3)  dB  +  (KZ  -y)  dC  =  -  K  (Adx  +  Bdy  +  Cdz)  +  (Aa'  +  B/3'  +  Cy  +  V)  d0, 

(kx  —  a)  dx  +  (ky  -  b  )  dy  +  (kz  -  c)  dz  =  (a-^x  +  ^y  +  c^z  +  u-)  dt, 

(KX  -a)dx  +  (fey  -  /9)  dy  +  (KZ  —  y)dz  =  (ct'x  +  fi'y  +  y'z  +  v)  d6, 

where   a1}   blt   c]5    11}   u^  denote   derived   functions   in   regard   to   t,   and   a!,  /3',   7',   X',    v 
derived  functions  in  regard  to  6.     Putting  for  shortness 


n= 


A    ,        B    ,        C 
kx  —  a,     ky  —  b ,     kz  —  c 
KX  —  a,     Ky  —  ft,     KZ  —  7 


we  readily  obtain 

fldA  =  [(Ky  -p)C-(Kz-  7)  B]  j-  k  (Ada;  +  Bdy  +  Cdz) 


-[(ky-b)C-(kz-c)B}\-K  (Adx  +  Bdy  +  Cdz) 


, 

" 


say  this  is 

fldA  =  [(Ky  -ft)C-(KZ-  7)  B]  j-  k  (Adx  +  Bdy  +  Cdz) 

L  ) 

+  p  {(kx  -  a)  dx  +  (ky-b)dy  +  (kz -  c)  dz}\ 

-[(ky-b)C-  (kz  -  c)  B]  j-  K  (Adx  +  Bdy  +  Cdz) 

A  \ 

+  jj  {(KX  -a)dx  +  (icy  -  ft)  dy  +  (KZ  -  y)  dz}l , 

or,  introducing   further   abbreviations,    and    writing    down    the    analogous    values    of   fldB 
and  fldC,  we  have 

fldA  =  [(icy -ft)  C-(Kz-y)B]U-  [(ky-b)  C  -  (kz  -  c)  B]  T, 
fldB  =  [(KZ  -y)A-(KX-a)C]U-  [(kz  -  c)  A  -  (kx  -  a)  C]  T, 
:  [(KX  -  a  )  B  -  (KIJ  -  ft)  A]  U-  [(kx  -  a)  B  -  (ky  -b)A]T. 
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We  hence  find 

n*B=     [(K2-v)A-(KX- 

GL2 


-  [(kz  -  c)  A  -  (kx-  a)  C]  j-  *C+  jj  O  -7)}  > 


x  -  a)  B  -  (ky  -  b  )  A]  j-  KB  +  ^  (icy  -  £)  J  . 


Combining    these    two    terms,    in    the    resulting   value   of  H  (-^  -  ^J  ,   first,   the    term 
without  L  or  A  is  found  to  be 

=  -kA 


+  KA  [A  (kx  -a)  +  B  (ky  -b)  +  C  (kz  -  c)}, 
which  is 

=  —  kA\  +  k  (KX  —  O)  —  K  (kx  —  a)  +  xAl, 

=      A(Kl  —  k\)  —  kct  +  KCI. 
Next,  the  coefficient  of  -p  is 

A  (kz  -  c)  (KZ  -  7)  -  C  (KX  -  a)  (kz  -  c) 
+  A  (ky  -  b)  (KIJ  -  /3)  -  B  (KX  -  a)  (ky  -  b), 

which  is 

=  A  [(kx  -  a)  (KX  -  a)  +  (ky  -  b)  (Ky  -0)  +  (kz  -  c)  (KZ  -  7)] 

-  (KX  -  a)  [A  (kx  -a)  +  B(ky-b)  +  C(kz  -  c)] 


if  for  shortness 

M  =  (kx-  a)  (KX  -  a)  +  (ky  -  b)  (Ky  -  /3)  +  (kz  -  c)  (KZ  -  7)  ; 

and  similarly,  the  coefficient  of  ^  is 

-  A  (kz  -  c)  (KZ  —  7)  +  C  (kx  —  a)  (KX  —  a  ) 
-A(ky-b)(Ky-/3)  +  B  (kx  -b)(Ky-  /3), 
which  is 

=  -A  [(kx  -  a)  (KX  -  a)  +  (ky  -  b)  (Ky  -  /3)  +  (kz  -  c)  (KZ  -  7)] 

-  (Teas  -  a)  [A  (KX  -a)+B(icy-p)  +  C  (KZ  -  7)] 
=  -  A  M  -  (kx  -  a)  X. 
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We  thus  obtain 


and  similarly 


hence  multiplying  by  A,  B,  C  and  adding,  we  obtain 

bi-Cc)  +     (M-lX)-~  (M  -  l\\ 


wh€:re  the  first  four  terms  are  together 

=  Kl  -  k\  +  k  {K  (Ax  +  By  +  Cz)-\}-K  {k  (Ax  +  Bij  +  Cz)  -  1], 
viz.  these  destroy  each  other,  and  the  equation  becomes 


But  we  have 

M-  l\  =     \K  {k  (x>  +  y*  +  z*)  -  2ax  -  2by  -  2cz} 

2yz]  +  (act 


which  is 

=  aa.  +  b/3  +  cy  —  1\  +  KU  +  kv, 
or  we  find 

ft  v  =  f  p  -  jj  I  (««  +  6/3  +  cy  -  1\  + 

viz.  the  condition   V  =  0  is 

aa  +  6/3  +  cy  —  l\  4-  KU  +  kv  =  0, 

the  result  which  was  to  be  proved. 


If  we  consider  separately  the  cases  where  the  two  sets  of  curves  of  curvature 
are  each  plane,  the  first  plane  and  the  second  spherical,  and  each  of  them  spherical; 
or  say  the  cases  PP,  PS  and  SS,  then  in  these  cases  respectively  the  condition  is 

aa.  +  b/3+cy-l\  =  0, 
aa  +  bj3  +  cy-l\  +  u  =  0, 
aa  +  b/3  +  cy  —  l\  +  u  +  v  =  0  : 

we  have,  in  each  case,  to  take  the  italic  letters  functions  of  t  and  the  greek  letters 
functions  of  0,  satisfying  identically  the  appropriate  equation,  but  otherwise  arbitrary; 
and  then,  in  each  case,  the  six  equations  lead  to  a  differential  equation  Adx+Bdy+Cdz=Q 
(or  say  Zdz  +  Tdt  +  ®dd  =  0)  between  three  variables,  which  equation  is  ipso  facto 
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integrable;  and  we  thus  obtain  a  new  integral  equation  which,  with  the  original  five 
integral  equations,  gives  the  solution  of  the  problem.  The  condition  is,  in  each  case, 
of  the  form  2aa  =  0,  the  number  of  terms  aa  being  4,  5  or  6.  Considering  for  instance 

the  form 

aa  +  bft  +  cy  +  d8  +  ee  +/<£  =  0 

with  6  terms,  it  is  easy  to  see  how  such  an  equation  is  to  be  satisfied  by  values 
of  a,  b,  c,  d,  e,  f  which  are  functions  of  t,  and  values  of  a,  ft,  7,  8,  e,  <f>  which  are 
functions  of  6.  Suppose  that  t1}  t,,...  are  particular  values  of  t,  and  alt  &,,...,/; 
a2,  62,...,/2,  &c.,  the  corresponding  values  of  a,  6,  ...,/,  these  values  being  of  course 
absolute  constants;  we  have  a,  ft...,  4>,  functions  of  6,  satisfying  all  the  equations 

(alf  k,  c1;  d1}  ei,/i$a,  ft,  %  B,  e,  <£)  =  0, 

(a.2,  b,,  c2,  d,,  c2, /2$  „  )  =  0, 

&c, 

and  if  6  or  more  of  these  equations  were  independent,  the  equations  could,  it  is  clear, 
be  satisfied  only  by  the  values  a  =  /3  =  7  =  8  =  e  =  0  =0.  To  obtain  a  proper  solution, 
only  some  number  less  than  6  of  these  equations  can  be  independent.  Suppose,  for 
instance,  that  only  two  of  the  equations  are  independent ;  we  then  have  a,  ft,  7,  8,  e,  <£ 
functions  of  6  satisfying  these  equations,  but  otherwise  arbitrary;  or,  what  is  the  same 
thing,  we  may  take  a,  ft,  7,  8,  e,  <£  linear  functions  of  6-2,  =4  arbitrary  functions, 
say  P,  Q,  R,  S  of  6;  say  we  have 


</>  =  (<£<>,  ...........  I          »          X 

where    the    suffixed    greek    letters    denote    absolute    constants;    and    this    being    so,    in 
order  to  satisfy  the  proposed  equation  aa  +  6/3  +  c<y  +  d8  +  ee  +f<f>  =  0,  we  must  have 

6,  c,  d,  e,f)  =  0, 


viz.  a,  6,  c,  c?,  e,  /  will  then  be  functions  of  t  satisfying  these  four  equations,  but 
otherwise  arbitrary.  The  above  is  a  solution  for  the  partition  2  +  4  of  the  number  6. 
We  have  in  like  manner  a  solution  for  any  other  partition  of  6  ;  or  if  we  disregard 
the  extreme  cases  a=  b  =c  =  d  =  e=f=  0  and  a.  =  ft  =  y  =  8  =  €  =  (j)  =  0,  then  we  have 
in  this  manner  solutions  for  the  several  partitions  15,  24,  33,  42  and  51  of  the 
number  6. 

But  applying  this  theory  to  the  actual  problem,  there  is  a  good  deal  of  difficulty 
as  regards  the  enumeration  of  the  really  distinct  cases.  I  use  the  letters  P,  S  to 
denote  that  a  set  of  curves  of  curvature  is  plane  or  spherical  as  the  case  may  be, 
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the  surfaces  to  be  considered  are  thus  PP,  PS,  and  88.  First,  for  the  PP  problem 
where  the  equation  is  aa  +  b0  +  cy-l\  =  Q  :  the  two  systems  (a,  b,  c,  I)  and  (a,  /3,  7,  X) 
are  symmetrically  related  to  each  other,  and  instead  of  the  solutions  13,  22  and  31, 
it  is  sufficient  to  consider  the  solutions  13  and  22.  But  here  (a,  b,  c,  I)  are  not  a 
system  of  four  symmetrically  related  functions,  (a,  b,  c)  are  a  symmetrical  system, 
and  I  is  a  distinct  term :  and  the  like  for  the  system  (a,  /?,  7,  X).  In  the  PS 
problem,  where  the  equation  is  act  +  6/3  +  07  -  l\  +  u  =  0,  and  thus  the  systems 
(a,  b,  c,  I,  u),  (a,  /3,  7,  X-,  1)  are  of  different  forms,  we  should  consider  the  solutions 
14,  23,  32  and  41 :  but  here  again,  in  each  of  the  systems  separately,  the  terms  are 
not  symmetrically  related  to  each  other.  Lastly,  in  the  SS  problem  where  the  equation 
is  act +  6/3  +  cy  — l\  +  u  +  v=  0:  the  systems  (a,  b,  c,  I,  u,  1)  and  (a,  /3,  7,  A.,  1,  v) 
are  of  the  same  form,  it  is  enough  to  consider  the  solutions  15,  24  and  33;  but 
in  this  case  also,  in  each  of  the  systems  separately,  the  terms  are  not  symmetrically 
related  to  each  other.  I  do  not  at  present  further  consider  the  question,  but  simply 
adopt  Serret's  enumeration. 

It  is  to  be  remarked  that  for  a  developable  (but  not  for  a  skew  surface)  the 
generating  lines  may  be  curves  of  curvature,  and  regarding  the  generating  lines  as 
plane  curves  we  might  have  developables  PP  or  PS;  but  a  straight  line  is  not  a 
curve  in  a  determinate  plane,  and  it  is  better  to  consider  the  case  apart  from  the 
general  theory.  Again,  the  curves  of  curvature  of  one  set  or  those  of  each  set  may 
be  circles ;  and  a  circle  may  be  regarded  either  as  a  plane  or  a  spherical  curve ; 
regarding  it,  however,  as  a  spherical  curve,  it  is  a  curve  not  in  a  determinate  sphere. 
The  cases  in  question,  of  the  curves  of  curvature  of  the  one  set  or  of  those  of  each 
set  being  circles,  are  therefore  also  to  be  considered  apart  from  the  general  theory. 
The  surfaces  referred  to  present  themselves  for  consideration  among  Serret's  cases 
PP,  1°,  2°,  3°;  PS,  1°,  2°,  3°,  4°,  5°,  6°,  7°;  and  SS,  1°,  2°,  3°,  4°;  but  they  are  excluded 
from  his  enumeration,  and  he  in  fact  reckons  in  his  "  Conclusion,"  pp.  161,  162,  two 
kinds  of  surfaces  PP,  three  kinds  PS,  and  two  kinds  SS. 

It  is  very  easily  seen  that,  if  a  surface  has  a  plane  or  a  spherical  curve  of 
curvature,  then  on  any  parallel  surface  the  corresponding  curve  is  a  plane  or  a  spherical 
curve  of  curvature :  and  thus  if  a  surface  be  PP,  PS,  or  SS,  then  the  parallel 
surfaces  are  respectively  PP.  PS,  or  SS.  The  solutions  obtained  include  for  the  most 
part  all  the  parallel  surfaces,  and  thus  there  is  no  occasion  to  make  use  of  this 
theorem ;  but  see  in  the  continuation  of  the  present  paper  the  case  considered  under 
the  subheading  post,  PS,  4°  =  Serret's  third  case  of  PS. 

If  a  surface  have  a  plane  or  a  spherical  curve  of  curvature,  then  transforming  the 
surface  by  reciprocal  radius  vectors  (or  inverting  in  regard  to  an  arbitrary  point), 
then  in  the  transformed  surface  the  corresponding  curve  is  a  spherical  curve  of 
curvature.  Hence  if  a  surface  be  PP,  PS  or  88,  the  transformed  surface  is  88. 
Conversely,  as  shown  by  Bonnet  and  Serret,  and  as  will  appear,  every  surface  SS  is 
in  fact  an  inversion  of  a  surface  PP  or  PS. 

I  proceed  to  the  enumeration,  developing  the  theory  only  in  regard  to  the  two, 
three,  and  two,  cases  PP,  PS  and  SS  respectively. 

c.  xn.  77 
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PP,  The  Two  Sets  of  Curves  of  Curvature  each  Plane. 

The  six  equations  are 

A*  +  B*     +C*  =1, 

ax  +  by  +  cz  +  u  =  0, 

Aa  +  Bb  +Cc  +1=0, 

ax  +  jSy  +  yz  +v=  0, 

ACL  +  BP  +  Cy  +  \  =  0, 

Ada:  +  Bdy  +  Cdz         =  0 ; 
the  condition  is 

aa  +  bp  +  cy-l\  =  0, 

not    containing   u    or   v,   so   that   these    remain    arbitrary   functions   of  t,   6   respectively. 
The  cases  are 

PP,  1° 

PP,  2° 
PP,  3° 

m   is   an   arbitrary  constant ;    and   in    the    body    of  the    table,  c   is  an   arbitrary   function 
of  t,  and  a,  y,  X  arbitrary  functions  of  6. 

PP,  1°  is  Serret's  first  case  of  PP,  included  in  his  second  case. 

PP,  2°  gives  a  developable. 

PP,  3°  is  Serret's  second  case  of  PP. 


a 

b 

c 

I 

a 

ft 

7 

\ 

1 

0 

c 

0 

0 

1 

0 

\ 

0 

1 

0 

—  m 

a 

—  in\ 

7 

X 

1 

0 

c 

me 

0 

1 

m\ 

X; 

I  consider  the  case 


PP,  3°  =  Serret's  Second  Case  of  PP. 


Writing    for    greater    symmetry    m=g,    —=f,    so    that   fg=l;    also    m\  =  y,    and 


in, 


consequently   X  =fy,   we    take   c   and   y   for   the    two    parameters    respectively,   or    write 
c  =  t,  y  =  Q ;   also  changing  the  letters  u,  v,  we  write 


a             b             c             I             u 

a 

{3            y           \            v 

=  1,            0,            t             gt           P 

0 

i         e        fd        n, 

and  the  six  equations  thus  are 

A*  +  B* 

+  <72 

=  1, 

x+tz 

-P 

=  o, 

A+tC 

-0* 

=  o, 

y  +  6z 

-n 

=  0, 

B  +  6C 

-/» 

=  0, 

A  dx  +  Bdy  +  Cdz  =  0. 
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We  seek  for  the  differential  equation  in  z,  t,  6.     We  have 

A*  +  &+&  =  !,    A  =  t(g-C),     B=e(f-C\ 
and  thence 

t*(g-cy+p(f-cy>+c°-  =  i, 

that  is, 

C"  (1+  12  +  02)  +  2C(gt*  +/<92)  =  1  -  g*t2  -/202, 

or  multiplying  by  1  +  12  +  O2  and  completing  the  square, 

{(i  +t*+  ffi)  c-gt*  -/02}2  =  (i  -g^  - 


if 


and  thence,  giving  a  determinate  sign  to  the  square  root,  say 

(I  +  P+PiC 

an  equation  which  may  also  be  written 


. 

f-g 

In  fact,  observing  that       -2  —       =  (/—  g]  (1  +t2+  ^2),  we  deduce  from  the  original  form 


_/zj7 

-/^-/Vl  +  ri 

V27     H/vT7     ®/' 

or   throwing   out   the    factor  -~  +  =-    and    reducing,    we    have    the    required    value ;    and 
thence  forming  the  values  of  A  and  B,  we  have 

we  have,  moreover, 

77—2 
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or    differentiating,    and    writing    P,    and    II'    for    the    derived    functions    in    regard    to 
t  and  0  respectively, 

dx  =  -  tdz  -  zdt  +  P,dt,     dy=-  0dz  -  zd0  -  ft'd0. 

The  equation  Adas  +  Bdy  +  Cdz  =  0  thus  becomes 

-  Ttdx  -  ®6dy  +    j^"  dz  =  0, 
viz.  this  is 

[-  tT(-  tdz  -  zdt  +  P,dt)  -  OB  (-  6dz  -  zd0  +  U'dt)]  (f-g)  +  (fT-  g®)  dz  =  0, 

or  collecting, 

[{/+  (/_  g)  t*}  T-{g  +  (g  -ft2)}  ©]  dz  +  (tTzdt  +  0®zd0)  (f-g) 

-  (tTP.dt  +  0®tt'd0)  (f-g)  =  0, 
that  is, 

'  *  -±}dz  +  (f-g)z (tTdt  +  0®dO)  - (f- g) (tTP.dt  +  0®U'd0)  =  0, 


v@ 
which  is  an  integrable  form  as  it  should  be ;    viz.  the  equation  is 

d  H^  -  *  U  -  (f-  g)  (tTP.dt  +  OBU'dO)  =  0, 
and  we  obtain 


the  constant  of  integration  being  considered  as  included  in  the  integral.  But  it  is 
proper  to  alter  the  form  of  the  second  term.  Take  F,  <&  arbitrary  functions  of  t,  0 

respectively:  and  writing  F1}  <&'  for  the  derived  functions:  assume  P=-rfl~,  Ii=^  ; 
we  have 

((tTP.dt  +  0BU'd0)  =  !  (gtT  l-^}  dt+f0®  t^-\  o 

_          gtP\  _          f6&_ 
In  fact,  this  will  be  true  if  only 

fF-y\  f  f6*&'\'  (<&' 

=  gtJL  I  -ffr  \  ,    I  —  *P  H — ^-    J  =  j0®  {  pr. 
\J-  J i      \  vy    /  \(HT 

which  are  equations  of  like  form  in  t,  0  respectively ;  it  will  be  sufficient  to  verify 
the  first  of  them.  Effecting  the  differentiation,  the  terms  in  Fn  destroy  each  other, 
and  there  remain  only  terms  containing  the  factor  Fl ;  throwing  this  out,  we  obtain 
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viz.  this  is 

-1+9  {/+  (/-  </)  V\  ~  9?  (f~  9}  =  0, 
which  is  identically  true,  and  the  equation  is  thus  verified. 

The  foregoing  result  is 


wethen  have 


and  hence,  repeating  also  the  equation  for  z, 


equations  which  give  the  values  of  the  coordinates  x,  y,  z  in  terms  of  the  parameters 
t,  6.  It  will  be  recollected  that  jfy=l  (/  or  g  being  arbitrary),  then  the  values  of  T,  B 
are 


and   that    F,   3>    denote    arbitrary    functions    of  t,   0    respectively.      I    repeat    also    the 
foregoing  equations 

A     7?    d—     tT  -'  ~  &      —  fift  J  ~  $      J     ~9™ 
*>****•        •"  y^T0'  2^§'      T-®  ' 

The  equations  may  be  presented  under  a  different  form  ;   we  have 

-  tTx  -  6®  ~ 


s 

f-g 

-fT3  (x  +  tz)  +  F,  =  0, 

-  9®3  (y  +  6*}  +  &  =  °> 

where  it  will  be  observed  that  the  second  and  third  equations  are  the  derivatives 
of  the  first  equation  in  regard  to  t  and  6  respectively.  We  thus  have  the  required 
surface  as  the  envelope  of  the  plane  represented  by  the  first  equation,  regarding 
therein  t,  6  as  variable  parameters.  Moreover,  the  second  equation  (which  contains 
only  the  parameter  t)  represents  the  planes  of  the  curves  of  curvature  of  the  one 
set;  and  the  third  equation  (which  contains  only  the  parameter  6}  represents  the 
planes  of  the  curves  of  curvature  of  the  other  set.  It  is  to  be  observed  that,  from 
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the    equations    for    /,    \,    viz.    A+tC  =  gt    and    B+6C=fd,   then    for   any   plane   of  the 

first  set  the  inclination  to  a  tangent  plane  of  the  surface  is  =cos-1     ..._  ___  ,  and  that  for 

Vl  +  V 

any  plane  of  the  second  set  the  inclination  is  =  cos 


. 

Vi  +#> 

It  may  be  remarked  that  the  last-mentioned  results  may  be  arrived  at  by  the 
consideration  of  an  equation  Ax  +  By+Cz+D  =  Q,  where  the  coefficients  are  functions 
of  t  and  6  (A  a  function  of  t  only,  and  B  a  function  of  6  only),  such  that  the 
derived  equations  A^x  +  C±z  +  Dl  =  0  and  E'x  +  G'z  +  D'  =  0  depend  the  former  of  them 
upon  t  only,  and  the  latter  of  them  upon  6  only. 

A  very  simple  case  of  the  equation  is  when  f=g=l;  here  T=®  =  1,  and  the 
surface  is  the  envelope  of  the  plane  z  —  tx  —  6y  +  F  +  <E>  =  0. 

Returning  to  the  general  form 


I    transform    this,    by    introducing    therein    in    place    of    t,    6    two    variable    parameters 
a,   /3   which    are   such  that  ka.  =  -  tT,   k/3  =  6®    Ik   a   constant    which    is    presently   put 

1     \ 
=    .  .     _     ;    we    find 


. 
and  thence 

T=~.^l-'(f-g)k^, 
or  putting  k  —        _•_  .  ,  these  last  values  are 


A  U  U*    • 

and  we  hence  obtain 


h.  . 

say  this  is 

=  k  \\  \/l-a2  -  p  VFT^2}, 

where  X  =       *     ,  ^  =  -.^£__  ,  and  therefore  X2  -  u?  =  1  or  a  = 
~ 


Hence   writing   F+3>  =  k(A+B),    k   times   the   sum    of  two   arbitrary   functions   of 
a  and  ft  respectively,  the  equation  becomes 

ax  -  fty  +  z  [\  Vl  -  a-  -  Vx,2-!  vT+£*j  +  A  +  B  =  0, 
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viz.  the  surface  is  given  as  the  envelope .  of  this  plane  considering  a,  ft  as  two 
variable  parameters.  This  is  the  solution  given  by  Darboux,  Lemons  sur  la  ilitorie 
gtnerale  des  surfaces,  &c.,  t.  I.,  Paris,  1887,  pp.  128—131.  He  obtains  it  in  a  very 
elegant  manner,  starting  from  the  following  theorem  :  Take  A,  Als  &c.,  functions  of  the 
parameter  a,  and  B,  B1}  &c.,  functions  of  the  parameter  ft;  then,  if  we  have  identically 

(A,  -  B,Y  +  (A*  -  Btf  +  (A5  -  BSY  =  (A4-  Btf, 
the  required  surface  will  be  obtained  as  the  envelope  of  the  plane 

(A1-B1)x  +  (A2-BJy  +  (A3-B3)z=A-B, 
where  A,  B  are  two  new  functions  of  a,  ft  respectively. 

The  foregoing  identity  is  the  condition  in  order  that  each  sphere  of  the  one 
series  (x  —  A-tf  +  (y  —  A2)2  +  (z  —  A.^f  =  A42  may  touch  each  sphere  of  the  other  series 
(x  —  BJ2  +  (y  —  .Bo)2  +  (z  —  B-*)2  =  B4"  >  the  two  series  of  spheres  thus  envelope  one  and 
the  same  surface  which  will  have  its  curves  of  curvature  of  each  set  circles  :  viz.  this 
will  be  the  surface  of  the  fourth  order  called  Dupiu's  Cyclide,  the  normals  whereof  pass 
through  an  ellipse  and  hyperbola  which  are  focal  curves  one  of  the  other,  and  which 
contain  the  centres  of  all  the  spheres  touching  the  surface  along  its  curves  of 
curvature.  The  equations  of  the  ellipse  and  the  hyperbola  may  be  taken  to  be 


F 


respectively,  and  we  thence  obtain  the  required  PP  surface  as  the  envelope  of  the  plane 
ow  -/3y+(\  VF-^o2  -  Vx^-  1  VlT^S5)  z  +  A  +  B  =  0. 

The  Case  PP,  1°  =  Serret's  First  Case  of  PP. 

We    deduce    this    from    the    second    case    by    writing    therein    m  =  0,    that    is,   g  =  0, 
f=  x  ;   but    it    is   necessary    to    make    also    a    transformation   upon    the   parameter   0,    viz. 

in  place  thereof  we  introduce  the  new  parameter  <f>,  where  6'1  =  ,,        .   .     This  gives 

—      2 


and  thence 


-</>*        f-g 
We  have   also  T=    -  =.  when  a  =  0,  and  substituting  these  values, 


27*    i     f-ff-j 

considering    <£    as   a   function    of  </>,  and    for    F  +  <I>   writing    as  we    may    do    J  ,   the 

equation  becomes 

—  i  <t>tj  z  F  +  3> 
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where    the    divisor    V/  is    to    be    omitted.      Hence    finally,    instead    of    <f>   restoring   the 
original  letter  0,  and  again  considering  <l>  as  a  function  of  6,  the  equation  is 


z  —  tx 


9y 


+ 12    Vi  -  er- 


+  F  +  <£  =  0, 


viz.    here    F,    <t   are    arbitrary    functions    of    t,    6    respectively,    and    the    surface    is    the 
envelope  of  this  plane  considering  t,  9  as  variable. 

We  obtain  an  imaginary  special  form  of  PP,  1°,  by  writing  in  this  equation  k6  for 
9  and  then  putting  k=oc;  the  <1>  remains  an  arbitrary  function  of  the  new  9,  and  the 
equation  is 

_ 

°' 


(t  =  V-l    as   usual).     This   is,  in  fact,  the  equation   which  is   obtained   from  PP,  3n  by 
simply  writing  therein  g  =  0  without  the  transformation  upon  9. 


PS,  The  Sets  of  Curves  of  Curvature,  the  First  Plane,  the  Second  Spherical. 


The  six  equations  are 

A  -  _i_  7?°  i  ri" 

-a-      +  JD +  C  - 

ax  +  by  +  cz  +  u 
Aa  +  Bb+  Cc  +  l 
x-    +  yn-  +  z-  -2c 
A  (x  —  a)  +  B  (y  — 
Ada;  +  Bdy  +  Cdz 
The  condition  is 


not  containing  v,  so  that  this  remains  an  arbitrary  function  of  9.     The  cases  are 


a 

b 

c 

I 

u 

a 

13 

7 

X 

PS, 

1° 

a 

b 

c 

0 

0 

0 

0 

0 

A. 

PS, 

2° 

a 

b 

c 

I 

ml 

0 

0 

0 

m 

PS, 

3° 

a 

b 

c 

—  me 

0 

0 

0 

7 

1 

—  ry 

m  ' 

PS, 

4° 

a 

b 

0 

I 

ml 

0 

0 

7 

m 

PS, 

5° 

a 

b 

0 

0 

0 

0 

0 

/ 

7 

X 

PS, 

6° 

0 

b 

0 

I 

ml 

a 

0 

7 

m 

PS, 

70 

a 

b 

0 

ma 

0 

0 

7 

1 

a, 

1 

m 
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where    m  is  an  arbitrary  constant  ;  in  the  body  of  the  table,  the  other  italic  letters  are 
arbitrary  functions  of  t,  and  the  greek  letters  arbitrary  functions  of  6. 

PS,  1°  is  Serret's  first  case  of  PS,  included  in  his  second  case. 

PS,  2°  gives  developable. 

PS,  3°  is  Serret's  second  case  of  PS. 

PS,  4°  is  Serret's  third  case  of  PS. 

PS,  5°  gives  circular  sections  (surfaces  of  revolution). 

PS,  6°  gives  circular  sections  (tubular  surfaces). 

PS,  7°  gives  circular  sections. 

I  consider 

PS,  3°=  Serret's  Second  Case  of  PS. 

The  six  equations  are 

A*     +  &     +  <72  =  1, 

ax    +  by     +  cz  —  0, 

Aa   +  Bb    +  Cc  =  —  cm, 

x-      +  y2      +  (z-  m(f>)2  =  0  +  ra2<£2, 

Ax   +  By    +  C  (z  -  w</>)  =  </>, 

Adx  +  Bdy  +  Cdz  =  0, 

where  a,  b,  c  are  assumed  such  that  a2  +  62+c2  =  l.     We  easily  obtain 

(1  -  c2)  A  =  -  ac  (C  +m)-b 
(1  -  c2)  B  =  -  be  (C  +  m)  +  a 


and  thence 

aB  -  bA  = 
where 

0  =  (1  -c2)  (1  -  (72)  -  c2((7  +  m)2,  =  1  -c2-  <72  -  2c2CW  -  c2m2; 
also 

a?  Vl  -  cW  =  A<f)  Vl  -  c2;?i2  +  (bC  -  cB)  V<9  +  (m2  -  1)  <£2, 

y  A/1  -  c2m2  =  B(f>  Vl  -  c2m2  +  (cA  -  aC)  \f0~+~(m2  -  1  )  $-, 

z  Vl  -  c2m2  =  (C  +  m)  0  Vl  -  c2m2  +  (aB  -  bA)  V(9  +  (m2-  1)  <£-. 
We  seek  for  the  differential  equation  in  C,  t,  6.     From  the  equation 

Ax  +  By  +  (C  -  w</>)  z  =  <f>, 
arid  attending  to 

Adx  +  Bdy  +  Cdz  =  0, 
we  deduce 

xdA  +  ydB  +  (z-  m$)  dC  -  (1  +  Cm)  <j>dd  =  0, 
c.  xii.  78 
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and  we  have  herein  to  substitute   for  dA,  dB  their   values   in   terms  of  dC,  dt,  d0.     We 

have 

AdA  +  BdB  =  -  CdC, 

adA  +bdB  =-cdC-Q, 

if  for  shortness 

Q  =  Ada  +  Bdb  +  (C  +  m)  dc. 

Hence 

JtodA  =  (-cB  +  bC)dC-  BQ, 

•JUdB  =  (-aC+  cA)  dC  +  AQ. 
We  find  without  difficulty, 

(1  _  c2)  Q  =  (C  +  m)  dc  +  (adb  -  bda)  Vn, 
and  consequently, 

(1  -  c2)  Vfl  dA  =  {     b(G+  c2ra)  -  ac  V^}  dC  -  B  {(C  +  m)dc  +  (adb  -  bda)  V^}, 
(1  -  c2)  Va  dB  =  {-  a  (C  +  c°m)  -  be  V^}  dC  +  A  {(C  +  m)dc  +  (adb  -  bda)  \/ty. 
Substituting  these  values,  we  have 

{(bos  -  ay)  (C  +  c2ra)  -  (ax  +  by)  c  V^}  dC 

-  (Bx  -  Ay)  {(C  +  m)dc  +  (adb  -  bda)  </fy 

+  (1  -  c2)  Vft  {0  ~  m<j>)  dC-(l  +  Cm)  <f>'d0]  =  0, 
viz.  this  is 

{(bx  -  ay)  (C  +  cam)  -  (ax  +  by)  c<Jfl  +  (l-  c2)  (z  -  m<j>)  V^}  dC 

-(Bx-Ay){(C+  m)  dc  +  (adb  -  bda)  ^£1} 
-  (1  -  c2)  (1  +  Cm)  \/H</>'d0  =  0. 

The    coefficient   of    dC  contains   a    term   -  (ax  +  by  +  cz)  c  \/£l   which    is    =  0.     Moreover, 
we  have 

bx  -  ay  =  -  <£  Vn  +  ^L±^m-  Vfl  +  (m2 
Vl  -  c2m2 

and  then 

(1  -  c2)  (Bx  -  Ay)  =  -c(C  +  m)(bx-  ay)  -  cz 


=  _  c  (0  +  m)    - 


- 
(  v  1  —  c2m2 


, 
vl-c2m2 

which,  observing  that  the  terms  in  (7<£  V^  destroy  each  other,  and  that  we  have 

(C  +  m)  (C  +  c*m)  +  O  =  (1  -  c2)  (1  +  Cm), 
gives 

^-^/  =  -C/1 

Vl  -  c2m 
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and  the  equation  becomes 


-l)        (C  +  c*m)  +  *  V^  ~  (1  -  c2)  m</>  ^ft   dC 


Vl  -  c2m2  / 

(C  +  m)dc 


Vl  -  c'2m2 
-  (1  -  c2)  Vft  (1  +  Cm)  (f>'d0  =  0. 
Here  the  coefficient  of  dC  is 


VI  — 


or    substituting  for   z  —  (C  +  m)  V^    its   value   = Vm        j_9_  ^  an(j   Observing   that 

v  1  —  c2m2 

fi  4.  (C  +  c2m)2  =  (1  —  C2m2)(l  —  c2),  this  coefficient  is  found  to  be 

=  Vl  -  c2m2  (1  -  c2)  V0  +  (w2  - 1)  <f>2, 


and  we  have 


Vl  -  c2m2  (1  -  c2)  V0  +  (m2  -  1)  </>2 


-  c  (1  +  Cm)  (C  +  m) 


vl  — 


c2m2 


—  (1  —  c2)  (1  +  Cm)  yTl  (f>'dd  =  0, 
or,  as  this  may  be  written, 

1     (Vl  -  G*m*dC          (C  +  m)cdc      }         c(adb-bda)  <f>'d0  _ 

VH  I     1  +  Cm          (I  -  c2)  Vl  -  c2m2)      (1  -  c2)  Vf^  c2m2     V0  +  (m2  -  1)  02 

where  from  the  foregoing  value  of  fl  we  have  identically 

II  (1  -  m2)  =  (1  -  c2)  (1  +  (7m)2  -  (1  -  c2m2)  (C  +  m)2. 

Here   a,  6,  c   are   functions   of  t ;   and    we   have   thus   the   required   differential   equation 
in  C.  «,  0. 

It   is  convenient    to    multiply   by   the    constant   factor   Vl  —  m2.     The    first   term   is 
an  exact  differential,  viz.  writing 

Vl  -  c2m2    C+m  Vf-mV^ 

sin  c  =  — ._ .  and  tnereiore  cos  c  =    ,  —          —  , 

Vl  -  c2     1  +  Cm  Vl  -  c2  (1  +  Cm) 

we  have 

Vl  -  m2  (Vl  -  c*m?dC  (C+m)cdc 


1  +  Cm         (I-  c2)  Vl  -  c2m2J  ' 

as  may  easily  be  verified.  And  the  second  and  third  terms  are  obviously  the  differentials 
of  a  function  of  t  and  a  function  of  6  respectively.  But  to  obtain  the  integral 
functions,  a  transformation  of  each  term  is  required. 

78—2 
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—  —  ,   ,  ,         «_  _*•  r  .1     i_-  i_ 

First,  for   the   term  .           =^  :   we   take  a,  b,  c  functions   of   t  which  are 

(1  -  c2)  v  1  -  c2m2 
such  that   a2+  b*  +  c2  =  l  ;   and   then   writing   al5  b1}  Cj   for  the   derived  functions  so   that 

aa!  +  bbj  +  ccj  =  0,  we  assume  a',  V,  c'  =  Fa^   Fb1;  Fd  where   ~^  =  a^  +  V  +  cx2  ;   we  have 

therefore   aa'  +  bb'  +  cc'  =  0,  and   a'2  +  b'2  +  c'2  =  1  ;   and    then  writing  a",  b",  c"  =  be'  —  b'c, 
ca'  —  c'a,  ab'  —  afb   respectively,  we   have 

aa"+bb"+cc"  =  0,    aV  +  bV  +  c'c'^O,   a"2  +  b"2  +  c'/2  =  1  ; 
thus  a,  b,  c,  a',  b',  c',  a",  b",  c"  are  a  set  of  rectangular  coefficients.     We  then  write 

a,  b,  c=-  (B!  +  mb"),     -  (b'  -  ma"),     -  c', 
P  P  P 

determining  p  so  that  a2  +  62  +  c2  =  1  as  above,  viz.  we  thus  have 

p2  =  (1  +  cm)2  +  c'2m2. 
Observe  that  we  thus  have  p2  (1  —  c2)  =  p2  —  c'2  and  p2  (I  —  c2m2)  =  (1  +  cm)2. 

Writing  now 

™  c  +  m  ,     ,        „          .  c  +  m  c"  Vl  —  m2 

T  =  tan  *  --  .  ,  and   therefore   sin  T  =   ,  ,   cos  T  =  —  =- 

c"  v  1  -  m2  Vp2  -  c'2  V 

we  find  that 


Tm  _     1  —  m2c  (adb  —  bda) 
(l-c2)Vl-c2m2 

The  verification  is  somewhat  long,  but  it  is  very  interesting.     We  have 

,77_  Vl  -  m2  {c^c^c  -  (c  +  m)  dc"} 
/-c'2 

or  observing  that  c'^ab'-a'b,  =  F(abj  -  ajb),  dc  =  cldt,  this  is 

-  aib)  ci  -  (c  +  m)  [Fx  (abj  -  a:b)  +  F(abn  -  anb)]  dt], 
where  we  have 

-^  =  ai2  +  b/  +  d2,  and  therefore  -  ^  ^a^n  4-bjbu  +  c,cu  ; 

also   from   as*  +  bbj  +  cc,  =  0,  we    have   a^  +  bj2  +  d2  +  aau  +  bbn  +  ccn  =  0,   and   we    thence 
obtain 


Vl  —  m2 

~  ~ i — 77^ —  {-  (abj  -  a,b)  cx  (aau  +  bbn  +  ccu) 
P      ^ 

-  (c  +  m)  [-  (aiail  +  bjbn  +  Clcn)  (a^  -  ajb)  +  (ax2  +  bj2  +  Cj2)  (abn  -  ban)]}, 
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the  term  in  [  ]  is  found  to  be  =  —  GJ  |an  (bcj  —  fyc)  +  bn  (ca!  -  c^  +  Cn  (abj  —  aab)}, 
hence  Cj  appears  as  a  factor  of  the  whole  expression  ;  and  reducing  the  part  independent 
of  m,  we  find 

Vl  —  m2  V3c  dt 
dT=  --  -  -  ™  -  {(aAi  -  anbO  +  m  [an  (be,  -  lv>)  +  bu  (ca,  -  da)  +  cn  (ab,  -  a^)]}. 

P  ~c 
Next,  calculating  the  value  of  adb  —  Ida,  we  have 

V  V 

a  =  —  |aj  +  m  (caj  —  Cja)},    6  =  —  {bx  —  m  (bcj  —  bjc)], 

or,  as  these  may  be  written, 

V  V 

a  =  —  {ax  (1  +  cm)  —  a^m},  6  =  —  {bj  (1  +  cm)  —  bcxm}, 

and  we  thence  easily  obtain 

Y*dt 

adb  -  bda  =  —  —  (1  +  cm)  {(a^i  -  a^)  +  m  [an  (be,  -  b|C)  +  bn  (ca,  -  cxa)  +  cu  (abj  -  ajb)]}, 

viz.  the  factor  in  {  }  has  the  same  value  as  in  the  expression  for  dT,  and  we  thus 
have 

dT  Vl  -  m2  Vc,2  c  Vl  -  m2 


adb  -  bda     (1  +  cm)  (/>2  -  c'2)     Vl^cW  (1  -  c2)  ' 
that  is, 

,  ,„  _  VI  —  m2  c  (acZ6  —  6da) 

(l-c2)Vl-c2m2 
the  required  equation. 

Secondly,  for   the   term  —  .  —  -^  —  =     ,  we  introduce  <&  a   function  of  0,  such  that 

V0  +  (m2-l)02 

writing  <J>'  for  the  derived  function  we  have 


whence  also 


q>  =  -  ,    =  -  suppose, 

Vl  -  4  (1  -  m2)  <&<£>'  +  4  (1  -  m2)  0$>'2 


(m2  - 


Then  writing 


4>  Vl  -  m2 
sm®  =  --  -    -  ,   cos®  - 


0          -—^ ,  0     -  ,0 

we  find 
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that  is, 


d®  = 

and  similarly 

cos@  d® 

\J0Uj\jQ  — 


f)      If) 

that  is, 


^2  (0-200')  ^ 


0  V0  +  (m2-l)02 
Hence 


'  0-200'       ) 

=  --     r         y  -  1 


the  required  equation. 
We  find,  moreover, 


f  - 

/0  +  (m2  -  1)  <£2  V0  +  (m2  -  1)  02j 

=  Vl  -  in?  f  0  -  (0  -  200')  j  Vl-m20^0 

20       (V0  +  (m2  -  1)  0  ~ 


sin  (0  -  00)  =  ,     cos  (8  -  0.)  = 


, 

which  will  be  presently  useful. 

The  differential  equation  now  is  d?-  dT+d®-d®0=  0,  hence  the  integral  equation 
(taking  the  constant  of  integration  =0)  is  %=T—  ®  +  ®0,  or  say 


viz.  substituting  for  sin  T  and  cos  T  their  values,  and  observing  that 


sin  £=        ~  cm 


cm    0+m 


Cm '        V/B'-C'*  1  +  Cm ' 

the  factor  — ^      ;    multiplies  out,  and  we  have 
V/cr  —  c  - 

(1  +  cm)  Y^TQm  =  (c  +  ™)  cos  (0  -  00)  -  c"  Vl  -^m2  sin  (0  -  ®0). 
And  I  further  remark  here  that  a  former  equation  is 

XI  (1  -  m2)  =  (1  -  c2)  (1  +  Cmf  -  (1  -  c2m2)  (C  +  m)2, 

LIlB/D    IS, 

n   ^^  -v/i_a-rt 


A  _  _  ,  :\o  r  =  i1  -  c-;  cos-  c. 

We  thus  have 

,~       1  +  Om 


1  +  Cm    .  „   , 

"  ~= {c      ~  m2  cos  (n  "  flo) + (c  +  m^ sin  (fl  ~ 
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We    have   thus    0,   and   consequently  also  A,  B,  x,  y,  z,  all   of  them   given    as   functions 
of  t,  0;   but  the  formulae  admit  of  further  development. 

Write 

C  +  m  ~       H  —  m 


H  = 


~— ,  whence  also  C  =  _ 
1  +  Um  1  —  m« 


We  have  0(1—  m«)  +  in  =  «,  and  hence  (1  +  cm)  {C  (1  —  m«)  +  m},  =  (1  +  cm)  «, 
=  (c  +  m)  cos  (@  —  @0)  —  c"  Vl  —  m2  sin  (@  —  ©0).  Using  the  value  of  G  given  by  this 
equation,  and  calculating  from  it  those  of  A,  B]  then  writing  for  shortness 

X  =  a  vT-~m2  cos  (0  -  ©0)  -  (a"  -  rab')  sin  (0  -  ©0), 
Y  =  b  Vl  -  m2  cos  (0  -  00)  -  (b"  +  ma')  sin  (©  -  ©„), 

Z  =      (c  +  m)  cos  (©  -  @o)  -  c"  Vl" -~ma  sin  (0  -  00), 
we  have 

J.  (1  -  ma)  (1  +  cm)  =  Vl  -  m?X, 
B(l-  m«)  (1  +  cm)  =  Vl  -  m2F, 

(7  (1  -  m«)  (1  +  cm)  =  Z-m(l  +  cm), 

to  which  I  join 

«  (1  +  cm)  =  Z. 

By  way  of  verification,  observe  that  A2  +  B2  +  (72  =  1,  and  that  the  equations  give 
(1  -  m*)*  (1  +  cm)2  =  (1  -  m2)  (Z2  +  F2  +  Z*)  +  m2Z*  -  2mZ  (1  +  cm)  +  m2  (1  +  cm)2 ; 

we  have 

X2  +  F2  +  Z2  =  (1  +  cm)2,     Z=*(l+  cm), 

and  hence  the  identity 

(1  -  ms)2  (1  +  cm)2  =  (1  -  m2  +  m2«2  -  2m«  +  m2)  (1  +  cm)2. 
Proceeding   to   calculate   the   values   of  x,   y,   z,   recollecting   that 

1 

v  1  -  c2m2  =  -  (1  +  cm), 

we  have 


(1  +  cm)  =  A<j)  (1  -f  cm)  + 

=  Atj>  (1  +  cm)  +  f(bx  -  ma")  C  -  c'B]  \/0  +  (m2- 


that  is, 

1  +  cm)  (1  -  ms)  =  <£  Vl^rnlST  +  —      -  {(b'  -  m 

JL  ~T~  CTT^ 

-  c'  Vl  -  m2F}  V0  +  (m2  - 


a?  (1  +  cm)  (1  -  ms)  =  <£  Vl^rnlST  +  —      -  {(b'  -  ma")  (Z—m(l+  cm)) 

JL  ~T~  CTT^ 


'  -  ma")  Z-c'  Vl  -  m2F}  *JO  +  (m2  - 


-  m  (b'  -  ma")     0  -f-  (m2  -  1)  <f>2, 
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where  the  term  (b'-ma")  Z—  c'  Vl  —  m2F  contains  the  factor  1+cm;   in  fact,  this  is 
=     (b'  -  ma,")  {      (c  +  m)  cos  (0  -  00)  -  c"  Vl  -  m2  sin  (0  -  00)} 
-  c'  Vf^m2  {b  Vl  -  m2  cos  (6  -  00)  -  (b"  +  ma')  sin  (0  -  ®0)j. 
The  coefficient  of  the  cosine  is  (V  —  ?na")(c  +  m)—  bc'(l  —  m"),  which  is 

=  b'c  -  be'  +  m  (b'  -  ca")  +  m2  (-  a"  +  be'),  =  -  a"  +  m  (b'  -  ca")  +  m2  (-  b'c), 

=  (1  +  cm)  (-  a"  +  nib'), 

and  similarly  the  coefficient  of  Vl  -  m2,  multiplied  by  the  sine,  is 
-  c"  (b'  -  ma")  +  c'  (b"  +  ma'),  =  -  b'c"  +  bV  +  in  (a'c'  +  a"c"), 

=  -  a  +  m  (—  ac),  =  (1  +  cm)  (—  a). 

Calculating  in  like  manner  the  values  of  y  and  z,  and  putting  for  shortness 
Xt  =  (-  a"  +  mb')     cos  (0  -  ©0)  -  a  Vl-m2  sin  (0  -  00), 
F!  =  (-  b"  -  ma')     cos  (0  -  ®0)  -  b  Vl  -  m2  sin  (0  -  ®0), 


Z,  =  (-  c"  Vl  -  w2)  cos  (0  -  ©0)  +      (c  +  m)  sin  (0  -  ®0), 
we  have 


OB  =  $  Vl  -  m*X  +  X,  */e  +  (m*-l)£*  -  m  (b'  -  ma")  V0  +  (m2- 

y=  4>  Vl  ^  F  +  Fj  V^  +  (m2-l)</>2  +  wi  (a' 


which  are  the  required  expressions  of  x,  y,  z  in  terms  of  t  and  6.  It  will  be 
noticed  that  X,  Xlt  Y,  Y1}  Z,  Z1}  each  contain  a  term  with  cos(©-©0)  and  one  with 
sm(0-00);  but  as  the  terms  in  Xlt  Yly  Z,  are  each  multiplied  by 


ra2  - 


, 

the    cosine    and    sine    terms    of   X,   Xl}   of   F,    F,    and    of  Z,   Z,    do    not    in    any   case 
unite  into  a  single  term. 

I  remark  that  we  have  identically 

aX  +  bY  +  c  Vl  -  m*Z  =  0, 
aX1  +  6FX  +  c  Vl  -  m^  =  0. 

The    foregoing    values    of   x,   y,   z    thus    satisfy    ax  +  by+cz  =  0,   which    is    one    of    the 
six   equations.     The   others   of  them  might  be  verified  without    difficulty.     I   recall  that 

we    have   a,   b,   c  =  ~(z?  +  ml>"),   i(b'-ma"),    -c';    the   six  equations  might  therefore  be 
written 

A2  +  B2  +  Cz  -  i 

~     X5 

(a'  +  mb")   x  +  (b'  -  ma")  y  +  c'z  =  0, 
(a'  +  nib")  A+(V-  ma")  B  +  c'C  =  -  c'm, 

x-  +  f  +  (*  -  w</>)2  =  6  +  m2<£2, 

Ax  +  By  +  C  (z  -  m</>)  =  <^ 

Ada;  +  Bdy  +  Cdz  -  Q. 
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The  Case  PS,  1°  =  Serret's  First  Case  of  PS. 

This  is  at  once  deduced  from  PS,  3°  by  writing  therein  m  =  0  ;  the  formulae  are 
a  good  deal  more  simple.  We  introduce,  as  before,  the  rectangular  coefficients 
a,  b,  c,  a',  V,  c',  a",  b",  c"  ;  and  the  values  of  a,  b,  c  then  are  a',  b',  c'.  The  six 
equations,  using  therein  these  values  for  a,  b,  c,  are 

A*  +  B*  +  C°  =1, 

&'x  +  \>'y  +  c'z  =  0, 

a'A  +  VB  +  c'C  =  0, 

a?8  +  2/2  +  ,z2  =  6, 

Ax  +  By  +  Cz  =  $, 

Adx  +  Bdy  +  Cdz  =  0. 

The  function  4>  is  such  that 

_ 

Vi 

We  have 

.  <f> 

sm0  = 


and  thence 


Also 


C  VT^r: 

sin  f  = ,     cos  t  = 


,  -7==  -r 

1  -  c-  Vl  -  c2  Vl  -  c'2  \/l  -  c2 

=  T  -  @  +  ©0  ,     (7  =  c  cos  (0  -  00)  -  c"  sin  (0  -  00), 


«-C*  =  c"  cos  (0  -  00)  +  c  sin  (0  -  00). 
We  have 


JB=F  =  bcos(©-@0)-b"sin(©-©0);  F,  =  b"  cos  (©  -  @0)  +  b  sin  (@  -  ©0), 
C  =Z  =ccos(©-©0)-c"sin(©-©0);  z,  =  c"  cos  (©  -  ®0)  +  c  sin  (©  -  ©0), 
and  then 

*  =  X(f)  +  X,  Vrff^T2, 

y  =  Y<f>  +  Y,  \/6~-^>\ 


which  are  the  expressions  of  the  coordinates  in  terms  of  the  parameters  t  and  8 
C.   XII.  " 


7 
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I  consider  next  the  case 

PS,  4°  =  Serret's  Third  Case  of  PS. 
The  six  equations  are 


A*    +  B*+C*  =1   , 

ax     +  by  =  lm, 

Aa    +Bb  =1    , 

a?  +  y~  +  z*-'2dz  =  2v, 
Ax  +By+C(z-0)  =  m, 
Adx+  Bdy  +  Cdz  =  0  ; 

where  6  has  been  written  in  place  of  7  :  m  is  a  given  constant  ;  a,  b,  I  are  functions 
of  t  ;  v  is  a  function  of  B.  The  equation  ax  +  by  —  lm  evidently  denotes  that  the 
planes  of  the  plane  curves  of  curvature  are  all  of  them  parallel  to  the  axis  of  z, 
or,  what  is  the  same  thing,  they  envelope  a  cylinder  ;  in  the  particular  case  m  =  0, 
they  all  of  them  pass  through  the  axis  of  z.  In  the  general  case,  the  required 
surface  is  the  parallel  surface,  at  the  normal  distance  m,  to  the  surface  which  belongs 
to  the  particular  case  m  =  0.  This  is  not  assumed  in  the  investigation  which  follows  ; 
but  it  will  be  readily  perceived  how  the  theorem  is  involved  in,  and  in  fact  proved 
by,  the  investigation. 

I  obtain  the  solution  synthetically  as  follows  : 

Taking    T,    a,    b  .functions    of    t,   a2  +  b2  =  l;    T1}    ax,    bx     their     derived    functions, 

j»i 
aaj  +  bbj  =  0  ;   O  =  ~-  +  a^  +  bj2  ;    ®  a   function   of  8,  ©'   its   derived    function, 

M-—     P- 
~';j  ~ 


and  therefore  P2  +  Q2  =  1 ;   then  writing 

A.-* 

I 


C9     = 

where  A02  +  B<?  +  002  =  1,  we  assume 


a22 
-1  , 


+&MP, 
+loMP, 

+    MQ, 
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equations  which  determine  x,  y,  z  as  functions  of  the  parameters  t  and  0.  As  will 
presently  be  shown,  we  have  A0dx  +  B0dy+  C0dz=0  ;  and  we  have  thus  A,  B,  C=  A0,  B0,  C0; 
and  this  being  so,  we  easily  verify  the  six  equations 

A"    +  &-  +  C2  =1, 


x2      +  f  +  (z-  O)2     =  m2  +  M-  +  6-, 
Ax    +  By+C(z-0)  =  m, 
Adx  +  Bdy  +  Cdz       =  0, 

%T     1 

which  are  the  six  equations  of  the  problem  with  the  values  a  =  b,  6  =  —  a,  1  =  —  ~   j=-  , 

-L       \J  -  L 

2v  =  m2  +  M2,  for  a,  b,  I  and  2u. 

T      1 

We   in   fact   at   once    obtain   the   third   equation   1>A0  —  a_B0  =  -  ^  -77;  ,   and   thence 

Zt  J.    \  ~*  - 

(     T      1  \ 
the  second  equation  b«  —  a,y  =  m(bA0  —  aB0),  =m[  —  -^    ,7;    ;  then  for  the  fifth  equation, 

\         Zt  J.      \J  \.L  / 


since  (A0a,  +  B0lo)  P  +  C0Q  =  0  ;   and  for  the  fourth  equation,  we  have 

x2  +  y2  +  (z  -  6)2  =  m2  +  2m  [M(A0&  +  B0lo)  P  +  C0Q}  +  M2,  =m*  +  M*. 

It    remains   only   to    prove   the   assumed   equation   A0dx  +  B0dy  +  C0dz  =  0.     Writing 
for  a  moment  X,   Y,  Z  =  &MP,  loMP,  0  +  MQ,  we  have 


B0dy  +  C0dz  =  A0  (mdA0  +  dX)  +  B0  (mdB0  +dY)  +  C0  (mdC0  +  dZ), 


since  A0dA0  +  B0dB0  +  C0dC0  =  0  in  virtue  of  A02  +  B02  +  C02  =  1. 

We  have  thus  to  show  that,  if  X,   Y,  Z  =  &MP,  \>MP,  0  +  MQ,  then 

A0dX  +  B,dY  +  C0dZ  =  0  ; 
say  we  have 


dY  =  qdt 

dZ  =  rdt  +  r'd6, 

then   the   required   values  of  A0>  B0,  C0   are   proportional    to   qr  —  q'r,  rp'  —  r'p,  pq'  —p'q, 
and  the  sum  of  their  squares  is  =  1.     Writing  for  shortness  MP  =R,  MQ  =  S,  we  have 

p  =  a1R+a,R1,  p'  =  a,Rf, 
q  =  \R  +  \)Rl,  q'  =  \)R', 
r=  Sl}  r'  =  l  +  S'; 

79—2 
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hence 

qr'  -  q'r  =      b  [R,  (1  +  S')  -  R'SJ  +  ^R  (1  +  8'), 

rp'  _  r'p  =  -  a  [£,  (1  +  S')  -  R'S,]  -  a,R  (1  +  S'), 

pq'  —  p'q  =  —  (abj  —  ajb)  RR. 

Here 

R  =  MP'  +  M'P,     R,  =  MP,  , 

S'  =  MQ'  +  M'Q,    S^MQ,, 

and  hence 

RS'  -R'S  =M*(PQ'-P'Q), 

R18'~  R'S,  =  J/2  (P&  -  P'Q,)  +  MM'  (P,Q  -  PQ,)  ; 
moreover,  from  the  values  of  P  and  Q,  we  have 


•pi  _  pr)  p  _  l  PQ 

2®     ^'          If'  ~2T    ^' 

(P)'  pi  V7 

7  _  _     P2  _  _  £_  0     =  -1     P2 

'       2@  Jf  '  2T 


and  thence 
also 


2'=     PQ  +  M'P,   =P(Q  +  M'),       l  +  S  =  l-P*+M'Q,   =Q(Q+M'); 
R8'-RS  =  - 


Hence  the  foregoing  expressions   for   qr'  —  q'r,  rp' —  r'p,  pq' —  p'q   each    contain  the  factor 
MP(Q  +  M');   omitting  this  factor,  the  expressions  are 

(        T  )       (    T  ) 

^-b^  +  bjQk     ja-^-a^k   -(abj-a^P; 

I        *•*  )        (    — L  ) 

the   sum   of    the   squares   of    these    values   is    =  --—  +  a^  +  b;-2,   =  H,   and    we    have    thus 
the  required  values 


=         (abj  -  ajb)  P, 


which  completes  the  proof. 
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In  the  case  m  =  0,  the  solution  is 


2©     2  Vl7©       2©  ,   2  v  TS      a     2©  T  -  © 
c>  y.  z  =  w  a  TT0  '    "©'     "T  +"©  '          W  T+~© ' 


Bonnet,  in  the  paper  (Jour.  Ecole  Polyt.  t.  xx.)  referred  to  at  the  beginning  of 
this  memoir,  gives  for  this  case  (see  p.  199)  a  solution  which  he  says  is  equivalent 
to  that  obtained  by  Joachimsthal  in  the  paper  "  Demonstrations  theorematum  ad 
superficies  curvas  spectantium,"  Crelle,  t.  xxx.  (1846),  pp.  347—350;  viz.  Joachimsthal's 

form  is 

u,  sin  L  sin  X 


1  +  cos  L  cos  M ' 

/A  sin  L  cos  X 
"      1  +  cos  L  cos  M ' 

u,  cos  L  sin  M        [     ,  ,  T  -, 

z  =  ~-     —T s?+    cotMd/ju, 

1  +  cos  L  cos  M     J 

where    Z,    J/    denote    arbitrary    functions    of    the    parameters    X,    /*    respectively.      To 
identify  these  with  the  foregoing  form,  I  write 

T-l  @-l  4©V® 

sin  X  =  -  a,     cos  L  =  -  ^-—r ,     cos  M  =  „  -- -  -     ,     n  -  . 


we  thus  have 


IT  ir     -2V0 

—  ,     smM--srrr 


sin  L  sin  \  /T  (T-1)(Q-1) 

'  i'          T+© 


2©    2  Vf©          _  20     2 

a*' 


and  thence 


Moreover, 

cosXsin^f     =V0(r-l) 
1  +  cos  X  cos  M  ~      T  +  ©     ' 

9©       2©  ^y 1^ 

and  thence  the  first  term  of  z  is  =  "^  .^-TTwvTT^  ;   or  observing  that 


2©  (T -  1)  =  (©  +  1)  (T-  ©)  +  (©-  1) (T+  0), 

this  is 

_20  T-©     2©(©-l) 
=  ©'   T  +  ©  +  ©'  (0^1)  ' 

or  we  have 

2©  T-@     20(0-1) 

5-   L 


.   LIBKXV 
f^"    OF   THB  ^ 

T-KTTXTF.RSITY 
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Here 

0-1     4©  V©      ff ©'         ©'  ©" 

=  ©_(©  -  1)  (3,2.  20" 

But  writing 


we  have 


20  (0-1) 
*  ~  ©'(©  +  1) 

2@(@-l)    [©'         ©'  ^_        „_, 

a£       0'(0  +  l)     [©^©-1      ©  +  1         ©'< 

-1)      f_2  2  2          2©"j 


0  +  1         I©      0-1      0  + 
and  thence 


dg  +  cot 
and  consequently 


20")  . 

_l   (If) 

i  e/s( 


£  +  I  cot 
and  the  value  of  z  thus  is 


fi  2©  y- 

f  ©' 


which  completes  the  identification. 

Bonnet's    formula    just    referred    to,    making    a    slight     change    of    notation     and 
correcting  a  sign,  are 

Fsintf 

x  = 


y  = 


cosi(c  +  0)' 

r'  cos  e 


cos  i  (c  +  ©) ' 
z  =  F  +  iT"  tan  i  (c  +  @), 

where    T,   ©   are   arbitrary    functions   of  the   parameters   c,    0   respectively.      To   identify 
these  with  Joachimsthal's,  write 

sin  X  =  sin  0,     cos  M  =  i  cot  ic,     cos  L  =  i  cot  i0,     ^  =  -  F  cosec  ic, 
cos  X  =  cos  0,     sin  I/  =  cosec  ic,     sin  i  =  cosec  i®, 

cot  Jf  =  i  cos  ic,     cot  L  =  i  cos  z©  ; 
we  have 

x  =  /a  cosec  i©  sin  0  _  -  ^  sin  ic  sin  0  F  sin  0 

1  -  cot  ic  cot  i©  ~   cos  i  (c  +  ©)    '   ""  cos  i' (c  +  ©) ' 
and  similarly 


cos  i  (c  +  ©) ' 
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Moreover,  the  first  term  of  z  is 

pi  cot  i®  cosec  ic  _  —  pi  cos  i©  _         iF  cos  i© 
1  —  cot  ic  cot  iS      cos  i  (c  +  ©)     sin  ic  cos  i  (c  +  ®) ' 

or  since  i®  =  i  (c  +  ®)  —  ic,  and  thence 

cos  i©  =  cos  ic  cos  i  (c  +  ©)  -H  sin  ic  sin  i  (c  +  ®), 
this  is 

=  iF  (cot  »c  +  tan  i  (c  +  ©)}, 
and  we  have 

z  =  iT'  tan  i  (c  +  @)  +  iF  cot  ic  +  I  cot  M  dp. 
But  from  the  equation  p  =  —  F  cosec  ic,  we  obtain 

cfyi  =  (—  F"  cosec  ic  +  iT"  cosec  ic  cot  ic)  dc ; 
whence 

cot  Md/j,  =  (-  iT"  cot  ic  -  T'  cot2  ic)  dc, 
and  thence 

d  (iF  cot  ic  +  I  cot  M  d/j,  J  =  (iT'7  cot  ic  +  F  cosec2  ic)  c?c 

+  (-  iT"  cot  ic  -  F  cot2  ic)  dc,  =  T'dc ; 
that  is, 

r 
iT'  cot  ic  +  I  cot  M  d/j,  =  F, 

and  consequently 

z  =  T  +  iF  tan  i  (c  +  @), 

which  completes  the  identification  of  Bonnet's  formula  with  JoachimsthaPs. 

SS,  The  Sets  of  Curves  of  Curvature  each  Spherical. 
The  six  equations  are 

A*  +  B*  +  C*  =1, 

2cz  -  2u       =  0, 
(z-c)-l     =0, 
-  27^  -  2u      =0, 

4  (*- «)  +  .B(y -/8)  +  0(*-y)-X-0, 

J.d!^  +  Bdy  +  Gdz  =  0  ; 

the  condition  being 

aa.  +  6/3  +  cy  -  l\  +  u  +  v  =0. 
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The  cases  are 

a 

b 

c              I                             u                      a. 

ft 

y 

SS,  1° 

0 

0 

0             I 

^  (ml  +  m')             a 

ft 

y 

SS,  2° 

0 

0 

c            I 

£  (ml  +  m)              a 

ft 

0 

SS,  3° 

0 

0 

c      me  +  \Tn 

—  \m'c  —  m'"            a 

ft 

mX  +  ^m 

SS,  4° 

0 

b 

c   j  me  +    m' 

mm"c  +  mm"  —  m"      a 

0 

y 

[886 


-  w 


X  Jm'X  +  m'" 

m' 

y  +  m         —  y  +  m    , 
»  '  m  " 

where  m,  m',  m",  m"'  are  constants  ;   b,  c,  I  functions  of  t ;    a,  13,  y,  X  functions  of  9. 
88,  1°  gives  circles  (i.e.  the  curves  of  curvature  of  one  set  are  circles). 
SS,  2°  is  Serret's  first  case  of  SS. 
88,  3°  gives  circles. 
88,  4°  is  Serret's  second  case  of  88. 

SS,  2°  =  Serret's  First  Case  of  88. 
Waiting  for  convenience  m'  =  —  f-,  the  six  equations  are 

x'2  +  y-  +  z2  —  2cz  —  ml  +f-  =  0, 

Ax+By+C(z-c)-l  =  0, 

/v>2  _|_  nfi    I     ^-2  ty  fi  T1  T-  -,   V^?>/  -  -  -   r  -  —  C\ 

\Mj        (^    y         \^  &  ^W-i//  Z. LJ  [/  /  —    \_J 


=0, 


Adx  +  Bdy+Cdz 


where  m,  /  are  constants ;  c,  I  are  functions  of  t ;  a,  J3,  \  functions  of  6.  The  first 
set  of  spheres  have  no  points  in  common,  but  the  second  set  have  in  common  the 
two  points  os  =  Q,  y=Q,  z=±f.  Hence  inverting  (by  reciprocal  radius  vectors)  with 
one  of  these  points,  say  (0,  0,  /)  as  centre,  the  spheres  of  the  first  set  will  continue 
spheres,  but  the  spheres  of  the  second  set  will  be  changed  into  planes,  and  the 
required  surface  is  thus  the  inversion  of  a  surface  PS,  which  is  in  fact  PS,  3  : 
say  this  surface  PS  is  the  "  Inversion "  of  88.  We  invert  by  the  formulae 

7^0  /  rr         /»\ 
*-/- 


n 

where  H  =  Z2+  F2  +  (Z-f)*. 

Writing  the  equation  for  the  second  set  of  spheres  in  the  form 

tf2  +  2/2  +  (z  -/)2  -  2aa?  -  2/3y  +  2f(z  -f)  =  0, 
the  transformed  equation  is  at  once  found  to  be 

-  2aX  -2/3Y+  2f(Z  -/)  +  K*  =  0, 
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or  say 


viz.  this  gives  the  planes  of  the  Inversion. 

Similarly  for  the  first  set  of  spheres,  writing  the  equation  in  the  form 


the  transformed  equation  is  found  to  be 


viz.  this  is 

(2/(/  -  c)  -  ml]  (X2  +  F2  +  Z*)  +  2Z  {(/-  c)  (-  2/2  +  K*)  +fml] 

+  W(f~  c)  (/2  -  &)  -f*ml  +  K*}  =  0, 


which   gives   the   spheres  of  the  Inversion.     The  two  equations  take  a  more  simple  form 
if  we  write  therein  -ST2  =  2/2;   viz.  they  then  become 

aX  +  /3Y-fZ=Q, 

(2/2  -  2/c  -  ml)  (X°-  +  F2  +  Zn-)  +  ZZfml  +/2  (2/2  +  2c/-  ml)  =  0  ; 
or,  say  these  are 


-  .  r«  i  y  i        2/m^       ^  i  /2  (2/2  +  2c/~  m°  - 

'  + 


- 


Interchanging    the    parameters    so   as   to   have   £    in    the    first    equation    and    6   in   the 
second  equation,  these  are  of  the  form 


-  2v  =  0, 
where  a?  +  62  +  c2  =  1  ;   and  the  Inversion  is  thus  a  surface  PS,  3°. 

&S,  4f>=Serret's  Second  Case  of  SS. 

Writing  for  convenience  m'  =  —  mf,  m!"  =  ^  (e°  +/2),  mm"  =  —  g,  and  therefore  m'm"  =fg, 
the  six  equations  are 

A*+B*  +  C*  =1, 

x"-    +if  +  z"-  2by  -2c(z-g)-2fg  +  e-  +/2  =  0, 
Ax+B(y-b)+C(z-c)+m(f-c)  =0, 

a?    +  y°  +  z°  -  2ax  -  2y  (z  -/)  -  e2  -  f-  =  0, 

A(w-a.)  +  By  +  C(Z-y)-~(g  +  y)  =0, 

fit/ 

Adae  +  Bdy  +  Cdz  =0, 

where  e,  f,  g,  m  are  constants  ;   6,  c  are  functions  of  t  ;   a,  y  functions  of  6. 

C.    XII.  80 
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The  spheres  of  the  first  set  pass  all  of  them  through  the  two  points 


x  =  ±>J2fg-e2-f2-g*,  y  =  0,  z=g, 

and  those  of  the  second  set  pass  all  of  them  through  the  two  points 

aj'  =  0,  y'=±e,  z'=f> 

where  observe  that  these  are  such  that 


viz.  the  distance  of  each  point  of  the  first  pair  from  each  point  of  the  second  pair 
is  =0.  The  pairs  of  points  are  one  real,  the  other  imaginary:  but  this  is  quite  con 
sistent  with  the  reality  of  the  spheres. 

The  first  pair  of  points  lies  in  a  line  parallel  to  the  axis  of  x,  meeting  the  axis 
of  z  at  the  point  z  =  g\  and  the  second  pair  in  a  line  parallel  to  the  axis  of  y, 
cutting  the  axis  of  z  at  the  point  z=f.  It  is  clear  that  we  can,  without  loss  of 
generality,  by  moving  the  origin  along  the  axis  of  z,  in  effect  make  g  to  be  =  —f\ 
the  equations  of  the  two  sets  of  spheres  thus  become 


%2  +  y2  +  z2-  2by  -  2c  (z  +/)  +  e2  +  3/2  =  0, 
x2  +  f  +  z2  -  2a^  -  27  (z  -/)  -  e2  -  f2  =  0, 

or,  if  in  these  equations  for  e2  we  write  e2  —  2f2,  the  equations  become 

x2  +  y2  +  z2  -  2%  -  2c  (z  +/)  +  e2  +/2  =  0, 
x2  +  y2  +  z2  -  Zoix  -  27  (z  -/)  -  e2  +f2  =  0, 

which  are  very  symmetrical  forms. 

The  spheres  of  the  first  set  pass  through  the  two  points 

±V-e2-2/2,  0      ,     -/, 

and  those  of  the  second  set  through  the  two  points 


where,  of  course,  the  two  pairs  of  points  are  related  as  is  mentioned  above. 

By  taking  as  centre  of  inversion  a  point  of  the  first  pair,  we  invert  the  first  set 
of  spheres  into  planes  and  the  second  set  into  spheres  ;  and  similarly,  by  taking  a 
point  of  the  second  pair,  we  invert  the  first  set  of  spheres  into  spheres  and  the 
second  set  into  planes.  By  reason  of  the  symmetry  of  the  system,  it  is  quite  indifferent 
which  point  is  chosen  ;  and  taking  it  to  be  a  point  of  the  second  pair,  and  writing 
for  convenience  n  =  ^e2-  2/2  (n  is,  in  fact,  the  quantity  originally  denoted  by  e),  then 
the  points  of  the  first  pair  are 

±V-n>-4/«,          0,     -/, 

0  ,     ±n,        f, 

and  I  take  for  centre  of  inversion  the  point  (0,  n,  /). 
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Observe  that,  if  e  =  0,  /=  0,  then  the  four  points  coincide  at  the  origin,  and  taking 
this  as  centre  of  inversion,  the  two  sets  of  spheres  are  each  changed  into  planes, 
and  the  Inversion  of  the  surface  SS  is  thus  a  surface  PP;  this  particular  case  will 
be  considered  further  on,  but  I  first  consider  the  general  case. 

The  formulae  of  inversion  are 

IPX  K*(Y-n)  R2(Z-f} 

"If  '   y~n  =    %--'   z~f=       a      > 

where 

H  =  Z2  +  (  Y  -  n?  +  (Z  -  f}-. 

Writing  the  equation  of  the  second  set  of  spheres  in  the  form 

a?  +  (y  _  ny>  +  (z  _/)2  _  2a.x  +  2w  (y  -  n)  +  2  (/-  7)  (z  -/)  =  0, 
the  transformed  equation  is 


which  gives  the  planes  of  the  Inversion. 

Similarly,  writing  the  equation  of  the  first  set  of  spheres  in  the  form 
^  +  (y  ~  n?~  +  (z  ~/)2  +  2  (n  -  b)  (y  -  n)  +  2  (/-  c)  (z  -f)  +  2n*  -  2bn  +  4/(/-  c)  =  0, 
the  transformed  equation  is 

{n2  -In  +  2f(f-  c)}  |Z2+  (F-  n?  +  (Z-f)*} 


which  gives  the  spheres  of  the  Inversion. 

Changing  the  origin,  the  two  equations  may  be  written 

-  aX+nY+  (f-  7)Z  +  ±K2  =  0, 

[n*  -bn  +  2f(f-  C)}  (Z2  +  F2  +  #)  +  J5P  {(n  -b)Y+  (f-  c)  Z}  +  ±K*  =  0. 
I  stop  to  consider  a  particular  case.     Suppose  n  =  0;   the  equations  are 


or,  interchanging  herein  F  and  Z,  they  are 


80—2 
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and  if  for  Y  we  write  7--^,  then  the  equations  become 

V 


viz.   interchanging   the  parameters   so   as  to   have   t  in  the   first   equation  and  0   in   the 
second  equation,  these  are  of  the  form 

aX  +  bY=lm, 


which  belong  to  PS,  4°.     Hence,  in  this  particular  case,  ?i  =  0;    the  Inversion  is  PS,  4°. 

Keverting  to  the  general  case,  and  to  the  two  equations  obtained  above,  observe 
that,  in  the  second  of  the  two  equations,  the  terms  in  7,  Z  have  the  variable 
coefficients  n  —  b  and  /—  c,  so  that  it  does  not  at  first  sight  seem  as  if  these  terms 
could  by  a  transformation  of  coordinates  be  reduced  to  a  single  term. 

l/Ta 

But  if,  again  changing  the  origin,  we  write  7—  -  for  7,  the  two  equations 
become 


-bn  +  2/(/-  c)}  (X2  +  F2  +  Z-}  +       (/-  c)  (-  2/F  +  nZ) 


where,   in   the    second    equation,    the    terms   in    Y,   Z  present    themselves    in    the    com 
bination  —  2/F  +  nZ  with  the  constant  coefficients  —  2/  and  n.     Hence  writing 

A2  +  4/2F  =    nY'-2fZ', 
Vw2  +  4/2Z  =  2/F'  +    nZ', 

and  consequently  —  2/F+  nZ  =  VV  +  4f*Z',  and  (after   the   transformation)  removing   the 
accents,  the  equations  become 

-  aX  +  -7==i=-  l>2  +  2/(/-  7)}  F-  n  (/+  7)  Z\  =  0, 

v  ?i2  +  4/2 

Y^  ^.u7-M      K*  (/"  °>  V^+¥2     7  |  ^4  1^  +  bn  +  *f(f~  °)1  -  Q 
+  n  {n2  -  bn  +  2/(/-  c)}      Y  n*  {n2  -  bn  +  2/(/-  c)} 

viz.   interchanging    the    parameters    so    as    to    have   t   in    the    first   equation    and  6  in  the 
second  equation,  these  are  of  the  form 

aX  +  bY+cZ  =  Q 
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which    belong   to    the    case    PS,    3°.     Hence,    in    this    general   case,    the    Inversion    is    a 
surface  PS,  3°. 

I    have   spoken    above   of    the   particular    case   e  =  0,  f=0:    here   the    equations    of 
the  two  sets  of  spheres  are 

#2  +  y2  H-  z-  -  2by  -  2cz  =  0, 


which    have   the   origin   as   a   common   point.     Taking    this   as    the    centre   of    inversion, 
or  writing 

K*X  K*Y  K*Z      ,         _      v>      ,. 

x  =  -Q-,     y  =  -Q-  ,     Z  =  -Q>  where  H  =  X*  +  Y*  +  Z\ 

the  transformed  equations  are 

bY+cZ  - 

aX       +  yZ- 
or,  interchanging  X  and   Y,  say 

bX 


which  are  of  the  form 

X       +tZ-P     =  0, 

Y+ez-u   =o, 

belonging  to  a  surface  PP,  3°.     Hence,  in  this  case,  the  Inversion  is  a  surface  PP,  3°. 

It  thus  appears  that  the  surface  SS,  4°  has  an  Inversion  which  is  either  PS,  3°, 
PS,  4°  or  PP,  3°.  The  inversion  has  in  some  cases  to  be  performed  in  regard  to  an 
imaginary  centre  of  inversion. 

It  was  previously  shown  that  the  surface  SS,  3°  had  an  Inversion  PS,  3°,  and 
we  thus  arrive  at  the  conclusion  that  a  surface  SS,  with  its  two  sets  of  curves  of 
curvature  each  spherical,  is  in  every  case  the  Inversion  of  a  surface  PS  with  one  set 
plane  and  the  other  spherical,  or  else  of  a  surface  PP  with  each  set  plane.  Serret 
notices  that  the  centre  of  inversion  may  be  imaginary:  this  (he  says)  presents  no 
difficulty,  but  he  adds  that  it  is  easy  to  see  that  the  centres  of  inversion  may  be 
taken  to  be  real,  provided  that  we  join  to  the  surfaces  thus  obtained  all  the  parallel 
surfaces. 

It  seems  to  me  that  there  is  room  for  further  investigation  as  to  the  surfaces 
SS:  first,  without  employing  the  theory  of  inversion,  it  would  be  desirable  to  obtain 
the  several  forms  by  direct  integration,  as  was  done  in  regard  to  the  surfaces  PP 
and  PS;  secondly,  starting  from  the  several  surfaces  PP  and  PS  considered  as  known 
forms,  it  would  be  desirable  to  obtain  from  these,  by  inversion  in  regard  to  an 
arbitrary  centre,  or  with  regard  to  a  centre  in  any  special  position,  the  several  forms 
of  the  surfaces  SS.  But  I  do  not  at  present  propose  to  consider  either  of  these 
questions. 


638      ON  THE  SURFACES  WITH  PLANE  OR  SPHERICAL  CURVES  OF  CURVATURE.      [8 86 

In  conclusion,  I  remark  that  I  have  throughout  assumed  Serret's  negative  con 
clusions,  viz.  that  the  several  cases,  other  than  those  considered  in  the  present  memoir, 
give  only  developable  surfaces,  or  else  surfaces  having  circles  for  one  set  of  their  curves 
of  curvature.  These  being  excluded  from  consideration,  there  remain 

PP,  Serret's  two  cases  PP,  1°,  PP,  3°; 
PS,  his  three  cases  PS,  1°,  PS,  3°,  PS,  4°; 
SS,    his  two  cases  SS,  2°  and  SS,  4°; 

but  PP,  1°  is  a  particular  case  of,  and  so  may  be  included  in,  PP,  3°;  and  similarly 
PS,  1°  is  a  particular  case  of,  and  may  be  included  in,  PS,  3°;  the  cases  considered  thus 
are 

PP,  3°;   PS,  3°,  PS,  4°;   SS,  2°  and  SS,  4". 

It  would  however  appear  by  what  precedes  that  the  case  SS,  4°  includes  several  cases 
which  it  is  possible  might  properly  be  regarded  as  distinct ;  and  the  classification  of 
the  surfaces  SS  can  hardly  be  considered  satisfactory;  it  would  seem  that  there  should 
be  at  any  rate  3  cases,  viz.  the  surfaces  which  are  the  Inversions  of  PP,  3°,  PS,  3° 
and  PS,  4°  respectively. 

I  regard  the  present  memoir  as  a  development  of  the  analytical  theory  of  the 
surfaces  PP,  3°,  PS,  3°  and  PS,  4°. 
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887. 

ON    THE    THEORY    OF    GROUPS. 

[From  the  American  Journal  of  Mathematics,  vol.  XI.  (1889),  pp.  139 — 157.] 

I  REFER  to  my  papers  on  the  theory  of  groups  as  depending  on  the  symbolic 
equation  0»=1,  Phil.  Mag.,  vol.  vn.  (1854),  pp.  40—47  and  408,  409,  [125,  126];  also 
vol.  xvni.  (1859),  pp.  34 — 37,  [243] ;  and  "  On  the  Theory  of  Groups,"  American 
Journal  of  Mathematics,  vol.  I.  (1878),  pp.  50 — 52,  and  "The  Theory  of  Groups: 
Graphical  Representation,"  ibid.,  pp.  174 — 176,  [694];  also  to  Mr  Kempe's  "Memoir 
on  the  Theory  of  Mathematical  Form,"  Phil.  Trans.,  vol.  CLXXVii.  (1886),  pp.  1 — 70, 
see  the  section  "Groups  containing  from  one  to  twelve  units,"  pp.  37 — 43,  with  the 
diagrams  given  therein.  Mr  Kempe's  paper  has  recalled  my  attention  to  the  method 
of  graphical  representation  explained  in  the  second  of  the  two  papers  of  1878,  and 
has  led  me  to  consider,  in  place  of  a  diagram  as  there  given  for  the  independent 
substitutions,  a  diagram  such  as  those*  of  his  paper,  for  all  the  substitutions.  I  call 
this  a  colourgroup ;  viz.  for  the  representation  of  a  substitution-group  of  «  substitutions 
upon  the  same  number  of  letters,  or  say  of  the  order  «,  we  employ  a  figure  of  « 
points  (in  space  or  in  a  plane)  connected  together  by  coloured  lines,  and  called  a 
colourgroup. 

I  remark  that  up  to  « =  11,  the  first  case  of  any  difficulty  is  that  of  «  =  8, 
and  that  the  5  groups  of  this  order  were  determined  in  my  papers  of  1854  and 
1859.  For  the  order  12,  Mr  Kempe  has  five  groups,  but  one  of  these  is  non-existent, 
and  there  is  a  group  omitted ;  the  number  is  thus  =  5. 

The  colourgroup  consists  of  «  points  joined  in  pairs  by  ^-«  («  —  1)  coloured  lines 
under  prescribed  conditions.  A  line  joining  two  points  is  in  general  regarded  as  a 
vector  drawn  from  one  to  the  other  of  the  two  points;  the  currency  is  shown  by 
an  arrow,  and  in  speaking  of  a  line  ab  we  mean  the  line  from  a  to  b.  But  we 
may  have  a  line  regarded  as  a  double  line,  drawn  from  each  to  the  other  of  the 
two  points ;  the  arrow  is  then  omitted,  and  in  speaking  of  such  a  line  ab  we  mean 
the  line  from  b  to  a  and  from  a  to  b.  A  fresh  condition  is  that  for  a  given 
colour  there  shall  be  one  and  only  one  line  from  each  of  the  points,  and  one  and 
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only  one  line  to  each  of  the  points.  We  may  have  through  two  points  a,  b  only 
the  line  ab  of  the  given  colour;  this  is  then  a  double  line  regarded  as  drawn  from 
«  to  b  and  from  b  to  a;  and  there  is  thus  one  and  only  one  line  of  the  colour 
from  each  of  these  points  and  to  each  of  these  points.  The  condition  implies  that 
the  lines  of  a  given  colour  form  either  a  single  polygon  or  a  set  of  polygons,  with 
a  continuous  currency  round  each  polygon;  for  instance,  there  may  be  a  pentagon 
abcde,  meaning  thereby  the  pentagon  formed  by  the  lines  drawn  from  a  to  b,  from 
b  to  c,  from  c  to  d,  from  d  to  e,  and  from  e  to  a.  An  arrow  on  one  of  the  sides 
is  sufficient  to  indicate  the  currency.  In  the  case  of  a  double  line  we  have  a 
polygon  of  two  points,  or  say  a  digon. 

There  is  a  further  condition  which,  after  the  necessary  explanation  of  the  meaning 
of  the  terms,  may  be  concisely  expressed  as  follows :  Each  route  must  be  of 
independent  effect,  and  (as  will  readily  be  seen)  this  implies  that  the  lines  of  a 
given  colour  must  form  either  a  single  polygon  or  else  two  or  more  polygons  each  of 
the  same  number  of  points:  thus  if  «  =  &y1,  they  may  form  k  «j-gons;  in  particular, 
if  «  be  even,  they  may  form  ^«  digons. 

To  explain  the  foregoing  statement,  first  as  to  the  term  "  route."  I  denote  the 
several  colours  by  capital  letters,  R  =  red,  G  —  green,  B  =  blue,  &c.  Any  capital  or 
combination  of  capitals  determines  a  route ;  R  means  go  along  a  red  line ;  RRBG, 
go  along  a  red  line,  a  red  line,  a  blue  line,  a  green  line,  and  so  in  other  cases. 
Given  the  starting  point,  or  initial,  the  route  determines  the  several  points  passed 
through,  and  the  point  arrived  at,  or  terminal :  thus  aRRBG  =  abefk,  =  k,  means  that 
the  route  RRBG  leads  from  a  through  b,  e,  f  to  k,  viz.  that  the  red  line  from  a 
leads  to  b,  the  red  line  from  6  leads  to  e,  the  blue  line  from  e  leads  to  f,  and  the 
green  line  from  f  leads  to  k.  We  may  give  in  this  way  the  Itinerary,  or  write 
simply  aRRBG  =  k,  meaning  that  the  route  leads  from  a  to  k.  We  may  of  course 
write  R2  for  RR,  and  so  in  other  cases.  A  single  capital,  as  already  mentioned,  is 
a  route,  but  it  may  for  distinction  be  called  a  stage.  A  stage,  and  thence  also  a 
route,  may  be  reversed;  R~l  means  go  along  the  red  line  drawn  to  the  point: 
if  aR  =  b,  then  bR~1  =  a;  and  so  if  aRRBG  =  abefk,  =  k,  then  kG^B^R^R'1  =  kfeba, 
=  a  ;  R~1R~*  =  R~2,  and  so  in  other  cases. 

The  effect  of  a  route  depends  in  general  on  the  initial  point:  thus,  a  route  may 
lead  from  a  point  a  to  itself,  or  say  it  may  be  a  circuit  from  a ;  and  it  may  not 
be  a  circuit  from  another  point  b.  And  similarly,  two  different  routes  each  leading 
from  a  point  a,  to  one  and  the  same  point  #,  or  say  two  routes  equivalent  for  the 
initial  point  a,  may  not  be  equivalent  for  a  different  initial  point  b.  Thus  we 
cannot  in  general  say  simpliciter  that  a  route  is  a  circuit,  or  that  two  different 
routes  are  equivalent.  But  the  figure  may  be  such  as  to  render  either  of  these 
locutions,  and  if  either,  then  each  of  them,  admissible.  For  it  is  easy  to  see  that 
if  every  route  which  is  a  circuit  from  any  one  initial  point  is  also  a  circuit  from 
every  other  initial  point,  then  two  routes  which  are  equivalent  for  any  one  initial 
point  will  be  equivalent  for  every  other  initial  point.  And  conversely,  if  in  every 
case  where  two  different  routes  are  equivalent  for  any  one  initial  point,  they  are 
equivalent  for  every  other  initial  point,  then  every  route  which  is  a  circuit  from  any 
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one  initial  point  is  a  circuit  from  every  other  initial  point ;  and  we  express  this  by 
saying  that  every  route  is  of  independent  effect :  this  explains  the  meaning  of  the 
foregoing  statement  of  the  condition  which  is  to  be  satisfied  by  a  colourgroup. 

It  is  at  once  evident  that  a  colourgroup,  qua  figure  where  each  route  is  of 
independent  effect,  furnishes  a  graphical  representation  of  the  substitution -group  and 
gives  the  square  by  which  we  define  such  group.  For,  in  the  colourgroup  of  «  points, 
we  have  the  route  from  a  point  to  itself  and  the  routes  to  each  of  the  other 
(w  —  1)  points,  in  all  «  non-equivalent  routes ;  and  if  starting  from  a  given  arrangement, 
say  abed  ...,  of  the  «  points,  we  go  by  one  of  these  routes  from  the  several  points 
a,  b,  c,  d,  ...  successively,  we  obtain  a  different  arrangement  of  these  points.  Observe 
that  this  is  so ;  the  same  point  cannot  occur  twice,  for  if  it  did,  there  would  be  a 
route  leading  from  two  different  points  b,  f  to  one  and  the  same  point  x,  or  the 
reverse  route  from  x  would  lead  to  two  different  points  b,  f.  The  route  from  a 
point  to  itself  which  leaves  each  point  unaltered,  and  thus  gives  the  primitive 
arrangement  abed  ...,  may  be  called  the  route  1.  Taking  this  route  and  the  other 
(« -  1)  routes  successively,  we  obtain  «  different  arrangements  of  the  points,  or  say  a 
square,  each  line  of  which  is  a  different  arrangement  of  the  points.  And  not  only 
are  the  arrangements  different,  but  we  cannot  have  the  same  point  twice  in  any 
column,  for  this  would  mean  that  there  were  two  different  routes  leading  from  a 
point  to  one  and  the  same  point  #;  hence  each  column  of  the  square  will  be  an 
arrangement  of  the  «  points.  We  have  thus  the  substitution-group  of  the  «  points 
or  letters;  the  «  routes,  or  say  the  route  1  and  the  other  («  — 1)  routes,  are  the 
substitutions  of  the  group. 

The  complete  figure  is  called  the  colourgroup.  As  already  mentioned,  the  lines 
of  any  colour  form  either  a  single  polygon  or  two  or  more  polygons  each  of  the 
same  number  of  points.  The  number  of  lines  of  a  given  colour  is  thus  =  «,  or  when 
the  polygons  are  digons  (which  implies  «  even),  the  number  is  =  £«.  The  number 
of  colours  is  thus  =!(«-!)  at  least,  and  =(«  —  !)  at  most.  A  general  description 
of  the  figure  may  be  given  as  in  the  annexed  Table.  Thus,  for  the  group  QB,  we 
have 

R.     2  3gons  =    6 
B,  G,  T.     (3  2gons)3=    9 

15; 

we  have  the  red  lines  forming  two  trigons,  6  lines,  and  the  blue,  green  and  yellow 
lines  each  forming  three  digons,  together  3x3,  =9  lines,  in  all  15,  =  £  6 . 5  lines. 
Such  description,  however,  does  not  indicate  the  currencies,  and  it  is  thus  insufficient 
for  the  determination  of  the  figure.  But  the  figure  is  completely  determined  by 
means  of  the  substitutions  as  given  in  the  outside  column  of  the  square;  thus 
R=(abc)(dfe)  shows  that  the  red  lines  form  the  two  triangles  abc,  dfe  with  these 
currencies,  G  =  (ad)  (be)  (cf),  that  the  green  lines  form  the  three  digons  ad,  be,  cf, 
and  so  for  the  other  two  colours  B  and  Y. 

The   line   of    a   colour  may   be   spoken   of    as   a   colour,   and    the   lines   of  a   colour 
or   of  two   or   more    colours    as    a    colourset.      The    colourset    either    does    not    connect 
C.    XII.  81 
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together  all  the  points,  and  it  is  then  a  broken  set ;  or  it  does  connect  together 
all  the  points,  and  it  is  then  a  bondset.  A  bondset  not  containing  any  superfluous 
colour  is  termed  a  bond,  viz.  a  bond  is  a  colourset  which  connects  together  all  the 
points,  but  which  is  moreover  such  that  if  any  one  of  the  colours  be  omitted  it 
becomes  a  broken  set.  The  word  colour  is  used  as  a  prefix,  colourset  as  above, 
colourbond,  &c.,  and  so  also  with  a  numeral,  a  twocolourbond  is  a  bond  with  two 
colours,  and  so  in  other  cases.  Observe  that  we  may  very  well  have  for  instance  a 
threecolourbond,  and  also  a  twocolour  or  a  onecolourbond,  only  the  colours  or  colour 
hereof  must  not  be  included  among  those  of  the  threecolourbond,  for  this  would  then 
contain  a  superfluous  colour  or  colours  and  would  not  be  a  bond. 

A  colourgroup  may  contain  a  onecolourbond,  viz.  this  is  the  case  when  all  the 
points  form  a  single  polygon;  it  is  then  said  to  be  unibasic.  If  it  contains  no 
onecolourbond  but  contains  a  twocolourbond,  it  is  bibasic;  if  it  contains  no  one 
colourbond  or  twocolourbond  but  contains  a  threecolourbond,  it  is  tribasic,  and  so  on. 
In  all  cases,  the  number  of  bonds  (onecolour-,  twocolour-,  &c.)  may  very  well  be  and 
in  general  is  greater  than  one ;  thus  a  unibasic  colourgroup  will  in  general  contain 
several  onecolourbonds,  a  bibasic  colourgroup  several  twocolourbonds,  and  so  on. 

The  bond  of  the  proper  number  of  colours  completely  determines  the  colour- 
group  ;  in  fact,  the  colourbond  gives  the  route  from  any  one  point  to  each  of  the 
other  (« —  1)  points ;  that  is,  it  determines  all  the  «  routes,  and  consequently  the 
colourgroup.  The  only  type  of  onecolourbond  is  the  polygon  of  the  «  points;  we 
have  thus,  for  any  value  whatever  of  «,  a  unibasic  colourgroup  which  may  be  called 
a  A.  The  theory  is  well  known.  If  «  be  a  prime  number,  the  number  of  colours 
is  =  ^(«  —  1),  each  colour  gives  a  polygon  through  the  «  points,  so  that  we  have 
here  only  onecolourbonds;  but  in  other  cases  we  have  broken  sets,  and  there  will 
be  in  general  (but  not  for  all  such  values  of  «)  twocolourbonds.  Observe,  moreover, 
that,  for  «  a  prime  number,  the  only  colourgroup  is  the  foregoing  unibasic  group  «J.. 
I  have  just  employed,  and  shall  again  do  so,  the  word  type;  the  sense  in  which 
it  is  used  does  not,  I  think,  require  explanation. 

Passing  next  to  the  bibasic  colourgroups  sB:  there  will  be  in  general,  for  a 
given  composite  value  of  «,  several  of  these,  and  in  the  absence  of  a  more  complete 
classification  they  may  be  called  «J51,  «52,  &c.  In  regard  hereto,  observe  that, 
supposing  for  a  given  value  of  «  that  we  know  all  the  different  types  of  two 
colourbond,  each  one  of  these  gives  rise  to  a  group ;  but  this  is  not  in  every  case 
a  group  «$:  any  twocolourbond  contained  in  the  corresponding  group  a  A  would 
give  rise  to  the  group  sA  which  contained  it,  and  not  to  a  group  «5.  We  have 
thus,  in  the  first  instance,  to  reject  those  twocolourbonds  which  are  contained  in  the 
group  a  A.  But  attending  only  to  the  remaining  twocolourbonds,  these  give  rise  each 
of  them  to  a  group  uB,  but  the  groups  thus  obtained  are  not  in  every  case 
distinct  groups.  For  looking  at  the  converse  question,  suppose  that,  for  a  given 
value  of  «,  we  know  the  group  *A  and  also  the  several  groups  sB.  In  any  one  of 
these  groups,  combining  in  pairs  the  several  colours  hereof  EG,  RY,  GY,  &c.,  we 
ascertain  how  many  of  these  combinations  are  distinct  types  of  twocolourbond,  and  in 
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this  manner  reproduce  the  whole  series  of  types  of  twocolourbond,  not  in  general 
singly,  but  in  sets,  those  which  arise  from  *A,  those  which  arise  from  «5l,  those 
which  arise  from  «52,  &c. ;  and  we  thus  have  (it  may  be)  several  types  of  two 
colourbond  each  leading  to  the  unibasic  group  sA,  several  types  each  leading  to  the 
bibasic  group  «51,  several  each  leading  to  «52,  and  so  on. 

The  like  considerations  would  apply  to  the  tribasic  colourgroups  sC.  Supposing 
that  we  had,  for  a  given  value  of  «,  the  several  distinct  types  of  threecolourbond.  it 
would  be  necessary  first  to  exclude  from  consideration  those  which  give  rise  to  a 
unibasic  group  «4  or  a  bibasic  group  «5,  and  then  to  consider  what  sets  out  of  the 
remaining  types  give  rise  to  distinct  tribasic  groups  «(7.  But  in  the  table  we  have, 
only  one  case  8(7  of  a  tribasic  group. 

I  give  now  a  table  of  the  several  groups  8=2  to  12,  viz.  these  are  as  above: 
A,  unibasic;  B,  bibasic;  G,  tribasic;  the  several  groups  being 

24,  3A,  44,  54,  GA,  74,  84  ,  94,  104,  114,  124  , 

45,      GB,      851,  95,  WB,       1251, 

852,  1252, 

853,  1253, 
8(7  ,  1254, 

in  all  23  groups. 

TABLE  OF  THE  GROUPS  2  TO  12. 


2  A 

1  colour. 
1=1                                        R.     1  digon  1 

i 

E  =  (ab)  =  R 

a 

b 

l 

a 

3A 

1    = 
R  = 
R*  = 

1  colour. 
:1       =1                               R.     1  3gon  8 
3 

a        b 

c 

b        c 

a 

•-(abc)=R 
-.(acb)  =  R-i 

c        a 

b 

44 

2  colours. 
1=1             =1               R.     1  4gon      4 
G.     2  digon  s  2 

T 

R=(abcd)     =R 
R*=(ac)(bd)  =  G 
R*=(adcb)     =R~l 

a 

b 

c       d 

b 

c 

d    i    a 

c 

d 

a 

b 

<• 

d 

a 

b 

81—2 
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a 

It 

c 

d 

b 

a 

d 

c 

c 

d 

a 

b 

d 

c 

1, 

a 

3  colours. 
1     =1  =1 

R  =(ab)(cd)  =  R 
G  =  (ac)  (Id)  =  G 
RG=(a<T)(bc)=Y 


R,  G,  Y.     (2  digons)3^ 
¥ 


5A 


« 

b 

c 

d 

e 

b        c 

d 

c 

a 

c 

d 

e 

a 

b 

d 

e 

a 

b 

<; 

e 

a 

b 

c 

d 

2  colours. 


1   =1  = 

R  =  (abcde)  = 
R"  =  (acebd)  = 


R4=(aedcb)=R~l 


6,4 


« 

b 

c 

d 

e 

f 

b 

c 

d 

e 
f 

f 

a 

c 

d 

e 

a 

b 

d 

e 

f 

a 

b 

c 

e 

f 

a 

b 

c 

d 

f 

a 

b 

c 

d 

e 

3  colours. 
1  =1  =1 

R=(abcdef)         =R 
R*  =  (ace)(bdf)     =G 
R*=(ad)(be)(cf)  =  Y 
R4=(aec)(bfd)      =  G~l 
R5=(afedcb)         =  Y'1 


R,  G.     (1  5gon)2  10 

lo 


R.  1  6gon  G 
G.  2  3gons  6 
Y.  3  digons_3 

15 


SB 

a 

\    b 

c 

d 

!    e 

f 

4  colours. 
1       =1                     =1                               R.      2  3gons        6 
G,   Y,  B.     (3  digons)3   9 

b 

!    c 

a 

f 

d 

e 

R     =(abc)(dfe)     =R                                                    If 

c 

a 

b 

e 

f 

d 

R3    =(aeb)(def)     =R-i 

d 

e 

f 

a 

- 

c 

G     =(ad)(be)(cf)  =  G 

e 

f 

d 

c 

a 

b 

RG  =(ae)(bf)(cd)  =Y 

f 

d 

e 

b 

i 

c 

a 

R*G  =  (af)(bd)(ce)  =  B 
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1A 

B  colours. 
1=1               =1                          R,  G,  Y.     (1  7gon)»  21 
21 

R  =  (abcdefg)  =  R 

R2  =  (acegbdf)  =  G 
R3  =  (adgcfbe)  =Y 
Ri=(cubfeffd)  =  ¥-1 

R5  =  (afdbgec)  =  G~1 
Re=(agfedcb)=R-1 

a 
b 

b 
c 

c 

d 

e 

f 

a 

d 

e 

f 

9 

a 

c 

d 

c 

f 

9 

a 

b 

d 

e 

f 

9 

a 

b 

c 

e 

f 

9 

a 

b 

c 

d 

f 
9 

9 

a 

b 

c 

d 

e 

d 

b 

d 

e 

f 

BA 

4  colours. 
1=1                            =1            R,  G.    (1  8gon)2  16 
Y.      2  4gons     8 
B.     4  digons    4 
R  -(abcdefgh)            =R                                         ^ 

a 

b 

c 

d 

e 

f 

0 

h 

b 

c 

d 

e 

f 

(I 

h 

a 

c 

d 

e 

f 

9 

h 

a 

b 

R2  =  (aceg)(bdhf)        =Y 
Rs=(adgbehcf)            =G 
R*  =  (ae)(bf)(cg)(dh)=B 
R5=(afchebgd)            =  G~l 
Re=(agec)(bhfd)         =Y~i 
R7=(ahgfedcb)            =R~i 

d 

e 

f 

9 

h 

a 

b 

c 

e 

f 

9 

h 

a 

b 

c 

d 

e 

f 

9 

h 

a 

b 

c 

d 

11 

h 

a 

b 

c 

d 

e 

f 

h 

a 

b 

c 

d 

e 

f 

9 
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8BI 

a 

b 

c 

d 

e 

f 

!l 

h 

o  colours. 
1=1                          =1                              R,  I.     (2  4gous)2    16 
Y,  G,  B.     (4  digons)3  12 

b 

c 

d 

a 

f 

9 

h 

e 

Ji     =  (abcd)(efgh)         =  R 

c 

d 

a 

b 

9 

h 

e 

f 

R2    =(ac)(bd)(eg)(fh)  =  Y 

d 

a 

b 

c 

h 

e 

f 

9 

R*    =  (adcb)  (ehgf)        =R~* 

e 

f 

9 

h 

a 

b 

c 

d 

G     =  (ae)(bf)(cg)(dh)  =  G 

f 

9 

h 

e 

b 

c 

d 

a 

RG  =  (afch)(bgde)         -I 

9 

h 

e 

f 

c 

d 

a 

b 

RzG  =  (ag)(bh)(ce)(df)  =  B 

h 

e 

f 

9 

d 

a 

b 

c 

R3G  =  (ahcf)(bedg)        =J-i 

8B2 

a 

b 

c 

d 

e 

f 

9 

h 

6  colours. 

1      =1                           =1                                   R.      2  4gons        8 
Y,  G,  I,  B,  0.     (4  di»ons)5  20 

b 

c 

d 

a 

h 

e 

f 

<J 

R      =  (abed)  (ehgf)        =R                                                                H 

c 

d 

a 

b 

9 

h 

e 

f 

-R2    =(ac)(bd)(eg)(fh)  =  Y 

d 

a 

b 

c 

f 

9 

h 

e 

R3    =(adcb)(efgh)         =R~i 

e 

f 

ff 

h 

a 

b 

c 

d 

G      =(ae)W)(cg)(dh)  =  G 

f 

9 

h 

e 

d 

a 

b 

c 

RG  =(af)(bg)(eh)(de)  =  I 

9 

h 

e 

f 

c 

d 

a 

b 

B*G=(ag)(bk)(ce)(df)=B 

h 

e 

f 

0 

b 

c 

d 

a 

R3G  =  ((,h)(be)(cf)(dg)=0 
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8B3 

a 

b 

c 

d 

e 

f 

9 

h 

4  colours. 
1=1                            =1                            E,  G,  B.     (2  -Jtcrons)3  24 
Y.      4  digons       4 

b 

c 

d 

a 

h 

e 

f 

9 

28 

E      =  (abcd)(efgh)         =R 

c 

d 

a 

b 

9 

h 

e 

f 

R>    =(ac)(bd)(ef)(gh)  =  Y 

d 

a 

b 

c 

f 

9 

h 

e 

R*    =  (adcb)(ekgf)        =  R~1 

e 

f 

9 

h 

a 

b 

c 

d 

G     =  (aecg)  (bhdf)         =  G 

f 

9 

h 

e 

d 

a 

b 

c 

RsG  =  (afch)(bedg)         =B 

9 

h 

e 

f 

c 

d 

a 

b 

R*G  =  (agce)(bfdh)         =  G~l 

h 

e 

J 

9 

b 

c 

d 

a 

EG  =  (ahcf)  (bgde)        =  B~l 

8C 

a 

b 

c 

d 

e 

f 

9 

h 

7  colours. 
1        =1                           =1         R,G,B,Y,I,0,V.     (4  digons)7  28 
28 

b 

a 

d 

c 

f 

e 

h 

{] 

R       =(ab)(cd)(ef)(gh)  =  R 

c 

d 

a 

b 

9 

h 

e 

f 

G       =(ac)(bd)(eg)(fh)  =  G 

d 

c 

b 

a 

h 

9 

f 

e 

RG    =  (ad)  (be)  (eh)  (fg)  =  Ii 

e 

f 

9 

h 

a 

b 

c 

d 

Y      =(ae)(bf)(cg)(dh)  =  Y 

f 

e 

h 

9 

b 

a 

d 

c 

RY    =(af)(be)(eh)(dg)  =  I 

9 

h 

e 

f 

c 

d 

a 

b 

GY    =(ag)(bh)(ce)(df)  =  0 

h 

9 

f 

e 

d 

c 

b 

a 

RGY=(ah)(bg)(cf)(de)  =  V 
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3A 

a 

b 

c 

d 

e 

f 

9 

h 

i 

4  colours. 

1=1                          =1                            B,  G,  B.     (1  9gon)3  27 
Y.      3  Sgons     9 

b 

c 

d 

e 

f 

9 

h 

i 

a, 

R  =  (abcdefghi)          =  R                                                                  §£ 

c 

d 

e 

f 

9 

h 

i 

a 

b 

IP  =  (acegibdfh)          =G 

d 

e 

f 

9 

h 

i 

a 

b 

c 

R*  =  (adg)  (beh)(cfi)  =  Y 

e 

f 

9 

h 

i 

a 

b 

c 

d 

R*  =  (aeidhcgbf)         =B 

f 

9 

h 

i 

a 

b 

c 

d 

e 

R*=(afbgchdie)         =  B~1 

9 

h 

i 

a 

b 

c 

d 

e 

f 

B6=  (agd)  (bhe)  (cif)  =  Y~l 

h 

i 

a 

b 

c 

d 

e 

f 

9 

R!  =  (ahfdbigec)         =  G-* 

i 

a 

b 

c 

d 

e 

f 

9 

h 

R8  -  (aihgfedcb)         =  R~i 

9£ 

a 

b 

c 

d 

e 

f 

9 

h 

i 

4  colours. 
1=1                         =1                  B,  G,  B,  Y.     (3  3gons)4  36 

b 

c 

a 

e 

f 

d 

h 

i 

9 

36 

R       =(abc)(def)(ghi)  =  R 

c 

a 

b 

f 

d 

e 

i 

9 

h 

R2      =(acb)(dfe)(gih)=R-i 

d 

e 

f 

9 

h 

i 

a 

b 

c 

G      =(adg)(beh)(cfi)=G 

e 

f 

d 

h 

i 

9 

b 

c 

a 

RG    =(aei)(bfg)(cdh)=B 
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Extracting  from  these  colourgroups  the  twocolourbonds  contained  in  them  respect 
ively,  we  have  the  twocolourbonds  shown  in  the  annexed  series  of  figures.  I  have 
in  each  case  given  the  number  4>B,  QA,  &c.,  of  the  colourgroup  in  which  the  bond 
is  contained,  and  which  colourgroup  is  given  conversely  by  the  twocolourbond.  The 
several  points  may  have  letters  a,  b,  c,  d,  &c.,  attached  to  them  at  pleasure ;  but  as 
the  particular  letters  are  quite  immaterial,  it  seemed  to  me  better  to  give  the 
several  figures  without  any  letters. 
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In  any  one  of  the  foregoing  forms  of  twocolourbond,  each  point,  in  its  relations 
to  the  other  points,  is  indistinguishable  from  each  of  the  other  points.  This  would 
seem  to  be  a  relation  of  symmetry  equivalent  to  the  before- mentioned  condition  that 
each  route  is  of  independent  effect;  and  it  would  moreover  seem  as  if  the  relation 
of  symmetry  were  satisfied  for  each  of  the  following  forms : 

12  (wrong  form). 


12  (wrong  form). 

, 

t 

..  /v 

41  7 

'      ]; 

12  (wrong  form). 


V      Y 


12  (wrong  form). 


Each  of  these  is,  however,  a  wrong  form,  not  satisfying  the  condition  that  each  route 
is  of  independent  effect.  As  to  this,  observe  that,  when  the  condition  is  satisfied, 
there  are  in  all  (« =)  12  non-equivalent  routes,  and  there  is  thus  a  completely 
determinate  square.  When  the  condition  is  not  satisfied,  there  are  more  than  this 
number  of  non-equivalent  routes,  and  there  may  very  well  be  «  routes  giving  rise 
to  a  latin  square,  viz.  a  square  each  line  of  which,  and  also  each  column  of  which, 
contains  all  the  letters,  and  which  thus  seems  at  first  sight  to  represent  a  substitution- 
group ;  but  the  substitutions,  by  which  each  line  of  the  square  is  derived  from  itself 
and  the  other  lines  of  the  square,  are  not  the  same  as  those  by  which  each  line  is 
derived  from  the  top  line,  and  thus  the  square  does  not  represent  a  group.  Thus 
in  one  of  the  above  wrong  forms,  starting  from  the  routes  R  =  (abcdef)  (glkjih)  and 
6r  =  (agciek)  (bhdjfl),  we  have 
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which  is  not  a  group;  there  is  no  substitution  G~l  =  (akeicg)  (blfjdh).  And  we  see 
that,  in  fact,  each  route  is  not  of  independent  effect ;  the  route  GR*G  leads  as  shown 
from  the  primitive  arrangement  abcdefghijkl  to  abcdef klghij ,  viz.  it  is  a  circuit  from 
each  of  the  points  a,  b,  c,  d,  e,  f,  but  not  from  any  one  of  the  remaining  points 
g,  h,  i,  j,  k,  I. 


END    OF    VOL.    XII. 


CAMBRIDGE  :     PRINTED    BY    J.    AND    C.    F.    CLAY,    AT    THE    UNIVERSITY    PRESS. 


RETURN  TO  the  circulation  desk  of  any 
University  of  California  Library 

or  to  the 

NORTHERN  REGIONAL  LIBRARY  FACILITY 

Bldg.  400,  Richmond  Field  Station 

University  of  California 

Richmond,  CA  94804-4698 

ALL  BOOKS  MAY  BE  RECALLED  AFTER  7  DAYS 

•  2-month  loans  may  be  renewed  by  calling 
(510)642-6753 

•  1-year  loans  may  be  recharged  by  bringing 
books  to  NRLF 

•  Renewals  and  recharges  may  be  made 
4  days  prior  to  due  date 


DUE  AS  STAMPED  BELOW 


AUG  2  6  2005 


DD20   12M   1-05 


